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In this paper, we prove that the category 7.«/b of topological Abelian groups
is quasi-Abelian. Using results about derived projective limits in quasi-Abelian
categories, we study exactness properties of the projective limit functor in J.oZb. If
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0. INTRODUCTION

In this paper, we prove that the category Z7.o/b of topological Abelian
groups is quasi-Abelian in the sense of [7] (see also [4]). This allows us
to use the results about derived projective limits in quasi-Abelian categories
obtained in [ 5] to study exactness properties of the projective limit functor
for topological Abelian groups. In particular, if X is a projective system of
J.o/b indexed by a filtering ordered set I, we give a necessary and sufficient
condition for the complex

R lim X,

iel
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to be strict (i.e. to have relatively open differentials). When we assume
moreover that 7 is countable and each X, is metrizable and complete, we
also give a necessary and sufficient acyclicity condition. This last result is
related to theorems of Palamodov (cf. [2, 3]).

In an effort to make this paper more self-contained, we start by giving
a short survey of the results of [ 7] concerning the homological algebra of
quasi-Abelian categories which are needed in the other sections.

In the second section, we recall the definition of the category Z.</b of
topological Abelian groups and the form of kernels and cokernels in this
category. This allows us to characterize the strict morphisms of Z.o/b and
to establish that this category is quasi-Abelian.

The first part of Section 3 is devoted to a review of some of the results
on derived projective limits in quasi-Abelian categories established in [5].
More precisely, we recall that if & is a quasi-Abelian category with exact
products, the projective limit functor is right derivable and that its derived
functor is computable by means of Roos complexes (which generalize those
introduced in [6]). We also recall that if J: # —» .# is a cofinal functor
between small filtering categories and if E is a projective system indexed
by .#, then the derived projective limits of £ and E-J are isomorphic. In
order to be able to apply these results to Z.o/b, we end this section by
showing that products are exact in this category.

In Section 4, we study strictness properties of the derived projective limit
functor in J.o/b. We establish that if X is a projective system of J.o/b
indexed by a filtering ordered set, the differential d* of its Roos complex is
strict for k> 1 and that d° is strict if and only if X satisfies condition SC
(ie. if and only if for any i e I and any neighborhood U of zero in X,, there
is j =i such that

X (X)) = q; <11._m Xi> +U

iel

for any k> j). As a corollary, we get that a projective system of J./b
indexed by a filtering ordered set is lim-acyclic in Z.o/b if and only if it is
lim-acyclic in the category of Abelian groups and satisfies condition SC.

In the last section, we limit our study to countable projective systems of
J.o/b. First, we establish a slight generalization of the classical Mittag—
Leffler theorem for countable projective limits of complete metric spaces.
Using this result and results of Section 4, we give a necessary and sufficient
condition for a countable projective system of complete metrizable Abelian
groups to be lim-acyclic in J.o7b.

To conclude this introduction, I want to thank J.-P. Schneiders for
pointing out the research direction followed in this paper and for the useful
discussions we had during its preparation.



DERIVED PROJECTIVE LIMITS 137

1. QUASI-ABELIAN HOMOLOGICAL ALGEBRA

To help the reader we recall in this section a few basic facts concerning
the homological algebra of quasi-Abelian categories. We refer to [7] for
more details (see also [4]).

DerFNITION 1.1, Let .o/ be an additive category with kernels and coker-
nels and let /> 4 > B be a morphism of .«/. Recall that ker f and coker f
denote respectively the kernel and cokernel of f.

Recall also that the kernel of the morphism ¢: B — coker f is called the
image of f and denoted by im f. Dually, the cokernel of the morphism
i ker f— A is called the coimage of f and denoted by coim f.

We say that the morphism f'is strict if the canonical morphism

coim f—im f
is an isomorphism.

DerFINITION 1.2. A category & is quasi-Abelian if it is an additive
category with kernels and cokernels and if

(1) 1in a Cartesian square

S

X— Y

]

X,—,> Y’

S
fis a strict epimorphism, then f” is a strict epimorphism,

(i1) in a cocartesian square

X/ /' Y!

N

fis a strict monomorphism, then f” is a strict monomorphism.

Until the end of this section, & will denote a quasi-Abelian category.
Recall that C(&) is the category of complexes of & and that K(&) is the
category defined by

Ob(K(&))=0b(C(&))



138 FABIENNE PROSMANS

and
Hom g (X", ¥*) = Hom ¢ (X', Y*)/Ht(X", ')
where
Ht(X", Y')={f": X — Y: /" is homotopic to zero}.

As is well-known, the category K(&') has a canonical structure of triangulated
category.

DErFINITION 1.3. (1) A sequence
A5 B-5C

of & such that vou=0 is strictly exact if u is strict and if the canonical
morphism

im u — ker v

is an isomorphism.

(1) A complex X of & is strictly exact in degree k if the sequence

k—1 k
xk—1 d X* d xk+1

is strictly exact.

(ii1)) A complex of & is strictly exact if it is strictly exact in every
degree.

ProrosiTiON 1.4, The full subcategory N (&) of K(&) whose objects are
the strictly exact complexes of & is a null system.

DEerFINITION 1.5. The derived category of & is the localization of the
triangulated category K(&) by A47(&). We denote it by D(&'). Hence,

D(&)=K(&)/N(E).
DermNITION 1.6, We denote by
D<%¢) (resp. D=%&))

the full subcategory of D(&) whose objects are the complexes which are
strictly exact in degree k>0 (resp. k <0).
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PROPOSITION 1.7.  The pair (D<%&), DZ%&)) is a t-structure on D(&).
We call it the left t-structure of D(&).

DEerINITION 1.8. The heart
D<%&)NDZ°(&)

of the left z-structure is denoted by £ #(&). For short, we call it the left
heart of D(&). Of course, the objects of £ # (&) are the complexes which
are strictly exact in every non-zero degree. The associated cohomological
functors are denoted by

LH*: D(&) > LH(6).

ProrosiTiON 1.9.  Let X° be an object of D(&). The truncation functors
are given by

TSX) - > X" s kerd"—0
where ker d” is in degree n and
2 X):0—>coimd" ' > X" X"t > ...
where X" is in degree n. Hence, the cohomological functors are given by
LA"(X'): 0> coimd" !> kerd"”—0

where ker d" is in degree 0.

