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1. Introduction

Topologies of strong uniform convergence on bornologies were introduced by Beer and Levi in their paper [4] and
then studied also in [8] and [6]. In [8] the authors continued the study initiated in [4] and they characterized several
main topological properties like separability, second countability, countable netweight, countable tightness, Frechetness, etc.
of these function spaces in terms of topological properties of the domain and the bornology. In [4] the metrizability of
such topologies restricted to continuous functions was characterized and a compatible metric was displayed. Using shields
introduced in [2] we find necessary and sufficient conditions for completeness of the metric and for complete metrizability
of topologies of strong uniform convergence on bornologies on continuous functions.

We also characterize Polishness of topologies of strong uniform convergence on bornologies on the space of continuous
functions. Polishness of such topologies forces their coincidence with the compact-open topology ty.

2. Preliminaries

Let (X,d) and (Y, p) be metric spaces, let Y* be the set of all functions from X to Y and let C(X,Y) be the set of all
continuous functions from X to Y.

All metric spaces are assumed to contain at least two points. We denote by Py(X) the set of all nonempty subsets of X,
by Co(X) the set of all nonempty closed subsets of X, by Ko(X) the set of all nonempty compact subsets of X and by Fo(X)
the set of all nonempty finite sets in X.

If X € X and € > 0, we write S(xo, €) for the open €-ball with center xp and B¢ =, S(x, €).
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If A,B € Py(X), we say that A and B are near provided for each € > 0 A€ N B # (. The sets A and B are called far
provided they are not near. If A and B are far, we define the gap D(A, B) between them by the formula

D(A, B) =sup {e > 0: AN B =0},

whereas if A and B are near, we put D(A, B) =0.

Let B be an ideal of nonempty subsets of (X,d). B is a bornology if it forms a cover of X [9,4,5,12]. The smallest
bornology on X is the family Fo(X) and the largest is the family Py (X).

Let BB be a bornology on X. By a base By for 3, we mean a subfamily of B that is cofinal with respect to inclusion: for
every B € B there is By € By with B C Bg. A base is called closed (compact) if each of its members is a closed (compact)
subset of X.

Given a bornology B on X, the classical uniformity for the topology of uniform convergence 75 on B for Y [13] has as
a base all sets of the form

[B;el={(f.8): Vxe B, p(f(x).8(x) <€} (BeB, €>0).
Denote by A the uniformity on Y¥ generated by the family {[B; €]: B € B, € > 0}.

Definition 2.1. (See [4].) Let (X,d) and (Y, p) be metric spaces and let 3 be a bornology with a closed base on X. Then the
topology of strong uniform convergence 73 on 3 is determined by a uniformity on YX having as a base all sets of the form

[B:€l’ ={(f.g): 38>0, ¥xe B’ p(f(x).8(x)) <€} (BeB, €>0).

Denote by Aj; the uniformity on YX generated by the family {[B; €]°: Be B, € > 0}.

This topology is in general finer than the classical topology of uniform convergence T on B, but reduces to it on the
class of functions that are strongly uniformly continuous on 5.

Definition 2.2. (See [4].) Let (X, d) and (Y, p) be metric spaces and let B be a subset of X. We say that a function f: X - Y
is strongly uniformly continuous on B if for every € > 0 there is § > 0 such that if d(x, w) < § and {x, w} N B # ¢, then
pUfx), f(w)) <e.

Strong uniform continuity of f on {x} amounts to continuity of f at x while strong uniform continuity of f on X
amounts to uniform continuity of f. Of course if f € C(X,Y) and K is a compact subset of X, then f is strongly uniformly
continuous on K.

We now write for f e YX,

B/ = {B e Po(X): f B isuniformly continuous},
By ={B € Po(X): f is strongly uniformly continuous on B}.

Evidently By C Bf, Be B = Be By. By is a bornology if and only if f € C(X,Y). The bornology By for f € C(X,Y)
has a closed base and contains Ko(X). When B is an arbitrary bornology on X, we put

BX.Y)={feCX,Y): BCBs}.

It was proved in [4] that C3(X,Y) is closed in (YX, Tj3) and that restricted to C3(X,Y), 75 =15.

