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The von Neumann—Halmos theory of ergodic transformations with discrete
spectrum makes use of the duality theory of locally compact abelian groups to
characterize those transformations preserving a probability measure, which are
defined by a rotation on a compact abelian group. We use the recently developed
duality between general locally compact groups and Hopf-~von Neumann algebras
to characterize those actions of a locally compact group, preserving a o-finite
measure, which are defined by a dense embedding in another group. They are
characterized by the property of normality, previously introduced by the
author, and motivated by Mackey’s theory of virtual groups. The discrete
spectrum theory is readily seen to come out as the special case in which the
invariant measure is finite.

1. INTRODUCTION

The notion of a normal ergodic action of a locally compact group G, with an
invariant probability measure, was introduced by the author in [11, 13] in
order to study a generalization in the case in which G is not abelian of the
von Neumann-Halmos uniqueness-existence theorems for ergodic transforma-
tions with discrete spectrum. More generally, we defined the notion of a normal
ergodic extension of a given action to study the uniqueness-existence theorems
in the context of relatively discrete spectrum [11]. For extensions, these consid-
erations are necessary even if G is abelian. The motivation for our definition
came from Mackey’s theory of virtual groups. Normal actions and extensions
are the virtual subgroup analogues of normal subgroups in group theory.

It follows from [5, Theorem 1; 11, Theorem 5.7] that for 2 normal G-space X
with discrete spectrum, we have up to isomorphism modulo null sets, X = K,
a compact group, and the action % - g is given by k¢(g) where ¢: G — K is
a homomorphism with dense range. A generalization of this result to normal
extensions with relatively discrete spectrum is also contained in [11]. Although
it was not explicitly stated, the results of [11, 12] in fact imply that every normal
action (or extension) with an invariant probability measure has discrete (or
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relatively discrete) spectrum, and hence is of the above form. A proof of this
appears in Section 2,

The main point of this paper, however, is to remove the condition that the
action of G on X preserves a finite measure, an assumption which plays a crucial
role in the proof of the above theorem. Thus, we suppose only that X has a
o-finite measure invariant and ergodic under G. The notion of normality applies
equally well to this more general situation (see Section 2), and the main result of
this paper is the following.

THEOREM. If X has a o-finite invariant measure p under G, and the action
is normal, then there is a locally compact (second countable) group H and a homo-
morphism ¢: G — H with dense range such that up to isomorphism modulo null
sets, X = H, p is equivalent to the Haar measure, and the action is givenby h - g =

he(g).

This result can be looked at in two ways: as describing the structure of normal
actions, or alternatively, as providing a new criterion for an action to be defined
by a homomorphism into a locally compact group.

The proof of the theorem is itself of some interest. One of the first results in
this direction, when G is the group of integers or the real line, goes back to
Halmos and von Neumann [2], where the duality theory of locally compact
abelian groups was exploited. In this paper, we employ the more recently
developed duality between general locally compact groups and Hopf-von
Neumann algebras. In particular, the main theorem of Takesaki’s paper [10]
will be the device we use to construct the group H.

The outline of this paper is as follows. Section 2 contains some preliminary
definitions and the result about normal actions with finite invariant measure,
based on the techniques of [11, 12]. Sections 3-5 establish various properties
of normal actions, which are then applied in Section 6 to the construction of a
suitable Hopf-von Neumann algebra which yields the main theorem. Most of
the difficulties however, appear in Sections 3-5, which are quite technical and
measure theoretic in nature. Finally, Section 7 applies the main theorem in an
alternate approach to the case of finite invariant measure.