ProrosiTioN 1.10.  The functor
L& ZLHE)
which associates to any object E of & the complex
0-E-0

where E is in degree 0 is fully faithful.

Remark 1.11. Let X" be an object of ¥ #(&). By an abuse of notations,
we will write

Xeé&

if X* is isomorphic to /(E) for some object E of &.
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ProrosITION 1.12. (a) Any object of L H# (&) is isomorphic to a complex

045 B-0

where B is in degree 0 and u is a monomorphism. Moreover, such an object
is in the essential image of I if and only if u is strict.

(b) A sequence
E-F->G
of & is strictly exact if and only if the sequence
I(E) » I(F) > I(G)
of A (&) is exact.

CoRrROLLARY 1.13. Let X" be an object of D(&). Then,
(i) LHYX)=0< X" is strictly exact in degree k,
(i) LHMX)e& <=d " is strict.
Let F: & — &' be a functor between quasi-Abelian categories.
DEerFINITION 1.14.  Let
Q:K*(&)—> D*(&) and Q:K*(&')> D&

be the canonical functors. A right derived functor of F is the data of a pair
(T, s) where

T:D*(&)—>D*(8")
is a functor of triangulated categories and
5: Q' o K*(F)->T-Q
is a morphism of functors such that for any pair (7, ¢) where
T:D*&)—> D" (&)

Qe KH(F) =T 0,
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there is a unique morphism a: T— T’ of functors making the diagram
Q' - K*(F)
1N

ToQ — > T'-Q

occidQ

commutative.

DerINITION 1.15. A full subcategory # of & is F-injective if

(i) for any E€ Ob(&), there is a strict monomorphism E — I where
1€ Ob(.7),

(i) when 0> E' > E— E” — 0 is a strictly exact sequence of & such
that E', E€ Ob(.¥), then E” € Ob(.#) and the sequence

0> F(E')>F(E)-F(E")-0

is strictly exact.

ProposITION 1.16. If .# is an F-injective subcategory of &, then for any
object X of C*(&), there is a strict quasi-isomorphism

u: X -»r

such that, for any k, I*€ Ob(#) and u*: X* — I* is a strict monomorphism.
(In such a case, we call I' an F-injective resolution of X".)

ProrosiTioN 1.17.  If & has an F-injective subcategory ., the functor
F.6-¢&
is right derivable and, if
RF:D*(&)—>D* (&)

is its derived functor, then

where I is an F-injective resolution of X'.
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2. THE CATEGORY Z.«/b OF TOPOLOGICAL ABELIAN GROUPS

In this paper, by a topological abelian group, we mean an Abelian group
M endowed with a topology such that the maps

+ MxM->M
and
—M->M

are continuous.

Recall (see e.g. [ 1]) that if M is a topological Abelian group, then there
is a basis of neighborhoods of zero ¥~ such that
(TAbl) VYVev', V>0,
(TAB2) YVev, V=-—V,
(TAb3) VYV, V,ev", AV5 €7 such that V,nV, o V5,
(TAb4) VVev', 3Ue? such that U+ Uc V.

Conversely, let 7~ be a set of subsets of an Abelian group M satisfying
(TAb1)—(TADb4). Then, the collection 7 of subsets U of M such that

Vxe U, Ve such that x4+ V< U

is a topology of Abelian group on M for which 7" is a basis of neighbor-
hoods of zero.

Let M be a topological Abelian group, let N be a subgroup of M and let
7" be a basis of neighborhoods of zero on M. The set

V' ={VAN:Ver}

is clearly a basis of neighborhoods of zero for a topology of Abelian group
on N. We call the topology so defined on N the induced topology.
Similarly, if g: M — M/N denotes the canonical morphism, the set

V' ={q(V):Ver}

forms a basis of neighborhoods of zero for a topology of Abelian group on
M/N. The topology so defined on M/N is called the quotient topology.

DerFINITION 2.1. We denote by J./b the category whose objects are the
topological Abelian groups and whose morphisms are the continuous
additive maps.



DERIVED PROJECTIVE LIMITS 143

PROPOSITION 2.2. The category /b has products. More precisely, let
(M )uecq be a family of topological abelian groups and let ¥V, be a basis of
neighborhoods of zero on M, (Yue€ A). Then, the product of the family
(M) yecq in Tb is obtained by endowing the Abelian group

l—[ MG: {(mot)oceA: maEMa VO(EA}

aeAd

with the topology associated to the basis of neighborhoods of zero

:{ [ VaVi=M,0r Vyev,, {:V, #M,} isﬁnite}.

aecA

COROLLARY 2.3. The category J./b is additive.

PrOPOSITION 2.4. The category J.o/b has kernels and cokernels. More
precisely, let u: M — N be a morphism of T </b.

(i) The subgroup u='({0}) of M endowed with the induced topology
together with the canonical monomorphism i:u='({0})— M form a kernel

of u.
(1) The quotient group N/u(M) endowed with the quotient topology
together with the canonical epimorphism q: N — N/u(M) form a cokernel

of u.
(1) The image of u is the subgroup u(M) of N endowed with the
induced topology.

(iv) The coimage of u is the quotient group M/u="'({0}) endowed with
the quotient topology.

Proof. (i) Let X be an object of J./b and let v:X—>M be a
morphism of 7./b such that u-v=0. Since v(X) '({0}), the map

Vi X->u ({0})  xeu(x)

is well-defined. One sees easily that v’ is additive, continuous and makes

the diagram
~({o}) ,\ /
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commutative. Since v’ is the unique map satisfying these properties,
(u='({0}), )

1s a kernel of u.

(i1)) Let X be an object of Z.</b and let v: N> X be a morphism of
/b such that vou =0. The map

v': Nu(M)—-> X [7]uan > v(n)

is well-defined and additive. Let us show that v’ is continuous. Consider a
neighborhood of zero V in X. Since v~!(V) is a neighborhood of zero in
N, q(v=Y(V)) is a neighborhood of zero in N/u(M). Moreover, we have

v (V) 2q(g T W T ) = (v e q) T (V) = g0 (V).

It follows that v' ~!(¥) is a neighborhood of zero in N/u(M) and that v’ is
continuous. Of course, v' makes the diagram

M—%“> N —2 N/u(M)

commutative. Since v’ is the unique map having these properties,
(N/u(M), q)

is a cokernel of wu.
(ii1) and (iv) follow from (i) and (ii). ||

ProposITION 2.5. A morphism u: M — N of T</b is strict if and only if
for any neighborhood of zero V in M, there is a neighborhood of zero V' in
N such that

u(Vysu(M)nv'.

