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Abstract

This paper gives a direct proof for the coincidence of the following two central elements in the universal
enveloping algebra of the orthogonal Lie algebra: an element recently given by A. Wachi in terms of the
column-determinant in a way similar to the Capelli determinant, and an element given by T. Umeda and
the author in terms of the symmetrized determinant. The fact that these two elements actually coincide
was shown by A. Wachi, but his observation was based on the following two non-trivial results: (i) the
centrality of the first element, and (ii) the calculation of the eigenvalue of the second element. The purpose
of this paper is to prove this coincidence of two central elements directly without using these (i) and (ii).
Conversely this approach provides us new proofs of (i) and (ii). A similar discussion can be applied to the
symplectic Lie algebras.
© 2006 Elsevier Inc. All rights reserved.
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Introduction

In this paper, we give a new and direct proof for the coincidence of two central elements
in U(oy), the universal enveloping algebra of the orthogonal Lie algebra. One is an element
recently given by A. Wachi [W] in terms of the column-determinant: Cgyer(1) = det(F o(So) 4
uly + diag y) (the notation will be given soon). This element is quite similar to the Capelli de-
terminant, a famous central element of U (gl ) which appears in the Capelli identity [Cal,Ca2].
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The other one is an element given in [IU], and expressed in terms of the symmetrized determi-
nant: Cpeg(u) = Det(F°®50) + u1y;5y). We can also regard this as an analogue of the Capelli
determinant. Wachi found that these two elements Cge(#) and Cpe(u) actually coincide [W]:

Theorem A. We have
det(F°®0 +uly + diaghy) = Det(FS0 +uly; iy).

However this observation due to Wachi was obtained by comparing the eigenvalues of these
two elements on the irreducible representations. Namely this depends on the following two non-
trivial results: (i) the centrality of Cge¢(u) given in [W], and (ii) the calculation of the eigenvalue
of Cpet(u) given in [I1]. The purpose of this paper is to prove Theorem A directly without using
these (i) and (ii). Conversely this approach provides us new proofs of (i) and (ii).

Moreover, applying this discussion to the symplectic Lie algebras, we obtain similar central
elements in U (sp ). This is discussed elsewhere [I3] (see also Section 7).

Let us explain the main result precisely. Let S € Maty (C) be a non-degenerate symmetric
matrix of size N. We can realize the orthogonal Lie group as the isometry group with respect to
the bilinear form determined by S:

0(S)={geGLy |'gSg=S}.
The corresponding Lie algebra is expressed as follows:
o(S)={Zegly|'ZS+SZ=0}.

‘;.(S) =E;j — 1 E;; S, where Ej; is the standard basis
of gly. We introduce the N x N matrix F°®) whose (i, j)th entry is this generator: F°®) =
(ﬂ‘]’.“))lgi, j<n- This matrix is an element of Maty (0(S)) C Maty (U (0(S))).

In the representation theory, the case S = So = (§; y+1—;)1<i,j<n 1s important. Indeed, we
can take a triangular decomposition of 0(Sy) simply as follows:

As generators of this 0(S), we can take F;

0o(So)=n"@hPnt. 0.1)
Here n™, b, and n™ are the subalgebras of 0(Sy) spanned by the elements Fi;(SO) such thati > j,
i =j,and i < j, respectively. Namely, the entries in the lower triangular part, in the diagonal
part, and in the upper triangular part of the matrix F°®0) belong to n~, b, and n*, respectively.
We call this 0(Sp) the “split realization” of the orthogonal Lie algebra.
The main object of this paper is the following determinant in the universal enveloping algebra
U (0(S0)) recently defined in [W]:

Caer(u) = det(FOY + uly + diaghy).

The notation is as follows. First, the symbol “det” means the “column-determinant.” Namely we
define det Z for an N x N matrix Z = (Z;;) by

detZ = Z sgn(0)Zo (1)1 Z52)2 - Lo (N)N s
UEGN
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even if the entries Z;; are non-commutative. Second, 1 means the unit matrix of order N. Third,

g is the sequence defined by

G {(%— N —2,...,0,0,..., -5 +1), N: even,
N=1 N N 1 1 N :
(7— ,7—2,...,2,0,_5,..-,_74_1)7 N'Odd‘
Here the dots mean arithmetic progressions with difference —1. Finally diag(ay, ..., ay) means
the diagonal matrix of size N whose diagonal entries are ay, ..., ay.

This definition of Cge(1) is quite similar to that of the Capelli determinant, a famous central
element in U (gly) (see Section 1). Wachi’s element Cqe (1) is also central in U (0(Sp)) for any
u € C. Moreover, we can easily calculate its eigenvalue on irreducible representations of 0(Sp)
(see Theorem 4.2). This element is remarkable in this sense.

In addition to Cge((u), we also consider the following determinant given in [IU]:

Cpet(1) = Det(FU(SO) +uly; EN)

Here, the symbol “Det” means the “symmetrized determinant.” Namely, for an N x N matrix
Z = (Z;j), we put

1
DetZ = N Z sgn(o) Sgn(U/)Zo(l)a/(l)ZU(Z)G/(Z) o Zs(NYo!(N)-

T 0,0'eGy

Moreover, for N parameters ay, ..., ay € C, we put

Det(Z;ay,...,an)

1
- N Z sgn(0) sgn(0") Zo (1)o/(1)(@1) Zs (2)6/2) (@2) * * + Zo(N)o' (N) (AN ) s

T 0,0'eGy

where Z;j(a) = Z;j + §;ja. This Cpet(u) is also central in U (0(Sp)) for any u € C. This central
element played an important role in some Capelli type identities as an analogue of the Capelli
determinant (see [12]).

As mentioned in Theorem A above, these Cge(#) and Cpe(u) actually coincide. This was
first shown by A. Wachi [W] by comparing the eigenvalues of both sides (recall that any central
element in the universal enveloping algebras of semisimple Lie algebras is determined by its
eigenvalue). Namely his proof depends on the following four results:

(a) the centrality of Cqet (),
(b) the calculation of the eigenvalue of Cge (1),
(c) the centrality of Cpe(1),
(d) the calculation of the eigenvalue of Cpet(u).

Here (b) and (c) are easy. Indeed (b) is immediate from (a) by noting the triangular decom-
position (0.1) and the definition of the column-determinant (Theorem 4.2). The property (c) is
also immediate from a more general result (Proposition 2.2) depending on the invariance of the
symmetrized determinant (Lemma 1.4).
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However (a) and (d) are not trivial. The property (a) was first given by Wachi, and the proof
is not so easy as that of (c). The calculation (d) due to [I1] is much more complicated than (b).

