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Abstract

We study integral refinable operators of integral type exact on polynomials of even degree constructed by using refinable
B-bases of GP type. We prove a general theorem of existence and uniqueness. Then we study the L”-norm of these operators
and we give error bounds in approximating functions and their derivatives belonging to suitable classes. Numerical results and
comparisons with other quasi-interpolatory operators having the same order of exactness on polynomial reproduction are presented.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Recently refinable integral operators of Bernstein—Durrmeyer type have been studied either as regards L2
convergence properties on the interval, or as regards their eigenstructure and spectral properties [2,3].

Such operators reproduce only the constant functions which correspond to degree m = 0 and then the
approximations are often poor. In order to obtain operators involving integrals of functions f, with a higher order
of accuracy then providing a better approximation, we require that the operators are endowed with the property of
reproducing appropriate classes of polynomials.

In this paper, for a given positive integer n, using the GP scaling functions introduced in [1] and the relative
B-bases on a given finite interval I (see [2,4,10]), we construct refinable integral operators that reproduce polynomials
of degree 2m with 0 < 2m < n — 2, having assumed that the basis functions, utilized for constructing the operators,
have order of polynomial reproducibility n — 2.

These operators are linear combinations of refinable functions belonging to a fixed B-basis; the coefficients are
suitable combinations of inner products involving the function f.

Our first objective is to examine, in Section 2, if, for any integer #, it is possible to construct an unique refinable
integral operator reproducing polynomials of degree 2m; in the same Section 2 we give the proof of existence and
uniqueness. In Section 3 we prove some properties and give convergence results of the quoted operators. Finally,
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Section 4 is devoted to presenting some numerical results and comparisons between the operators considered here, the
operators of Bernstein—-Durrmeyer type studied in [2,3] and the quasi-interpolatory operators studied in [5,6] with the
same reproducibility order of operators as presented here. We performed also a comparison with the integral operators
constructed from uniformly partitioned spline bases studied in [9].

2. Construction of the operators T, ,, f

We consider any system of GP refinable functions [1]:
Ppn = {gnn(x — k), Vk € Z}, 2.1

where ¢, , (x) has support [0, n + 1] and satisfies the refinement equation:

Phn(X) =Y @k nnPrn@x —k), h=n>2 22)
keZ
where
kb = 8akn+1 + (1 — ©)ak—1,n-1. (2.3)

n

with @, = 2,%1 (k> and g = 2,1—1,,1 € [0, 1]; we recall that & is a real parameter. Here and in the rest of the paper

(1) =0fork <0ork > n.

Such totally positive scaling functions are characterized, in particular, by the following properties: ¢, €
cn2 (R) ; @n,n is centrally symmetric; ZkeZ onn (x —k) =1, Vx € R. Moreover, ¢, , generates a multiresolution
analysis (MRA) of L? (R).

Since our interest is towards the construction of operators on finite interval 7, having length |7| > n + 1, we recall
that, starting from any system (2.1) restricted to such an interval, it is possible to construct the corresponding B-basis
Whn ={win(x),i =0,1,..., N, N = |I| + n — 1}, on the same interval / [2,10]. The reason for introducing the
B-basis W}, , is that the restriction of &, to a finite interval presents some drawbacks; in particular it introduces
some discontinuities at the end points because the edge functions are truncated. Using the basis functions in W, , we
overcome the drawbacks.

If we define

U = () = gnn x+n—i),xel,i=01,...,N}, (2.4)
the B-basis W}, ,, is characterized by
0
Upor = WinA, 2.5)

where the matrix A is given by

(1))

and it is stochastic and totally positive (TP); the matrices Ay and Ly, k = 0,...,n — 2, are suitable upper
and lower triangular matrices respectively, with unit diagonal, and D is a diagonal matrix. We recall also that
Wi, € c"2%i=0,1,...,N; some interesting properties of w; , have been proved in [10].