In other words, u is strict if and only if it is relatively open.

Proof. By definition, u: M — N is strict if and only if the canonical
morphism #: coim # — im u is an isomorphism. This canonical morphism

i Mju="({0}) > u(M)
is defined by

a([m],-1goy)) =u(m) Vme M.
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One checks easily that # is bijective. Moreover, # is continuous. Hence, u
is strict if and only if #~! is continuous.
So, we have to show that

a " u(M)—> Mu~'({0}) u(m) = [m],-1((0p)

is continuous if and only if for any neighborhood of zero V in M, there is
a neighborhood of zero V' in N such that

uMysu(M)nV'.

The condition is necessary. As a matter of fact, let ' be a neighborhood
of zero in M. If ¢': M —» M/u='({0}) is the canonical morphism, ¢'(V) is
a neighborhood of zero in M/u='({0}). Since #~" is continuous,

@~ g (V) =ilg' (V) =u(V)

is a neighborhood of zero in u(M). Hence, there is a neighborhood of zero
V' in N such that

u(V)ys V' ou(M).

The condition is also sufficient. Let W be a neighborhood of zero in
M/u='({0}). There is a neighborhood of zero V in M such that W= ¢'(V).
By hypothesis, there is a neighborhood of zero V' in N such that

uVysu(M)nv'.
Therefore, we have
@ H=t(wy=a(w)=iu(q' (V) =u(V)2uM)n V"

Since u(M)n V' is a neighborhood of zero in u(M), (Z= 1)~ (W) is a
neighborhood of zero in u(M). Hence, &' is continuous. ||

PROPOSITION 2.6. The category J/b is quasi-Abelian.
Proof. We know that Z.o/b is additive and has kernels and cokernels.

(1) Consider a cartesian square

Mo—u’ N,

Ml—v’ N,
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where u is a strict epimorphism and let us show that v is a strict
epimorphism. Recall that if we set

a=(u —g):My®N,—>N,,
then we may assume that
M, =ker o= {(my, ny): u(my) = g(n,)}
and that
f:pMOOioc and U:leoioc
where i : ker « > M,@ N, is the canonical monomorphism.
Of course, the morphism v is surjective. Let us prove that it is strict.

Consider a neighborhood of zero ¥V in M; =ker a. We may assume that

V=(VyxVi)nkera
where V), is a neighborhood of zero in M, and V| is a neighborhood of
zero in N,. Since u is strict, by Proposition 2.5, there is a neighborhood of
zero Vi in N, such that

u(Vo) @u(Mo) N V.
Then, V} ng~'(V}) is a neighborhood of zero in N,. Since

o(V)20(My) n Ving ™ (Vo)

by Proposition 2.5, v is strict.

(i1)) Consider a cocartesian square

M1—v’ N,

i T

Mo——= No

where u is a strict monomorphism. Let us show that v is a strict
monomorphism. Recall that if we set

a=( )Mo= 0N,
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then we may assume that
N,=cokera=(M,® Ny)/u(M,),
v=q,ciy, and  g=gq,ciy,

where ¢,: M, ® Ny— (M, ® N,y)/o(M,) is the canonical epimorphism.

Clearly, the morphism v is injective. Let us prove that it is strict.
Consider a neighborhood of zero V, in M,. We know that there is a
neighborhood of zero U, in M, such that

U+ U, cV;.
Since u is strict, there is a neighborhood of zero V§ in N, such that
u(f~N(U)) 2 u(Mo) N V.

Moreover, ¢q,(U, x V}) is a neighborhood of zero in N, =M, @ Ny/ou(M,).
One can check that

v( V)2 u(My) N g (Uy x V).

Hence, v is strict. ||

3. GENERAL RESULTS ON DERIVED PROJECTIVE
LIMITS IN 7.</b

Let & be a quasi-Abelian category and let .# be a small category. Recall
that & denotes the quasi-Abelian category of functors from .#°P to & (also
called projective systems of & indexed by .#). For the reader’s convenience,
we recall how to derive the projective limit functor

. op g
lim: &7" — &
ie S

if & is a quasi-Abelian category with exact products (see [5] for more
details).

Note that, hereafter, we will often denote by the same symbol a set and
its associated discrete category.

DerFiNITION 3.1.  Let .# be a small category and let & be a quasi-Abelian
category with products. We define the functor

IT: §°°) - 7
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by setting

sy =11 G

for any functor S: Ob(.#) — & and for any ie.#. Let i be an object of .7.
For any morphism «: j— i of .#, we denote by

Dj i H(S)(i) = S(j)

the canonical projection.
A projective system

E. P> &
is of product type if there is an object S of &°*“) such that
E~I(S)

in &7,
We denote by

0: 677 — %)

the canonical functor.

ProrosITION 3.2.  Let .J be a small category and let & be a quasi-abelian
category with products.

(a) For any object S of &°°), we have the isomorphism

lim 77(S)(i) ~ [] S(i).

ies ies
(b) For any object E of &7, the morphism
S E—1I(O(E))
defined by
pjziof(i) = E(2)
for any object i of S and any morphism o j— i of S is a strict monomorphism.

DermNITION 3.3.  Let .# be a small category and let & be a quasi-Abelian
category with products. We define the functor

R(S,): 67" > CH(&)
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in the following way. For any functor E: .#°P — &, we set

RS, E)=0 Vn <0

and
RS, E)= H E(iy) Yn=0,
ioa—l’"'ﬂ’in
where
iy — —

is a chain of morphisms of .#. Denoting by
Piy 2L oy RS, E) — E(iy)
the canonical projection, we define the differential
dys. 5y R(I, E) > R (I, E)
by setting

n —
Pioi»...L“»in+lodR-(/,E)—E(fxl)opil%...Lﬂ,i”H
n

l N .
Y (D) py oy e, e,
I=1

+(=1)"*! gL 2y
We call R(#, E) the Roos complex of E (cf. [6]).

Notation 3.4. Let E be an object of &7. For any ie.#, we denote by

q;: lim E(i) — E(i)

ie s

the canonical morphism.