The aim of this paper is to prove Theorem A by a direct calculation without using these
(a)—(d). Conversely this approach provides us new and simple proofs of (a) and (d). Indeed, these
are immediate from Theorem A, because (b) and (c) are obvious.

This paper is organized as follows. In Section 1, we recall the Capelli determinant as the
prototype of our main object. The Capelli determinant also has two different expressions cor-
responding to Cget(#) and Cpet(u), respectively. In Section 2, we construct central elements of
U (0(S)) for general S using the symmetrized determinant. In Section 3, we recall an analogue
of the Capelli determinant due to R. Howe and T. Umeda [HU] in the case S = 1. In Section 4,
we state the main result in the case S = Sy, and prepare for the proof. We actually give the proof
in Sections 5 and 6. The case that N is odd (Section 6) is a bit more complicated than the case
that N is even (Section 5). Finally, in Section 7, a development to the symplectic Lie algebra is
announced (the details are discussed elsewhere [13]).

Remarks. (1) The coefficients of Cger(#) as a polynomial in u generate all the invariants in
U (0(Sp)) with respect to the adjoint action of O (Sp) [W].

(2) The element Cgei(#) is also equal to the central element given in [M] in terms of the
Sklyanin determinant. See [M,MN,MNO,IU,I1,W] for the details.

1. The case of gl

First of all, as the prototype of the main result, we recall the Capelli determinant in U (gly)
and its two different expressions.

1.1. Let E;; be the standard basis of gly, and consider the matrix £ = (E;j)1g;, jgn in
Maty (gly) C Maty (U (gly)). The following “Capelli determinant” in U (gl ) is well known as
the key of the Capelli identity [Cal,H,U1]:

CIW () = det(E + uly + diagty).
Here 1y means the unit matrix of degree N, and fy means the arithmetic progression fy =
(N —1,N —2,...,0). Moreover, the symbol “det” means the “column-determinant.” Namely,
in general, we define det Z for N x N matrix Z = (Z;;) by

detZ= " sgn(0)Zo1Zo 22"+ Zo(N)N-

O‘EGN

. . . . [ .
Here each Z;; is an element of a (non-commutative) associative C-algebra .A. This C getN (u) is
known to be central:

Theorem 1.1. The element Cge[t"’ (u) is central in U(gly) for any u € C.
We will prove this using the “symmetrized determinant” soon.
This Capelli determinant has some good properties. For example, we can easily calculate its
eigenvalue on irreducible representations:
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Theorem 1.2. For the irreducible representation nf ol of gly determined by the partition A =

(A1, ..., AN), the following relation holds:

[ [
I (Ch @) = 1) + ).
Here we putl; = A; + N —i.

This is immediate from the definition of the column-determinant and the following triangular
decomposition of gl :

gly=n"@hont. (1.1)

Here n™, h, and n™ are the subalgebras of gly spanned by the elements E;; such that i > j,
i =j,and i < j, respectively. Namely the entries in the lower triangular part, in the diagonal
part, and in the upper triangular part of E belong to n™, b, and n™, respectively. Considering
the action of C ge[tN (u) to the highest weight vector, we can easily check Theorem 1.2. However,
Theorem 1.1 is not so trivial.

To show Theorem 1.1, we rewrite the Capelli determinant in terms of the “symmetrized de-

terminant.” For an N x N matrix Z = (Z;;), we define Det Z by
1 /
Detz = N! Z sgn(o) sgn(o') Zs (1)o' (1) 2o (2)0'(2) * * * Lo (N)o! (N)-
T 0,0'eGy

Moreover, for N parameters ap, ...,aN € C, we put

Det(Z;ay,...,an)

1
=N > sgn(0)sgn(0”) Zo 1o (1) (@1) Za 202 (@2) -+ Zo (o' (v) (@n)

" 0,0'eGy
with Z;j(a) = Z;j + &;ja. We call this “Det” the “symmetrized determinant.” This non-
commutative determinant is useful to construct central elements in U(gly). Indeed, we have

the following proposition:

Proposition 1.3. For any ay, ..., an € C, the following is invariant under the adjoint action of
GLy, and hence this is central in U (gly):

Det(E;ay,...,an).
This is immediate from the following two lemmas:
Lemma 1.4. The symmetrized determinant is invariant under the conjugation by g € GLy(C):
Det(ng_l; a, ..., aN) =Det(Z;ay,...,an).

Here Z is an arbitrary N x N matrix whose entries are elements of an associative C-algebra A.
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Lemma 1.5. The matrix E satisfies the following relation for any g € GLy:
Ad(Q)E="g-E-'g"".
Here Ad(g) E means the matrix (Ad(g)E;j)1<i,j<N-

Lemma 1.5 can be checked by a direct calculation. Lemma 1.4 is an easy consequence of (1.3)
below (see [IU] for the proof).
Using the symmetrized determinant, we put

CEN (u) = Det(E + uly;: fy) = Det(E; uly + fy).

Here uly + iy means the linear combination of the two vectors 1y = (1, ..., 1) and iy in CV.
Namely we put uly + iy =@+ N —1,u+ N —2,...,u). This Cgi’t\’ (u) is obviously central
in U(gly) for any u € C by Proposition 1.3. However it is not so easy to calculate its eigenvalue

directly.
Actually this Cgé’t\' (u) coincides with the Capelli determinant C ge[t” (u):

Theorem 1.6. We have
det(E + uly + diaghy) = Det(E + uly; in).

We will prove this soon. Using this proposition, we can easily settle the following two prob-

lems at the same time: (i) the centrality of C ge[t"’

of Cgé’tv (u). Indeed, as seen above, the eigenvalue of C ge[tN () and the centrality of ngt\’ (u) are

almost obvious.

(1), and (ii) the calculation of the eigenvalue

1.2.  Let us recall the proof of Theorem 1.6 given in [IU]. We can regard this proof using the
exterior calculus as the prototype of the main calculation of this paper.