Beer and Levi initiated the study of topologies of strong uniform convergence on bornologies on the space of continuous
functions in their paper [4]. In fact they characterized metrizability and 1st countability of such topologies. They proved that
if B is a bornology on (X, d) with a closed base and (Y, p) a metric space, then (C(X,Y), r;g) is metrizable iff the bornology
BB has a countable base. In their paper [4] they displayed a compatible metric for the metrizable space (C(X,Y), 7:%) in terms
of a countable base {By : k € N} as follows. For each positive integer k let d, be an extended real-valued pseudometric on
C(X,Y) defined by

di(f, &) = inf sup p(f(0),8() (f,g€CX, V).

> )
xeB}

Since B is a cover, whenever f # g, there exists k € N with d(f, g) > 0. As a result, dj; : C(X,Y) x C(X,Y) — [0, 00)
defined by

S(f.8) = Zken2 ¥ min {1, di(f, g)}

is a metric on C(X,Y) which is compatible with j; and the uniformity generated by dj; coincides with Aj.
Of course a natural question arises to find necessary and sufficient conditions on the bornology 5 under which dSB is
complete. In our paper we will study this question.
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3. Complete metrizability of 7j

A subset A of a space X is called relatively pseudocompact if f(A) is bounded in R for all f € C(X, R). In metric spaces
relative pseudocompactness is the same as relative compactness.

Lemma 3.1. Let (X, d) be a metric space and B be a bornology with a closed base. If (C(X, R), 1) ((C(X, R), 1'153)) is of the second
Baire category, then every relatively pseudocompact subset of X is contained in 5.

Proof. We will prove the lemma for (C(X, R), 1:%). Let A be a relatively pseudocompact subset of X. For every n € N put
Wi ={f e C(X,R): |f(x)| <n for every x € A}. Of course every Wy, is a closed set in (C(X, R), 7;) and C(X, R) =,y Wh.
Since (C(X, R), T) is of the second Baire category there must exist n € N and a nonempty open set G C Wy. Thus there is
a closed element B € 3, f € G and € > 0 such that [B; €]°(f) C G C Wy. We claim that A C B. If not, let xo € A\ B. There is
8 > 0 such that S(xg, 8) NB® =@. Let g € C(X, R) be such that g(x) = f(x) for every x ¢ S(xg,8) and g(xo) = 3n. Then g € G,
but g ¢ Wy, a contradiction. O

Corollary 3.1. Let (X, d) be a metric space and B be a bornology with a closed base. If (C(X, R), t5) ((C(X, R), T33)) is of the second
Baire category, then T, C T3, where T is the compact-open topology.

Remark 3.1. Topologies Tz on C(X, R) were studied in [13] only for B with a compact base. By the same idea as in [13]
we can prove that if 3 is a bornology with a closed base, then (C(X, R), 7) is metrizable if and only if B has a countable
base. Of course if 3 has a countable base then also the uniformity Ag is metrizable.

Theorem 3.1. Let (X, d) be a metric space and B be a bornology with a closed base. The following are equivalent:

(1) (C(X, R), TR) is completely metrizable;

(2) (C(X, R), Ap) is complete and metrizable;

(3) Every nonempty compact set in X belongs to I3 and BB has a countable base;

(4) For every complete metric space (Y, p), (C(X,Y), Ag) is complete and metrizable;
(5) For every complete metric space (Y, p), (C(X,Y), Tg) is completely metrizable.

Proof. (1) = (2) (C(X,R),tR) is a topological group; we can use results from [11] to guarantee the completeness of
(C(X, R), Ag). Concerning metrizability of (C(X, R), Ag) we use Remark 3.1.

(2) = (3) By Lemma 3.1 every nonempty compact set in X belongs to B and by Remark 3.1 the metrizability of
(C(X, R), Ag) implies that B has a countable base.