PrOPOSITION 3.5. Let . be a small category and let & be a quasi-Abelian
category with products. For any object E of &7, there is a canonical
isomorphism

%S, E): lim E(i) s ker d%, g

ie s
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defined by
pioe® S, E)=q, Vied.
DEFINITION 3.6. Let .# be a small category and let & be a quasi-Abelian

category with products. An object E of &% is a Roos-acyclic projective
system if the co-augmented complex

0— lim E(i) > R%S, E) > RS, E) > ---

ie s
is strictly exact.

ProPOSITION 3.7. Let . be a small category and let & be a quasi-Abelian
category with products. For any object S of &°°, there is a canonical
homotopy equivalence

[T SG)—- R(~s, I(S)).
ie S
In particular, I1(S) is a Roos-acyclic projective system.

ProrosiTION 3.8.  Let .9 be a small category and let & be a quasi-Abelian
category with exact products. Then, the family

F ={EeOb(6”™): E is Roos-acyclic}

is lim -injective. In particular, the functor
ief

. .9 OP o
lim: 67" > &
iesd

is right derivable and for any object E of &7, we have a canonical
isomorphism

R lim E(i) ~ R(S, E).

ie s

ProrosiTiON 3.9. Let J: § > .9 be a cofinal functor between small
filtering categories and let & be a quasi-Abelian category with exact products.
For any object E of D*(&7), the canonical morphism

R lim E(i/) - R lim E(J(}))

ie s JjeL

is an isomorphism in D*(&).
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Recall that if .# is a small filtering category, there is a small filtering
ordered set I and a cofinal functor @: I — .#. Since any non empty set of
cardinal numbers has a minimum, we may assume that / has the smallest
possible cardinality. We call this cardinality the cofinality of .# and denote
it cf(.#).

Recall also that for k€N, w, denotes the (k+ 1)-th infinite cardinal
number.

THEOREM 3.10. Let & be a quasi-Abelian category with exact products.
Consider a functor

X:IP =&

where S is a small filtering category. If cf(J) <w; with ke N, then
LH”<R1@ X(i)>=0 Vnzk+1.
ied
Since we know already that J.o/b is quasi-Abelian, the following proposi-
tion will allow us to apply the preceding results to treat derived projective
limits of topological Abelian groups.
ProrosiTiON 3.11.  Products are exact in I .</b.
Proof. Let I be a small set. The functor
[1: Zetb" - Ttb
iel

being kernel preserving, it is sufficient to show that the product of strict
epimorphisms is a strict epimorphism. Consider a family

u;: M; - N, Viel

of strict epimorphisms. Of course, the map
[Tus ] M;—>]]N;
iel iel iel

is surjective. Let us show that it is strict. Consider a neighborhood of zero
Vin [],c; M;. We may assume that

v=T1V.

iel
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where V; is a neighborhood of zero in M, such that for

i¢{ir, i)y, (JeN)

we have V;= M,. Since for any i€ [, u; is strict, there is a neighborhood of

13

zero V7 in N, such that
u(Vy)su,(M;) 0 V.

For i¢ {i,, .., i,}, we may assume that V;=N,. Hence,

v=I1v:

iel

is a neighborhood of zero in [];.; N, and

n u;(V;) > n u;(M;)n n V.

iel iel iel

By Proposition 2.5, [];c u; is strict. ||

ProrosITION 3.12.  Let .4 be a small category. The functor

lim : 7./b”" — To/b

ie s
is right derivable and for any object M of T./b”*, we have

R lim M(i) ~ R(#, M)

==

ie s
where R( ¥, M) is the Roos complex of M.

Proof. This follows from Proposition 3.8. ||

4. STRICTNESS PROPERTIES OF DERIVED PROJECTIVE LIMITS
IN 7./b

Our aim in this section is to give a condition for the complex

Rlim X;

iel
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to be strict (i.e. to have strict differentials). Thanks to Corollary 1.13, this
is equivalent to give a condition in order that

LH* <R lim X,.> € T</b.

iel

DerFINITION 4.1. Let I be a filtering ordered set. We say that a projec-
tive system XeZ.o/b'" satisfies condition SC if for any iel and any
neighborhood U of zero in X;, there is j>i such that

X k(X)) = g, <1147m X,->+U Vk = j.
iel

Remark 4.2. Let # be a small category and let F: #°P - J.o/b be a

functor. One can check easily that lim F(i) is the Abelian group
ie s

{(f,-),-ej e [] Fli): F(a) fyr = f;Vo i—i" in J}
ie s
endowed with the topology induced by that of [],., F(i).

If moreover .# is filtering, then for any neighborhood of zero V' in
lim F(i), there is ie.# and a neighborhood of zero U, in F(i) such that
ie s

Voq (U
As a matter of fact, we know that V" contains a neighborhood of the form
( I1 W,~> A lim F(i)
ie S ies

where

Wi,.., W,

1 > Ue

(keN)

are neighborhoods of zero in F(i,), ... F(i;) respectively and W,= F(i) if
and only if i ¢ {i,, .., i,}. Hence, we have

V:( I1 Wi>mh_m F(i)= ﬁ qil_l(W,-I).
=1

ies iesf
Since .7 is filtering, there is i€ .# and there are morphisms

ail:il_)i 121,,k
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of 4. Since

is continuous,
k
U= ﬂ (F(‘xil))il (Wi,)
I=1

is a neighborhood of zero in F(i) and we see easily that
q; 1( U)cV.

THEOREM 4.3. Let I be a filtering ordered set and let X be an object of
TAb™”. Then,

LH' <R lim X,.> € Tdb
iel

if and only if X satisfies condition SC.
In particular, the differential d%.( 1. x) of the Roos complex of X is strict if
and only if X satisfies condition SC.

Proof. (a) Let us prove that the condition is sufficient.
We will decompose the argument in two steps.