Let Z =(Z;;) be an N x N matrix whose entries are elements of a (non-commutative) asso-
ciative C-algebra A. We can express the column-determinant in the framework of the exterior
calculus as follows. Let eq, ..., ey be N anti-commuting formal variables, which generate the
exterior algebra Ay = A(CY). Put n j(u) = ZIN=1 e; Z;j(u) as an element in the extended alge-
bra Ay ® A in which the two subalgebras Ay and A commute with each other. Then, by a direct
calculation, we have the following equality [U2]:

ni(a)na(az) - ny(an) =erey--- ey det(Z + diag(ay, az, ..., an)). (1.2)

The symmetrized determinant can be also expressed similarly by doubling the anti-commuting
variables. Letey, ..., ey, e}, ..., ey be 2N anti-commuting formal variables, which generate the
exterior algebra Aoy = A(CN @CN). We put & (u) = SV eie7Zij(u) in Azy ® A. Then, by

i,j=1
a direct calculation, we have

E(a))E(a2) - E(ay) =ereferes---enyeyN'Det(Z; ay, az, ..., an). (1.3)
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Consider the case Z = E to prove Theorem 1.6. Using the relation [E;;, Ex] = 0k Eyf —
8i1 Exj, we can easily show that n; (u) satisfies the following commutation relation. This is the
key of the proof:

Lemma 1.7. We have
ni(u~+ Dnj@) +nj(+ 1ni(u) =0.
In particular we have the following commutation relation for 7; (u) = n; (u)e;:
Lemma 1.8. We have
ni(u+Dnj@) =n;@w+ Dn;(u).
Proof of Theorem 1.6. By definition we have = (1) = ZlNzl ni (u). Hence we have
Eu+N-1DEwW+N-2)---Eu)
= Y i@+ N=Dig+N=2) iy ).

Since 7; (u) = n; (u)e;“ contains an anti-commuting element e;‘ , each term in the right-hand side

actually vanishes, unless (i1, ...,iy) is disjoint. Namely we can assume that (i1,...,iy) is a
permutation of (1,2, ..., N). Moreover, using Lemma 1.8, we can reorder the factors 7;(a) as
follows:

Eu+N-DEw@+N—-2)---5u)

= Y e+ N = Dilg@yu+ N —2) - fig ) 1)
UEGN
= Nlij @+ N = Dipp(u+ N —2) iy ()

N(N—1)

=(=) 7 Nim@+N-=Dnpu+N-=2)--ny@eje;--ey.

Compare this equality with (1.2) and (1.3), and we reach to the assertion. O
Remarks. (1) From the expression (1.3), we see that Det(Z; ay, ..., ay) does not depend on the
order of the parameters ay, ...,ay. Indeed E7(a;)’s commute with each other. Lemma 1.4 is

also immediate from this expression (see [IU,I1] for the details).
(2) As seen above, the key point of this proof is the following equality:

No(y( +N =1 o) =ni(u+N—1)--7n(u).
This is equivalent to the following relation between column-determinants:

det(E + uly + diaghy) =sgn(o) det(El, + uly + I, diaghy).
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Here I, means the matrix I, = (8;4(j))1<i,j<n determined by o € Gy. Theorem 1.3 is imme-
diate from this, because we can express the symmetrized determinant as follows:

1 .
Det(Z;ay,...,an) = N Z sgn(o) det(Z1, + I, diag(ay, ..., an)).

(IEGN

2. General realizations of oy

Next let us consider the case of the orthogonal Lie algebra oy. Let S € Maty (C) be a non-
degenerate symmetric matrix of size N. We can realize the orthogonal Lie group as the isometry
group with respect to the bilinear form determined by S:

0(S)={g€GLy |'sSg=S5}.
The corresponding Lie algebra is expressed as follows:
o(S)={Zegly|'ZS+5Z=0}.
As generators of this 0(S), we take

s B .
FSO =Eij—STEjiS=Eij— Y. S“EawS.
1<a,b<N

Here S;; and S mean the entries of the matrices S and S™!, respectively. A direct calculation
shows the following commutation relation:

N N
s s s S S j S
[FE R = By — B0+ B SusT + Y S“Fid s, @)
a=1 a=1
Fo®)
ij
(Fij.(s))lg,-, j<n- By adirect calculation, this F o(5) satisfies the following relation:

We arrange the matrix F°) whose (i, j)th entry is . Namely we put F°®) =

Lemma 2.1. For any g € O(S), we have
Ad(g)FO(S) — Ig . FU(S) . l‘gfl'
Here Ad(g) F°S) means the matrix (Ad(g) F;}(S))lg,-,jgN.
Combining this and Lemma 1.4, we have the following proposition:

Proposition 2.2. The following determinant is invariant under the adjoint action of O(S), and
in particular this is central in U (0(S)):

Det(FU(S); ai, ... ,aN).
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Thus the symmetrized determinant is useful to obtain central elements of U(o(S)) as in
the case of gly. However, unfortunately, it seems not so easy to construct central elements of
U (0(S)) using the column-determinant at least for general S. Indeed, we do not have any good
relation between the column-determinants and the symmetrized determinants of F°¢ like The-
orem 1.6. To see this, let us try to imitate the proof of Theorem 1.6. Let ey, ..., ey, e’f, e e}kv
be the standard generators of the exterior algebra Ay = A(CN @ CV), and put 7 i) =
ny:l e Fi;(S) (u) as an element of the extended algebra Ay & U (0(S)). Then, using the re-
lation (2.1), we see the following commutation relation:

Lemma 2.3. We have
niu+ Dn; ) +n; @+ Dni(w) =-S5,

Here we put © :ZN eiejF.o(S)Saj.

i,j,a=1 ia

This is similar to Lemma 1.7, but there is an obstacle in the right-hand side. Thus, it is difficult
to imitate the proof of Theorem 1.6 any more.

However, for some special S, we have analogues of the Capelli determinant expressed in
terms of the column-determinant. We will actually see the case S = 1 in Section 3, and the case
S=5= (Si,N+l—j)l<i,j<N in Section 4.

Remarks. (1) We can express @ using 7; (#). Indeed, the following relation holds for any w € C:

N
e = Z Na(Ww)Sgje;. (2.2)
j=1

(2) It is also known that Det(F°); ay, ..., ay) does not depend on S. Namely, for arbitrary
non-degenerate symmetric matrices Sy and S,, the two determinants Det(F o0 qy,...,a ~) and
Det(F°2); ay, ..., ay) coincide via the natural isomorphism 0(S;) =~ 0(S>) (see [IU]).

(3) When N is even, the following relation holds for any a € C [IU]:

Det(FOO; & — 1,8 — o N 11 4)=det(S7")PE(F®)s)”.

Here we define the Pfaffian of 2n x 2n alternating matrix Z = (Z;;) by

PfZ =

Z $gn(0) Zo(yo2) ZoB)o@) ** * Lo @n—1)o (2n)-

eSSy,

2p!

It is known that Pf(F°®)S) is also central. Moreover, this Pf(F°) ) and the coefficients of
Det(F"(S); ai,...,ay) as a polynomial in ay, ..., ay generate the center of U (0(S)) (see [IU]
and [I1] for the details).
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3. The case of o(1y)

In this section, we consider the case that § is equal to the unit matrix 1. Namely we consider
the Lie algebra consisting of all alternating matrices:

o(ly)={Zegly | Z+'Z=0}.

