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Abstract

Hamiltonian function is different, the internal structure relation given by generalized Hamiltonian model is
different, and thus Hamiltonian function is core issue for generalized Hamiltonian modeling. In this paper, three
principles of selecting Hamiltonian function are proposed, interface principle, energy principle and stability
principle. For the class of system with single input and single output, applied methods of three principles are given.
At last, the Hamiltonian modelling for nonlinear hydro turbine is taken as case to introduce its application.
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1. Introductions

The generalized Hamiltonian model, in contrast traditional differential equations model, their
differential part is equivalent, but Hamiltonian function, energy flow and inner relative mechanism
reflected by system matrix provide more dynamic information about object system. In recently, the
generalized Hamiltonian theory could be used to describe practical system with energy dissipation in
inner and energy exchanging with outside environment in [1,2].

However, in modelling theory for generalized Hamiltonian, the direct method is that Hamiltonian
model is derived in mathematic deduce from basic dynamic characteristics of practical system. But, it is
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difficult and even impossible for most actual system, so the generalized Hamiltonian realization theory is
developed, which transforms the differential equation into Hamiltonian model. Hamiltonian realization
methods for many types physical system are developed, such as linear system [3], nonlinear system [4,5],
time varying and time invariant [6,7], discrete system [8,9] and differential algebraic system [10,11].

In generalized Hamiltonian realization theory, the core issue is how to determine Hamiltonian
function. Hamiltonian function is different, the structure and damping matrix of Hamiltonian model are
different, accordingly, internal relation mechanisms given by them are different. If generalized
Hamiltonian model doesn’t correctly reflect system internal relation dynamic mechanism, it will lose all
advantages relative to traditional differential equation model.

The main work of this paper is that proposes Hamiltonian function selection principles aiming at a
class of Hamiltonian realization method, and takes Hamiltonian modelling of hydro turbine as case to
introduce its application.

2. Generalized Hamiltonian realization basic theory

Consider the follow nonlinear system:

x = f(x)+g(x)u ey
Where x € R" is the state vectors, u is the control action, g(x) is the input matrix.
If there are a proper coordinate card and a Hamiltonian A (x), and makes system (1) to express as (2):
X = T(x)a—H +g(x)u
ox
2
r, OH
y=g (x)—
ox
Then, system (1) has a Hamiltonian realization, 7T(x) is the system matrix, y is the nature output of

Hamiltonian system.
Know very well, a matrix with constant rank can be uniquely decomposed as follow:

T(x)=J(x)+ P(x)=J(x)+S(x)— R(x) 3)

Where J(x) is anti-symmetric matrix, the natural damping matrix R(x) and S(x) are symmetric and semi
positive definite matrix.
Then generalized Hamiltonian system (2) can be expressed as follow:

X =[J(x) + S(x) R(x)]z—f + g

5 “)
T H
y=g (x)—
ox
The Hamiltonian system energy change is:
dH o'H 0H o0'H oH ;
—_— =— R(x)— + S(x)—+ 5
o o ROt Sty ©)

The first item is the internal energy dissipation, the second item is the internal generate energy, the
third item is the external supply energy. If S(x)=0, then system (4) is called as the standard form of
the port-controlled dissipation Hamiltonian model.

3. Hamiltonian function selection principles
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3.1. Interface principle

For complex physical system modelling, the most frequently-used method is that decomposed it
into multi subsystem to model respectively, and then connects to compose whole system model
according to their physical connection and signal flow. Therefore, the input and output connection
relation between the object subsystem and other subsystems should be considered while builds the
subsystem Hamiltonian model.

Interface Principle: The nature output of Hamiltonian system should be similar to that of physical
system in form, and then conveniently connects with other subsystem.

The complex system and multi input system can be usually decomposed into multi single input and
single output subsystem. Thus, this paper only considers single input and single output system.

The nature output of generalized Hamiltonian system is:

()= gf(x)‘zﬂ ©)
X

The input channel matrix g(x) is column vector in single input system.
Theorem 1: If there is only a non-zero element in g(x), then Hamiltonian function reference form can be
obtained from follow equation (7).

H(x)=C| RUICIPN 7)
g(x;)
The constant C is the difference between Hamiltonian system nature output and physical system
output, which is used to ensure the positive definite.
Proof: Assumption the g(x;) is the non-zero element of column vector g(x), then (6) can be written as:
OoH OoH x
yw=ge) X o I
ox; ox,  g(x;)
Integral above equation about x;, Hamiltonian function is derived. And multiply constant C to correct
the Hamiltonian function, and ensure its positive definite, then (7) is derived.

#
The Hamiltonian function derived in this way usually doesn't have energy dimension, thus is called as
generalized energy.