(1) First, let us show that it is sufficient to prove that if
0-X5Y5HZ-0
is a strictly exact sequence of Z.Zb'”, then lim v, is a strict morphism.
Let X be an object of Z.7b"". We know thatltelfere is a strict monomorphism
e: X - I(O(X)).
If (Z, q) is the cokernel of e, then the sequence
0> X-5 IT(O(X)-LH Z—0

is strictly exact and it gives rise to the long exact sequence

0 lim X,—<"— lim 71(O(X))(i) —“" lim Z,
iel iel iel

iel

—>LH1<Rh_mXi>—>O (*)
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of H (T e/b) since I[1(O(X)) is lim-acyclic. Set

iel

and let
J: Tdb—> L AH(TAb)
be the canonical functor. Since f'is strict, the sequence

lim /7(O(X))(i) -5 lim Z, - coker f— 0

iel iel

is strictly exact in Z.o/b. Hence, it gives rise to an exact sequence in
L AH(T4b). Therefore,

J(coker f) ~coker(J(f))

~LH' <R lim Xi>

iel

since the sequence (*) is exact and we have

LH! <R lim Xi> e T</b.

iel
(i1) Let us prove that if
0-X-5Y-5Z-0

is a strictly exact sequence of Z.«/b’" such that X satisfies condition SC,
then lim v, is strict. For this, it is sufficient to show that for any neighbor-

iel
hood of zero V' in lim Y, there is a neighborhood of zero V' in lim Z, such
that iel iel

<m Ui> (V)= <th Ui><m Yi> NnV.
iel iel iel

Let V be a neighborhood of zero in lim Y;. By Remark 4.2, V' contains
a neighborhood of the form el

qu(Ui)

where U, is a neighborhood of zero in Y, for some ie .
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Consequently, it is sufficient to show that for any ie/ and for any
neighborhood of zero V;in Y, there is a neighborhood of zero V' in lim Z;
such that iel

<11m v > (g7 (V)= <h_m v,—><hm Y>m V.
iel iel iel

Let iel and let V; be a neighborhood of zero in Y,. There is a
neighborhood of zero V} in Y, such that V;+ V; < V,. Set U;=u;'(V}). By
hypothesis, there is j =i such that

zk(Xk)qu<th>+Ul sz‘]

iel

If we set V= y; j( V1), since v; is strict, there is a neighborhood of zero W;
in Z; such that

o (Y)W, co)(V)).

Since v; is an epimorphism, we get
W,cv j( V]')

Moreover, since ¢, is continuous, ¢; (W,

;) is a neighborhood of zero in
lim Z,. To conclude, let us show that

iel
Consider

ye(hin; v ><lm} Y,> ng; ' (W).
Hence,

q;(7) e W,

and there is felim Y, such that

iel

(1im v, ) (5) =7
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It follows that
4;(y) =v,(q;(B)) e W,
and since
W, cu,(V)),
there is f; € V/; such that
v;(q;(B)) =v;(B)).
Hence, we have
q;(p)—pPjekerv,=imu;

and there is a; € X; such that

Remark that
q:(p) — yi,j(ﬁj") =q;(B)— yi,j(qj(ﬁ) - uj(aj)) = (u; Oxi,j)(“j)-

Now, thanks to the relation

xi,j(Xj) <~dq; <lﬂ Xi> + U,

iel

there is o' €lim X, such that

iel
x; (o) —g;(a’) € Uy

Then, we have successively

(= (1m ) ) ) = B+ 3 f2) — ()

iel
:J’i,j(ﬁ}) + ”i(xi,j(ij) —q(a)).
Since
yt‘,j(ﬁj") eyi,j( Vj’) cV;

and
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we get

we have

and the sufficiency of the condition is established.

(b) Let us prove the necessity of the condition. Let i be an element
of I and let U be a neighborhood of zero in X;.
We know that

Rlim X; ~ R (I, X).

iel

Since

iel

LH' <R lim X,.> € /b,
by Corollary 1.13,

d(z)e-(z,x>: 1—[ X;— H X;

iel Jj<i

is a strict morphism. Therefore, there is a finite family of pairs (ji, ix)kex
such that

ji<i, Vkek

and there are neighborhoods of zero V; ; in X, such that

d(I)Q'(I, X) <ﬂ Xi> N ﬂ P,;,lik( ij,ik) CdOR'(I,X)(pi_l(U))' (*)

iel kekK

Since [ is filtering, there is m € I such that

i<m, Ip<m, Jes<m Vke K.
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Consider n>m and S, € X,,. If we set

{xl aBn) i I<n

b= otherwise
then f=(f))cr€l1ics X; and for any k € K, we get
Pj,, ikod(z)z~(1, X)(ﬂ) =X, ikopik(ﬁ) _ij(ﬁ) =0.
It follows that
dR(I (B ﬂ P]k zk Vi zk)

and thanks to the relation (*), there is '€ p;'(U) such that

d(I)e'(I, X)(ﬁ) = d(I)Q‘(I, X)(ﬂ,)-

Hence,
0
B— P eker dp x-

Recall that ker d%; y,=im(¢%(Z, X)), where ¢°(I, X) denotes the canonical
augmentation of the Roos complex. Therefore, there is a € lim X; such that

iel

B—B =L X)(o).

Since i <n, we have

xi,n(ﬂn) —piB)=Bi—pi(B)=p(f—F)=(p; 030(19 X)) () =q;(a).

Consequently,
xi,n(ﬁn) =p,(p) +qi()
and since p,(f') e U, we see that
Xin(Bn) € U+g; <11__m Xi>~
iel
The conclusion follows easily. |

THEOREM 4.4. Let I be a filtering ordered set and let X be an object of
TAb™™. Then,

LH* <R lim X,.> eTdb k=2

iel
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In particular, the differential d'}.( 1. x) 0f the Roos complex of X is strict for
k=1,

Proof. We will decompose the argument in three steps.
(a) First, let us show that for any functor S: Ob(/) — Z.o7b, the functor

1I(S): I°" > Te/b

verifies the condition SC. Consider i€/ and U a neighborhood of zero in

(S)(i) =[] S..

I<i

If k >, the morphism

P H(S)(k) = H(S)(i)

is the canonical projection. Moreover, we know that

lim 77(S)(i) ~ [ S,

iel iel

and that

q;: lim T1(S)(i) = H(S)(i)

iel
is the canonical projection. It follows that
e I(S)H)) =, tim 115)0) ) <, (tim 110 )+
iel iel

(b) Next, consider an epimorphism f: X — Y of Z.2/b'”. Let us show
that if X verifies the condition SC, then Y verifies the condition SC. Let ie [
and let V be a neighborhood of zero in Y;. Since f;7(V) is a neighborhood
of zero in X;, there is j>1i such that

xi,k(Xk)qu<1i—m Xi>+f,-_l(V) Vk = j.
iel

Consider k > j and y, € Y,.. Since f,.: X, — Y, is surjective, there is x; € X,
such that fi(x;) = y. Then, there are aelim X; and fef (V) such that

iel

Xi, (X)) =g, () + B.
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Therefore, we get successively
Vi i) = yi el il xi)) = fi(xi 0 x1)
~ftaw+p =g, ((1m 1) 0 )+ 11

