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Liapunov’s second method is very effective in stability theory of ordinary 
and functional differential equations. Energy functions or Liapunov-like 
functions are widely used even for partial differential equations. The core of 
this method consists of the estimations of scalar functions obeying various 
kinds of differential inequalities. 

A typical Liapunov type function for asymptotic stability is supposed to 
satisfy the differential inequality 

fis -c(c) v (1) 

with a continuous function c(t), from which a simple comparison theorem 
will derive a desirable estimation on u: 

u(r)c.(r)erp[ -j:c(.s)&], tzr. 

However, because of the difficulties in constructing a suitable Liapunov 
function, one attempts to replace the inequality (1) with 

Iqt) 5 -w(r), (3) 

where w(t) is a function of u(t) in the sense that both v(t) and w(t) are 
functionals of a function x(t). 

We shall make the following assumption: 
(c) for any z and any /I > CI > 0, there is a T= T(7, ~1, fi) > z such that 

w(s) ds > fl- a (4) 
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when 

p 2 u(t) 2 a - on [z, T]. (5) 

Then, it is clear that under the inequality (3), the relations (4) and (5) can 
not be inconsistent with each other. Hence, the condition (c) implies that 
v(t) < CI or u(t) > /I for some t E [z, T]. Especially, if w(t) 2 0, then u(t) is 
non-increasing and we have u(t) <a for a t E [z, T(z, a, u(r))], from which 
it follows that 

when a > 0. 

u(t) < a for all t 2 T(T, a, u(z)) (6) 

The result (6) seems quite rough in estimation compared with (2), but 
we shall show that if the relation (3) is reduced to (I), then (6) leads to the 
estimation (2). 

On Liapunov’s second method there are many references such as [ 1, 2, 
3, 6, 7, 81, etc. This article is related with [4, 51. 

The following is our main result: 

THEOREM. Suppose that non-negative functions u(t) and w(t), which are 

continuous in t >= z, satisfy the inequality (3) when 

d(z, u(t)) is defined and t 2 d(z, o(t)), (7) 

where d(z, r) 2 T is continuous and non-increasing in r > 0. 
Then, under the condition (c) there exists a sequence { Tk(z, r; e)}km_, for 

any E>O such that 

u(t) 5 E%*(z) zj- t 2 Tk(z, u*(z); E), (8) 

where u*(z) is chosen so that 

u*(z) = sup{u(s); T 6 s < d(t, u*(z))}. (9) 

Moreover, the relation (2) can be derived from the relation (8) if 
w(t)=c(t)u(t) in (3) and ifd(r,r)=zfor allr. 

Prooj First of all, it is not difficult to see the existence of U*(T) which 
satisfies (9). In fact, setting 

V(t) = sup{u(s); 7<s<t} 

we can define u*(z) uniquely as the zero of 

d(r) = V(d(z, r)) - r. 
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Here we note that 4(r) is strictly decreasing, continuous in r > 0, and that if 
u(t) > 0 or d(r, 0) < co, then #(V(Z)) 20 and d( V(d(r, u(r)))) 5 0, since 
u(z) 5 V(d(r, u(r))) implies d(t, u(r)) 2 d(r, V(d(r, u(r)))). Suppose u(r) = 0 
and d(r, 0) = co. If u(t) - 0, then (8) is obvious with U*(T) = 0 and arbitrary 
p 2 r. On the other hand, if u(t,) > 0 for a t, > T, then there is a t2 E (z, tl] 

such that u(tZ) > 0 and t2g d(r, u(t*)), and hence we have 
4( V(d(z, u(t,)))) 5 0. In this case clearly u*(r) > 0. 

Now, we shall prove that 

u(t) 5 u*(z) for all t 2 r. (10) 

If it is not the case, then clearly there is a t, > d(r, u*(r)) such that u(tl) > 

u*(r). Set t2 = inf{ t; u(s) 2 u*(z) for all SE [t, t,]}, and put t, = max{ tZ, d(r, 
u*(r))}. Since 47, u(t))<d(z, u*(t))< t for all t E [t3, t,], we have 

C(t)5 -w(t) on Cf3, till 

and hence u(t) is non-increasing on [t3, t,], that is, u(t3) zu(t,) > u*(z). 
From this it follows that t3 must be equal to d(z, u*(r)), which yields a 
contradiction because u(d(r, u*(r)))~u*(r). Thus we have (10). 

