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Abstract

Let Z be a smooth Fano variety satisfying the condition that the rank of the Grothendieck
of Z is one more than the dimension ofZ. Let ωZ denote the total space of the canonical line bun
of Z, considered as a non-compact Calabi–Yau variety. We use the theory of exceptional coll
to describe t-structures on the derived category of coherent sheaves onωZ . The combinatorics o
these t-structures is determined by a natural action of an affine braid group, closely related
well-known action of the Artin braid group on the set of exceptional collections onZ.
 2005 Elsevier Inc. All rights reserved.

1. Introduction

Let Z be a smooth Fano variety, and denote byωZ the total space of its canonic
bundle, which we shall think of as a non-compact Calabi–Yau variety. Varieties of thi
are often called local Calabi–Yau varieties in the physics literature. The aim of this
is to use exceptional collections of sheaves onZ to study certain sets of t-structures in t
derived categories of coherent sheaves onZ andωZ . We shall describe the combinatori
of these t-structures by introducing graphs, whose vertices are the t-structures, and
edges correspond to the operation of tilting a t-structure with respect to a simple ob
its heart.
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It turns out that the structure of the resulting graphs can be described using natu
tions of braid groups. The appearance of braid groups in this context is perhaps n
surprising given the well-known action of the Artin braid group on sets of except
collections discovered by Bondal [8] and Gorodentsev and Rudakov [16,17]. In fac
tion 3 of this paper, which deals with t-structures in the derived category ofZ, consists of
a rephrasing of part of the theory of exceptional collections and mutations develop
the Rudakov seminar [26] in the language of t-structures and tilting. Much of this
was presumably known to the participants of this seminar. In Section 4 though we co
t-structures on the derived category of coherent sheaves onωZ ; here our results seem to b
new.

The main motivation for this work is that in a forthcoming paper [9] we shall use
results in the caseZ = P

2 to describe an open subset of the space of stability condi
[8] on the local Calabi–Yau threefoldOP2(−3). A related reason for studying this proble
is that the graphs of t-structures we construct bear a close resemblance to certain
of quiver gauge theories constructed by the physicists Feng, Hanany, He and Iqba
The edges of the physicists’ graphs come from an operation which they call Seiberg
ity. We hope that studying the relationship between the physicists’ computations a
homological algebra described here will lead to some useful insights.

Throughout we shall assume that the varietyZ has a full exceptional collection an
satisfies

dimK(Z) ⊗ C = 1+ dimZ. (†)

Examples of such varieties include projective spaces, odd-dimensional quadrics [2
certain Fano threefolds [23]. In fact our main interest is in the caseZ = P

2. Other cases
not satisfying(†), such asZ = P

1 × P
1, are more interesting and difficult, but not so w

understood at present (see however [14] and [18,21,27]).
To understand the technical significance of the assumption(†), recall that the class o

strong exceptional collections is not closed under mutations. On the other hand, B
and Polishchuk [6] introduced a class of strong exceptional collections (see Section
the definition), closed under mutations, which they referred to as geometric collection
showed that these collections exist only on varieties satisfying(†). They also showed tha
any full exceptional collection consisting entirely of sheaves on such a variety is aut
ically geometric. We shall work with full, geometric collections throughout, but follow
[12] we prefer to call themexcellent collections, since there is nothing particularly ung
ometric about collections such as(O,O(1,0),O(0,1),O(1,1)) on P

1 × P
1 which do not

satisfy Bondal and Polishchuk’s conditions.

1.1. Let D = Db(CohZ) denote the bounded derived category of coherent she
on Z. Rickard’s general theory of derived Morita equivalence [25] shows that any
strong, exceptional collection(E0, . . . ,En−1) in D gives rise to an equivalence of cat
gories

Hom•
(

n−1⊕
Ei,−

)
:D → Db(ModA),
D

i=0



T. Bridgeland / Journal of Algebra 289 (2005) 453–483 455

th
e
rm

t

ory is
e
of the

ct
malø

,
y
see

Artin

te-
elian
t

n

where ModA is the category of finite-dimensional right-modules for the algebra

A = EndD

(
n−1⊕
i=0

Ei

)
.

As explained by Bondal [5], the finite-dimensional algebraA can be described as the pa
algebra of a quiver with relations with vertices{0,1, . . . , n − 1}. We shall always assum
that the collection(E0, . . . ,En−1) is an excellent collection; the quiver then takes the fo

• d1 • d2 • · · · • dn−1 •

with di = dimHomD(Ei−1,Ei) arrows connecting vertexi − 1 to vertexi.
Pulling back the standard t-structure onD(ModA) gives a t-structure onD whose hear

A ⊂ D is an abelian category equivalent to ModA. We call the subcategoriesA ⊂ D ob-
tained from excellent collections in this way exceptional. Any exceptional subcateg
of finite length and hasn simple objectsS0, . . . , Sn−1 corresponding to the vertices of th
quiver. These simple objects have a canonical ordering coming from the ordering
exceptional objectsEi , or equivalently from the ordering of the vertices of the quiver.

Each simple objectSi defines a torsion pair inA whose torsion part consists of dire
sums of copies ofSi . Performing an abstract tilt in the sense of Happel, Reiten and S
[19] leads to a new abelian subcategory LSi

A ⊂ D which we refer to as the left tilt ofA at
the simpleSi . It turns out that, providingi > 0, the category LSi

A ⊂ D is also exceptional
and in fact corresponds to an excellent collection inD obtained from the original one b
a mutation. In contrast, the subcategory LS0 A has rather strange properties in general (
Example 3.7).

The fact that mutations of exceptional collections give rise to an action of the
braid group now translates as

Theorem 3.6. The Artin braid group An acts on the set of exceptional subcategories of D.
For each integer 1 � i < n − 1 the generator σi acts by tilting a subcategory at its ith
simple object.

It is convenient to introduce a graphStr(Z) whose vertices are exceptional subca
gories ofD, and in which two vertices are linked by an edge if the corresponding ab
subcategories are related by a tilt at a simple object. In the caseZ = P

2 we shall show tha
the action of Theorem 3.6 is free. It follows that each connected component ofStr(P2) is
the Cayley graph of the standard system of generators of the groupAn.

1.2. Consider now the categoryDb(CohωZ). Any excellent exceptional collectio
(E0, . . . ,En−1) in D determines an equivalence

Hom•
(

n−1⊕
π∗Ei,−

)
:Db(CohωZ) →Db(ModB),
ωZ

i=0
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whereπ :ωZ → Z is the projection, and ModB is the category of finitely generated righ
modules for the algebra

B = EndωZ

(
n−1⊕
i=0

π∗Ei

)
.

Note that the algebraB is infinite-dimensional. NonethelessB can again be described
the path algebra of a quiver with relations with vertices{0,1, . . . , n − 1}. This time the
quiver is of the form

• · · · •

•

d1

•

•
d0

•

•
dn−1

· · · •
with di arrows from vertexi − 1 to vertexi for 1� i � n − 1 as before, and

d0 = dimHomD(En−1 ⊗ ωZ,E0)

arrows connecting vertexn − 1 to vertex 0.
Consider the full subcategoryDω ⊂ Db(CohωZ) consisting of objects supported on t

zero sectionZ ⊂ ωZ . The equivalence above determines a t-structure onDω whose hear
is an abelian subcategoryB ⊂ Dω equivalent to the category of nilpotent representati
of the algebraB. Abelian subcategoriesB ⊂ Dω obtained in this way will again be calle
exceptional. Any exceptional subcategory ofDω is of finite length and hasn simple ob-
jectsS0, . . . , Sn−1 corresponding to the vertices of the quiver. These simple objects
a canonical ordering coming from the ordering of the exceptional objects(E0, . . . ,En−1),
and for 1� i < n − 1, the abelian subcategory LSi

B ⊂ Dω is also exceptional, and corr
sponds to an excellent collection inD obtained from the original one by a mutation.

The key new feature of the Calabi–Yau situation concerns the subcategory LS0 B. The
simple objectsSi of an exceptional subcategoryB ⊂ Dω are spherical objects. It fo
lows from work of Seidel and Thomas [28] that there are associated autoequiva
ΦSi

∈ AutDω, and we shall show that the image of the subcategory LS0 B ⊂ Dω under
the autoequivalenceΦSn−1 is an exceptional subcategory ofDω.