It follows that

Vil Yi)=q; (h_m Yi> +V.

iel

(c) Finally, let X be an object of Z./b’". We know that there is a
strict monomorphism

e: X - I(O(X)).
If (Z, gq) is the cokernel of e, the sequence

is strictly exact and we get the long exact sequence

LH* <R lim H(O(X))(i)>

iel

LH* <Rﬁm2,—>j
L LHE! <R1@X,~>'—‘—’ LHF*! <RH_mH(O(X))(i)>

iel iel
Since 71(O(X)) is lim-acyclic, we have
iel
LH* <R1iﬁH(O(X))(i)>=O Vk =1
iel
and then
LH"<RH¢nZ,>:LH"’“<R1m X[> Vk>=1.

iel iel

By (a), [I(O(X)) verifies the condition SC and by (b), Z verifies the condi-
tion SC. Then, by Theorem 4.3,

LH' <R lim Z,-> e T<lb

iel
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and the preceding isomorphism shows that
LH? <R Mll Xi> € 7.4b.
Reasoning by induction, we see easily that
LH* <R lim X,-> eTdb k=2
Finally, since
LH* <R lim X,.> ~ LHYR (I, X))e Telb k=2,

Corollary 1.13 shows that d%.; , is strict for k> 1. ||

COROLLARY 4.5. Let &:T/b— /b be the forgetful functor which
associates to any object X of T</b, the abelian group X. Let I be a filtering

ordered set. If X is an object of TAb'™, then the following conditions are
equivalent:

(i) lim X; ~Rlim X,

iel iel
(i) lim &(X;) ~Rlim @(X,) and X satisfies condition SC.
iel iel

Proof. (i)=(ii). Since lim X; ~R lim X;, we have
iel iel

LH"(Rli__m Xi>=() Vi > 1.

iel
We know that

Rlim X, ~ R(I, X).

iel
HCHCC, the sequence
R*=U(I, X) > RXI, X) — R*" (1, X)

is strictly exact in J./b for k> 1. Therefore, this sequence is exact in .Zb.
It follows that

H* (Rli_m @(X,.)>:o V> 1.

iel
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Moreover, the functor lim : .«Zb*” — .o/b being left exact, we have

iel

H° (R lim cD(X.)> ~ lim &(X,

13 _ l)
iel iel

and we obtain

Finally,

LH' (Rm X,.> =0eT/b

iel
and by Theorem 4.3, X verifies the condition SC.
(i1) = (1). By Theorem 4.3 and Theorem 4.4,

LH* <Rh_m X,-> eTdb  Vk>1.

iel

Hence, d /'y, is strict. Moreover, since

H* <R lim cD(X,.)> -0 Vk>=1,

iel
we have
ker d%.; x,=im d’ 'y,
in .«/b. Therefore, the sequence
RE=Y(I, X) — R¥(I, X) - R+ (I, X)

is strictly exact in J.o/b for k> 1 and

LH"<R@X,>=O (k=1).

iel

Since

LH® <R lim X,.> ~lim X,,

iel
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we obtain
lim X; ~Rlim X,. ||

iel iel

5. AN ACYCLICITY CONDITION FOR PROJECTIVE
SYSTEMS OF J.7b

Lemma S5.1. If A is a countable filtering ordered set, there is a cofinal
functor

o N — A.

Proof. Since A4 is countable, there is a surjection b: N — 4. Since A4 is
filtering, we may find a(1) e A such that

a(l) = b(1).
In the same way, we may find «(2) € A such that
«(2)=b(2),  a(2)=al).
By induction, we construct an increasing sequence (a(k)), .n Of 4 such that
a(k) = b(k) VkeN.
One checks easily that the functor
o« N—=A4

is cofinal. ||

Remark 5.2. Let F be a subset of a metric space E. For any ¢>0, we
set

[Fl,={x€eE: d(x, F)<e}.

Let us recall that if /: E— F is an uniformly continuous map between
two metric spaces, then for any ¢ >0, there is # >0 such that

AL4]1,) =[f(4)],

for any subset 4 of E.
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PROPOSITION 5.3. Let (X,, X, p)aca be a filtering projective system of
non-empty complete metric spaces and assume that A has a countable cofinal
subset. Assume that for b= a,

xa,b: Xb _)Xa

is uniformly continuous and that for any a€ A and any ¢ >0, there is b>a
such that

xa,b(Xb)C[xa,c(Xc)]e Vc}b

Then, for any a€ A and any ¢ >0, there is b > a such that

xa, b(Xb) < |:Qa <h.—m Xa>:| .
ae A &

In particular, lim X, is not empty.
acA

Proof. We will decompose the proof in two steps.
(1) First, let us show that it is sufficient to prove the result for
A=N.
By the preceding lemma, there is a cofinal functor
o N — A4
For any ke N, set
Yi=X a(k)

and for k </, set

Vi, 1 = Xok), a(l) -

(a) Let us prove that (Y, y, /)i satisfies the same conditions as
(Xas X4 8)aca- Of course, (Y, yi ren 18 a filtering countable projective
system of complete metric spaces and for k </,

Vi, 1 = Xk, a(l)+ Xa(l) — Ay(k)

is uniformly continuous. Now, consider k€ N and ¢> 0. There is b > a(k)
such that

xoc(k),b(Xb)C [xoc(k), C(Xc)]s vc?b
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Since the functor o«: N— A4 is cofinal, there is /e N such that o(/)>b.
Hence, a(/) = a(k) and we have

Vi, (Y)= Xo(k), b° Xb, oc(l)(Xoc(l)) < Xo(k), o(X5)-
If m>1, then a(m) = a(l) > b and we get
yk,l( Y) Cxoc(k),b(Xb) < [xoc(k), rx(m)(Xoc(m))]s <[y m Y le-
(b) Now, let us show that if the result is true for Y, then it is
for X.

