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ARTICLE INFO ABSTRACT
Keywords: In this paper we give an analytical treatment of a wave equation for a vibrating string in

Wave equation

o the presence of a fractional friction with power-law memory kernel. The exact solution is
Frictional power-law memory kernel

- . A obtained in terms of the Mittag-Leffler type functions and a generalized integral operator

Caputo time fractional derivative .. B .. .
Mittag-Leffler function contammg.a four parameter Mittag-Leffler function in the ke.mel..The method of separation
Fractional integral operator of the variables, Laplace transform method and Sturm-Liouville problem are used to
Fractional differential operator solve the equation analytically. The asymptotic behaviors of the solution of a special case
fractional differential equation are obtained directly from the analytical solution of the
equation and by using the Tauberian theorems. The proposed model may be used for
describing processes where the memory effects of complex media could not be neglected.
© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

In the last few years fractional calculus has attracted remarkable attention, especially in the investigations of time
fractional relaxation and oscillation processes, time fractional diffusive and wave processes [1-3], generalized Langevin and
fractional Fokker-Planck equations [4-8], protein relaxation dynamics [6], atom-field interaction in photonic crystals [9],
electrochemistry [10-13], finance [14,15], medicine [16], etc. It represents a useful tool for modeling different physical
processes where the memory effects of the complex or viscoelastic media should be taken into consideration. Many
authors [17-22] have investigated time fractional wave equations in a bounded domain where instead of the integer order

differential operator 2 ”(" Y the time fractional differential operators in the Riemann-Liouville or Caputo sense are used.
In this paper we mvestlgate the following wave equation for a vibrating string

d%u(x, t) ,0%u(x, t) t ( 7)
™ =a 0 —b/o y(t—1) —dt +f(x, 1), (1)

with boundary conditions

u, =0 = " (t),  u, t)|x=r = ha(t), (2)
and initial conditions

au(x, t)
ux, Hle=o+ = ¢x), — =y ®), (3)
ot oy
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wheret > 0,0 <a < 1,0<x<Ly(t) = ﬁt*”‘ is the frictional power-law memory kernel, f (x, t), h1(t), hy(t), ¢ (x)
and ¥ (x) are given sufficiently well-behaved functions, a and b > 0 are constants. For simplicity we use a = 1. It can be
easily concluded that the friction with the power-law memory kernel represents a time fractional derivative of order « in
the Caputo sense defined as [23]

1 £ fim(g) . 1

wr - ) Tm—a) Jo t—gerimc s MRS @S .
PO ar o=m
dem =m,

where m is a positive integer. So the friction with power-law memory kernel has a form Dfu(x, t), where 0 < o < 1and
the wave equation (1) becomes [24]

u(x,t)  %u(x,t)
az X2
The constant b > 0 represents the generalized friction constant and the function f (x, t) represents an external force. From
definition (4) it can be obtained that as @ — 1 the proposed friction becomes the classical one —pxD and when o — 0
the friction becomes —b[u(x, t) — u(x, 0)]. So the solution of Eq. (1) describes the behavior of the function u(x, t) between
these two limits.
The solution of this problem will be obtained in a bounded domain x € [0, [] and in the space of Lebesgue integrable
functions with respect to t:

— bD2u(x, t) + f(x, t). (5)

o0
10, o0) = {f W= [ o < oo}. 6)
0
The Laplace transform for the Caputo time fractional differential operator (4) is given by the following formula [25]:
oo m—1
LIDIF()](s) = / e Df(t)dt = s"F(s) — »_fP04)s" 7, (7)
0 k=0

where (m — 1 < y < m), and F(s) is the Laplace transform of the function f(t). It can be easily shown that DX1 = 0
fory > 0.

This paper is organized as follows. In Section 2 we present the mathematical background related to the fractional
integration, definitions and some basic properties of the Mittag-Leffler functions. Proofs of lemmas that are of importance to
solve the proposed fractional differential equation are given in Section 3. In Section 4, the analytical solution of Eq. (5) with
the boundary conditions (2) and initial conditions (3) is obtained. A special case of Eq. (5) is considered and its asymptotic
behaviors are found. The conclusion is given in Section 5.