A subcategoryB ⊂ Dω will be called quivery if there is an autoequivalenceΦ ∈ AutDω

such that the subcategoryΦ(B) ⊂ Dω is exceptional. Thus, quivery subcategories ofDω

are finite length abelian categories, and from what was said above, they remain q
under the operation of tilting at a simple object. A slightly subtle point is that the si

objectsS0, . . . , Sn−1 of a quivery subcategoryB ⊂ Dω have no canonical ordering, only
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a cyclic ordering coming from the arrows in the corresponding quiver. Let us defin
ordered quivery subcategory to be a quivery subcategoryB ⊂ Dω together with an ordering
of its n simple objects(S0, . . . , Sn−1) compatible with the canonical cyclic ordering.

The combinatorics of the set of quivery subcategories ofDω is controlled not by the
Artin braid groupAn, but by a groupBn which is a quotient of the annular braid gro
CBn, or alternatively, a semidirect product of the affine braid groupÃn−1 by the cyclic
groupZn. The reader is referred to Section 2.1 for the precise definitions of these gr

Theorem 4.11. There is an action of the group Bn on the set of ordered quivery subcate-
gories of Dω. For each integer 0� i � n − 1 the element τi acts on the underlying abelian
subcategories by tilting at the ith simple object.

Introduce a graphStrω(Z) whose vertices are the quivery subcategories ofDω, and in
which two vertices are joined by an edge if the corresponding subcategories are rela
a tilt at a simple object. In the caseZ = P

2 we shall show that the action of Theorem 4.
is free, and it follows that each connected component of the graphStrω(P2) is the Cayley
graph for the standard system of generatorsτ0, . . . , τn−1 of the affine braid group̃An−1.

2. Preliminaries: Braid groups and tilting

This section consists of various basic facts and definitions we shall need; we inclu
material here for the reader’s convenience, and to fix notation.

2.1. Braid groups

Given a topological spaceM , define the configuration space ofn distinct, ordered point
in M

Cn(M) = {
(m0, . . . ,mn−1) ∈ Mn: i �= j ⇒ mi �= mj

}
.

The symmetric groupΣn acts freely onCn(M) permuting the points.
The standardn-stringArtin braid group An is defined to be the fundamental group

the spaceCn(C)/Σn. As is well known (see for example [4]), it is generated by eleme
σ1, . . . , σn−1 subject to the relations

σiσjσi = σjσiσj for |i − j | = 1,

σiσj = σjσi for |i − j | > 1.

The centre ofAn is generated by the element

γ = (σ1 · · ·σn−1)
n = (σn−1 · · ·σ1)

n.

To visualize elements of the groupAn one can project points inCn(C) to a far away line in

C to obtain a set ofn points inR; a loop in the configuration space can then be thought of
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under the(i − 1)st.

We shall need the following easy result later.

Lemma 2.1. The element

δ = (σ1 · · ·σn−1)(σ1 · · ·σn−2) · · · (σ1σ2)σ1 ∈ An

has the property that δ−1σiδ = σn−i for 1� i � n − 1.

Proof. For 1� j � n − 1 setβj = σ1 · · ·σj . We are required to prove that

σiβn−1βn−2 · · ·β1 = βn−1βn−2 · · ·β1σn−i .

First supposei > 1. By induction onn we can assume that

σi−1βn−2 · · ·β1 = βn−2 · · ·β1σn−i .

Multiplying both sides byβn−1 and noting that for 1< i � n − 1 we haveβn−1σi−1 =
σiβn−1 gives the result. To prove the result wheni = 1 note first thatσn−1 commutes with
βj if j � n − 3. Thus we are reduced to proving

σ1βn−1βn−2 = βn−1βn−1.

This follows by repeatedly applying the relationσiβn−1 = βn−1σi−1. �
Then-string (n � 2) annular braid group is defined to be the fundamental group of t

spaceCn(C
∗)/Σn. It is generated by elementsτi indexed by the cyclic groupZn, together

with a single elementr , subject to the relations

rτir
−1 = τi+1 for all i,

τiτj τi = τj τiτj for |i − j | = 1,

τiτj = τj τi for |i − j | > 1.

For a proof of the validity of this presentation see [22]. Of more interest to us will b
quotient group

Bn = CBn

/〈
rn

〉
.

The subgroup ofBn (or CBn) generated by the elementsτ0, . . . , τn−1 is an affine braid
group; we denote it̃An−1.

To visualize elements of these groups one can project points inCn(C
∗) out from the

origin onto a large circle to obtainn points inS1; a loop in the configuration space c
then be thought of as a braid ofn strings lying on the surface of a cylinder. The elemenτi

corresponds to theith string passing under the(i − 1)st; the elementr corresponds to th

twist which for eachi takes pointi to pointi + 1.
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Proposition 2.2. There is a short exact sequence

1 −→ Fn −→ Bn
h−→ An/〈γ 〉 −→ 1,

where Fn is the free group on n generators. The homomorphism h is defined by

h(r) = σ1 · · ·σn−1 and h(τi) = σi for 1 � i � n − 1,

and its kernel is freely generated by the elements

αi = ri(τ1 · · · τn−1)r
−(i+1), 0� i � n − 1.

Proof. We give two proofs, one geometric and the other algebraic. In geometric t
note that the spaceCn(C

∗)/Σn is homotopic toCn+1(C)/Σn whereΣn ⊂ Σn+1 is the
subgroup fixingn ∈ {0,1, . . . , n}. Forgetting the last point gives a fibration

Cn+1(C)/Σn → Cn(C)/Σn

whose fibre isC \ {m0, . . . ,mn−1}. This gives an exact sequence

1−→ Fn −→ CBn
h−→ An −→ 1.

Drawing suitable pictures it is easy enough to see thath acts on generators as claim
in the statement, and that the elementsαi correspond to loops in the fibre which free
generate the fundamental group ofC \ {m0, . . . ,mn−1}. Sinceh(rn) = γ the result follows
by taking quotients.

To see the result using just the presentation ofBn we follow an argument of Chow [11
It is easy to check that the formula in the statement defines a homomorphismh : CBn →
An, and that the elementsαi lie in its kernel and generate a normal subgroupK ⊂ CBn.
Furthermoreh has a sectionAn → CBn sendingσi to τi for 1� i � n−1, and the induced
homomorphismAn → CBn/K is surjective because inCBn/K one hasr = τ1 · · · τn−1.
It follows thatK is the kernel ofh.

The only non-trivial part is to show thatK ⊂ CBn is freely generated by the elementsαi .
To see this, one needs to exhibit a representation ofCBn in which they act freely. LetFn

be the free group on generatorsxi indexed byi ∈ Zn, and define an action ofCBn on Fn

by automorphisms using the formulaer(xi) = xi+1 and

τi(xi) = xi+1, τi(xi+1) = x−1
i+1xixi+1, τi(xj ) = xj for j /∈ {i, i + 1}.

Then the elementαi acts by sending eachxj to xixj x
−1
i and it follows that theαi generate
the free group of inner automorphisms ofFn. �
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2.2. T-structures and tilting

The reader is assumed to be familiar with the concept of a t-structure [2,15]. Th
lowing easy result is a good exercise.

Lemma 2.3. A bounded t-structure is determined by its heart. Moreover, if A ⊂ D is a
full additive subcategory of a triangulated category D, then A is the heart of a bounded
t-structure on D if and only if the following two conditions hold:

(a) if A and B are objects of A then HomD(A,B[k]) = 0 for k < 0,
(b) for every non-zero object E ∈D there are integers m < n and a collection of triangles

0= Em Em+1 Em+2 . . . En−1 En

Am+1 Am+2 An

= E

with Ai[i] ∈ A for all i.

It follows from the definition that the heart of a bounded t-structure is an abelian
gory [2]. In analogy with the standard t-structure on the derived category of an ab
category, the objectsAi[i] ∈ A are called the cohomology objects ofA in the given
t-structure, and denotedHi(E).