Next we shall show that if r* 2 d(r, a) and u(t) 5 /? for all t 2 r* for given 
0~ cr<j?, then we have 

u(t) 5 u for t 2 T= T(z*, a, 8). (11) 

Suppose the contrary, and choose t, > T for which u( t, ) > ~1. Then, by the 
same argument used to obtain (10) it can be seen that 

d(t) 5 -w(t) and fi2u(t)2. 

on [r*, tl]. Therefore, 

and hence 

which contradicts the definition of T and verities (11). Put 

T’(t, r; E) = T(d(z, Er), Er, r), 

Tk+‘(r, r; E)= T(&(z, r; E), ~~+‘r, Ekr) 

for an E E (0, 1 ), where dk( t, r; E) = max ( Tk( T, r; E), d(r, ak + ‘r) >. Then, the 
relation (8) follows from ( 11). 



154 JUNJI KATO 

Now consider the second part of the assertion. Clearly d(r, r) = z implies 
u*(r) = u(r). On the other hand, if w(t) = c(t) v(t) for a continuous function 
c(t) independent of o(t) and if T in the condition (c) is determined so that 

s T  

v(P - a) 2 w(s) ds 2 p-u 

T  

for a v > 1 instead of (4), then we have 

vwco, T 
= 

u s I 
c(s)dQy 

and hence 

Clearly, { Tk(r, r; E)} is divergent to co for an E E (0, 1) because of the 
locally integrability of c(t). Therefore, for a given t 2 r choose an integer m 
so that 

and hence 

m(l-6)s ‘c(s)dsSv(m+l) 
f r 

which implies that 

E 

I 

f 1 f 

V(l--E) 7 
c(s)ds- 1 SrnS- 

s l--E T 
c(s) ds. 

Thus, the relation (8) becomes 

u(t) 5 E((E/Y(’ 

that is, 

v(t)$iu(T)exp (12) 

Here, E E (0, 1) and v > 1 are arbitrary, and hence (12) can be reduced to 
(2) as both E and v approach 1, because logs/( 1 -s) + - 1 as E + 1 - 0. 
This completes the proof. 

The following example provides a situation where (c) is satisfied. 
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EXAMPLE. Consider the equation 

X” +f(x) X’ + g(x) = 0 

or the equivalent system 

x’ = Y, Y’ = -f(x) Y -g(x) (13) 

under the assumption: the continuous functions f(x) and g(x) satisfy 

f(x) > 0 (x z O), g(x)x > 0 (x # 01, G(x)=~~g(s)~!~+m(IxI+3o). 

It is well known that the asymptotic stability of the zero solution of (13) is 
shown by using the Liapunov function 

V(x, y) = G(x) + J~J*. 

Now we shall show that for any solution (x(t), y(t)) of (13) the function 
u(t) defined by u(t) = V(x(t), y(t)) satisfies the condition (c). Obviously we 
have 

C(t) = -w(r) 

with w(t)=f(x(t))y(t)*~O. Suppose that cr~u(t)5$ given fl>a>O. 
Then there are positive constants a = a(P), b = b(p), c = c(a) such that 

Ix(t)l, Is(x(f))l 54 Iv(t)l 5 b 

Ix(t)1 + lu(t)l, I&(t))l + Iv(t)l 2 c. 

Let E > 0 be given. If I y( t)l 5 E, then 

ly’(t)l >=c-E--M&, 

where M = max{f(x): 1x1 5 u}. Therefore, the solution (x(t), y(t)) can not 
stay in the strip I yI 5 E over any entire interval of length greater than 
T, = ~E/(c - E - ME) if E < c/( 1 + M). On the other hand, since 

the set {t: [y(t)1 2~) consists of intervals with length greater than 
T2 = 2(c-.5)/b, while in each such interval the length of the interval on 
which Ix(t)1 5 E* does not exceed T, = ~E*/(c - E*). 

By the condition every nontrivial solution of (13) goes around the origin 
clockwise, and hence 

i 

r+T 

w(s) ds 2 4 T, - T3) 
z 

409/118/l-II 
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if TzT,+T,, where 6 = E’ min{f(x); a 2 1x1 2 E*}. Thus, the con- 

dition (c) is satisfied, and T(z, ct, /?) is given by T(z, ~1, /I) = z + m( T, + T2), 
where m is an integer such that 

md(T,--T,)>p-cr. 
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