2. Mathematical background

2.1. The Mittag-Leffler functions

Mittag-Leffler introduced [26] the following function:

00 2k
Ey(2) = ;m, (8)

where z € C, R[a] > 0. Latter Wiman [27], Agarwal [28], Humbert [29], Humbert and Agarwal [30], etc introduced and
investigated more general Mittag-Leffler function defined by the following series:

oo Zk
Evp(2)=) —70r, (9)
’ ,; r(ak+p)
wherez, 8 € C,9[a] > 0.The Mittag-Leffler functions (8) and (9) are entire functions of order p = 1/%[«] and type 1. From
the definitions (8) and (9) one obtains E, 1(z) = E,(z). The Mittag-Leffler functions are generalizations of the exponential,
hyperbolic and trigonometric functions since E; 1(z) = €?,E; 1(z%) = cosh(z),E;.1(—2z2) = cos(z) and E; »(—2z?) = sin(z) /z.
Prabhakar [31] introduced the following three parameter Mittag-Leffler functions:

y _ . ¥ )n i
Fap@) = ; Fn+p) nl’ 1o

where 8,y,z € C, Na] > 0, (y), = I'(y + v)/I'(y) is the Pochhammer symbol ((y) = 1for y € C\ {0},
@)y =y +1)---(y+k—=1forv=keN,y e C).ltis an entire function of order p = 1/R(«).
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It may be directly proved that the usual derivatives of E, g(z) are expressed in terms of the generalized Mittag-Leffler
functions (10) by (see [32, p. 42])

d n
(E) Eup(2) =nEyt (), neN. (11)

The asymptotic behavior of the three parametric Mittag-Leffler functions (10) can be obtained from [33]

(=2)77 & r'y+n (=2
Ir'(y) ;F(ﬂ—a(Jﬂrn)) n!
Thus, for large z one obtains
Ey 4(2) ~0(lz]"), |z| > 1. (13)
The Laplace transform of the Mittag-Leffler function (10) is given by the following formula [31,34]

Ey 4(2) = .zl > 1. (12)

ay—p
B—1gY o _
LIEPTE, g(@t®)](s) = & a7 (14)
where |w/s%| < 1.
2.2. Fractional integral operator
The fractional integral of order y > 0 is defined as [35,36,32]:
1 t
1710 = 5 [ €= o dr -0, (15)
I'(y) Jo

where J7 is the so-called fractional integral operator. The relation between the Caputo time fractional differential operator
(4) and the Riemann-Liouville fractional integral operator (15) is given by:

DIf(6) ="V F™(v), (16)

where m = [y] + 1, and f™ is the m-order derivative. To complete the definition (15) it is used that J°f (t) = f(t). From
the definition of the fractional integral (15) one obtains [35,36,32]:

JJE =7t = %)Y, (semi-group property) (17)
r 1
thS:LtHV, y>0,s>—1,t>0. (18)
I's+1+y)
Srivastava and Tomovski introduced an integral operator 8;" ﬁ";’fﬂw defined as [37]:
X
(€ s9)(X) = f x— P 'EL S (w(x — ))e(t)dt, (19)
where E ¢ (2) is the generalized Mittag-Leffler function [37] which has the following form:
o0 n
E;/,g () = Z (¥)in ) i 20)
’ ‘= I'an+ B) n!

z,B,y,w € C,N[a] > max{0, R[x] — 1}, RN[«x] > 0 and (y ), is a notation of the Pochhammer symbol. Note that in the
case when w = 0 and a = 0 the integral operator (19) would correspond to the integral operator (15). From definitions (10)

and (20) it follows E. 4 (2) = E, 4(2).

3. Lemmas

To solve the proposed fractional differential equation (5) the following lemmas are of interest.