In the universal enveloping algebra U (0(1y)), Howe and Umeda gave an analogue of the Capelli
determinant [HU]:

Theorem 3.1. (Howe and Umeda) The following element is central in U (o(1y)) for any u € C:

C™ () = det(FO™) +uly +diagty).

This Cge(th )(u) is quite similar to the Capelli determinant Cf;’"
o(ly)

to calculate the eigenvalue of Cy., " (u). Indeed, for this realization o(1y), we cannot take its
triangular decomposition so simply as (1.1).
As in the case of gly, we can rewrite this in terms of the symmetrized determinant:

(u). However, it is not easy

Theorem 3.2. We have
det(F“aN) +uly +diagy) = Det(F"(lN) +uly; ty).

Theorem 3.1 is immediate from this Theorem 3.2. Indeed, by Proposition 2.2, the following
element is central in U (0(1y)) for any u € C:

COUY () = Det(F°M) + uly: gy ) = Det(F* ™) uly + ).

et

To show Theorem 3.2 in a way similar to the proof of Theorem 1.6, we put n;(u) =

ZzN=1 e Fl.ol.(lN)(u) in Aoy ® U(o(1y)). Then, as a special case of Lemma 2.3, we have the

following commutation relation:
Lemma 3.3. We have
ni(u+Dn;@) +nj@+ Dn;(w) = —-0604;;.

This is a bit more complicated than Lemma 1.7. However we can remove the obstacle ©&
by multiplying the anti-commuting factor e;. Namely 7; (u) = n;(u)e] satisfies the following
commutation relation:

Lemma 3.4. We have
i+ D () =7; @+ Diji ().

This is equal to Lemma 1.8 in the case of gly. Therefore we can prove Theorem 3.2 in the
same way as the proof of Theorem 1.6 (see [IU] for the details).
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4. The case of 0(Sp)

Now, we turn to the main subject of this paper. Namely, in this section, we consider the split
realization of the orthogonal Lie algebra, the case S = Sy = (§; y+1—;). For convenience we
introduce the symbol i’ = N + 1 —i. Then 0(Sp) is expressed as follows:

0(Sp) = {Z = (Zz]) S g[N | Zl] =+ Zj’i/ :O}

4.1. A central element of U(0(Sp)) expressed in terms of the column-determinant was re-
cently given in [W]:

Theorem 4.1. (Wachi) The following element is central in U (0(Sp)) for any u € C:

C (u) = det(FO + uly + diagly).

Here we put

N
EN: (7_15
-1,

—2,...,0,0,...,—%—}—1), N: even,
1 1 N .
—2,...,2,0,—5,...,—7+1), N: odd.

The dots mean arithmetic progressions with difference —1.

This element is remarkable. Indeed, the eigenvalue of this Cge(ts O)(u) can be calculated as

easily as that of the Capelli determinant Cgert"’ (u):

Theorem 4.2. (Wachi) Let n; ) pe the irreducible representation of 0(Sy) determined by the
partition A = (A1, ..., A[n]), where [n] means the greatest integer not exceeding n = N /2. Then
the following relation holds:

w? - l%) cee(u? - l,%), N: even,

n_o(S()) CU(SO) uw)) =

det

Here we putl; = Aj +n —1i.

The proof is almost the same as that of Theorem 1.2. Namely this is easy from the definition
of the column-determinant and the following triangular decomposition of 0(Sp):

o(So)=n"@hdn".

Here n™, b, and n™ are the subalgebras of 0(Sp) spanned by the elements Fi‘;(SO) such thati > j,

i =j,and i < j, respectively. Namely, the entries in the lower triangular part, in the diagonal

part, and in the upper triangular part of the matrix F°(0) belong to n~, b, and n*, respectively.
This central element can be rewritten in terms of the symmetrized determinant:

Theorem 4.3. (Wachi) We have

det(F"(S") + uly + diag EN) = Det(F"(S") +uly; EN)
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This theorem was first shown by comparing the eigenvalues of both sides by A. Wachi in [W].
Namely, Theorem 4.3 is immediate from Theorem 4.1 and the following Theorem 4.4 for the

eigenvalue of CD(SO)(M) Det(F°®0) 4 yly;by). Indeed, the eigenvalue of C°( So) () and the
centrality of CD( S0) (u) are obvious.

Theorem 4.4. For the representation 7'[ the following relation holds:

2 g2y (2 12 .
nf(SO) (C]g(f(’)(u)) _ (u 1) (u lN/2)7 N: even,
e u(u2 _ l%) .. ( IZN/Z ), N:odd.

This Theorem 4.4 was given in [I1] through a hard and complicated calculation.

The aim of this paper is to give a new and straight proof for Theorem 4.3. Namely, we will
prove this theorem directly not using Theorems 4.1 and 4.4. Conversely these Theorems 4.1
and 4.4 follow from Theorem 4.3.

4.2. To prove Theorem 4.3, we put n;(u) = ZlNzl e Fij.(SO)(u) in Aoy @ U(0(Sp)) as in
the previous sections. This satisfies the following commutation relation as a special case of
Lemma 2.3:

Lemma 4.5. We have
ni(u+ Dnj) +nju+ Dn;(u) = —-064; j
with @ = "N oreiejF (SO).

In particular, 7; (1) =n; (u)e;‘ satisfies the following relation:
Corollary 4.6. We have

i (u+ D) — i+ Diji () = Oefe}s; jr

By (1.2) and (1.3), the main theorem Theorem 4.3 can be rewritten as the following relation
for i (u) and & (u) = > _ e;e Fl‘;(SO)(u)

Theorem 4.7. We have
EN(MlN + EN) = N!ﬁ{\jz,,..,N(ulN + EN)

Here the symbols Ek(al, ...,ay) and ﬁf.‘l i (ai,...,ar) mean

.....

Ear, . a)=8@) B, i an @) = (@) - i ().

.....

By the relation & (u) = Zjv: 1 1j (), the left-hand side of Theorem 4.7 is equal to

EN(M1N+DN Z 770(1) ,,,,, J(N)(MIN‘}'EN)

(TEGN



M. Itoh / Journal of Algebra 314 (2007) 479-506 491

Indeed 7 (u) =n; (u)ej contains the anti-commuting factor e;f. Thus we can prove Theorem 4.7

by studying the relations among ﬁg’(]) o (V) (uly + ). Some of them are obviously equal to
each other. For example we have

ﬁ(]fv(]),”.’g(N) (”1N +EN) = ﬁ{\,/__,,N(’/‘lN + EN)y “4.1)
ifo(i) <N/2fori <N/2,ando (i) > N/2+1fori > N/2+ 1. This is easy from Corollary 4.6.