2. NorMAL AcCTIONS AND EXTENSIONS WITH FINITE INVARIANT MEASURE

We begin by recalling some basic definitions. (See [8, 11] for details and dis-
cussions of these ideas. We suppose that (S, p) is a standard measure space,
that there is a right Borel action of G and S, and that u is o-finite, invariant, and
ergodic under G. Here, G is a second countable locally compact group. A Borel
function a: § X G — M is a standard Borel group, is called a cocycle if for
each g, he G, ofs, gh) = afs, g} a(sg, k) for almost all 5. If « and B are cocyles
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into M, then « and B are called equivalent, or cohomologous, if there is a Borel
function a: S — M such that for each g, a(s) ofs, g) a(sg)™* = B(s, g) for almost
all s. If 7 is a unitary representation of G on a Hilbert space H, then the restriction
of mto § x Gis the cocycle defined by afs, g) = #(g). Thus, a: § X G — U(H).
The term restriction is used because it is the virtual subgroup analog of the
restriction of a group representation to a subgroup (see [11, Example 2.7]).
Since G acts on S, there is a naturally induced unitary representation of G on

LX(S) defined by (U(g) f)(s) = f(s2)-

DEFINITION 2.1. (S,u)is a normal G-space if the restriction of the representa-
tion U to S X G is equivalent to the identity cocycle.

ProposITION 2.2. Suppose H C G is a closed subgroup. Then G|H is a normal
G-space if and only if H is a normal subgroup.

Proof. This is [11, Proposition 5.3] (where the implicit assumption that G/H
had a finite invariant measure was not needed.)

When p is finite and invariant, the structure of a normal action can be com-
pletely described using results of [5, 11, 12].

ProrosiTION 2.3. Suppose (S, p) is a normal G-space where . is an invariant
probability measure. Then S has discrete spectrum; i.e., the natural induced repre-
sentation U of G on L*(S) is the direct sum of finite-dimensional representations.

Proof. Let HCL¥S) be the orthogonal complement of the subspace
generated by the finite dimensional G-invariant subspaces, and suppose H # {0}.
Letwbe U | H. Let A: S — U(L¥(S)) such that for each g, A(s)U(g)A(sg)™* =1
for almost all s. Let P:L¥S) — H be the orthogonal projection. Choose an
element feL%(S) with PA(s)™f # 0 for s S,, where S, is some set with
positive measure. Let A€ L3(S x S) be defined by A(s, t) = (A(s)7f)(t). We
claim that % is essentially invariant under the product action of G on S X S.
For any g € G, and almost all (5, t) € § X S, we have

h(sg, tg) = (A(sg) ™ )te)
= (U(g)2A()™f )(12)
= (A(s)fX2t) = ks, 2).

Now let P:L¥S; L¥(S)) — L%(S; H) be the orthogonal projection, so that
P = f@ P, du, where P, is a copy of P. Identifying L¥(S; L¥(S)) with L% (S x §),
we see that H C L¥S) G-invariant implies that L3 S; H) is G-invariant. Thus,
P is also G-invariant and by the choice of f, Ph % 0. We can identify L¥(.S; H)
with L% S) ® H, and under this identification, the product G-action on
L¥(S; H) CL¥(S x S) corresponds to the representation U ® . Since Ph is
G-invariant, U ® = contains the identity representation, and it follows [4,
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Lemma 8.1] that 7 contains a nonzero finite-dimensional subrepresentation.
This contradicts the choice of H, and so S must have discrete spectrum.

CoroLLARY 2.4. If S is a normal G-space with a finite invariant measure,
then there is a compact group K and a homomorphism ¢: G — K with dense range
such that S is essentially isomorphic to K, with the action of g € G on K given by
right translation by ¢(g).

Proof. This follows from Proposition 2.3, [5, Theorem 1}, and [11, Theorem
5.7].

We note that there are analogs of Proposition 2.3 and Corollary 2.4 for exten-
sions. We include them, modulo a few details, for completeness. Thus, let
(X, 1), (Y,v) be ergodic Lebesgue G-spaces, u and v invariant probability
measures, and p: X — Y a measure-preserving G-map. See [11, Definition 5.4]
for the definition of X being a normal extension of Y.