Lemma 1. The inverse Laplace transform of the function

s+bs* 14w
s) = , (b, Ay eRT,weR
g(s) 2 + bs® + Ay ( &, Ap w )
An b
0<52+bs“ <1’0<7527a <1 (21)

is given by
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(£7'g) () = L7 [g®1 () = Y (=byt @] (—hat?)
k=0

0 0
ke (2—a)(k+1) pk+1 2 ks (2—o)k+1 k41 2
+b § :(_b)(t( et )EZ Q2—a)(k+1)+1 ( Ant ) tw ; 0:(_b) (@t EZ:‘(—Zfa)I#Z (_)‘“t ) (22)
k=

Proof. Since 0 < —21_ < 1we get

524bs
s¢ 1
g(s) = (s+bs" "+ w)- — . ——
s +b T+ s2=e4p
00 g+ D+1 g—ai—1 s—a(+D)
= —An) . b . - 23
j:Zo( n) (52*0‘ +b)]+1 + (527(, +b)]+1 + w(szfa +b)]+1 (23)
By using relation (14) it follows that
o0 o0
L7gO](0) = Y (=AY B L i (=D b Y (=ag) IR e (<D
= 1
Fw ) AV BT 5 (b
) TR L B
== reji+Q2—-wk+1) j!
o0 o0 2N\
+b Z Z(_b)kt(Zfoz)(k+1) : (k+ 1), (_)“ﬂt Y
== rei+Q2—-wyk+1nH+1 j
o0 o0 2N\j
w33 (b (k4 1); (—A‘nf Y
== reji+Q2—-wk+2) j
o0 o0
ke 2—a)k pk+1 2 kp2—a) (k1) k41 2
= D D TNE e (Shal?) b Y (D) CEOIVER o (<t
=0 =0
o0
Fw Y (=b)ftETORE s () (24)
Thus we finish the proof of Lemma 1. O
Lemma2. Let s, b, a, A, € R™. Then the following relation holds true
1 = = k Ansk+1,1
L7 [ﬂf (r)]@)] © =Y (0 (&5 sl ) ©-
s2 + bs® + An n ; 0+;2,2—a)k+2/1
An b
O<52+bsa<1,0<§j<l (25)

—Ansk+1,1
where & ikt

042, (2—a)k+2fn is the integral operator (19) andfn (t) is a given function.

Proof. Following the procedure from Lemma 1 and by using relation (14) one obtains

F s 1 ~
e 0] (R S e ho]®
s+

- Z( w

o £[ho]©
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o0
j £2j+1pj+1 2— 7
= 2|3 Y T L (b | (9)L [f,,(t)] ©)
Jj=0

=& [Z (=b) eC= S e (—Antz)} ()L [fn(t)] (s). (26)
k=0

By applying the convolutional property of the Laplace transform it follows the proof of Lemma 2. O

4. Solution of the problem

The main results from this paper are contained in the following theorem.

Theorem 1. Eq. (5) with boundary conditions (2) and initial conditions (3), under conditions of Lemmas 1 and 2, has a summable
solution u(x, t) = Uy(x, t) + Uy (x, t) + v(x, t) in a bounded domain x € [0, l], and in the space L(0, co) with respect to t, where

o0 o0 o0
Uit ) = Y [Z(_b)kf(za)k’fﬂzl_a>k+1 (=2t?) b3 (=Dt VBT s (<Aat?)

n=1 k=0 k=0
+ow Y (b gkt (—Anrz)} T O+ sin (57 ) 27)
k=0
U, t) = Y (=b)* (6253 o) ©sin (). (28)
k=0
v(x, £) = hy(0) + ?[hz(f) — b, (29)
~ 2 (. . /nmx
o =1 /0 F(x, t)sin (T) dx (30)
v t)  0%u(x, )

Fx, ) =fx )+ — bD%v(x, 1), (31)

0x2 ot?
_ n?a? , _ (D ©) 0 _ 2l . onmx (1 _
where A, = 7 are eigenvalues of the problem, w = T, ’(0+)/T, ' (0+), T, ' (0+) = lf()(p(x) sin(*7%)dx, T, (0+) =

%fol fb(x) sin(@)dx are Fourier coefficients, ¢(x) = ¢ (x) — v(X, t)|;—o+, and E(x) =vYx) — %

=0+

Proof. To solve Eq. (5) with the boundary conditions (2) and initial conditions (3) we represent the function u(x, t) in the
form

ux,t) =Ux, t) + v(x, t). (32)
The function v(x, t) is chosen to satisfy the boundary conditions (2) of the Eq. (1)