This (4.1) can be generalized a bit more (see Lemmas 5.3 and 6.3 below), but does not hold for
general o € Sy. Indeed, we have the following counterexample, when N = 4:

M+ Dna@)nz @) n3(u — 1) Z 01w+ D2 )3 (u)na(u — 1).
Thus, our situation is not so simple.

4.3.  Asseenin Lemma 4.5 and Corollary 4.6, the commutation relations for n; (1) and 7 ; (u)
are a bit more complicated than the cases of gl and o(1y). To prove Theorem 4.7, it is conve-
nient to prepare some revised versions of these relations:

Corollary 4.8. When k # k', we have
Mk (u + Dng(u) = 0.

Corollary 4.9. For arbitrary u, w € C, we have

Mk )i () + e (W) = — Y na(w)eq.
ak,k'

Corollary 4.10. Assume that i; # ij for | =1, ..., k. Then, unless iy, ..., iy are disjoint, we have
iy @iy (u — 1) -+~ njy (u —k + 1) =0.

Corollary 4.11. For arbitrary u, w € C, we have

ik )i () = il @) + Y na(weaeye).
ak,k'

Here, Corollary 4.8 is immediate from Lemma 4.5. Corollary 4.9 is also clear from
Lemma 4.5, because we have the relation ® = Z;v:l nj(w)e;: as a special case of (2.2). Corol-
laries 4.10 and 4.11 are easy consequences of Corollaries 4.8 and 4.9, respectively.

Moreover, we consider an element £2; (1) playing as a mediator between & (1) and 7 (u):

Qju) =n;)+ 70, (u). 4.2)
Since §2;(u) = §2;:(u), we can express & (u) = Z?’:l n;(u) as

20(u) + -+ 82, (u), N: even,

=) =
@) {91<u>+--~+9[n](u)+%9[n]+1(u), N: odd.
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Here we putn = N /2. By Corollary 4.6, this £2; (u) satisfies the following commutation relation:
Corollary 4.12. We have
2r(u+1)821(u) = 21 (u + 1) 2, (u).
This is as simple as the commutation relations of #;’s in the cases of gl and o(1y). The-
orem 4.7 (and hence the main theorem Theorem 4.3) is proved by combining these simple
commutation relations as seen in the following two sections.

5. Proof in the case that N is even

In this section, we prove the main theorem when N is even, namely when n = N/2 is an
integer. In this case, our goal Theorem 4.7 is immediate from the following two relations:

Proposition 5.1. We have

EN(uly +8n)=2""N12]) \(uly +0n).
Here Qlkl ..... i (ai, ..., ax) denotes $2;,(ay) - - - $2;, (ax).
Proposition 5.2. We have

..........

Since £2;(u) = £2;/(u), we can rewrite Proposition 5.2 as follows:
N T __Anz=N T
2002t (WIN HEN) =207l + ).
In the remainder of this section, we will prove these two propositions.

5.1. First, let us prove Proposition 5.2 using Corollaries 4.8—4.11. Since the element 7; (u) =
nj (u)e’j*. contains the anti-commuting factor e}f, the following expansion follows from (4.2):

Q0 mnaa Wy +iv)= D0 AN (el + ). (.1)

nocs

Here the right-hand side is the sum of ﬁg

..., &y €{n,n'} (recall that 81/» means slf = N + 1 — ¢;). For example, when N =4, this means

2 23.4(uls+ )

=i 53.4(ula +04) + i1 304 (wla+8a) + 7405 1 (la+5a) + 7 55 (ula +5a).

Thus, to prove Proposition 5.2, it is suffices to show the following relation:
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Lemma 5.3. Forany 1 € {1, 1'}, ..., &, € {n,n'}, we have
ettty (ulN + EN) = ﬁf{‘_.,n,nrwy(ulzv + EN)

Namely ﬁé\i o (uly + EN) does not depend on ¢1, .. ., &p.

€y

Proof. The left-hand side of the assertion is expressed as

Mooty (AN HEN) = Pey 6, (0 Qe et (),

............

where P;, ; (1) and Q;, . ;, (u) mean

P i, ) =1 utn—1,...u), Qiy,.iy) =17 o, ...,u—n+1).

Here the dots in the parentheses mean arithmetic progressions with difference —1. Our aim is to
prove that Pg, ¢, (u)Qs;l | (u) does not depend on ¢1, . .., &,. Namely it is sufficient to show
that we can exchange & and ¢; for any k:

.....

P81 ----- &n (”t)Qs,’7 & (u) = Psl ..... Ek—1+E 2kt 15eerEn (u)Qs;l ..... 12 EkE_1se0rE] (u). (5.2)

.....

Pl =it =1t D),

coln—1

-1
! ,...,in_|(”) :77;’1 ,,,, in_l(u —1,...,u—n+1).

Then, by Corollary 4.6, we have

seesEk—1,Ek415-0s &n (M)ﬁé“k(u)7

— pT d
Pey o eireferrmen W =Pl o erirne, @7 (),
-~ T
Qe;, ..... €] () = Ne; (”)Qslrl ____ P (u),
_ = T
T O b SO LRI C)

.....

+
Z Png ..... El—1+Ek415emms &n (”)Ua(”)ea’e:ke:]f( Qa/ / , / ’ (u)
ask k! " S
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This is equal to zero, because each term vanishes by Corollary 4.10. Indeed a # k, k' must be
equal to some element of the following sequence:

L enes Ehm1s Bkt ls e s Ens s ooy € s k1 -1 E]-
This means (5.2), and hence Lemma 5.3. O
Remark. We have a similar relation in the case that N is odd (Lemma 6.3). From these Lem-
mas 5.3 and 6.3, we see that the equality (4.1) also holds, when ¢ is generated by the transposi-

tions of the form (i i’).

5.2.  Next let us prove Proposition 5.1. This is deduced from Corollary 4.12 by a flat calcula-
tion as follows. We put

Exw)=Ew) —{21) + - + 2} = Qpr1 () + -+ 4 2, (u),
so that Zo(u#) = Z (u). The following commutation relation is immediate from Corollary 4.12:
Lemma 5.4. We have
Er(u+ D82 (u) = 21(u+ 1) Ex ().
Moreover, we have the following lemma:

Lemma 5.5. We have

Ex(u+ 1) Ex () $21 (u) 2 (u — 1) + 27 (u + 1) 82, (w) Ex () Ex (u — 1)
=2821(u~+1)Er(u) Zr(u)$2;(u — 1).