PRrOPOSITION 2.5. Suppose X is a normal extension of Y. Then X has relatively
discrete spectrum over Y [11, Definition 5.1].

Proof. Let F,=py), p=["p,dy, H, =L¥F,, p,) and ofy,g):
H,, — H, the naturally induced cocycle [11; Example 2.3]. Let B(x,2) =
o p(x), ) and H, = H () . Normality means that § is equivalent to the identity.
Thus, there is a Hilbert space H, and a Borel field 4,: H, — H,, unitary for
almost all x, and such that for each g and almost all x, A(x) B(x, g) A(xg)! = 1.

Suppose X does not have relatively discrete spectrum over Y. Let V CL¥(X),
V' 5 {0}, be the orthogonal complement of the space spanned by the G-mvanant
finite-dimensional subbundles of LX) = [® L(F,) du(y). Then V = [® 7, .
Let V, =V, CH,, and y =« | V; ie, ¥(3,8) = (3,8)| Vo . By the
choice of ¥, y has no nontrivial ﬁmte dlmensmnal subcocycles Let P H -V,
be orthogonal projection, and P: f H,dp — _[ V, be orthogonal projection;
ie, P = j P, du(x). Now choose an element ze Hysuch that P A(xy'z #0
for x in a nonnull set. Define ke f H, dy,(x) by & _j h,, where h,
A(x)'2. Let o be the representation of G on f H, dp induced by 8[11, Example
2.4]. Then

a(h)w = ﬁ('xv g) hmg
= B(x, g) A(xg) 'z
— A(x)tz — h,

for almost all x. Thus h is invariant under o.

Smce V = j V, is invariant under the representation of G induced by o,
_f V,C f H will be invariant under the representation of G induced by 8.
Thus Ph ef V, will also be G-invariant, and by the choice of 2, Ph # 0.
Now f V, can be indentified with _[® (V, @ L4F,)) dv(y), and the representa-
tion o becomes the representation induced by the ¥ < G cocycle y & a. Since

580/25/3-6
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Ph is G-invariant, y ® « contains the identity cocycle representation, and it
follows from [11, Lemma 2.13] that y must have a finite-dimensional subcocycle.
This contradicts the choice of ¥V, which shows that X must have relatively
discrete spectrum over Y.

COROLLARY 2.6. If X is a normal extension of Y, where X and Y have finite
invariant measures, then there is a compact group K and a minimal cocycle [11,
Definition 3.7] ¢: Y X G — K such that up to isomorphism modulo null sets,
X =Y x K [11, Sect. 3].

It is Corollary 2.4 that we will generalize to the case of a o-finite measure.
The proof given below provides a new proof of Corollary 2.4. It seems likely
that Corollary 2.6 can be generalized as well, perhaps using similar methods.
We will not attempt that here, but rather leave it to a future paper.

3. THE INDUCED POINT TTANSFORMATIONS

In this section, we begin the proof of the theorem stated in the introduction.
Thus, suppose S is a normal G-space, with m a o-finite invariant ergodic
measure on S. It will often be convenient to work with an equivalent finite
quasi-invariant measure u on S. We remark that there is a natural isomorphism
of L¥(S, m) with L%(:S, ), and we usually use the same symbol to denote naturally
identified unitary operators. Let 7" denote the natural induced representation of G
on L¥(S) described in Section 2. Normality implies that there is a Borel field of
unitary operators U(s): L¥(S) — L¥(S) such that for each g and almost all s,
U(s) T(g) U(sg)™! = I. The idea of the proof is to use the operators U(s) to prove
that L=(S) has the structure of a commutative Hopf-von Neumann algebra with
an involution and invariant measure [10]. We will then apply Takesaki’s
theorem [10, Theorem 2] to obtain our result.