Note that the group AutD of exact autoequivalences ofD acts on the set of bounde
t-structures: ifA ⊂ D is the heart of a bounded t-structure andΦ ∈ AutD, thenΦ(A) ⊂ D
is also the heart of a bounded t-structure.

A very useful way to construct t-structures is provided by the method of tilting.
was first introduced in this level of generality by Happel, Reiten and Smalø [19], bu
name and the basic idea go back to a paper of Brenner and Butler [7].

Definition 2.4. A torsion pair in an abelian categoryA is a pair of full subcategories(T ,F)

of A which satisfy HomA(T ,F ) = 0 for T ∈ T andF ∈ F , and such that every obje
E ∈ A fits into a short exact sequence

0→ T → E → F → 0

for some pair of objectsT ∈ T andF ∈ F .

The objects ofT andF are called torsion and torsion-free. The proof of the follow
result [19, Proposition 2.1] is pretty-much immediate from Lemma 2.3.

Proposition 2.5 (Happel, Reiten, Smalø). Suppose A is the heart of a bounded t-structure

on a triangulated category D. Given an object E ∈ D let Hi(E) ∈ A denote the ith coho-
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Then the full subcategory

A� = {
E ∈D: Hi(E) = 0 for i /∈ {−1,0}, H−1(E) ∈F and H 0(E) ∈ T

}
is the heart of a bounded t-structure on D.

In the situation of the lemma one says that the subcategoryA� is obtained from subcat
egoryA by tilting with respect to the torsion pair(T ,F). In fact one could equally we
considerA�[−1] to be the tilted subcategory; we shall be more precise about this w
necessary. Note that the pair(F[1],T ) is a torsion pair inA� and that tilting with respec
to this pair gives back the original subcategoryA with a shift.

Now supposeA ⊂ D is the heart of a bounded t-structure and is a finite length ab
category. Note that the t-structure is completely determined by the set of simple o
of A; indeedA is the smallest extension-closed subcategory ofD containing this set o
objects. Given a simple objectS ∈ A define〈S〉 ⊂ A to be the full subcategory consistin
of objectsE ∈ A all of whose simple factors are isomorphic toS. One can either view〈S〉
as the torsion part of a torsion theory onA, in which case the torsion-free part is

F = {
E ∈ A: HomA(S,E) = 0

}
,

or as the torsion-free part, in which case the torsion part is

T = {
E ∈A: HomA(E,S) = 0

}
.

The corresponding tilted subcategories are

LS A = {
E ∈D: Hi(E) = 0 for i /∈ {0,1}, H 0(E) ∈F andH 1(E) ∈ 〈S〉},

RS A = {
E ∈D: Hi(E) = 0 for i /∈ {−1,0}, H−1(E) ∈ 〈S〉 andH 0(E) ∈ T

}
.

We define these subcategories ofD to be the left and right tilts of the subcategoryA at
the simpleS respectively. It is easy to see thatS[−1] is a simple object of LS A, and that
if this category is finite length, then RS[−1] LS A = A. Similarly, if RS A is finite length
LS[1] RS A = A.

The following obvious result will often be useful.

Lemma 2.6. The operation of tilting commutes with the action of the group of autoequiva-
lences on the set of t-structures. Take an autoequivalence Φ ∈ AutD. If A ⊂ D is the heart
of a bounded t-structure on D and has finite length and S ∈ A is simple, then Φ(A) ⊂ D
is the heart of a bounded t-structure on D and has finite length, Φ(S) is a simple object of
Φ(A), and

LΦ(S) Φ(A) = Φ(LS A).
Proof. This is a straightforward application of the definitions.�
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3. Exceptional collections and t-structures on D

Throughout this sectionZ will be a smooth Fano variety andD will be its bounded
derived category of coherent sheaves. We shall assume throughout thatZ satisfies the con
dition

dimK(Z) ⊗ C = 1+ dimZ. (†)

Although this is not necessary everywhere, some of the definitions would need to be
ified for more general cases, and it is not clear exactly how this should be done (se
for a more general approach).

3.1. Exceptional collections and mutations

We start by recalling some of the theory of exceptional collections developed by Bo
Gorodentsev, Polishchuk, Rudakov and others. For more information and proofs o
of the following facts the reader is referred to the original papers [5,6,16,17,26].

An objectE ∈D is said to beexceptional if

Homk
D(E,E) =

{
C if k = 0,

0 otherwise.

An exceptional collection in D (or onZ) of lengthn is a sequence of exceptional obje
(E0, . . . ,En−1) of D such that

n − 1� i > j � 0 ⇒ Homk
D(Ei,Ej ) = 0 for all k ∈ Z.

The exceptional collection(E0, . . . ,En−1) in D is full if for any E ∈D

Homk
D(Ei,E) = 0 for all 0� i � n − 1 and allk ∈ Z ⇒ E ∼= 0.

An exceptional collection(E0, . . . ,En−1) is strong if for all 0 � i, j � n − 1 one has

Homk
D(Ei,Ej ) = 0 for k �= 0.

As we shall see in the next subsection, strong exceptional collections define equiva
of D with derived categories of module categories. Pulling back the standard t-str
allows us to define new t-structures onD. Thus if we are interested in t-structures onD
exceptional collections are not enough: we need strong collections.

Given two objectsE andF of D, define a third object LE F of D (up to isomorphism)
by the triangle

LE F → Hom•
D(E,F ) ⊗ E

ev−→ F,

where ‘ev’ denotes the canonical evaluation map. It is easy to see that if(E,F ) is an

exceptional collection then so is(LE F,E). The object LE F is called theleft mutation of
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F through E. Mutations of this form define a braid group action on exceptional collect
[5,16,17].

Theorem 3.1 (Bondal, Gorodentsev, Rudakov). The braid group An acts on the set of
exceptional collections of length n in D by mutations. For 1 � i � n − 1, the generating
element σi acts by

σi(E0, . . . ,En−1) = (E0, . . . ,Ei−2,LEi−1 Ei,Ei−1,Ei+1, . . . ,En−1).

Strong exceptional collections do not remain strong under mutations in general. A
example is the strong collection(O,O(1,0),O(0,1),O(1,1)) on P

1 × P
1 which mutates

to give the non-strong collection(O,O(0,1)[−1],O(1,0),O(1,1)).
A helix in D is an infinite sequence of objects(Ei)i∈Z such that for eachi ∈ Z the cor-

respondingthread (Ei, . . . ,Ei+n−1) is a full exceptional collection inD, and the relation

(σ1 · · ·σn−1)(Ei+1, . . . ,Ei+n) = (Ei, . . . ,Ei+n−1)

is satisfied. Clearly a helix(Ei)i∈Z is uniquely determined by the full exceptional co
lection (E0, . . . ,En−1); we say that the helix isgenerated by (E0, . . . ,En−1). Bondal
[5, Theorem 4.2] showed that any helix(Ei)i∈Z satisfies

Ei−n
∼= Ei ⊗ ωZ for all i ∈ Z. (1)

These definitions certainly need to be modified for varietiesZ not satisfying(†).
We shall call a helix(Ei)i∈Z in D excellent if for all i � j one has

Homk
D(Ei,Ej ) = 0 unlessk = 0.

Such helices were calledgeometric by Bondal and Polishchuk. An exceptional collecti
(E0, . . . ,En−1) will be calledexcellent if it is a full collection which generates an excelle
helix. Equivalently this means that the collection is full, and for any integers 0� i, j �
n − 1 and anyp � 0

Homk
D

(
Ei,Ej ⊗ ω

p
Z

) = 0 unlessk = 0.

In particular an excellent collection is strong. Bondal and Polishchuk showed tha
full exceptional collection of sheaves on a variety satisfying(†) is automatically excellen
[6, Proposition 3.3].

The importance of excellent collections is the following result [6, Theorem 2.3].

Theorem 3.2 (Bondal, Polishchuk). Any mutation of an excellent collection is again excel-
lent.

The motivating example for all this theory is the sequence of line bundles( )

O,O(1), . . . ,O(n − 1)
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n−1, which is an excellent collection of lengthn. The fact that it is full is the essenti

content of Beilinson’s theorem [1]. The helix generated by this collection is just(O(i))i∈Z.