Remark that since « is cofinal, we may assume that

lim Y, =Ilim X

_ a

keN acA
and that the canonical morphism

qr: lim Y, = Y
keN

iS qzx(k)'
Consider a € 4 and ¢ > 0. The functor « being cofinal, there is k € N such
that a(k) > a. Since the map

Xa, a(k)- Xoc(k) - X,

is uniformly continuous, there is # >0 such that

xa,a(k)<|:qa(k)<ll{l4 Xa>:| >C|:(xa,m(k)oqa(k))<l%Xa>:| .
ae n ae &

Thanks to our assumption, there is /> k such that

yk,,m)c[q'k(n_m Y)}

keN

Hence, a(/) = a(k) = a and we get

acA

Xa, oc(l)(Xoc(l)) =Xg, a(k)()’k,z( Y)) < |:qa <h_m Xa>:| .
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(i1) Next, let us prove the result for 4 =N.
Consider ne N and &> 0. Set n,=n and choose ¢, <¢/2.

(a) By induction, let us construct a strictly increasing sequence
(n4)xen of natural numbers and a decreasing sequence (& ),y Of strictly
positive reals which converges to zero in such a way that

Sy (X ) €D X)Ly Ve,
and
d(u, v) <ep=d(x,, , (1), X, , (V) <2' "%, VI<k
We have n, and ¢,. By hypothesis, there is 7, > n, such that
Yooy (X ) € Dy X)L,y ¥,
and since x, , X, — X, is uniformly continuous, there is &, > 0 such that
d(tt, 0) <&y = (X, 1, (1), X,y (1)) <27,

Suppose that we have constructed #n; and ¢; for i<k and let us construct
N1 and &, . We know that there is n; . ; > n; such that

xnk,nk+1(Xnk+l)C[xnk,n(Xn)]sk vn>nk+l'

For /<k+1, the map x
there is #,> 0 such that

X, ., — X, being uniformly continuous,

[OERC TS B O S|

d(ua U)<’7l:>d(xn1,nk+l(u)a xn,,nk+1(v))<2l_k_lgl'
If we set &, =inf{n,;: [ <k +1}, then
du, v) <ép iy =d(x,, ,, (W), X, , (V) <21, Vi<k+1.

(b) By induction, let us construct two sequences (uy)g.n and
(Vx)ken, such that

U = Xp me (Vk41)
and
d(up, X e, (Mg s 1)) <&
First, choose

Z’tO € xno, "I(an )
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Hence,

Ug=Xp, (V1) v X,

Next, construct #; and v,. By (ii)(a),

X, my (X ) & [ Xy (X)) Iy

So, ug € [ Xy, n,(X,)],, and there is v, € X, such that
d(ug, Xy, n,(02)) <éo.
Set uy; =x,, ,(v5). Then, we have
d(ug, Xy, (1)) = d(ttg, Xy, (02)) <éo.

Finally, assume that we have constructed u, ..., u; and vy, .., vy, ; and
let us construct u; . ; and v, ,. We know that

U = xnk,nk+1(vk+ 1)
and that

x"k’"k+l(X"k+1 ) < [xnk’nk+2(X"k+2)]8k'

Then, there is v, , € X, , such that
d(uk’ xnk,nk+2(vk+2)) <‘C"k'

If we set uy ., =x (Vg 42), then

P15 Mg 2

dtges Xy (1)) = A, Xy (Vg 2)) <&

(¢) Fix [eN. For k=1, set
WL:xnl, nk(uk)-

We get

d(wgc’ W5c+1) = d('xnl, nk(uk)s xnl,nk+1(uk+l))

= d(xnI, nk(uk)ﬂ xn,, nk(xnk, "k+l(uk+ 1)))

By (ii)(b),

d(uka xnk, ey (uk+ 1)) < Ek
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and by (ii)(a),
dovl ) <2,

So, for ¢>p>=1 we have

g—1 g—1
1 1 1 1 I—k
dwh, whi)< Y dwi, wi )< Y 20,
k=p k=p
Hence, (w4)x,is a Cauchy sequence in X, », and since X, is complete, this
sequence converges. Denote w' its limit. We get successively

(W= lim x, , (W)= lim x

k— + o k— + o

5
xnl, . nl,nk(uk) =w.

It follows that (w’),.y €lim X, Since the sequence (n,),cn 1s strictly
increasing, the map IeN

I—n,;
is cofinal and

lim X, 3 lim X,.

— ny = n

le N neN
Denote by w' the image of (w'),. by this isomorphism. For any /e N,
w'= g, (W),

Since for g >p =1,

we have
[e'e)
dwd, W) < Y 27Reg=2¢0<e.
k=0

Since w)=x, ., (4y) =1y, we obtain

ny, By

d(ug, g,y (W) = d(wg, w°) <e.

Ug e|:qn0<liLl;l\l Xn>:| .

It follows that
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Since u, is an arbitrary element of x,, , (X, ), we have

x,,o,m(an)c[an(m Xﬂ .

neN

Recall that n,=n. Hence, we have found n, >n such that

xn,m(an)c[qn(lm X)} O

neN

Remark 5.4. Recall that a topological abelian group is metrizable if its
topology may be defined by a metric and that the following conditions are
equivalent:

(a) M is metrizable,
(b) there is a countable basis of neighborhoods of zero ¥~ such that

N V={o},

Vey
(c) thereis a map |-|: M- [0, +oo[ such that
(1) l=xl=llx|
(2) lx+yli<ixl+ Iyl
(3) lx[l=0=x=0,
(4) {B(e)={xeM: |x| <e}:e>0} is a basis of neighborhoods of
zero.

Note that in case (c¢), the metric of M can be defined by
d(x, y)=lx—yl.
Conversely, in case (a), the map |-|: M - [0, + oo[ can be defined by
lm| =d(m,0) Vme M.
Of course, a metrizable topological Abelian group is separated.
LemMA 5.5. Let
0-X-5Y-5Z-0

be an exact sequence of filtering projective systems of topological abelian
groups indexed by A. Assume that A has a countable cofinal subset. Assume
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moreover that for any a€ A, X, is metrizable and complete and that for any
neighborhood of zero V in X,, there is b= a such that

Xo p(Xp) =V +x, (X,) Ye=b.

Then, the sequence

lim u, lim v,
. A . A .
0—-lim X,~*—lim Y,~*— lim Z, >0
aecA acA acA

is exact in /b.

Proof. Since the functor lim is left exact, it is sufficient to show that
acA

lim v,: lim Y, - lim Z,
aeA aeA aeA

is surjective.

Consider z=(z,),. 4 €lim Z,. For any a€ 4, set
acA

M, ={m,eY,v,(m,)=z,}.