We begin by showing that we can modify U(s) so that these maps induce point
transformations of S. Let B be the Boolean o-algebra of projection operators
in L2(S) defined by multiplication by the characteristic functions of subsets of S.
Then it is well known that T'(g) leaves B invariant, i.e., T(g)"1BT(g) = B for
all g € G. Let B, be the Boolean g-algebra defined by B, = U(s) BU(s)"L. The
space & of Boolean o-algebras of projection operators on H has a standard
Borel structure [1; 11, Lemma 4.5], and since U(s) is a Borel field, s — B,
is a Borel function. We claim that this function is G-invariant. For g€ G, we
have, for almost all s,

By, = U(sg) BU()™

= Ulsg) T(g) BT (g) U(sg)™
= U(s) BU(s)™ = B,.
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Since % is standard, it follows by the ergodicity of G on S that B, is constant on
a conull set. Choosing a given unitary operator 4 such that AB,4~' = B for
almost all 5, replacing U(s) by AU(s), then changing on a Borel null set, we can
assume U(s)"1BU(s) = B for all 5.

Now let U: L3S x S) — L4 S x S) be defined by U= f U(s) du, where
we have identified L3S X S) w1thL2(S L¥S) = _[ L2(S) du. Then U preserves
the Boolean algebra B(S x §) = f B du(s). Thus, there is a Borel map ¥
on S X S such that (i) ¥ preserves the measure class of u X y, and (ii) ¥*:
B(S x S) —> B(S x S), ¥* = U where U is the automorphism of B(S < S)
induced by U (i.e., U(P) = UPUY) [8, Theorem 2.1].

Let p;: S X S — S be projection onto the first factor. Then p,*: B(S) —
B(S x S)and we have Up,* = p,*; thatis ¥*p,* = p,*, and hence p, o ¥ = p;
almost everywhere [8, Theorem 2.1]. Now {(s, t) | pl‘l’(s, t) = s} is conull Borel,
so changing ¥(s, t) on a Borel null set we can assume ¥ is Borel, measure-class
preserving, and p, o ¥ == p, for all (s,2) € S x S.

For each s, define ¢(s): S — S by ¢(s)(t) = p,¥(s, t).

LemMA 3.1. For s in a conull Borel set, §(s) preserves the measure class of p.

Proof. We first note that s — ¢(s),u is a Borel function from S into M(S),
the space of finite measures on S. (See [3], e.g., for a discussion of this space.)
To see this, let E C S be Borel. Then u(¢(s)HE)) = n(F-XS x E) N p7'(s)).
This is a Borel function of s by virtue of Fubini’s theorem and the fact that ¥
is Borel. Now p X u = _[ wdu(s), so Py X p) = f B(5)xp duls). Since

V(e X p) ~ p X p, we must have, for almost all s, ¢(s) . p ~ p. Furthermore,
it follows from [9; Lemma 1.1] and the fact that s — ¢(s),p is Borel, that
{s | $(s) st ~ p}is a conull Borel set.

We also note that this implies that for s in a conull Borel set

H(s)* = U(s): B(S) — B(S).

Ultimately, we use the maps ¢(s) to define a Hopf-von Neumann algebra. In
order to do this, the maps must satisfy several conditions. This and the following
two sections are devoted to demonstrating that we can modify ¢(s) in such a way
that the required conditions hold. We begin this task with the following.

Lemma 3.2. Let Ag): S— S be Mg)s) = sg. Then for each g and almost
all s, Mg) #(s) = P(sg) almost everywhere.

Proof. For each g, U(s) T(g) = U(sg) for almost all s, so U(s) T(g) = U(sg)
on B(S), i.e., p(s)*A(g)* = ¢(sg)*, from which the result follows.

Since ¥* is a Boolean isomorphism, ¥ is injective on a conull Borel set
[8, Theorem 2.1]. Hence, for almost all s, $#(s) is a Borel isomorphism from a
conull Borel set onto its image, which is also conull Borel. Hence ¢(s)~! can be
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defined almost everywhere for almost all s, and we can extend it to the remainder
of § by letting it equal some fixed non-atom g € S.