V(X, t)|x=0 = h1(t), v(X, ) |x=1 = ha(0). (33)

It can be easily obtained that the function v(x, t) can be expressed by (29).
From relations (29) and (32) for the function U (x, t) one obtains

Ux, t)|x=0 =0, U, t)x=1 = 0. (34)
From the initial conditions (3) and relation (32) it can be obtained that

U(x, O)lt=0+ = @) — v(X, D)|t=0+ = $(),
oU(x, t) dv(x, t) ~
=y - : =Y (X). (35)

ot ot 0 =0+

By using the substitution
Ux,t) = Ui(x, t) + Ua(x, 1) (36)
from relations (5) and (32), it follows that

2 2 -
TR D AT O T 101660 + Uy 0] = BDEIU 6, 0 + UG, 0] 4T 0, (37)

wheref(x, t) is given by (31).
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One can separate the functions in relation (37) in the following way:

82U1(X, t) _ 82U1(X, t)

. T — DU D), (38)
Ui (X, t)]x=0 =0, Ui (x, t)|x=1 = 0, (39)
~ aUl (Xv t) -~
Ui(x, D=0+ = @ (%), —_— =¥ (&) (40)
ot ooy
and
PUxt)  PUx ) ~
FYC R e bDi Uy (x, t) + f(x, t), (41)
Uz (x, t)[x=0 = 0, Uz (x, ) |x=1 = 0, (42)
Uy (x, t)
Uz (X, D)]t=0+ = 0, —_— =0. (43)
LI P

The method of separation of variables can be applied to solve the Eq. (38). Representing the function U (x, t) as a product
of two functions U; (x, t) = X(x)T(t), we obtain the following differential equations:

d’T(t) "
o bDT(t) + AT(t) = 0, (44)
d’X (x)
+AX(x) =0, (45)
dx?
where A is a separation constant. Therefore the function X (x) is a solution of the Sturm-Liouville problem:
XX)x=0 =0,  X(X)|x=1 =0. (46)

From relations (45) and (46), it follows that the eigenfunctions of the problem have the following form X, (x) = sin(y/A;x),
where A, = ”ZIT” (0 <X <Ay <-++ < Ap...).Forthe eigenfunctions the following relation is satisfied:

1
/ X20)dx = X000 1S (47)
0

where || X, > = % is the norm of the eigenfunction and §,,, is the Kronecker delta.
Eq. (44) in the space L(0, co) can be solved by using the Laplace transform of the Caputo time fractional differential
operator given by (7). Thus, we obtain

S LTy (D) = ST, (04+) — TP (04) + b{s* LITo(D)](5) — 57 T, (04} + 2 LITa()](5) = 0. (48)
From relation (48) it follows that
s+ bs* 14w
LIT,(O16) = TP 0+ 5————. 49
[Ta(O1(s) = T, ( )Sz+b5a+)»n (49)
By using relation (22) of Lemma 1, from (49) we get
(o] o0
Tn(f) — Trgo)(o_l_) |: (_b)kt(z_a)kE;Tz],a)IH,] (_}\ntz) + bZ(_b)kt(z_a)(k-H)E;(:tZlfa)(M»l)+1 (_kntZ)
k=0 k=0
o0
Tw Z(_b)kt(27a)k+lE§:.(_21_a)k+2 (_)\'ntZ):| . (50)
k=0

Substituting the eigenfunctions X, (x) and T, (t) given by (50) in U; (x, t) = Zﬁ; T, (t)X, (x) we get (27). This sum represents
the solution of the wave equation for a vibrating string in the presence of a fractional friction with power-law memory kernel,
and with non-zero initial conditions. It is a Fourier expansion of the function U;(x, t) by using the set of eigenfunctions
sin(®X) as a basis.