Proof. We consider the following central elements in Ayy ® U (0(Sp)):
Sk=errigiy +oFeaty ey, o =eel +erep.
For these, the following relations hold:
Er(u +v) = Er(u) + v, $21(u+v) = £2;(u) + voy.
In particular, we have §2;(u) = §2;(u £+ 1) F wy, so that

Erw~+1DEr(u)$2;(u)$2i(u — 1)
=Erw+DEm)$2i(u— D21 (u— 1)+ Ex(u+ D Er(w)aw$2;(u — 1),

$21(u + D821 () B (u) Ex (u — 1)
=81+ D2+ DEv(u)Ex(u — 1) — £21(u + Dy Ex (u) Ex (u — 1).
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Here, by Lemma 5.4, the second terms of the right-hand sides are equal:
S+ DEw)w§2i(u — 1) = £2/(u + Doy Ex (u) Zi (u — 1).
Thus we have
Ex(u+ 1) Ex ()21 (w)21(u — 1) + 21w + 1) 82 (u) Ex () Ex (u — 1)

=&+ DE)$2(u — 1821 (u — 1) + 21w + D)$2 (u + 1) Ex (u) Ex(u — 1).
By using Lemma 5.4 again, this is equal to

iu+DEr(u+ DExw)2i(u — 1) + 21w+ 1) Ex (u) Ex(u — 1)$2(u — 1).
Moreover, since Zy (1 £ 1) = Ey (1) £ &, this is equal to

2821 (u + D Er () Ex (u)$2;(u — 1)

+ 21w+ D& E )2 (u — 1) — 21(u + 1) Erx ()& $2i(w — 1)
=22/ + D) E () Ex ()2, (u — 1).

This means the assertion. O
As a consequence of Lemmas 5.4 and 5.5, we have the following lemma:

Lemma 5.6. We have

N —2k

E,fv_Zk(ulN—zk +v-2) = < )

>9k+1(u +n—k—1)
: E,ﬁ\_][lz,(_z (uly—k—2 + In-2k—2) - 41 (u —n + Kk + D).
Here E,ﬁ (ai,...,a)) denotes Er(ay) --- Ex(ap).
Before proving this lemma, we note two easy facts. First we have

2k (1)1 825 (u2) 9282 (u3) =0 (5.3)

for any @1, @2 € Aoy ® U(0(Sp)). This is easy, because §2¢ () is an element of the ideal gener-
ated by two anti-commuting variables e} and ej,. Similarly, when [ > N — 2k, we have

Er(w)o1 Ex(u2)e2 - - Ep(ui—1)p1—1E8,(u) =0 (5.4
for any ¢1,...,91—1 € Aoy ® U(0(Sp)). Indeed &y (u) is an element of the ideal generated by
N — 2k anti-commuting variables eZ+1, e e?k%—l)"

Proof of Lemma 5.6. By definition, we have Zy(u) = Ex41(u) + 2;+1(u). Noting this and
using Lemma 5.4, we have the following binomial expansion:
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G w+n—k—1,....u)=Ee+n—k—1)- E(u)

=(Eks1@4n—k—1)+ 2 1w+n—k—=1) - (Es1 () + 2x41w))

n—k
n—k
= (1 )E&flw+n—k—L”qu+DQL“u+l—L””u)
=0

Here, 5211( (ay,...,a;) means §2;(ay) - - - $2x (a;), and the parameters form arithmetic progressions
with difference —1. By (5.3), this is equal to

—k
<n0 >E,’g+1k(u+n—k—1,...,u)

n _k =n—k—1
(7B T k= L DR @)

n—k
+( 2)Eﬁf2W+n—k—Lqu+3QHKM+DQHKW

~n—k—2 n—k — —
. w+n—k—1,...,u+2): 0 Err1u+ D Ers1(m)
k\ n—k
S O Erp1(u+ D Q2kq1 () + ) Qi1+ 1)k 11 () ¢

Similarly, we have
7 u, . u—n+k+1)

n—k\ — n—k -
={< 0 )dk+1(u)dk+1(u—1)+< 1 >9k+1(u)dk+1(u—1)

n—k on—k—2
+(" )@ =D EH w2 u = k).

Multiplying both sides of these two equalities, we have

E,iv*zk (uly—ok + An—2k)

=8 u+n—k—1,...,u)- 8 u,... . u—n+k+1)

=8 P utn—k—1,...,u+2)
n—k\? _ _
. Epr1 (W + 1) 2% 41() 1) Ep1 (e — 1)
p1( + 1) 2% 11 (W) Ex1 () Ex 1 (u — 1)

Erp1(u+ 1) Epyp1 () 2k 41 (1) 211 (u — 1)}

—2,...,u—n+k+1).
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Indeed, by (5.3) and (5.4), the sum of the exponents of Zj;1 must be equal to N — 2k — 2, and
the degree of £2;+1 must be equal to 2. By Lemma 5.4, the first term in the braces is equal to

n—k\>
< 1 ) g1+ 1) Erq1 () B 1 ) g1 (u — 1),

Moreover, using Lemma 5.5, we can rewrite the second term and the third term as

n—k
2( 5 )Qk+1(u+1)5k+1(u)5k+1(u)9k+1(u—1)-

Since (NEZk) = ("Tk)2 + 2(”5’(), we have

o’

"Nfzk(ulzvfzk + An—2k)

N —2k
=< 5 )E&fzw+n—k—hnqu+b
1+ D Epg1 () Erg1 () %1 (e — 1)

B TR =2 u—n k4 1)

N —2k
:( ) >9k+1(u+n—k—1)E£1If_l(u+n—k—2,...,u)

BT = k)21 —n kD).

Here we used Lemma 5.4 for the second equality. This means the assertion. 0O

Using Lemma 5.6 repeatedly, we have

~ N _ -
E (uly +n) = (2)91(M+n -1 ElN 2(M1N72+HN72)'91(U —n+1)

N\ (N -2 -
=(2>< 5 )91<u+n_1)92(u+n—2>-55‘4(M1N_4+uN_4)

20w —n+2)21(u—n+1)

—(M)(N 2 Na DR 2)--- 2
~()(57) - ()an- v g

-2, () S2H(uw—n+2)21(u—n+1).

This means Proposition 5.1.
Thus we have proved Theorem 4.7, and hence Theorem 4.3 in the case that N is even.
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6. Proof in the case that N is odd

Next we consider the case that N is odd, namely the case that n = N /2 is a half integer
(hence N =2[n] + 1). The proof in this case is almost the same as the previous section, but we
need some more discussion to deal with the special index [n] + 1, which satisfies the relation
([n] + 1) = [n] + 1. Also in this case, we aim to prove the following two relations. Our goal
Theorem 4.7 is immediate from them.