Although ¢(s) (and ¢(s)~) will not necessarily preserve the G-invariant measure
m, we now show that we can modify ¢ so that it will. The map s — m, =
#(s)x'm is Borel, as can be seen as in the proof of Lemma 3.1. By Lemma 3.2,
for each g and almost all s,

My = ¢(sg)>—(<1m = ¢(S); /\(g)?klm =my.

Since the space of o-finite measures is countably separated, ergodicity of G on §
implies m, is constant on a conull set, say m, = ». Choose an arbitrary s, with
B(so)7m = v. Let §(s) = (s) $(so)L. Then §(s)z'm = §(s,)sxm, = m for almost
all 5, Thus, replacing ¢ by § and U by U(s,)"2U(s), we can acutally assume that
é(s)ym = m for almost all s.

Let W(s) = ¢(s)*: LA(S, m) — L¥(S, m), i.e., (W(s) f)(t) = f(¢(s)t). Since ¢(s)
is a measure preserving isomorphism, W(s) is unitary. U(s) is not necessarily
equal to W(s), but they induce the same automorphism of B(S). Further, from
Lemma 3.2, we have W(s) T(g) W(sg) = I for each g and almost all 5. The
result of these remarks is that we can replace U by W, and hence assume that
(almost everywhere) U(s) is actually the unitary induced by the measure preser-
ving point transformation ¢(s). '

We now consider relations between the various maps U(s).

Lemma 3.3.  There is a Borel field of unitary operators A(t), t € S, such that
Jor almost all (s, t),

Ulg(s)r) = A(t) U(z) U(s) (3-3)

Proof. Let W(s) = U(¢(s)t) U(s)2U(¢). Then for each g and almost all
(s, 1),
Wisg) = U((s)t) Ulsg)*U(e)™.
Uldlsg)r) T(g)2U(s) U@
U([¢(s2)t] & )U(s)1U(e)
= UXNg)'$(sg))Uls) 1 U(t)™!
= U((s)t) U(s)U(e) = Wi(g),

by Lemma 3.2. Since W;: S — U(L¥S)) is Borel, and U(L*(S)) is a standard
Borel space, for almost all ¢, W, is constant on a conull set. Letting A(t) be this
constant, the result follows.

We will need a result similar to Lemma 3.3 that gives an expression for
U(¢(s)~t). To do this, let G act on S x S by (s, t)g = (sg, tg) and let E be the
space of ergodic components of the action for some (essentially unique) ergodic
decomposition [7, p. 192]. Let §: S X S — E take each point to its ergodic
component, and let 7 = 8,.(u X p).

I

i
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LEMMA 3.4. There is a Borel field of unitary operators B: E — U(L¥(S)) such
that for almost all (s, t),

U((s)11) = B(S(s, 1)) U(t) U(s)™. (3.4)

Proof. Let W(s, t) = U(é(s)~'t) U(s) U(t)"*. Then for each g and almost all
(s, )
Wis, tg) = U(d(se)"'tg) Ulsg) Ultg)™*
U((s) M) 12) ULs) T(g) T(e)U()™
— U(s)) Us) UGty

f

Thus, W: S x S — U(L¥S)) is Borel and G-invariant, and since U(L¥S)) is
standard, there is a Borel function B: E — U(L¥S))such that B(8(s, t)) = W(s,t)
for almost all (s, ). The result now follows.

We often need points that behave well with respect to various almost every-
where conditions. Thus let S, C S be a conull Borel set such that s € S, implies
the following:

(1) ¢(s) and ¢(s)* preserve the measure m, and ¢(s)* = U(s) {cl)
(i) {te S1(3.3), and 3.4 hold} is conull (c2)
(i) (3.2) holds. (c3)

We make further restrictions on S throughout the paper. A technical condition
we shall need presently is the following.