1
The solution of the Eq. (41) can be found by using the Fourier expansions:

U, 0) = Y un(0) sin (ﬂlx) , (51)
n=1
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~ O~ nmwx
) = ) si (—) , 52
fx 0 ;fn( )sin (= (52)
wherefn(t) is given by (30). By using relations (51), (52) and (41), we obtain
- N ~ _/nmx
D~ iia(0) + bDEun (6) + Aaun(0) = Fo(©)]sin (=) =0, (53)
n=1
which is satisfied if
il (£) + BDUn(t) + Antin(t) — Fo(£) = 0 (54)
foralln € N.
By applying the Laplace transform method (7) to Eq. (54) we obtain
S2LLUn(D)1(5) — St (0-+) — i1 (0+) + b{s* LLun(0)(5) — 5*~"un(0-H)} + AnL[tn(DI(S) — LI (O)1(5) = 0. (55)
From conditions (43) it follows that % = 0 for k = 0, 1. From (55) it is obtained that
t=0+
L[up(t = rlft . 56
(1) = Gy e LR OIO) (56)

The inverse Laplace transform of relation (56) follows from the result of Lemma 2. Hence, it is obtained that the function
u,(t) is given by (25). Replacing the function u,(t) in (51) we obtain (28), which is a solution of the problem (41)-(43). This
sum represents the solution of the wave equation for a vibrating string in the presence of a fractional friction with power-law
memory kernel and an external force, and zero initial conditions. This completes the proof of Theorem 1. O

Example. If we take in Theorem 1« = 1/2,b = 1,1 = 1, hi(t) = hy(t) = 0, p(x) = x(1 — x), Y (x) = 0, A, = n’7?,
7.2 (0+) = Zfo] x(1 — x) sin(nwx)dx = 4];;;)", TV (04+) = 0, w = 0, f(x, t) = 0, the following fractional differential
equation

d’u(x,t)  0*u(x,t)

= — D%u(x, t), 57
at? 9x? A0 (57)

with boundary conditions
U(X, t)|x:0 = 07 u(X7 t)lx:l = 07 (58)

and initial conditions
au(x, t)
U(X, t)'t:0+ = X(l - X), = 05 (59)
ot ot

wheret > 0,0 < x < 1, has a solution of the form
8 oo
kpk+1 2_2.2
u(xt)_TZZn Z( 1)t2E2k]((2n 1)%%?)

( 1)kt2(k+l)Ek+l
(k+1)+1

M8

+ (—@2n— 1)2n2t2)] sin (nx) . (60)

=
Il
o

Proposition 1. The asymptotic behavior of the solution (60) is given by

o0 2 %
u(x, t) ~ % Z [ +(2n — 1)%n2 ( % + rt(g))] sin[(2n — 1)7x] (61)

fort — 0, and

. sin[(2n — 1)mx]

T/t ; (2n —1)5

u(x, t) ~ (62)

for t — oc.

Proof. By using the first three terms in the expansion of solution (60) for t — 0 we obtain relation (61). By using the
asymptotic expansion (12) of the Mittag-Leffler function (10) for t — oo we obtain relation (62).
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Another possible way of finding the asymptotic behavior is by application of the Tauberian theorems [38] to the relation
1

C(s) = ﬂ which appears in relation (49) by substitution « = 1/2, w = 0. Analyzing the behavior of C(s) for
s2452 +4p
s — oo and s — 0, and finding the inverse Laplace transform, we obtain C(t) >~ 1 — Fk(’;) 2+ Fzg) £ fort — 0, and
2
C(t) ~ : F](])t_% for t — oo, respectively, where the functions C(t) and C(s) are Laplace pairs (C(t) = £~1[C(s)]). Thus
nl'(3
we finish the proof of Proposition 1. O

5. Conclusion

In this paper we obtained an exact solution of a wave equation for a vibrating string in the presence of a fractional friction
with power-law memory kernel. The problem is solved by using the method of separation of variables and the Laplace
transform method. The solution is expressed in terms of the Mittag-Leffler type functions as well as the integral operator of

Srivastava and Tomovski (19). This problem (1) is far more complicated than the standard problem of a wave equation for
a vibrating string in the presence of a standard friction % which can be solved simply by using the theory of poles. The

asymptotic behaviors of the solution of a given fractional wave equation are also found directly from the solution and by
using the Tauberian theorems.
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