Since v, is surjective, M, # . Choose m® e M, and let us prove that the
map

fa: Xa - Ma
defined by
fa(Xa) =ug(x)+md,  x,€X,

is bijective. Of course, f,, is injective. Consider m, € M. Since

0

Ua(ma - mg) = Ua(ma) - Ua(ma) =Zp7Z4= 0

and since im u, = ker v,, there is x, € X, such that
0
ua(xa) = ma - ma'

Therefore, m,= f,(x,) and f, is surjective.
For b>a, we have

Ua(ya, b(mg) _mg) =Zg, b(vb(mg)) —Za= Zg, b(Zb) T IgT a7 2= 0.
So, there is a unique x2 € X, such that

ua(xlz;) = ya, b(mg) - mg'
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For b > a, consider the map
Xpp: Xy = X,
defined by
Xa, b(Xp) = Xg, s(Xp) + x5, Xp € Xp.

The diagram

X,—™ M,

a

is clearly commutative. Therefore, for ¢ > b > a, we have

!

' ! _ -1 —
xa,boxb,c_fa Oya,boyb,cofc_xa,c'

Since x, , is additive and continuous, x, , is uniformly continuous. Hence,

!

X, is also uniformly continuous and we may consider (X, X, ;) c4 as a
filtering projective system of complete metric spaces. We may also assume
that the metric of X, is associated to a map

Iz Xo = [0, +00[

satisfying the conditions in part (c) of Remark 5.4.
Now, consider a€ 4 and ¢ > 0. We know that

B(e) ={xeX,: x|, <}
is a neighborhood of zero in X,. By hypothesis, there is » > a such that
Xa, (X)) = B(e) + x4 [(X,) c=b.
Remark that for ¢ > b and for any x, € X, we have

xa, b('x}), c(xc)) = X;’ b(xb, c(xc) + x;)

xa, b(xb, c(xc)) + xa, b(xg) + XZ

xa, c(xc) + xa, b(x;;) + xZ

and
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Since x, 5 X}, .= X, ., WE get
Xg, 5(X5) + X5 = x5,
Then, for ¢ > b, we have successively

Xl o(Xp) =xg o(Xp) + x5

X, o( Xp) + X p(X5) + X7
= x4 5(Xp) + X5
= Ble) + x,, (X,) + X
< B(e) +x,, (X,).
It follows that
Xa,p(Xp) =[x, (X)), Vez=b.

Hence, the projective system

(ch xil, b)aeA

satisfies the conditions of Proposition 5.3. Since for b > a, the diagram

Xbi’ M,

Xg, bl lya, b

X,— M,
a
commutes and since for any a € A4, f, is bijective, we may turn

(Ma’ ya,b)aeA

into a projective system of complete non-empty metric spaces which
satisfies the same conditions. Therefore,

lim M, # .

acA

Then, there is m = (m,),. 4 €lim M, and we have
ae A

(l@ va> (m):(va(ma))aeA:(Za)aeA:Z' I

acA

THEOREM 5.6. Let (X,,X,p)aca be a filtering projective system of
topological abelian groups. Assume that A has a countable cofinal subset and
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that for any ae A, X, is metrizable and complete. Then, (X,, X, p)aca IS
lim -acyclic if and only if for any ae€ A and any neighborhood of zero V in

acA

X,, there is b= a such that
Xo p(Xp) =V +x, (X,) Ye=b.

Proof. The condition is sufficient. 1t is clear that cf(4) < w,. Hence, by
Theorem 3.10,

LHk<Rli__mXa>=0 k=2,

acA
Moreover, there is a strict monomorphism
e: X - I(O(X)).
If (Z, q) is the cokernel of e, the sequence
0-X5 IOX)-4L Z-0

is strictly exact and it gives rise to the long exact sequence

im e, lim g,
0 - lim X, ~***— lim (/I(O(X))), “~~*— lim Z,
acA acA acA
- L (R lim X, ) 0 (*)
acA
of LA (T<lb). Set
S=Ilm g,.
acA

By Proposition 5.5, f is surjective. Now, let us show that 1 is strict.
For b>a, since x, , is additive and continuous, it is uniformly conti-
nuous. Consider a€ 4 and &> 0. By hypothesis, there is b > a such that
xa,b(Xb)CB(6)+xa,c(Xc) vc?b

It follows that
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Therefore, by Proposition 5.3, for any a€ 4 and any ¢>0, there is b>a
such that

xa, b(Xb) < |:Qa <l@ Xa>:| .

acA

Consider a€ 4 and V a neighborhood of zero in X,. There is £ >0 such
that V> B(e). By what precedes, there is b > a such that

xa, b(Xb) < |:qa <1@ Xa>:| .
aeA &

Therefore,

xa, b(Xb) CB(&) +Qa <lm Xa> < V+ qa <1@ Xa>

acA acA

and for ¢ > b,

xa, c(Xc) = xa,b(xb, c(Xc)) Cxa, b(Xb) < V+ 9a <h<—m Xa>'
aceA
Then, by Theorem 4.3,

LH! <R lim Xa> € T<Ab.

acA

Let
J. Tdb—> L AH(TAb)

be the canonical functor. We know that the cokernel of J(f) in L #(T.</b)
is given by the complex

0 — coim /-5 lim Z, —» 0
acA

where lim Z, is in degree 0. Moreover, f” is monomorphic and
acA

coker f'~ coker f".
Hence, we get

coim f'~ coim f” and im f~im f".
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Since the sequence (*) is exact in £ #(J./b), we have

coker(J(f)) ~ LH" <R lim Xa>.

acA

Therefore, coker J(f) e 7.o/b. Then, f’ is strict and it follows that so is f.
Finally, since f'is a strict epimorphism, we obtain

coker(J(f)) ~ LH! <R lim Xa> ~0
aeA
and
LHk<Rli__mXa>:O Vk=1.
aceA

The condition is necessary. Since (X, X, p),c 4 18 lim-acyclic,

ac A

LH! <R lim Xa> ~0e T</b.

aeA

Then, by Theorem 4.3, for any a € A and any neighborhood of zero V in
X,, there is b > a such that

Yo X< Vg, (m X, ) ez

acA

In particular,

xa,b(Xb) < V+ qa <1@ Xa>'

acA

Since, for ¢=b, X, .°q.=q,, we have

xa,b(Xb)C V+xa,c<qc <lm Xa>>c V+xa,c(Xc)' I

acA
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