Now, let I = [a, b] be a finite interval, with a, b € R and let m be any integer satisfying 0 < 2m < n — 2; from
now on let us denote by jj the first integer such that b — a > 2770 (n 4 2m + 1); we shall set 0 as the index of all
functions at level jy. This condition guarantees that, in all B-bases that we are considering, there appears at least one
function with support entirely contained in /.

Consider the system of functions

Do pn = {‘PO,k,n(x) = 20020, ,(200x — k), 20a —n < k < 200p — 1} ;
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after having constructed the B-basis Wop,n = {wo,in(x),i =0,1,..., No}, with No = 20 (b —a) +n — 1,
corresponding to &y j, ,, we introduce the class Xo, 5, of functions xo ; (x) defined by

w(),i,n(x)

X0,in(X) = 77—, 2.7)
M Jp won (x)dx
and characterized by the property of having integral equal to 1 on interval /.
Forany f € L? (I),1 < p < oo, with the usual interpretation for p = oo, we define the integral operator
No
Tom f () =Y _{f, Comidwo,in(x), (2.8)
i=0

where (f, g) = f, f(x)g(x)dx and each Cp ;i (x) is a linear combination of 2m + 1 functions defined in (2.7), i.e.,

m
Comi(X) =D €0ikX0.ithn(X). (2.9)

k=—m

The m first and the m last combinations of functions o ; . are fixed as follows:

m
for0<i<m—1, Comi(x)= Y coikX0mtkn(X); (2.10)
k=—m
m
for No—m+1<i<No, Comi(X)= Y €C0ikX0.Nytk-m.n(X). @.11)
k=—m

The coefficients co_; x, which depend on m and n, are determined in order that the operator Ty, be exact on the
space of polynomials P, of degree < 2m, i.e. satisfies 7o, p = p, for all p € Po,.

Operators of type (2.8) are extensions of integral operators studied in [2,3], which correspond to m = 0. They
generalize to refinable functions some ideas developed in [8,9] for polynomials and splines, respectively.

We now recall some results on the moments of functions xo ; , which have been obtained in [7] and which will be
used later in the proof of Theorem 2.2 when we prove the existence and uniqueness of the operators Ty ,,.

The moments of the functions g ; , are denoted by

ﬁo,l’ (ls n)

— 0<l<n-2, 2.12
J; wo,in(x)dx =i=r 12

po.i(l,n) = /xlxm,n(x)dx =
1

where 1z ; (I, n) = [, xlwo ; p (x)dux.
In particular po; (0, n) = 1, according to the normalization of the functions xg ; .

Property 2.1. Forall 0 <[ < n — 2 one has

woi+1 (,n—=1) —poi on—1) =1 poit1 (0 —1,n) /1 wo,i+1,n () dx, (2.13)

i=0,1,..., No — 2 (see Property 3.3 and Remark 3.1 in [7]).
Let B; , be the square matrix of order 2m + 1 whose entries, fori =m,m + 1, ..., Ny — m, are given by

Bin(l,s) = poits—mU,n), 0<Il s <2m. (2.14)
Fori =0,...,m—1landi = No+ 1 —m, ..., Ny, the matrices are defined by

Bin(l,s) = pos,n), 0=l s5=<2m (2.15)
and

Bin(,s) = poNy—2mts(l,n), 0=Is=<2m (2.16)

respectively. We define Dl.(zan) = det(B; ;).
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Lemma 2.1. Let m > 1 be such that 2m < n — 2; matrix B; , is invertible, for all i, 0 < i < Np.

Proof. Let us prove the lemma considering the matrices B; , withi =m,m + 1,..., No — m, that is,
1 1 .. 1
wo,i-m(1,n) o i—m1(,n) - o ivm(1,n)
Bin = . . . ; 2.17)
wo,i—m@2m,n) o i—my12m,n) - o iym(2m, n)

the claim can be proved for the first and last m matrices B; ,, analogously.
Replacing in B; , the column V, with V, — V,._1,r =i —m + 1, ...,i + m, leaving unchanged the first column
Vi_m, by using Property 2.1, we obtain for the determinant of B; ,, the relation

2m+1 _ 2
DE"D = @m)! [Tgi—pmir 0.1+ 1) T ism ©.n+ D] DI, . (2.18)
Proceeding iteratively and applying the same procedure to DI( J:;’)n Iy DI(JZF"; n£:2, .. Dl(izm l.nt2m—1 We conclude

the proof. O

Now we can prove the following theorem for stating the existence and uniqueness of the operators (2.8).