(3) = (4) Let (Y, p) be a complete metric space. Let {By : k € N} be a countable base of B; i.e. {By:k € N} is a cofinal
subfamily of the bornology B with respect to inclusion. Then a countable family of entourages that forms a base for the
defining uniformity Ap is {[By; 1/n]: (k,n) € N x N}, which gives metrizability of Ap on C(X,Y). We will prove that A
is complete. Let {f;: n € N} be a Ag-Cauchy sequence in C(X,Y). Since (Y, p) is complete, for every x € X there is a limit
of the sequence {f,(x): n€ N}. Let f: X — Y be a function defined by f(x) =lim{f,(x): n € N}. It is easy to verify that
{fan | B: n e N} converges uniformly to f [ B for every B € 3. Since B contains compact sets, f is continuous on every
compact set. Since X is a metric space, f is continuous and {f;: n € N} tg-converges to f. Thus (C(X,Y), Ag) is complete.

(4) = (5) and (5) = (1) are trivial. O

Definition 3.1. (See [2].) A bornology B on a metric space (X, d) is said to be shielded from closed sets if for every E € B
there is B € B such that E € B and whenever C € Cy(X), CN B =, then D(E,C) > 0.

Theorem 3.2. Let (X, d) be a metric space and BB be a bornology with a closed base. The following are equivalent:

(1) (C(X,R), ‘L'lss) is completely metrizable;

(2) (C(X,R), ASB) is complete and metrizable;

(3) Every nonempty compact set in X belongs to I3 and B is shielded from closed sets and has a countable base;
(4) For every complete metric space (Y, p), (C(X,Y), ASB) is complete and metrizable;

(5) For every complete metric space (Y, p), (C(X,Y), tlsg) is completely metrizable.

Proof. (1) = (2) Since (C(X, R), ‘Eg) is a topological group, we can use [11] to guarantee the completeness of (C(X, R), A%)
and the proof of Theorem 7.1 in [4] to guarantee the metrizability of (C(X, R), Aj).

(2) = (3) By Lemma 3.1 every compact set in X belongs to B. The metrizability of (C(X, R), A%) implies that B has a
countable base [4]. Let {B,: n € N} be a countable base of 5. Without loss of generality we can suppose that B, is closed
for every n € N.
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Now we prove that B is shielded from closed sets. We use an idea from Proposition 4.8 of [6]. Suppose Bg € 3 has no
shield in B. Then neither has its closure, and so we may assume that By is closed because the bornology has a closed base.
For each n € N, put

Ch=BgU U Bj.
1<j<n

Evidently {C,: n € N} is an increasing cofinal sequence of closed sets in the bornology. Since each C; is not a shield
for Bo, there exists for each n € N a closed subset F, of X\ C; with D(F;, Bg) =0. Pick x; € F; with d(x1, Bg) <1 and then
81 € (0,1) with S(x1,81) N Bo =#. Choose ny € N such that x; € Cy,. Next choose x € Fp, with d(x2, Bg) <1/2, and then
choose 8, > 0 such that S(xz, 62) N Cp, =@. Since Cp, contains Bg we see that d> < 1/2. Now choose np > ny with x; € Cy,.
Continuing in this way we produce ny <n; <ns < --- and sequences {x,} in X and {8,} in (0, 1) with these properties:

(1) for every j €N, xj € Cn;

(2) for every j €N, xj41 € Fn;;

(3) for every je N, d(xj, Bo) <1/j;

(4) for every jeN, S(xj+1,8j11) NCn; =0;
(5) for every jeN, §; <1/j.

We first observe that {x,} can have no cluster point in X. Suppose {xp} has a cluster point p € X. Then there is a
subsequence {x;} of the sequence {x,} which converges to p. Put K = {p} U {x: i € N}. Then K is a compact set and thus
K € B. There is j € N such that K C Cy;, a contradiction. As a result of this and property (5), the family {S(xj,d;): j € N}
is locally finite. There is a sequence {n;: j e N} of positive real numbers such that n; < §; for each j € N and the family
{S(xj,nj): j e N} is pairwise disjoint. For every n € N we will define a continuous real function f, on X with values in
[0, 1] as follows:

fa® =1=2d(x,x;5)/n;, ifdx xj)<n;/2, j<n, jeN,

and let f,(x) =0 if x ¢ Ulgjgn S(xj,7n;j/2). The function f, is a Lipschitz function, since it is a supremum of n Lipschitz
functions. So f; is uniformly continuous.