3.2. The homomorphism algebra

Let (E0, . . . ,En−1) be a full, strong exceptional collection inD. The general theory o
derived Morita equivalence [25] shows that the functor

F = Hom•
D

(
n−1⊕
i=0

Ei,−
)

:D →D(ModA)

is an equivalence, where ModA is the category of finite-dimensional right-modules for
algebra

A = EndD

(
n−1⊕
i=0

Ei

)
.

This algebra is called thehomomorphism algebra of the collection(E0, . . . ,En−1). Note
thatA is finite-dimensional and has a natural grading

A =
n−1⊕
k=0

Ak =
n−1⊕
k=0

⊕
j−i=k

HomD(Ei,Ej ).

The degree zero part has a basis consisting of the idempotents

ei = idEi
∈ EndD(Ei),

and there are corresponding simple right-modulesT0, . . . , Tn−1 defined by

dimC(Tj ei) = δij .

It is easy to check that all simple modules are of this form.

Proposition 3.3 (Bondal). Let (E0, . . . ,En−1) be a full, strong exceptional collection in D,
and define a new collection by

(F0, . . . ,Fn−1) = δ(E0, . . .En−1),

where δ ∈ An is the element defined in Lemma 2.1. Then these two collections are dual, in
the sense that

Homk
D

(
Ei,Fn−1−j [j ]) =

{
C if i = j and k = 0,

0 otherwise.
The objects Fi are unique with this property.
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Proof. This is basically Lemma 5.6 of [5]. Just note that in Bondal’s notation

δ(E0, . . . ,En−1) = (Ln−1 En−1, . . . ,L1 E1,E0),

where for 1� i � n − 1 the object Li Ei is defined to be LE0 LE1 · · ·LEi−1 Ei . �
Under the equivalenceF , the objectEi ∈ D is mapped to the projective moduleeiA

corresponding to the vertexi. Lemma 3.3 shows that the object

Sj = Fn−1−j [j ]

is mapped to the simple moduleTj . Note also that Lemma 2.1 shows that mutations of
collections(E0, . . . ,En−1) and(F0, . . . ,Fn−1) correspond to each other.

As an example, take the collection(O,O(1), . . . ,O(n − 1)) in D(Pn−1). The dual col-
lection, in the sense of Lemma 3.3, is

(
Ωn−1(n − 1), . . . ,Ω1(1),O

)
,

whereΩi = ∧i
T ∗ is the sheaf of holomorphici-forms onP

n−1. This can be checke
directly by computing the cohomology groups of Proposition 3.3.

Proposition 3.4 (Bondal, Polishchuk). Let (E0, . . . ,En−1) be an excellent collection in D
and let A be the corresponding homomorphism algebra with its natural grading. Then A

is generated over A0 by A1 and is Koszul.

Proof. For the first statement it is enough to show that for 0� i < j � n − 1, the natura
map

HomD(Ei,Ej−1) ⊗ HomD(Ej−1,Ej ) → HomD(Ei,Ej )

is surjective. Thus it is enough to show that

Hom1
D(Ei,LEj−1 Ej) = 0.

This statement follows from the fact that the collectionσj (E0, . . . ,En−1) is strong, which
in turn follows from Theorem 3.2.

The condition thatA is Koszul is equivalent to the statement that the Yoneda algeb

A! = End•
A

(
n−1⊕
j=0

Tj

)

is generated in degree one. Under the equivalenceF described above, the simple mo

ulesTj correspond to the objectsSj = Fn−1−j [j ]. By Theorem 3.2 the dual exceptional
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collection(F0, . . . ,Fn−1) is also excellent, and it follows that the algebraA! is the homo-
morphism algebra of the collection(F0, . . . ,Fn−1). Since the argument above shows t
this is generated in degree one, the result follows.�

The homomorphism algebra of an excellent collection can naturally be thought
the path algebra of a quiver with relations. The quiver hasn vertices{0,1, . . . , n − 1}
corresponding to the idempotentsei , and for each 1� i � n − 1 has

di = dimHomD(Ei−1,Ei)

arrows going from vertexi − 1 to vertexi.

• d1 • d2 • · · · • dn−1 •

Since the algebra is Koszul the relations are quadratic [3].

3.3. Tilting and mutations

Given an excellent collection(E0, . . . ,En−1) in D, the corresponding equivalence

F = Hom•
D

(
n−1⊕
i=0

Ei,−
)

:D →D(ModA)

allows one to pull back the standard t-structure onD(ModA) to give a t-structure onD
whose heart

A(E0, . . . ,En−1) ⊂ D

is equivalent to the abelian category ModA. Let us call the subcategories ofD obtained
from excellent collections in this wayexceptional. Note that any exceptional subcategory
a finite length abelian category withn simplesS0, . . . , Sn−1. These simples have a unique
defined ordering(S0, . . . , Sn−1) in which

Homk
D(Si, Sj ) = 0 unlessi − j = k � 0. (2)

Thus it is possible to talk about theith simple objectSi of an exceptional subcategory.

Proposition 3.5. Let (E0, . . . ,En−1) be an excellent collection in D, and let Si denote
the ith simple object of the exceptional subcategory A(E0, . . . ,En−1) ⊂ D. Then for each
integer 1� i � n − 1 there is an identification of subcategories of D

( )

LSi

A(E0, . . . ,En−1) = A σi(E0, . . . ,En−1) .
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Proof. Put(E′
0, . . . ,E

′
n−1) = σi(E0, . . . ,En−1) and set

A = A(E0, . . . ,En−1), A′ = A
(
E′

0, . . . ,E
′
n−1

)
.

Let (S0, . . . , Sn−1) be the simple objects ofA with their canonical ordering. The subca
egory LSi

A is obtained by tiltingA with respect to the torsion theory(T ,F), whereT
consists of direct sums ofSi , and

F = {
E ∈ A: HomA(Si,E) = 0

}
.

Note thatSj ∈F for everyj �= i. It will be enough to show thatA′ ⊂ LSi
A, because if two

bounded t-structures have nested hearts then they are the same. SinceA′ has finite length
it will be enough to show that every simple object ofA′ is contained in eitherT [−1] or
in F .

Recall that if(F0, . . . ,Fn−1) is the dual exceptional collection to(E0, . . . ,En−1) then
Sj = Fn−1−j [j ]. Let (S′

0, . . . , S
′
n−1) be the simple objects ofA′ with their canonical or-

dering. By Lemma 2.1, the dual collection to(E′
0, . . . ,E

′
n−1) is

(
F ′

0, . . . ,F
′
n−1

) = σn−i (F0, . . . ,Fn−1),

andS′
j = F ′

n−j−1[j ]. For j /∈ {i − 1, i} we haveS′
j = Sj so thatS′

j ∈ F . Furthermore,
S′

i−1 = Si[−1]. Thus the only thing to check is thatS′
i ∈ F .

Now F ′
n−i−1 = LFn−i−1 Fn−i , and rewriting the defining triangle

LFn−i−1 Fn−i −→ Hom•
D(Fn−i−1,Fn−i ) ⊗ Fn−i−1

ev−→ Fn−i ,

we obtain a triangle

Hom1
D(Si, Si−1)[−1] ⊗ Si

ev−→ Si−1 −→ S′
i ,

where we have used (2) to see that Hom•
D(Si, Si−1) is concentrated in degree 1. Rewriti

this triangle again shows thatS′
i is a universal extension inA

0→ Si−1 → S′
i → Ext1A(Si, Si−1) ⊗ Si → 0,

and applying the functor HomD(Si,−) it follows thatS′
i ∈F . �

Using this lemma the braid group action on exceptional collections describ
Lemma 3.1 can be translated into the following form.

Theorem 3.6. The Artin braid group An acts on the set of exceptional subcategories of D.
For each integer 1 � i < n − 1 the generator σi acts by tilting a subcategory at its ith

simple object.
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As a final remark in this section, supposeA ⊂ D is an exceptional subcategory
D with corresponding ordered simple objects(S0, . . . , Sn−1). The categories LS0 A and
RSn−1 A are not covered by the above results. In general these categories are rather
as the following example shows.