Let d(s, t) = A(¢(s)"2t) B(8(s, £)), where seS;. Then d is essentially G-
invariant, and hence d(s, t) = By(8(s, ¢)) almost everywhere, where By is defined
on E. A further condition on S, we require is

(iv) se.S, implies By(8(s, t)) == d(s, t) for almost all ¢. (c4)

Another condition we will require stems from the following.

LeMMA 3.5. Let E be an ergodic decomposition of S x S. For each s € S, let
8, =38|{(s,t) | te S}, 508, S — E. Then for almost all s, (8 )p ~ n.

Proof. Define amap F: § x S — S X S by F(s, t) = (s, ¢(s)"t). Then for
almost all (s, t), F(sg, tg) = F(s, t) o g, where (o g) is the operation (y, 2)og =
(¥g, 3). Thus, F sets up an isomorphism of the Boolean G-spaces (B(S x S), )
and (B(S x S), o) which preserves by projection on the first factor. Since the
conclusion of the theorem holds for (B(S X S), <) it is not hard to see that it
holds for (B(S x §), -) as well.

We now state the condition on s we will need:

(v) se S, implies (3.5) is true. (c5)
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We now modify ¢(s) and U(s) so as to make the equality in Lemma 3.3 more
manageable. Choose a point s, € S; and let §(s) = $(s) o ¢(s,)~* and

Uls) = Ulso)™U(s)

LemmMa 3.6.  There is a Borel field A(t) such that if s € S, , then for almost all t,
T(s)r) = At) Ue) U(s).

Proof. Letse S, . Then for almost all ¢,

U(@(s)t) = Ulso) T U((s) $(s0) )
= Ulso) 2 A($(s0)7'2) Ul(so)7'2) U(s)
= U(so)2A($(s0)'t) B(8(sq , 1)) U(t) Ulse)~*U(s)
= A() U@t) U(s),
where
A(t) = U(s)™A((s0)™) B(8(s0 » 1)) Ulso)-

The point of Lemma 3.6 is the following.

COROLLARY 3.7. A(t) = I for almost all t.
Proof. Let s =s, in Lemma 3.6. Since ¢(s,)t = ¢ for almost all ¢ and
U(s,) = 1, we obtain for almost all 7, U(t) = A(t) U(t).
We now wish to establish a similar result for the corresponding modification
of B(8(s, t)).
Lemma 3.8. ForallseS,,
U(d(s)"t) = U(z) U(s)* for almost all .
Proof. ForseS,, we have for almost all 7,
T(F(s)2) = Ulso)™ Ul(s) $(5) )
= Ulso) ™" A((s) ') U((s)™t) U(so)
= Ulso) 2 A((s)™"2) B(3(s, 1)) U(2) U(s)~*U(s0)
= ¢(s, ) U(t) U(s)™,
where ¢(s, t) = Ulsy)LA($(s)~1t) B(S(s, t)) U(s,). By Corollary 3.7, and the
expression for A(t) in the proof of Lemma 3.6, c(sy, #) = I for almost all .
This implies d(s, , 2) = I for almost all  (see condition (iv) on S, for the defini-

tion of d), and by condition (iv) that By(8(s,, t)) = I for almost all . Now
condition (v) on S, implies that By(e) = I for almost all e € E. But for s€ .S,

(s, t) = U(sy) ™ By(8(s, t)) U(sy) for almost all z.

Condition (v} on S, then implies c(s, t) = I for almost all #. The result follows.
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For notational ease, we hereafter call U and ¢ by U and ¢, respectively. We
summarize some of our results in the following theorem.

THEOREM 3.9. We can choose the operators U(s) and the maps ¢(s) in such a
way that for s € S, , a conull Borel set in S, (i) U($(s)t) = U(t) U(s) for almost all
all t; (ii) U(g(s)~t) = U(t) U(s)™* for almost all t. Furthermore, there is an
element s, € S such that d(s,)t = t a.e., and U(s;) = L.