Theorem 2.2. For each integer m such that 0 < 2m < n — 2, there exists a unique operator Ty ,, f which is exact on
Pom.

Proof. The requirement Ty ,,p = p, Vp € Pay, is satisfied if and only if Ty ,,x" = x", 0 < r < 2m, ie. if

ZINZOO (x", Co,m,i)wo.i.n(x) = x". Considering that x" = Z i—0 né ,)wo i.n(x), for each r [4], we obtain a linear system

of order 2m + 1 for the coefficients cq; x:

m
> ik / X poiska@dr =55 r=0,1,...2m. (2.19)
k=—m
Since the matrix of this linear system coincides with B; ,,i = 0, 1, ..., No, from Lemma 2.1 the result follows since
the sequences of coefficients cg ; x, k = —m, ..., m are uniquely determined. [

Remark 2.1. Assuming r = 0, on the basis of the results about the moments of functions xo,; , obtained in [10], the
relation (2.19) gives rise to the equation

m
> coix=1. (2.20)

k=—m

If m = 1, taking into account that matrices B;, € R3*3, we can perform the explicit formal computation of
coefficients cp ; x — 1 < k < 1, by exploiting the procedure outlined in the proof of Lemma 2.1.
In fact, defining
[2:4]

3

i,n

inv(Bi,) = 2.21)

with B* Tk the cofactor of the element b ; jok in B; ,, the entries in the first and last rows of inv(B; ,) are characterized

by hav1ng the moments of two successive functions xo.n, X0.i+1.» and xo,i—1.n, X0.i.» respectively. Therefore, by

L B, BI, Bf B}, B}, B} .

multiplying the rows <Dl(@l) Dzal) Digl)) and < 1,.3 Dz(f) D(g)) for the vector [ln(()ll) n(()zl) 1T we obtain the values of co ;1
nLn nLn nn nLn Ln nn

and co ; +1 respectively; thus, using (2.20) we can evaluate co ;0 = 1 — co,i,—1 — €0,i,+1-
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3. Norm of operator and convergence results

Consider now the refined system @, j = jo; by using such a system, we construct the jth corresponding
normalized B-basis W , , = {wj;, (x),i =0,1,..., N;}, with N; = 27 (b —a) +n — 1, and then we construct
the operators T , f, approximating f € L? (1), p > 1. They have the form

Nj m
TimfX) =) <f, > Cj,i,ka,i+k,n> wjin(X), (3.1)
i=0 k=—m
o oods € Xjnn,J = jo- The existence and uniqueness of 7} ,,, f immediately
J.n
follow considering that it is a refined operator.
In this section we shall analyze some properties of T ;, for j > jo.
We denote by 9 ; , the quantity

wjin(X)
where w;in € W pn, Xjin(x) = T Lo

1
J;wjin(x)dx’
I'j i 4 is defined by

1
m —1 q
Oitkn \? al’
Tjig = [ > ('ﬁjin lejinl’ | (33)

k=—m

Bjin = 3.2)

q>1,0<2m<n-2.

In 33)for 0 < i < m — 1 we assume &1k n = Ujmtkn, While for No —m +i < i < Ny we assume
Vjitk,n = V), No+k—m,n-

Then we have

Ijg=suplj;, < +oo. 34
i

Wheng =1, ;1 = >}, |cj.i«| is simply the £!-norm of the vector [c; ]
We denote by £ (L? (I)) the space of linear continuous operators on L? (I).

k=—m,..m I the X ; 5, basis.