Now we will show that the sequence {fn} is Cauchy in (C(X, R), A%). Let [B; €]° € Aj. Since {Cp;: j € N} is cofinal
in B there is k € N such that B C Cp,. For every m,l > k we have fn(x) = fi(x) for every x € Cy,. Thus for every m,l >k,
(fm, fi) € [B; €]° since all functions from the sequence {f,} are uniformly continuous. Since (C(X, R), A%) is complete, there
must exist a limit point f € C(X, R). Of course {f,} pointwise converges to f, where f is the following function:

FX®)=1=2dx,xj)/n;, ifdx,x;) <n;j/2,

and f(x) =0 if x ¢ UjeN S(xj,m;j/2). Thus f(x) =0 for every x € Bo and f(xj) =1 for every je N and D(Bg, {xj: je
N} =0.

However f, ¢ [Bo; 11°(f) for every n € N, a contradiction. (For every n € N there is 0 < ay < n,/2 such that f,(x) =0
for every x € By".)

(3) = (4) If B is shielded from closed sets then by Theorem 4.1 in [6] Ag = A% on C(X,Y). Thus by Theorem 3.1 we
have that (C(X,Y), ASB) is complete and metrizable.

(4) = (5) and (5) = (1) are trivial. O

Corollary 3.2. Let (X, d) be a metric space and 3 be a bornology with a countable closed base. The following are equivalent:

(1) (C(X, R), d}y) is complete;
(2) Every nonempty compact set in X belongs to B and B is shielded from closed sets;
(3) For every complete metric space (Y, p), (C(X,Y), d;g) is complete.

Of course the bornology of nonempty relatively compact subsets of a metric space (X, d) has a closed base, is shielded
from closed sets and contains nonempty compact sets.

It was proved in [6] that the family of UC subsets forms a bornology BY¢(X) with closed base which is shielded from
closed sets and contains nonempty compact sets. A nonempty subset A of a metric space (X, d) is called a UC subset [4] if
whenever {a,: n € N} is a sequence in A with lim,_, d(a,, X \ {an}) =0, then {a,: n € N} has a cluster point in X.

Also the family of CC subsets is a bornology 5 (X) with closed base which is shielded from closed sets and contains
nonempty compact sets [3]. A nonempty subset A of a metric space (X,d) is called a cofinally complete subset or a CC-
subset [1] if each sequence {a,: n € N} in A with lim,_, o v(ay) = 0 clusters in X, where v(x) = sup{e > 0: S(x,¢€) is
compact } and v(x) = 0 otherwise.

Let (X, d) be a metric space and B be a bornology on X. B is local if B contains as a member a neighborhood of each
xe X [4,7,10].
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Lemma 3.2. Let (X, d) be a metric space and BB be a bornology on X with a countable base that contains the nonempty compact
subsets of X. Then B is local.

Proof. Let x € X and {S(x,1/n): n € N} be a base of neighborhoods of x. Let {By: k € N} be a countable base of B; i.e.
{Bk: k e N} is a cofinal subfamily of the bornology B with respect to the inclusion. We claim that there is n € N with

S(x,1/n) C Bp.
Suppose that this is not true. Thus for every n € N there is
Xp € S(x,1/n) \ By.

Of course {x,: n € N} converges to x. Put L = {x} U {x,: n € N}. By the assumption L € B. There must exist k € N such
that L C By, a contradiction. O

Note that Lemma 3.2 works also in first countable topological spaces. In such a case it generalizes the well-known fact
that a first countable hemicompact space is locally compact.

Also if the bornology B (X) of nonempty d-totally bounded subsets of a metric space (X, d) has a countable base, then
B (X) is local, as was proved in [6, Proposition 4.11]. The same holds also for bornologies B“¢(X), B(X) and for the
bornology of nonempty relatively compact subsets of a metric space (X, d).

Let (X,d) be a metric space and B3 be a bornology on X. B is stable under small enlargements [4] if

VB e B, 3Je>0withBehB.

Obviously a bornology that is stable under small enlargements is shielded from closed sets and is local, and as shown in
[2, Theorem 5.18], a bornology that is both local and shielded from closed sets is stable under small enlargements. Thus we
have the following result.