Example 3.7. Consider the caseA = A(O,O(1)) ⊂ Db(CohP
1) corresponding to the

excellent collection(O,O(1)) on P
1. The dual collection is(O(−1),O) so that the sim-

ple objects ofA are S0 = O and S1 = O(−1)[1]. The only objectsE ∈ A satisfying
HomA(S0,E) = 0 are direct sums of copies ofS1. Performing a left tilt at the simpl
S0 leads to a category LOA which is finite length and has two simple objectsS′

0 = O[−1]
andS′

1 = O(−1)[1]. Since

Ext1A′
(
S′

0, S
′
1

) = 0 = Ext1A′
(
S′

1, S
′
0

)
,

the categoryA′ is semisimple, and so every object in the derived categoryD(A′) is a direct
sum of copies of shifts ofS′

0 andS′
1. In particular, the only exceptional objects inD(A′)

are shifts ofS′
0 andS′

1. It follows immediately thatD(A′) is not equivalent toDb(CohP
1),

so that the bounded t-structure whose heart isA′ is unfaithful.

4. Spherical collections and t-structures on Dω

Recall our general assumption:Z is a smooth Fano variety satisfying

dimK(Z) ⊗ C = 1+ dimZ,

andωZ is the canonical bundle ofZ, which we view both as an invertibleOZ-module, and
as a quasi-projective variety with a fibrationπ :ωZ → Z. The inclusion of the zero sectio
in ωZ will be denoteds :Z ↪→ ωZ . Define

Dω ⊂ Db(CohωZ)

to be the full subcategory consisting of objects all of whose cohomology sheaves a
ported on the zero sectionZ ⊂ ωZ . Of course, when we say an objectE ∈ CohωZ is
supported onZ we mean only that its reduced support is contained inZ; the scheme
theoretic support ofE will in general be some non-reduced fattening ofZ, andE will not
be of the forms∗F for anyF ∈ CohZ.

4.1. The rolled-up helix algebra

Let (E0, . . . ,En−1) be an excellent collection inD and let(Ei)i∈Z be the helix it gen-
erates. The graded algebra

⊕ ∏
HomD(Ei,Ej )
k�0 j−i=k
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is a variant of what Bondal and Polishchuk called the helix algebra. It carries a n
Z-action coming from the isomorphisms

⊗ωZ : HomD(Ei,Ej ) → HomD(Ei−n,Ej−n).

Define the rolled-up helix algebra to be the invariant subalgebra

B =
[⊕

k�0

∏
j−i=k

HomD(Ei,Ej )

]Z

.

The degree zero partB0 has a basis consisting of the idempotents

ei =
∏

j≡i (n)

idEj
∈

∏
j

EndD(Ej ),

and there are corresponding simple rightB-modulesTi defined by

dimC(Tj ei) = δij .

In contrast to the situation with the finite-dimensional algebras considered in the las
tion these will not be the only simpleB-modules.

Proposition 4.1. Let (E0, . . . ,En−1) be an excellent collection on D and let B be the
associated rolled-up helix algebra. Then the functor

Fω = Hom•
ωZ

(
n−1⊕
i=0

π∗Ei,−
)

:Db(CohωZ) → Db(ModB)

is an equivalence of categories.

Proof. Note thatπ∗(OωZ
) = ⊕

p�0 ω
p
Z . The adjunctionπ∗  π∗ together with the projec

tion formula shows that for arbitrary objectsE andF of D(Z)

Homk
ωZ

(
π∗E,π∗F

) =
⊕
p�0

Homk
D

(
E,F ⊗ ω

p
Z

)
.

Since(E0, . . . ,En−1) is a excellent collection, it follows that

Endk
ωZ

(
n−1⊕
i=0

π∗Ei

)
=

{
B if k = 0,

0 otherwise.

Applying the adjunctionπ∗  π∗ again shows that for any objectE ∈Dω( )

Homk

ωZ
π∗Ei,E = 0 for all k ∈ Z ⇒ π∗(E) = 0.
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But the functorπ∗ is an exact functor on the category Coh(ωZ) and has no kernel, so th
implies thatE ∼= 0. The statement then follows from the general theory of derived M
equivalence [25]. �

Under the equivalenceFω, the objectπ∗Ei is mapped to the projective modulePi =
eiB, and if (F0, . . . ,Fn−1) is the dual collection to(E0, . . . ,En−1) as in Lemma 3.3, the
the object

Sj = s∗
(
Fn−1−j [j ]) (3)

is mapped to the simple moduleTj .

Proposition 4.2. If (E0, . . . ,En−1) is an excellent collection in D then the corresponding
rolled-up helix algebra B is generated over B0 by B1 and is Koszul.

Proof. This is entirely analogous to the proof of Proposition 3.4. It is basically a coro
of Bondal and Polishchuk’s result (Theorem 3.2).�

The graded algebraB can naturally be viewed as the path algebra of a quiver
relations. The quiver hasn vertices{0,1, . . . , n − 1} corresponding to the idempoten
ei ∈ B0. For each 1� i � n − 1 there are

di = dimHomD(Ei−1,Ei)

arrows from vertexi − 1 to vertexi. The only difference to the quivers considered in
last section is that there are now

d0 = dimHomD(En−1,En)

arrows from vertexn − 1 to vertex 0. Thus the quiver is a cycle

• · · · •

•

d1

•

•
d0

•

•
dn−1

· · · •
As before, the Koszul property implies that the relations are quadratic.



T. Bridgeland / Journal of Algebra 289 (2005) 453–483 471

-
nce

of
e
ts

co-
an be
er
ed

of
Example 4.3. SetZ = P
n−1 and consider the diagonal action of the cyclic groupZn on

affine spaceCn with weights exp(2πi/n). The quotient varietyX = C
n/Zn has an isolated

singularity; blowing it up gives the varietyωZ ; the resulting birational morphismωZ → X

contracts the zero sectionZ ⊂ ωZ , and is a crepant resolution of singularities.
The abelian category ofZn-equivariant coherent sheaves onCn is tautologically equiv-

alent to the module category ModR of the corresponding skew group algebraR =
C[x1, . . . , xn] ∗ Zn. We claim that the ringR is in fact isomorphic to the rolled-up he
lix algebraB of the helix(O(i))i∈Z onZ, so that in this very special case, the equivale
Fω can be thought of as an incarnation of the McKay correspondence.

To prove the claim, note first that the degree zero part of both graded algebrasB andR is
the same, namely a semisimple algebra spanned by idempotentse0, . . . , en−1. Furthermore,
for all 0� i � j � n − 1 there are natural identifications

eiBej = eiRej = C[x1, . . . , xn](j−i),

where the right-hand side is the space of polynomials of degree congruent toj − i mod-
ulo n. It is easy to check that the maps

eiBej ⊗ ejBek → eiBek, eiRej ⊗ ejRek → eiRek

correspond to multiplication of polynomials, and so the claim follows.

A right-moduleM overB is said to benilpotent if there is some natural numbern such
that MBn = 0. Let Mod0 B ⊂ ModB denote the thick abelian subcategory consisting
nilpotent modules. Since any module satisfyingMB1 = 0 is a direct sum of copies of th
simple modulesTi , one sees that Mod0 B is a finite length category with simple objec
T0, . . . , Tn−1. In fact it is the smallest extension-closed subcategory of ModB containing
each moduleTi .

Let Db
0(ModB) ⊂ Db(ModB) be the full subcategory consisting of objects whose

homology modules are nilpotent. It is not immediately clear whether this category c
identified with the derived categoryDb(Mod0 B). A similar question arises as to wheth
Dω is the derived category of the subcategory of CohωZ consisting of sheaves support
on the zero section. But these questions will not be important for us.

Lemma 4.4. The equivalence

Fω :Db(CohωZ) → Db(ModB)

of Proposition 4.1restricts to give an equivalence of full subcategories

Fω :Dω → Db
0(ModB).

Proof. This is immediate sinceDω is the smallest full triangulated subcategory ofD con-
taining the objectsSj and Db

0(ModB) is the smallest full triangulated subcategory
b
D (ModB) containing the simple modulesTj . �
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4.2. Spherical collections

In Section 3, rather than working directly with a given exceptional subcategory oD,
we worked with the corresponding set of projective objects, which formed an excep
collection(E0, . . . ,En−1). We then used the braid group action on exceptional collect
to get a handle on the combinatorics of the exceptional subcategories. Of course, w
equally well have worked with the simple objects of a given exceptional subcategory,
are closely related to the dual exceptional collection(F0, . . . ,Fn−1).