Theorem 3.1. Let us consider I'; ; as in (3.4). Forall 0 < 2m < n — 2, T}, is a bounded operator in L? (I),

1<p,g<+4ooand p~' +q~! = 1. Moreover,
1
ITjmlleray < Tjg (n+2+2m)r. (3.5)
Proof. We define
m
Cjmi() = Y ¢jikXjithn(x) (3.6)

k=—m

and we set y; x = &

57 € 1, considering also that some of these points can coincide with @ or b whenk < Oork > N;.
There results

0j,i = Supp(Cjm,i(x)) = [Yji—m> Yj,itn+1+m]- 3.7
Using Holder’s inequality we get

[ Crmi)| < W fWpoys [ Chmillye,, (3.8)
where ||.||5,y denotes the norm in L* (V). Now, starting from the inequality
Nj 1 1
Timf O] <D M oy, ‘ 9, 5 Cim,i O aw)in(¥), 3.9)
i=0 q,0j,i
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we obtain
1

ﬁj,i,pncj,m,i (x)

m 1 4q m 1y q
= Z }Cj,i,k’ ﬂ]?,i,n Xj’i+k’"(x) = Z |Cj,i,k’ ﬁ;{i,n ﬁj,i—i—k,nwjyiJrk»n(x) .

k=—m k=—m

q 1

1 q
=19/, Cjm,i(x)

(3.10)

Applying Holder’s inequality, taking into account that ZZ’z_m Wjitkn(x) <1, ﬁj,i+k,nwj,i+k,n (X) = Xj,ith,n(x)
l

1
and considering that wj ;1 » (x) = ¢ (x), from (3.10) there results

/ 1+k n
1 q m m %
q q 94
ﬂj’if’ncj,m,i (x)| = Z |cj.ik 19],,1 O ipkn Witk (X) | - Z W itkn(X)
k=—m k=—m
m -1
9 q
Jii+k,n q
< Z <19—> ik Xjirten () -
k=—m JoLn
Therefore
1
q
l?l)C' i = 19PC' i(x)| d q<[’“ (3.11)
Join 1t - Joi,n 1t X X — S hLg :
q,0ji 0jii

and we can write

p
Nj , Nj g
|Tjmf(0)] < Z 1oy L (Ojimwjin)? | - Z Wjin
i=0 i=0
P
Nj Nj 7 Nj
<Y AWy T X [ Dowiin | < T2 D N f W oy X (3.12)
i =0 i=0 i=0
We achieve the claim since
Nj
P 14 4 P P
[ 1Tmseol as < 1, > 1l [ Hantar < 17, w24 2m 151 (3.13)
1=

In (3.13) we exploited Jensen’s inequality (see e.g. [11]):

annpa,,. <@m+2+2m 117

because o ; contains n + 2 + 2m intervals and then any piece of [a, b] is added into the sum at most (n + 2 + 2m)
times. [

We are now interested in estimating the error in approximating D* f, the kth derivative of a smooth function f, by
the kth derivative of T ,,, f, withO < k < 5,1 < s < 2m+1, exploiting the property that T ;, reproduces polynomials.
We set

LY () ={f: D 'fis absolutely continuous on [ and D* f € L? (1)}, (3.14)

and we suppose f € LY (D).
Let x € I and let £ be such that x € [yj,g, yj,g_H]; for any polynomial g € P;_; and any f such that Dkf exists,
we write

Eps(x) = D*R(x) = D*Tj R (x), O0<k<s<2m+1 (3.15)
where R(x) = f(x) — g(x).
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Formula (3.15) reduces the problem of estimating |Ek s (x)| in obtaining estimates of |DkR(x)| and |Dk Tim R(x)| .
We consider for g the Taylor expansion g(x) = Zi (1) b’ f(t‘) (x —t) atty € [yj,z, yj,£+1] and we define

l+n

Lie=Joj. (3.16)
=l
with o ; asin (3.7).