3.2. Energy principle

Energy Principle: The Hamiltonian energy function should reflect constitute of system energy, and
Hamiltonian energy flow should be accord with that of practical system.
The constitute of energy flow depend on S(x)F! R(x) from (5), so decomposed P(x) is the key step
while apply this principle.
In equation (3), while P(x) is decomposed into R(x) and S(x), the R(x) satisfies semi positive definite
condition, that is R(x)>0. In this condition, system energy flow is:
T T T T
ﬂz_é HR(x)a_H+6H GHS(x)éH
dt ox ox  Ox aox ox
If the S(x) can be cancelled by using feedback equivalent method, then system become the dissipation
system. So follow theorem 2 is given.

Theorem 2: If follow equivalent transformation exists:

S<x)aa—’z e (x)aa—’j + g(ou ©)

S(x)a—H+uTy < +u'y (8)
ox

Then system (1) is dissipation, equation (4) can be transformed into generalized Hamiltonian model,
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its standard form is follow:

§=£hm—Run%§+guﬁ

(10)
y=8 (x)—
ox
Where .7(x) =J(x)+J'(x), u=u+u , J '(x) is anti-symmetric matrix, #” is equivalent control.
Proof: Substituting (9) into (8), system energy flow is:
dH 6 H oH o'H T T T
—J'(x)— + Xu'+u'y=Cv u'+u y =(Cu'+u
S a3 6xg() y=0G y=( )y
That is, system energy change is 1ess than input energy on its port, so system is dissipation.
Substituting (9) into (4) can derive (10).
#

According to above analysis, follow remarks can be obtained:
Remark 1: From energy flow expression (8), decomposing P(x) should consider that items related with
energy dissipation are classified into R(x), and ensure that R(x) is semi positive definite.
T

Remark 2: Equation (9) multiplies &l in left, that is:
X

o'H aH B aTH
ox

gl g(x u'=Cyu'

l

If system output Z—H g(x;) # 0, then the equivalent control " can be derived as follow:
X

i

e 113H an
Ccy a

Above (11) shows that internal generating energy is transformed into equivalent input control. This
just is essence of Hamiltonian dissipation realization.
New control is:

u=u+u (12)

Remark 3: Theorem 2 gives a decomposed method of S(x), in which the equivalent control is given by
(11), and anti-symmetric matrix J '(x) is given by follow (13).

} 13)

J'(x) = 61—1; {S(x) aa
g'(x)

Proof: Equation (9) multiplies g'(x)in rlght and applles (8) can obtain follow relation:

f@) gu)su 1;2H g’ (%)
-5 2L g (v - g0 S5 ()

Form above, J' (x) can be derived as (13).

#
Following above energy principle decomposed, system energy flows are accord with that of physical
in the generalized energy conception.

3.3. Stability principle
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One of main application for generalized Hamiltonian theory is energy-based Lyapunov function
method. In this application, Hamiltonian function usually needs to be modified, and makes it satisfy the
positive definite of Hessian matrix, that is:

O*H 0°H,

e (x,) - axz” (x.)>0 (14)
Where H,(x) is the additional energy function, that is usually injected energy by control, H,(x) is the
modified energy function, H(x)= H(x)+ H,(x), x« is an equilibrium point.

The essence of Hessian matrix positive definite at given equilibrium can be explained as:

At given equilibrium point, first order partial derivative of Hamiltonian function H,(x) is zero,

oH . . o :
a—d(x*) =0. And if second order partial derivative is more than zero, 0 H,
X

W (x.)>0, then H(x) is the
minimum at given equilibrium point. In this case, Hamiltonian function H,(x) is a Lyapunov function, so
system is asymptotic stability.

From view of stability, determined Hamiltonian function by proper modifying should satisfy Hessian
matrix positive definite condition at finally. Therefore, this condition can be used to judge rationality of
selected H(x). A weak condition is given to avoid from possibility difficult in later stability analysis as
follow.

Stability Principle: At equilibrium point x«, the Hessian matrix of Hamiltonian function satisfies semi
positive definite condition, that is:

o’H

o’

If the stability condition doesn’t satisfy, then Hamiltonian function need to be proper modified.

(x,)=0 (15)

4. Example
4.1. Hydro turbine model with rigid water column

The hydro turbine model with rigid water column is taken as case to introduce application of above
principles.
Hydro turbine differential equation model is:

;c = f(xz) +g(x)u 16
y= Al x_lz(xl _qnl)

X,
1 2 xlz
T—(l—fpx1 —7) (1)
fo=" © ] g=| L
_7(x2_G0) Ty

y
Where x1=¢, x,=G, ¢ is the flow in per unit, g, is the no-load flow in per unit, G is the guide vane
opening in per unit, G, is the initial of guide vane opening in per unit, 7., is water start time constant in
second, f, is the head loss coefficient, 4, is the gain of hydro turbine, 7}, is the main servomotor time

constant in second.
Follow expressions are basic equations of hydro turbine:
2
h= % (17)
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P = AN(G~q,) (18)
Where /4 is the head of hydro turbine in per unit, p,, is output power of hydro turbine in per unit.
The nature output of system is the output power of hydro turbine, that is y=p,.