In the next subsection we shall be interested in certain finite length abelian subcate
of Dω. Neither the projective nor the simple objects of these subcategories form excep
collections. However, in this case, the simples are what Seidel and Thomas [28]
spherical objects, and together they form what we shall call a spherical collection. I
subsection we define an action of the groupBn on the set of spherical collections inDω;
this will be used in the next subsection to analyse the combinatorics of the correspo
subcategories ofDω.

Let n be the dimension of the varietyωZ . An objectS ∈ Dω is spherical if

Homk
Dω

(S,S) =
{

C if k = 0 orn,

0 otherwise.

SinceωZ has trivial canonical bundle, and any objectS ∈ Dω has compact support, Ser
duality gives an isomorphism of functors

HomDω
(S,−) ∼= HomDω

(−, S[n])∗
.

The following result then follows from constructions given in [28].

Proposition 4.5 (Seidel, Thomas). If S ∈Dω is spherical then there is an autoequivalence
ΦS ∈ AutDω such that for any F ∈ Dω there is a triangle

HomDω
(S,F ) ⊗ S → F → ΦS(F ).

Furthermore, ΦS[1] ∼= ΦS , and one has relations

ΦS1 ◦ ΦS2 ◦ Φ−1
S1

∼= ΦΦS1(S2),

for any pair of spherical objects S1, S2 ∈Dω.

The autoequivalencesΦS associated to spherical objects are often calledtwist functors.
A ready supply of spherical objects onωZ is obtained by extending exceptional objects
Z ⊂ ωZ by zero.

Lemma 4.6. If E ∈D is exceptional then s∗E ∈Dω is spherical. More generally, if E and
F are objects of D satisfying Homk

D(E,F ) = 0 = Homk
D(F,E) for all k �= 0, then one

has

• ∗
HomDω
(s∗E, s∗F) = HomD(E,F ) ⊕ HomD(F,E) [−n].
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Proof. If s :Z ↪→ Y is the inclusion of a smooth projective subvarietyZ in a smooth quasi
projective varietyY then a standard calculation shows that for any pair of objectsE andF

of Db(CohZ) there is a spectral sequence

Homp
Z

(
E,F ⊗

q∧
N

)
⇒ Homp+q

Y (s∗E, s∗F),

whereN is the normal bundle ofZ in Y . Our result follows by takingY to be the total
space ofωZ , so thatN = ωZ , and computing Hom•Z(E,F ⊗ ωZ) using Serre duality. �

Define a spherical collection of lengthn in Dω to be an ordered collection of spheric
objects(S0, . . . , Sn−1). The following action of the groupBn should be compared with th
action ofAn on exceptional collections described in Theorem 3.1. The formula given
is justified by Proposition 4.10 below.

Lemma 4.7. The group Bn acts on the set of length n spherical collections in Dω . The
generator r acts by

r(S0, S1, . . . , Sn−1) = (Sn−1, S0, . . . , Sn−2),

and for 1� i � n − 1, the generator τi acts by

τi(S0, . . . , Sn−1) = (
S0, . . . , Si−2, Si[−1],ΦSi

(Si−1), Si+1, . . . , Sn−1
)
.

Proof. Note first that it is not necessary to define the action ofτ0 sinceτ0 = r−1τ1r . As-
sumen � 3 and consider the relationτ1τ2τ1 = τ2τ1τ2. This is easy to check directly usin
the relations of Lemma 4.5; up to isomorphism both sides take the spherical coll
(S0, . . . , Sn−1) to the collection

(
S2[−2],ΦS2(S1)[−1],ΦS2ΦS1(S0), S3, . . . , Sn−1

)
.

The other relations are either obvious or follow from this by conjugating byr . �
Note that the group of exact autoequivalences ofDω acts on the set of spherical colle

tions in the obvious way: ifΦ ∈ AutDω is an exact autoequivalence, and(S0, . . . , Sn−1) is
a spherical collection, then

Φ(S0, . . . , Sn−1) = (
Φ(S0), . . . ,Φ(Sn−1)

)
.

The elementsαi = ri(τ1 · · · τn−1)r
−(i+1) ∈ Bn defined in Lemma 2.2 act on spherical c

lections by autoequivalences.

Lemma 4.8. If (S0, . . . , Sn−1) is a spherical collection in Dω then
αi(S0, . . . , Sn−1) = ΦSi
(S0, . . . , Sn−1) for 0� i � n − 1.
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Proof. This is a simple computation using the definition of the action ofBn in Lemma 4.7.
We leave the details to the reader.�
4.3. T-structures and tilting

Let (E0, . . . ,En−1) be an excellent collection inD and let B be the correspond
ing rolled-up helix algebra. The standard t-structure onDb(ModB) induces one on
D0(ModB) in the obvious way, and pulling this back using the equivalence

Fω :Dω → D0(ModB)

of Lemma 4.4 gives a bounded t-structure onDω whose heart

B(E0, . . . ,En−1) ⊂ Dω

is equivalent to Mod0 B. Let us call the subcategories ofDω obtained from excellent col
lections inD in this wayexceptional.

We shall also define aquivery subcategory ofDω to be one of the formΦ(B) ⊂ Dω

for some autoequivalenceΦ ∈ AutDω and some exceptional subcategoryB ⊂ D. Note
that the analogous definition in the last section would have given nothing new, si
Φ ∈ AutD andA ⊂ D is an exceptional subcategory corresponding to the excellen
lection (E0, . . . ,En−1) thenΦ(A) ⊂ D is the exceptional subcategory corresponding
the excellent collectionΦ(E0, . . . ,En−1).

Any quivery subcategory ofDω is a finite length abelian category withn simple ob-
jectsS0, . . . , Sn−1. By (3) and Lemma 4.6 these simple objects are spherical. They h
canonical cyclic ordering in which

Homk
Dω

(Si, Sj ) = 0 unless 0� k � n andi − j ≡ k modn. (4)

If B = B(E0, . . . ,En−1) is an exceptional subcategory then its simples are given by (3)
thus have a canonical ordering(S0, . . . , Sn−1) compatible with the above cyclic orderin
One consequence of the following result is that this statement does not extend in an o
way to quivery subcategories.

Proposition 4.9. Let (E0, . . . ,En−1) be an excellent collection in D, and let (Ei)i∈Z be
the helix it generates. If (S0, . . . , Sn−1) are the simples in the exceptional subcategory
B(E0, . . . ,En−1) with their canonical ordering, then ΦSn−1(Sn−1, S0, . . . , Sn−2) are the
simples in B(E−1,E0, . . . ,En−2) with their canonical ordering.

Proof. Let (F0, . . . ,Fn−1) = δ(E0, . . . ,En−1) be the dual collection. Since

(E−1, . . . ,En−2) = (σ1 · · ·σn−1)(E0, . . . ,En−1),

Lemma 2.1 shows that the dual collection to(E−1, . . . ,En−2) is( ) ( )

F ′

0, . . . ,F
′
n−1 = (σn−1 · · ·σ1)(F0, . . . ,Fn−1) = LF0(F1), . . . ,LF0(Fn−1),F0 .
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Thus if (S′
0, . . . , S

′
n−1) are the simples inB(E−1, . . . ,En−2) with their canonical ordering

then

S′
0 = s∗(F0) and S′

j = s∗
(
LF0 Fn−j [j ]) for 1� j � n − 1.

For each 1� j � n−1, pushing forward the definition of a mutation and using Lemma
gives a triangle

s∗
(
LF0 Fn−j [j − 1]) → HomDω

(s∗F0, s∗Fn−j ) ⊗ s∗
(
F0[j − 1]) → s∗

(
Fn−j [j − 1]).

Rotating the triangle and using (3) we can reinterpret this as a triangle

HomDω
(Sn−1, Sj−1) ⊗ Sn−1 → Sj−1 → s∗

(
LF0 Fn−j [j ]).