Proposition 3.1. Let (X, d) be a metric space and B be a bornology with a countable base. The following are equivalent:

(1) B is stable under small enlargements;
(2) Bis shielded from closed sets and Ko(X) C B.

Thus if bornologies BY¢(X), B(X) and the bornology of nonempty relatively compact subsets have a countable base,
they are stable under small enlargements.
We have the following variant of our main result.

Theorem 3.3. Let (X, d) be a metric space and BB be a bornology with a closed base. The following are equivalent:

(1) (C(X,R), ‘L'lss) is completely metrizable;

(2) (C(X,R), ASB) is complete and metrizable;

(3) Every nonempty compact set in X belongs to 1B and 13 is shielded from closed sets and has a countable base;
(4) B is stable under small enlargements and has a countable base;

(5) For every complete metric space (Y, p), (C(X,Y), Ay) is complete and metrizable;

(6) For every complete metric space (Y, p), (C(X,Y), 7:;3) is completely metrizable.

Notice that with the hypotheses of Theorem 3.3 the topologies of uniform convergence and of strong uniform conver-
gence agree (Theorem 6.2 of [4]).

Because of Hu's theorem [10] if BB is a bornology on a metric space (X, d) with a countable closed base and stable under
small enlargements, 3 is the bornology of bounded sets for some equivalent metric on X (see [6, p. 13]). However the
converse is not true (see Example 4.10 in [6]).

Corollary 3.3. Let (X, d) be a metric space. Then we have:

(1) (C(X,R), Tguc(x)) is completely metrizable iff BY“(X) has a countable base.

(2) (C(X,R), Tgcc(x)) is completely metrizable iff 3°“(X) has a countable base.
(3) (C(X,R), ng[b(x)) is completely metrizable iff B (X) has a countable base.

Proof. To prove (3) we use Proposition 4.11 in [6], which claims that if the bornology B (X) of nonempty d-totally bounded
sets has a countable base, then B (X) is stable under small enlargements. O
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Corollary 3.4. Let (X, d) be a metric space and B be a bornology with a countable closed base. The following are equivalent:

(1) (C(X,R),dy) is complete;
(2) B is stable under small enlargements;
(3) For every complete metric space (Y, p), (C(X,Y), d%) is complete.

4. Polishness
A completely metrizable space which is also separable is called a Polish space.

Theorem 4.1. Let (X, d) be a metric space and I3 be a bornology with a closed base. The following are equivalent:

(1) (C(X, R), T}) is Polish;
(2) rg =1 on C(X, R) and X is hemicompact;
(3) T =Tt on C(X, R) and X is locally compact and separable.

Proof. (2) = (1) is trivial, since hemicompactness of X guarantees Polishness of (C(X, R), t) [13].

(1) = (2) By Lemma 3.1 the complete metrizability of (C(X, R), t33) implies that every compact set in X belongs to B.
The separability of (C(X,R), 1:[53) implies (by [8]) that every closed element from 5 is compact. Thus 7, = 1'!53. Even the
metrizability of (C(X, R), i) implies the hemicompactness of X [13].

(2) & (3) It is the well-known fact that a metric space is hemicompact if and only if it is locally compact and separa-
ble. O

Theorem 4.2. Let (X, d) be a metric space and BB be a bornology with a closed base. The following are equivalent:

(1) (C(X, R), tR) is Polish;
(2) iy =1 on C(X, R) and X is hemicompact;
(3) tgy =1 on C(X, R) and X is locally compact and separable.

Proof. (2) = (1) is trivial, since hemicompactness of X guarantees Polishness of (C(X, R), ty) [13].

(1) = (2) By Lemma 3.1 the complete metrizability of (C(X, R), tg) implies that every compact set in X belongs to 5.
Using the same idea as in the proof of Theorem 3.5 in [8] we can show that the separability of (C(X, R), T5) implies that
every closed element from B is compact. Thus 7, = 5. Even the metrizability of (C(X, R), t,) implies the hemicompactness
of X [13].

(2) & (3) It is the well-known fact that a metric space is hemicompact if and only if it is locally compact and separa-
ble. O
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