4.2. Hamiltonian function selection

The input matrix g(x) satisfies condition of theorem 1, according to interface principle, Hamiltonian
function is selected from (7) as follow:

2
x b
0= C[ 2 e, =7 4,5 (3, - g, (19)
g(x,) Xy
Let C=-1, then Hamiltonian function is:
2
X
H(x)=T,4, x_l(xl =) (20)
2
When the hydro turbine generating units connects with power system to operate, the flow x; is more
than no-load flow ¢, so Hamiltonian function is positive definite.
The output equation is:

y=g oy @1)
ox

The difference between nature output of Hamiltonian system y and actual output of physical system
Pm 18 just a negative sign. One of generator input is the torque of hydro turbine m,, m=-y/w, w is the
angular speed of generator in per unit.

In traditional third order generator model, @ is approximately selected as 1, that is w=1. It is clear
that hydro turbine Hamiltonian model can expediently connect with generator Hamiltonian model.

Next, according to stability principle verifies the Hamiltonian function.

The Hessian matrix of Hamiltonian function is:

6x, —2q, 3x} —2x,4,
azH TyAt 1 . / _TVA[ 1 > 11nl
_ , 2 , X (22)
ox’ 3x; —2x,4, x
_TyAr ! X2 =l 2TyAt _13('xl _qnl)
2 2

Direct calculation above (22) can derive that the positive definite of Hessian matrix is x;>4q,/3.
Thus, selected Hamiltonian function accords with stability principle.

4.3. Orthogonal decomposition

In operating hydro turbine satisfies x =0 . Atany x =0, f(x) can be decomposed as follow.

- (f),VH)oH [/ -2V, H
Ful)=fx) == o=l mvon

23
waf x e

2 2
Where Z = M R <,> is the inner product operation, ||VH ||2 = 8_H + 8_H .
[vA| &) \ox

Thus system (16) can be transformed as follow:

x= [J(x)+P(x)]Z—’j+g<x)u (24)
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1 1 0 fIVL,H- V. H
J(xX)=—— [f,,,(x)VHT - VHf,dT(x)]: — b 2o (25)
IVH| [VH| =NV H + LV, H 0
,VHY|1 0 Z 0
P(x)= M = (26)
||VH|| 0 1 0 7
4.4. Dissipative decomposition
OH OH
Vi +fh 2 2 2
f(x),VH Ox Ox X X
Z:< 2 >: . 2 : 2{f1 ;le_szt;zqnl GA (x1 gu)}
[vA| V| IIVH | % % %'
Selected:
1 xl2 xl2
r(x) =w{x24 Lt G4, x_z(xl — )} (27)
2 2
x 2
s(x) = v H||2 {f x%xl} (28)
2
Then:
r(x) O
R(x)= (29)
0 rx)
s(x) 0
S(x) = (30)
0 s(x)
Energy dissipation:
o'H OH G
ax R(x)g:xZ(Athqnl +x_0pm) (31)
2
Aihqy is no-load energy loss, the output of hydro turbine is taken as energy dissipation.
Internal generate energy:
o'H OH _dx, oH
ae S~ an a, T (2
1

From view of system structure described in this paper, the hydraulic system is internal interface, it
supplied energy Ahq is internal energy as second item. The first item is inertia energy caused by flow
changing.

Because of existing convert relation of 7, and 4, above energy can explain as generalized energy.
Thus, the Hamiltonian system energy flow accords with that of actual system in generalized energy.

4.5. Dissipative realization

From (11) and (12), the new control law is:

T
P I HS(x)a—H=u+is(x)||VH||z (33)
y ox ox P

Combining (12) and (25), the anti-symmetry J(x) is:
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TN , _ Cr(x)
Jx)=J(x)+J'(x)= (34)
-Cr(x) 0
Where C,(x)=[f, + aﬁr(x)]/a—H .
ox, 0x,
The standard form of generalized Hamiltonian model is:
0 — 6]_[ —
x=[J(x)- R(X)]a— +g(x)u
* (35)

oH
y=g"(x)—
ox

5. Conclusions

The complexity of generalized Hamiltonian modelling originates from complex mathematic procedure
and Hamiltonian function selection. Principles and method proposed in this paper give a kind of simple
solving method. Although it is only suitable for single input and single output system, in which some
issues need to be further studied, but proposed three principles of Hamiltonian function selection is
universality.
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