From the definition of the twist functorΦSn−1 it follows that S′
j = ΦSn−1(Sj−1) for 1 �

j � n − 1. Finally, any spherical objectS ∈ Dω satisfiesΦS(S) = S[1− n]. Applying this
to Sn−1 shows thatS′

0 = ΦSn−1(Sn−1) which completes the proof.�
An ordered quivery subcategory ofDω is defined to be a quivery subcategory toget

with an ordering of its simple objects compatible with the canonical cyclic ordering
Note that an ordered quivery subcategory determines and is determined by the corre
ing spherical collection(S0, . . . , Sn−1).

Proposition 4.10. Suppose (S0, . . . , Sn−1) are the ordered simples of an ordered quivery
subcategory B ⊂ Dω. Then for any 0 � i � n − 1 the tilted subcategory LSi

B ⊂ Dω is a
quivery subcategory, and its simple objects with their canonical cyclic order are given by
the spherical collection τi(S0, . . . , Sn−1).

Proof. By applying a power ofr to the spherical collection(S0, . . . , Sn−1) and thus chang
ing the ordering of the simples we can assume that the simple we tilt at isS1, or in other
words, we can takei = 1. Furthermore, it is easy to see that we can apply an autoeq
lence ofDω without affecting the hypotheses or the conclusion of the proposition. T
we may assume that

B = B(E0, . . . ,En−1)

is an exceptional subcategory, and using Proposition 4.9, we may assume furth
(S0, . . . , Sn−1) have the corresponding canonical ordering.

Consider the mutated exceptional collection(
E′

0, . . . ,E
′
n−1

) = σ1(E0, . . . ,En−1).

We claim that the tilted subcategory LS1(B) is the exceptional subcategoryB′ =
B(E′

0, . . . ,E
′
n−1). The proof of this goes in exactly the same way as that of Proposition

The simple objects ofB′ with their canonical ordering are given by( )

S1[−1], S′

1, S2, . . . , Sn−1 ,
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whereS′
1 is the universal extension

0→ S0 → S′
1 → Ext1B(S1, S0) ⊗ S1 → 0.

As in Proposition 3.5 it follows thatB′ = LS1(B). But by the definition of the twist functo
S′

1 = ΦS1(S0) so the result follows. �
Combining this result with Lemma 4.7 gives our main theorem.

Theorem 4.11. There is an action of the group Bn on the set of ordered quivery subcate-
gories of Dω. For each integer 0� i � n − 1 the element τi acts on the underlying abelian
subcategories by tilting at the ith simple object.

We conclude this section with a remark concerning the exact sequence

1−→ Fn −→ Bn
h−→ An/〈γ 〉 −→ 1

of Lemma 2.2. Consider an ordered quivery subcategoryB1 ⊂ Dω and its imageB2 =
τ(B1) under the action of an elementτ ∈ Bn. Using Proposition 4.9 we can find exception
subcategoriesB′

1 andB′
2 of Dω such that each subcategoryBi , with the chosen ordering o

its simples, is related to the corresponding exceptional subcategoryB′
i , with the canonica

ordering of its simples, by an autoequivalenceΦi ∈ AutDω. Then the two exceptiona
collections definingB′

1 andB′
2 are related by the action of some element of the coseth(τ)

in An. We shall not need this fact in what follows and we leave the proof to the reade

5. The case Z = PPP
2

In this section we study in more detail the case whenZ = P
2 is the projective plane

ThusD denotes the derived categoryDb(CohP
2) andDω denotes the full subcategory

Db(CohωP2) consisting of objects whose cohomology sheaves are supported on th
section. Note that in this caseωZ is the line bundleO(−3). An exceptional collection o
length three will be called an exceptional triple.

5.1. Markov triples

Exceptional collections onP2 were studied in detail by Gorodentsev and Rudakov
17]. They discovered a connection between exceptional triples and a certain Dioph
equation called the Markov equation.

Definition 5.1. A Markov triple is an ordered triple of positive integers(a, b, c) satisfying
the equation

a2 + b2 + c2 = abc.
The set of Markov triples will be denotedMar.
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A good proof of the following result is given by Bondal and Polishchuk [6, Ex
ple 3.2].

Proposition 5.2 (Gorodentsev, Rudakov). If (E0,E1,E2) is a strong exceptional triple
in D, then the positive integers (a, b, c) defined by

a = dimHomD(E0,E1), b = dimHomD(E1,E2), c = dimHomD(E0,E2)

form a Markov triple.

It turns out that the spaceMar carries a natural action of the group PSL(2,Z). Recall
that

PSL(2,Z) = Z3 ∗ Z2 = 〈
w,v: w3 = v2 = 1

〉
wherew, v andu = wv can be represented by the matrices

u =
(

1 0
1 1

)
, v =

(
0 −1
1 0

)
, w =

(
0 1

−1 1

)
,

respectively. Define an action of PSL(2,Z) on the setMar of Markov triples by the oper
ations

w : (a, b, c) �→ (c, a, b), v : (a, b, c) �→ (b, a, ab − c).

The following result is due to Markov. For the readers convenience, and since we cou
find the exact statement in the literature, we include a proof, essentially lifted from C
[10].

Proposition 5.3. The induced action of the normal subgroup

Γ 3 = Z2 ∗ Z2 ∗ Z2 = 〈
v,w−1vw,wvw−1〉 ⊂ PSL(2,Z)

of index three on the set Mar of Markov triples is free and transitive.

Proof. For the description ofΓ 3 as a free product see [24, Theorem 1.3.2]. Define
weight of a Markov triple(a, b, c) to be the productabc. It is enough to show that for an
Markov triple(a, b, c) �= (3,3,3), exactly one of the triples

(b, a, ab − c), (c, ac − b, a), (bc − a, c, b), (5)

has smaller weight. Indeed, this implies that for each(a, b, c) ∈ Mar there is a unique
element ofΓ 3 taking(a, b, c) to (3,3,3).

To prove the claim, first suppose thata, b, c are not all distinct. Without loss of gene

ality assume thatb = c. Thena2 + 2b2 = ab2 andb dividesa. Writing a = db it follows
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that d divides 2, and the only possibilities are(3,3,3) and(6,3,3), for which the claim
can be checked directly.

Thus we can assume thata, b, c are distinct, and without loss of generality we can ta
a > b > c. Note that

c(ab − c) = a2 + b2.

Sincea2 + b2 > c2 it follows thatab − c > c so that the first triple of(5) has larger weigh
than(a, b, c). The same argument applies to the second triple.

Reducing modulo three shows that each ofa, b andc is divisible by three. Consider th
quadratic function

f (t) = t2 + b2 + c2 − tbc.

This has rootsa andbc − a. Sincef (b) < 3b2 − b2c � 0 it follows thatb lies between
these two roots, and hencebc − a < a. Thus the third triple of (5) has smaller weight th
(a, b, c). �

It is natural to view the points ofMar as the vertices of a graph, with two triples bei
connected by an edge if they are obtained one from the other by one of the generav,
w−1vw, wvw−1 of Γ 3. Clearly, the resulting graph is a tree, and is just the Cayley grap
Γ 3 with respect to the given generators. This tree is known as the Markov tree; it is pe
most natural to draw it in the hyperbolic plane because PSL(2,R) is the corresponding
group of isometries.

5.2. T-structures on D

Gorodentsev and Rudakov showed that if(E0,E1,E2) is an exceptional triple inD
then each objectEi is a shift of a locally-free sheaf onP2. They also proved the followin
transitivity result.

Proposition 5.4 (Gorodentsev, Rudakov). The braid group A3 acts transitively on the set
of exceptional triples of sheaves on P

2.

It follows that an exceptional triple inD is excellent if and only if it is a shift of an
exceptional triple of sheaves. LetStr(P2) denote the set of exceptional subcategories oD.
We considerStr(P2) as a graph in which two subcategories are linked by an edge if
are related by a tilt at a simple. Proposition 5.4 implies that the connected compone
the graphStr(P2) are indexed by the integers, and all components are isomorphic.