Proposition 6.1. We have

.....

Proposition 6.2. We have

Q. vty +in) =2 v (wly + ).

.....

6.1. First we prove Proposition 6.2 using Corollaries 4.8—4.11. We put

.....

Here the dots in the parentheses mean arithmetic progressions with difference —1. Then, we have
the following relation as the counterpart of (5.1):

2V yuly+iy)
= .Ql["][n](u +n—1,...,u+ %) 21 () - ‘Q[[Z]]’l/(” — %, cu—n+1)
=2 D Popen @ 1) - Qg er ). ©.1)
ElseesEln]
Here the summation is taken over 1 € {1, 1'}, &2 € {2,2'}, ..., e[n € {[n], [n]'}. Hence, to prove

Proposition 6.2, it suffices to show the following lemma:

Lemma 6.3. When ¢1 € {1, 1'}, ..., &) € {[n], [n]'}, we have

Pey ey (W) - Ny (1) - Qe voe) ) = Pty (1) - Nnl+1 @) - Qay,.... 1 ()

N(ulN +EN)-

,,,,,

Namely Pe, .. ¢, (1) - Ninj+1 @) - ngn] | (u) does not depend on ¢y, .. ., €.

.....
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Proof. It is enough to show the following relation:

Pel,..‘,é‘[n] (M) : ﬁ[n]+l(u) : Q‘Efn]""’g/l (M)
= Psl,‘..,sk,l,8,2,8;(“,...,8[,,] (u) - ﬁ["]-i-l(u) : stn],...,s,’(H,sk,s,’\,_l,...,sa (u). (6.2)

Since we have
1 -
Ninl+1 (W) = 5{ M1 (u + ) + Ang41 (u — %)}

this (6.2) can be deduced from the following two relations:

,,,,,

~ 1
= Psl,...,sk_],s;(,ak_'.l ] (u) - 17[,1].:,.1(14 + j) : QSEn]""’E//c+l’£k’SI/(—l ..... €] (u), (6.3)

.....

Pey e (u) - N1+ ('4 - %) : Qs{nj,...,s’l (u)

— ~ 1
= Pey et penstnepn W At (0= 3) - Qe e e (). (6.4)

¥ 1
Pi'l, (u) _n[ﬂ] i) 71(1,[-}-11—1,.,_,1,[-}-%)’
f ~[n]-1 3
Qil ----- n]l()_nll ,,,,, []l(u_jy-u,u—l’l—i-l).

yeeersEh—1:Ek41ree0s

_ pt o 1
&[n] () = P€1»~~,€k71 Ek+15-++-E[n] (u)ng;c (“ + 2)’

OB MU o),

EnoeeosEhg 1k

P

’
ElyeeesEk—15E s Ek+1seems

Oy

[n]°

= T
Qo ety e, W =T (0= 1) Q) ),

Elup oo Ehg 1 Ek—1

Hence the difference between both sides of (6.3) is equal to

Psl,‘..,E[n] (M) : ﬁ[n]+1 (Ll + %) : QSEn] ..... 8/1 (l/l)

,,,,,

_ pt
- Psl s €k—1,Ek+15-++,€[n] (u)

{nfk (M + ) Nnl+1 (M + ) ﬁsl/( (u — %)
— 7l (u+ 5) - Ay (4 5) - e (4 — 5
! (). (6.5)

! / ’
Elnpre 2 Ck 1 Ek—10
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By Corollary 4.6, the quantity in the braces is equal to

Tey (1 + 3) ey (u 4+ 3) i1 (= 5) = ey (4 5) ey (u + ) png1 (e = 5)

= (Tl (- 5) i (1 + 3) = i (0 + 3) e (04 3) Y (= 3)

Here the last equality is a consequence of Corollary 4.11. Thus (6.5) is equal to