Lemma3.2. If f € LY (1), 1 < p < q < 0o, there results

k k—1+1
DRG)| < Cuelr = yie ™o 0o, (3.17)
where Cy x = 1 -
(s—k=D!((s—k—D)g+1)¥
Proof. The rest R(x) of the Taylor expansion g(x) is given by
R(x) = 1)‘/ (x — 2 7' D f(2)dz. (3.18)
Therefore
D'R(x) = ﬁ/ (x —2) %1 D* f(2)dz (3.19)
s
and for Holder’s inequality
1
k 1 ! (s—k—1) ‘
DR()| = ———— —g6k=Da gz || DS . 3.20
DR = /y x —2l | 101, (320)

Integrating, we get (3.17). O

Lemma 3.3. Given x € 1, let £ be such that yj ¢ < x < yj o1, f f € LY (Ij’g) and R is as in Lemma 3.2, there
results

DT R)| = Cl2 /D D, (3.21)
where Cy . is any constant depending only on s, k, n, m.
Proof.
Nj 1 .
‘D T, mR(x)‘ <R 9,7 Cium, >' 97 Drwjin(x)
=0
{+n 1
_Z<R 19/”1 Jml> ﬁp ijln(x)
Moreover, for Holder’s inequality, we have
1 1
‘<R 17] lpan,m,i>' = f R(x)ﬁj lpan,m,i(x)dx
0j.i
1 1
p _1 q q
< |:/ |R(x)|? dx] |:f ﬁj’if’an,m,,‘(x) dx] , (3.22)
)i )i
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and using (3.11),

I

Jii

g " Cjm,i(x)

j.i,n

q q
dxj| <Tjig E<i<t+n (3.23)

By (3.17) for k = 0 we can write

(s— 1)+*

1 X —Yie
|R(x)] < 5o [x = viel 10 F1,.4, (3.24)
s=DH (= g+ )7 ’

and then

_ 1 .

P 1 27 (n+2m+ DY D £l , .
/ |R(x)|”dx:| 3 — : Bt (3.25)
/o =g+ [6=Dp+L2+1]’
Therefore, recalling from [6] that

Dhwj ()| = G2, (3.26)
we obtain

DkT,,mR(x)‘ < 270N D] (3.27)

2Lyl

1
In (3.27) we defined C 4 = Cy - Co with Cy 4 = (n + 1) Cy, - ]p where 9] =, nax (f[ wj,l-,,,(x)dx)_l and
<i<t+n
G (n+2m+1)° T}, y

1 1
(s=DI[(s=1)g+117 [(s—l)p+§+lj| »

We are now ready to give a local error estimate. Integrating the inequalities (3.17) and (3.21) over the interval
[y 7.0 Vi, €+1] we prove the following theorem.

Theorem 3.4. Let f € LY (Ij¢),1 < p < q < oc; then, for 0 < k <s < 2m + 1, there results

<z ) oo g

”Ek*s ”q [yie: yjes1] = p.1je (3.28)
where Cff = max {C;k, #1}
[(s—k—D)g+214
This local error estimate leads immediately to the following global result:
Theorem 3.5. Let f € L? (I),1 < p<qg <o0o; then, for 0 <k < s <2m + 1, there results
—i(s—k+1_1L
s, , < 2m+m+ g2 CH) |prg) (329)

Proof. By Theorem 3.4, if f € LY (I) raising the left and the right terms of (3.28) to the gth power and summing
overi,0 <i < Nj;, leads to

1
q N —k _ 1 s
Z ” Ek’S(x)”Zs[yj.e, )’j,£+1]} =G 2 + {Z HD f”P 1, /}

But, for p < g, Jensen’s inequality yields

Zquup,,z} {Zquup,[} S2memen |,

since I ¢ C [yj,g_m, yj,g+2n+m+1], so any piece of [ is added into the sum at most 2 (n + m + 1) times. [
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4. Numerical results

We report, in this section, some numerical results showing the behavior of the integral refinable operators
constructed here.

Tables 1-3 relate to the comparison of performances, at different levels j, between the operator constructed here
denoted by T f, the operator considered in [2,3] defined by S; f (x) = Z;\ZO( Xj.in» [IW;jin (x) and denoted here by
Sf, and the quasi-interpolatory operator Q; f (x) = Z:V:jo (Aj,in )W) in (x), simply named Qf. That operator, with
Aj,in suitable linear operators, has been studied in [5] and in [6] and has the same order of reproducibility as T'f.