It is well known that there is a short exact sequence

1−→ Z −→ A3
f−→ PSL(2,Z) −→ 1,

where the mapf takes the generatorsσ1, σ2 of B3 to the elementsw−1v andvw−1 of

PSL(2,Z) respectively. The kernel off is generated by the elementγ = (σ1σ2)

3.
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We can define a map

T :Str
(
P

2) → Mar

by sending an exceptional subcategoryA ⊂ D with ordered simples(S0, S1, S2) to the
triple of positive integers

a = dimHom1
D(S1, S0), b = dimHom1

D(S2, S1), c = dimHom2
D(S2, S0).

These form a Markov triple by Proposition 5.2 since the Homs between the simpl
just the Homs between the objects of the exceptional collection dual to the one definA.

Theorem 5.5. The action of the group A3 on the set Str(P2) of exceptional subcategories
of D is free. The map T is equivariant, which is to say

T (σA) = f (σ )T (A),

for any exceptional subcategory A ⊂ D and any element σ ∈ A3. Two subcategories lie in
the same fibre of T precisely if they are related by an autoequivalence of D.

Proof. First we show thatT is equivariant. LetA = A(E0,E1,E2) be an exceptiona
subcategory ofD. If

(F0,F1,F2) = δ(E0,E1,E2)

is the dual collection, then the simple objects ofA with their canonical ordering ar
(F2,F1[1],F0[2]). If we applyσ1 to A then by Lemma 2.1 the dual collection chang
by σ2. Thus the new simples are(F1,LF1(F2)[1],F0[2]). Consider the defining triangle

LF1(F2) → HomD(F1,F2) ⊗ F1 → F2.

Applying the functor HomD(−,F1) immediately gives

HomD
(
LF1(F2),F1

) = HomD(F1,F2).

Applying the functor HomD(F0,−) and using the fact that the mutated collection is str
gives a short exact sequence

0→ HomD
(
F0,LF1(F2)

) → HomD(F1,F2) ⊗ HomD(F0,F1) → HomD(F0,F2) → 0.

Thus ifT (A) = (a, b, c) then

T
(
σ1(A)

) = (a, ab − c, b) = (
w−1v

)
(a, b, c) = f (σ1)T (A).
A similar argument forσ2 completes the proof of equivariance.
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Next we show that the action ofA3 is free. Suppose an elementσ ∈ A3 fixes an ex-
ceptional subcategoryA ⊂ D. Since the action of PSL(2,Z) on Mar is transitive we may
assume thatT (A) = (3,3,3). By Proposition 5.3, the stabilizer subgroup of(3,3,3) in
PSL(2,Z) is generated byw. Sincef (ζ ) = w and the kernel off is generated byζ 3 it
follows thatσ = ζ k for some integerk.

By the relation (1) the elementγ = ζ 3 acts on exceptional collections by twisting
the anticanonical bundle. IfL is any ample line bundle onZ then the only objects ofD
satisfyingE ⊗ L ∼= E are those supported in dimension zero, and these cannot be e
tional since they are not rigid. Since the elementσk = ζ 3k of A3 fixesA, and hence the
exceptional objects which define it, it follows thatk = 0, which proves that the action
free.

For the last statement, note first that one implication is trivial sinceT is defined in
terms of dimensions of Hom spaces, and these are preserved by autoequivalences
converse, observe that the action of AutD on Str(P2) commutes with the action ofA3,
so it will be enough to check that if two exceptional subcategoriesA1 andA2 both lie
over (3,3,3) then they differ by an autoequivalence. By Proposition 5.4 the action oA3
on Str(P2) is transitive (up to shift) so we can assume thatA1 = A(O,O(1),O(2)) and
A2 = σ(A) for someσ ∈ A3. But as above,σ = ζ k for some integerk, and so

A2 = σ(A1) = A
(
O(k),O(k + 1),O(k + 2)

)
,

which differs fromA1 by tensoring with the line bundleO(k). �
5.3. T-structures on Dω

Consider now the corresponding picture for the categoryDω. The exact sequence
Proposition 2.2 takes the form

1−→ Z ∗ Z ∗ Z −→ B3
g−→ PSL(2,Z) −→ 1,

where the mapg is given by

g(r) = w, g(τi) = wi+1vw1−i for i ∈ Z3.

Let Strω(P2) denote the set of ordered quivery abelian subcategories ofDω. We can define
a map

T :Strω
(
P

2) → Mar

by sending a quivery subcategory with ordered simples(S0, S1, S2) to the positive integer

a = dimHom1
Dω

(S1, S0), b = dim Hom1
Dω

(S2, S1), c = dimHom1
Dω

(S0, S2).

Once again, these integers form a Markov triple because by (3) and Lemma 4.6 th

spaces coincide with Hom spaces between the objects of an exceptional collection.
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Theorem 5.6. The action of the group B3 on the set Strω(P2) of ordered quivery subcate-
gories of Dω is free. The map T is equivariant, which is to say

T (τB) = g(τ)T (B),

for any ordered quivery subcategory B ⊂ Dω and any element τ ∈ B3. Two ordered sub-
categories lie in the same fibre of T precisely if they are related by an autoequivalence
of Dω.

Proof. The proof of the equivariance ofT is almost the same as the one given in the
subsection and we omit it. However the proof that the action ofB3 is free is somewha
more complicated in this case. Suppose an elementτ ∈ B3 fixes an ordered quivery sub
category with simples(S0, S1, S2). Since the action of PSL(2,Z) onMar is transitive, we
can assume thatT (S0, S1, S2) = (3,3,3). The stabilizer subgroup of(3,3,3) in PSL(2,Z)

is generated byw, andg(r) = w, so for some integerk the elementτrk ∈ Bn lies in the
kernel of the mapg, which is freely generated by the elementsα0, α1, α2 of Lemma 2.2.
Thus it will be enough to show that the subgroupΓ ⊂ B3 generated byα1 andr acts freely
on the fibre

F = T −1(3,3,3) ⊂ Strω
(
P

2).
The Grothendieck groupK(Dω) is a rank three free abelian group. The Euler fo

defines a skew-symmetric bilinear form onK(Dω). Any autoequivalence ofDω induces
an isometry ofK(Dω). The quotient ofK(Dω) by the kernel of the Euler form is a ran
two abelian groupΛ with an induced non-degenerate skew-symmetric form. Any ord
quivery subcategoryB ⊂ Dω determines three ordered simples objects(S0, S1, S2) and
hence a basis([S0], [S1], [S2]) of K(Dω) and a basis([S0], [S1]) of Λ.

We claim that ifB ⊂ Dω is an ordered quivery subcategory ofDω lying in the fibreF ,
then so areα1(B) andr(B), and the corresponding bases ofΛ are related by the matrice

u3 =
(

1 0
3 1

)
and w−1 =

(−1 1
−1 0

)
,

respectively. By Lemma 4.8, if the ordered simples ofB are(S0, S1, S2) then the ordered
simples ofα1(B) are given byΦS1(S0, S1, S2). SinceB lies in the fibreF we have equali-
ties inK(Dω) [

ΦS1(S0)
] = [S0] + 3[S1],

[
ΦS1(S1)

] = [S1]
which gives the first matrix. The fact thatB lies in the fibreF implies that the kernel of th
Euler form is generated by[S0] + [S1] + [S2]. This means that[S2] = −[S0] − [S1] in Λ

which gives the second matrix.
According to [24, Theorems 1.7.4, 1.7.5 and Table 4], the elementsu3,wu3w−1 and

w−1u3w freely generate the normal subgroup〈 〉

Γ (3) = Z ∗ Z ∗ Z = u3,w−1u3w,wu3w−1 ⊂ PSL(2,Z),
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and this group does not contain the elementsw±1, so it follows thatΓ acts freely onF .
Finally we have to prove that any two ordered quivery subcategoriesB1, B2 lying over

(3,3,3) differ by an autoequivalence. Using Lemma 4.9 we can assume that the tw
categories are in fact exceptional and that the simples have the corresponding ca
ordering. Thus by Proposition 5.4, we can takeB1 = B(O,O(1),O(2)) andB2 = τ(B1)

for someτ ∈ B3. As above, it follows that for some integeri the elementτri lies in the
kernel ofg. But the kernel ofg acts by autoequivalences, and by Proposition 4.9, appl
ri(B1) differs fromB1 by an autoequivalence, so the result follows.�
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