+
PETI k81t (1) Z Na(u + )ea/eSkes/”["Hl( 3)0, i ().

~~~~~ 8 e & &
[n]*" k+1°%k—=1°"""1
a#k,k’

This is equal to zero by Corollary 4.10, because a # k, k' is equal to some element of the follow-
ing sequence:

81,...,8/(,1,8“1,...,s[n],e[,,]ﬂ,sfn],...,5,’(+1,8,’(_1, €]
Thus we proved (6.3). We can prove (6.4) similarly. Hence the assertion holds. O

6.2. Next, let us prove Proposition 6.1. We put

Erw) =8 ) — {21) + -+ 2 @)} = L1 ) + - - + 2y (u) + %Q[n]-i-l(”)-
This satisfies the following commutation relation by Corollary 4.12:
Lemma 6.4. We have
Er(u+1)821(w) =21 (u+ 1) Ex (u).
Moreover, we have the following relations:

Lemma 6.5. We have
Exu+1DEr(u)$21(u)$2i(w — 1) + 21 (u + 1) 82 () Ex () Er (u — 1)
=221+ 1) Ex () Ex ()2, (u — 1).

Lemma 6.6. We have

(e +3) Se(u + ) B2 (u — 5) 21 (u — 3)
+ 821 (u +%).Q (u+ 3) Ex(w) e (u —
)

)z,
=200+ ) Bulu -+ 5) B S~ D~
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Lemma 6.7. We have
E(u+3) 22k (u— 1) + 2 (u+ 3) 2 ) Er (u — 3)
=22 (u+ ) E1 )2k (u - }).

Proof of Lemmas 6.5, 6.6, and 6.7. These lemmas are all consequences of Lemma 6.4 and the
centrality of & and w; in Ay ® U (0(Sp)). Here we put

k= ery1epy Tt U1y €y w = ere] +erey,
so that
Er(u +v) = Ep(u) + vé, 21(u+v) = 2;(u) +voy.

First, the proof of Lemma 6.5 is exactly the same as that of Lemma 5.5.
Next, Lemma 6.6 is proved as follows. Using Lemmas 6.4 and 6.5, we have

Ex( +3) Ex (e + ) Ex(u + 3) 20 (u — 5) 2
+ .Ql(u + %).Ql(u + %)Ek(u + %)Ek(

—
<
|

<
|
N|—
~

+ @+ D+ HE+ Dl - Pl 3)
=280+ P 3ufu+ )E+ Heau— HE- )
=28+ 3)Eu-+ DB+ Y3 Heau-3),

Similarly we have

Adding both sides of these two relations and dividing by 2, we obtain Lemma 6.6, because
Er() = }E @+ 3) + Ex(w — D).
Finally Lemma 6.7 is shown as follows. Since £2;(u) = £2;(u + %) F %wl, we have
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By Lemma 6.4, we have & (1 + %)a)l.Q[(u — %) =/(u+ %)lek(u — %). Thus, we have
Er(u+ 1) 2020 (u - 1) + 20 (u+ 1) 20 B (u — 1)

= Ei(u+ )@= 1)@= g) + 20+ 3) 2+ 3) B (u = 7)-
By using Lemma 6.4 again, this is equal to

2+ 38~ Pl = 5+ 2t Yo+ Dl - D).
Moreover, since Zj (u — %) + Er(u + %) =25y (u), this is equal to

22i(u+ 3)Ex@)2i(u—3). O
As a consequence of these lemmas, we have the following relation:

Lemma 6.8. We have

N -2k
2

: E,ﬁr_fk_z (uly—k—2 + In-2k—2) - us1 (u —n +k + D).

EkNZk(ulNszrﬁNzk)=< >Qk+1(u+n—k— 1)

Here E,ﬁ(m, ...,a) denotes Er(ay) --- Er(ap).

Before proving this lemma, we note that (5.3) and (5.4) also hold in this case. Namely we
have

21 (u1) @182k (u2) 282k (u3) =0 (6.6)
for any ¢1, @2 € Ay ® U(0(Sp)). Similarly, when [ > N — 2k, we have
Ex(u)er1Ex(u2)ga - Ex(ui—1)e1—1Ex (ur) =0 (6.7
for any ¢1, ..., 911 € Aoy @ U (0(Sp)).
Proof of Lemma 6.8. The proof is almost the same as that of Lemma 5.6. By definition we

have &y (u) = Exy+1(u) + 2r+1(u). Hence, we have the following binomial expansion using
Lemma 6.4 and (6.6):

E,E'l]_k(u—l—n—k—l,...,u—i—%)
ke —k
=gl 2(u+n—k—1,...,u+%)~{<[n]o >Ek+1(u+%)Ek+1(u+%)

+<[n]1 )Ek+l(“+%)9k+l(u+%)+<[n]2 )Qkﬂ(u_i_%)gkﬂ(u_i_%)}'

Similarly we have
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E,E"]_k(u—%,...,u—n+k+l)

= {([n] )Ek+1(u —5) B (u—3) + ([”]1 )Ek+1(u — D21 (u-3)

_k L
+ ([”]2 >9k+1(u - %).Qkﬂ(u_ %)}Elg’ﬁlk Z(M—% ..... u—n—+k+1).

Thus, we have

kfz(u+n—k—1 ..... u—f-%)

+
—k
: {([n]o )Ek+1(“ +3) i1 (u+3)

—k
] >5k+1 (+3) 21 (u+ %)

(
. ([n] -

k
> )2ttt 2+ 1)}

ABk 1) + 241 ()}
. {( O_ )uk+1 - %)Ekﬂ (” - %)
( | >uk+1( 3) i1 (u—3)
iy
+ (["] >9k+1(u —3) Q1 (u - %)}

B =3 u—n k1)

+

—k\2
: {(["] ) B (1 + 3) a1 (4 + 5) Bt 0 Qi1 (w0 — 5) Fira (u = 3)

k
Qi1 (u+ 3) 2ur1 (u + ) Br1 ) Bt (u — 3) Ergr (u = 3)

g (u+ %)-Qk+1 (u+ %)9k+1 () Exsr (u — %)Ek-i-l (u— %)

_k
+ <[n] )Ek+1(u +3)Ekr1 (1 + 3) Bt ) Qup1 (1 — 5) i1 (u — 3)
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—k
(") En e DB 0+ D 0B - HEn (- D)
S,Erjrll_k_2(u—% u—n+k+l)

Indeed, the sum of the exponents of &1 must be equal to N — 2k — 2, and the degree of £2;41
must be equal to 2. By Lemma 6.4, the first term in the braces is equal to

N2
<[n]1 ) g1 (u+ %)Ek+1(u + %)Ek+1(u)5k+1 (u— %)Qkﬂ(u -3).

[\S1[%}

Moreover, by Lemma 6.6, the second and third terms are equal to

—k
2([’”2 >9k+1(u +3) Bt (4 3) Err1 ) B (u = ) i1 (u = 3).

Similarly, by Lemmas 6.7 and 6.4, the forth and fifth terms are equal to

(“‘]1_ )Ek+1(u 3) 2 (1 + 1) B 0 2u1 (4 — 4) B (u - 3)

2

—k
2<[’”1 )9k+1(u +3) Bt (u + 3) Bt @) Bt (4 — 3) Rur1 (u — 3).-

Since (N 22k) = (["]l_k)2 + 2([”]2_k) + 2(["]1_k), we have

E,fv_Zk (uly—ok + Gn-2k)

N —2k ’_‘[] k—2 5
=< ) >uk11 (u+n—k—1,...,u+§)

- i1 (u+ 3) Bt (u + ) Err1 ) Bt (0 — 3) 201 (u — 3)

EPT -3 u—ntk+1)

N —2k k-1 I
= ) rr1(u+n—k l)A_Jk_H (u+n—k—2,...,u+§)

B ) - EPT T = u =k D) 2w —n k4 1),

Here we used Lemma 6.4 for the second equality. This means the assertion. 0O

Applying Lemma 6.8 repeatedly, we have

Eév(ulN +EN)

N 5
- <2)91(u+n— D8N 2wl +iv-2) 21w —n+1)
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N\ (N -2 -
(2)< 5 )91<u+n—1)92(u+n—2>-554(u1N_4+uN_4)

U-—n+2)21w—n+1)

2 2 2
- 2,m) - 2(u—n+2)21(uw—n—+1).

- <N> (N_Z) <3>91(u+n —D&aou+n—2)---2,(u) - E) ()

Since &, (u) = %‘Q[n]+1’ this means Proposition 6.1.
Thus we have proved Theorem 4.7, and hence Theorem 4.3 in the case that N is odd.

7. The case of the symplectic Lie algebras

Finally, we announce an analogue in the universal enveloping algebras of the symplectic
Lie algebras. Throughout this paper, we have studied a relation between two kind of non-
commutative determinants in U (oy). Applying a similar discussion to the symplectic case, we
obtain generators for the center of U(spy). These generators are expressed in terms of the
“column-permanent,” and we can easily calculate their eigenvalues on irreducible representa-
tions. We can also express these generators in terms of the “symmetrized permanent.”

The proof of this symplectic case is similar to that of the orthogonal case in this paper, but a
bit more difficult. Indeed, to prove Theorem 4.3, we only used commutation relations in Ay ®
U (0(Sp)). However, to prove this symplectic case, we also need a “variable transformation” in
addition to similar commutation relations.

The details are discussed elsewhere [13].
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