In each table we report the maximum error in approximating the relative function and we specify the values of m and
the values of parameters n and / identifying the basis used for constructing the operator.

Table 1
1
Absolute error for f(x) = (25 —x2)"2

m=1,n=5h=38 m=2,n=6h=28
J errSf errQf ertTf J errSf errQf ertTf
0 2.00 (—04) 2.76 (—06) 4.79 (—=07) 0 1.10 (—04) 3.12 (-10) 1.19 (—10)
1 1.11 (—04) 4.12 (-07) 7.08 (—08) 1 5.78 (—05) 1.13 (—11) 433 (-12)
2 5.81 (—05) 5.64 (—08) 9.60 (—09) 2 2.97 (-05) 3.81(—13) 1.45 (—13)
3 2.98 (—05) 7.38 (—09) 1.25 (—09) 3 1.51 (—05) 1.24 (—14) 4.75 (—15)
4 1.51 (=05) 9.43 (—10) 1.59 (—10) 4 7.56 (—06) 4.16 (—16) 5.27 (—16)
Table 2

1
Absolute error for f(x) = (0.01 — xz) 2
m=1,n=5h=8 m=2,n=6h=28
J errSf errQf ertT f J errSf errQf ertrTf
0 9.29 (—01) 6.48 (—01) 2.04 (—01) 0 5.78 (—01) 1.24 (—01) 6.53 (—02)
1 5.79 (—01) 5.34 (-01) 1.36 (—01) 1 2.97 (—01) 9.16 (—03) 4.38 (—03)
2 2.77 (—01) 2.21 (-01) 4.42 (—02) 2 1.14 (—01) 1.91 (—03) 8.14 (—04)
3 9.58 (—02) 3.89 (-02) 6.75 (—03) 3 3.40 (—02) 1.00 (—04) 3.84 (—05)
4 2.69 (—02) 3.66 (—03) 6.01 (—04) 4 8.98 (—-03) 2.23 (—06) 8.75 (=07)
Table 3

Absolute error for f(x) = sin(2w x)

3

m=1,n=5h=38 n=2,n=6h=28

j errSf errQf errT f Jj errSf errQf errT f

0 1.80 (—01) 6.69 (—02) 2.55(-02) 0 7.78 (—02) 4.50 (—04) 1.93 (—04)
1 7.88 (—02) 2.38 (—02) 4.48 (—03) 1 4.32 (-02) 2.70 (—05) 1.04 (—05)
2 4.35 (—02) 4.07 (—03) 7.01 (—04) 2 2.23(—02) 9.65 (—07) 3.68 (—07)
3 2.24 (—02) 5.47 (—04) 9.28 (—05) 3 1.13 (—02) 3.11 (—08) 1.19 (—08)
4 1.13 (-02) 6.97 (—05) 1.18 (—05) 4 5.65 (—03) 9.80 (—10) 3.74 (—10)

The numerical results emphasize the influence of the higher reproducibility order of 7' f and Qf with respect to
Sf, in approximating functions; the last operator, however, enjoys very interesting spectral properties [3].

Moreover Tables 1-3 and many other experiments performed make evident a comparable and often better behavior
of the operators presented here also with respect to the quasi-interpolatory operator Qf with the same degree of
reproducibility.

We also compared the behavior, in approximating some test functions, of our refinable operator and the spline
operator constructed in [9]. In Fig. 1 we report the behavior in [—0.3, 0.3] of the above mentioned operators in
approximating the function f(x) = x* 4 |x|; we worked withn =5, h =8, m = 2.
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Fig. 1. f, solid line; operator 7T f, dashed line; spline operator, dash—dotted line.

We remark that when the parameter /2 of the GP basis increases, the corresponding refinable function is better
localized; this property is important in making the operator constructed here more effective than the operator
constructed from B-splines.
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