It will be necessary for us to modify U and ¢ again later on. It is easy to check
that if f,€S,, and we make the modification U(s) = U(t,) " U(s), H(s) =
#(s) $(t,)~2, that Theorem 3.9 remains true, with the role of s, now played by ¢,
and .S, unchanged.

4. THE INVOLUTION

We now construct a measure class preserving map on S which will enable us
to define an involution on L*(S). In order to do this, it will be necessary to exam-
ine more closely the ergodic decomposition of S x .S under the product action.
Let F: S x S~ 8 x 8 be F(s, t) = (s, $(s)"2t). Then, for almost all (s, 2),
F(sg, tg) == F(s, t) o g, where, as above (o g) is the operation (v, 2) o g = (yg, 2).
Then F* is an isomorphism of the Boolean G-spaces B(S x S, -)and B(§ X S, o).
Hence, there are invariant conull Borel sets T, T, C S X §, and a bijective
G-map A: T, — Tysuch that 4 = Fa.e. Let p: S x S— S be projection on the
second factor and let ¢ = p o A. Then ¢: T, — S preserves measure class and
it 1s clear that decomposing u X u with respect to u over the (G-invariant)
fibers of ¢ defines an ergodic decomposition of u X u. We will call {g7(s) N
(S X S — T))} the ergodic pieces of S x S.

Let 7(s, ) = (¢, s). Then r is a G-map, and hence, modulo null sets, permutes
the ergodic pieces of S X S. More precisely, g o7 is G-invariant, and hence
there is a Borel map a: § — S and an invariant conull Borel set T; C T; such
that g(r(z)) = a(g(2)) for all z € T; . Replacing T; by T N 7(T}), we can assume
T, = r(T,). The above remarks imply that if # C Ty is a union of ergodic
pieces, then r(H) is also a union of ergodic pieces. (Ergodic pieces in Ty are
ergodic pieces of S x S intersected with T .)

Let S, be the conull Borel set of elements ¢ .S that satisfy the following
conditions:

(i) () is measure preserving

(i) F(s,t) = A(s, t) and F(t, s) == A(t, 5) for almost all s.
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(iii) {s|(s,t) e T,} is conull
(iv) {s|(t, s)e A(Ty)} is conull.

The main result of this section is the following:

ProposiTiON 4.1. Let ji(s) = ¢(s)2t. Then if teS,, j, is measure class
preserving.

Proof. Let EC S, and suppose u(E) > 0. Then sej;(E) if and only
if (s, £) e F-YS x E). Then for fixed ¢ S,, the following sets have the same
measure:

{s1(s, ) eFY(S x B},

{sl(s)e A7(S X E)} by (i),

{s](t, s)er(AYS x EyN Ty)} by (iii),
{1 4@) 1) e A(r(AHS X E)n Ty)); by (ii).

Now {y | (t,y) € A(rA~(S x E) N T,)} has positive measure since
r(AY(S X E)) " T, is a union of ergodic pieces and has positive measure,
and by condition (iv). Since ¢()~! is measure preserving, we obtain u( j;*(E)) > 0.
A similar argument shows u(E) = 0 = u(j37(E)) = 0.

We conclude this section with some further technical results we will need,
which are consequences of Proposition 4.1.

We require that elements s € S, now satisfy additional conditions.

(vi) se S, implies {y | U($(y)%s) = U(s) U(y)~1} is conull. (c6)

(vii) s€.S;, sothatj,is measure class preserving. (c7)

The only difficulty with these conditions is that there is no guarantee that s,
satisfies them. We thus modify U and ¢ as above. Choose #, so that conditions
(c1-c7) are satisfied. Let

B(s) = 8(s) o $lto) 7%,
U(s) = Ult,)1U(s).

LemMa 4.2. For any s € S, (i.e., satisfying c1-c7), U($(y)2s) = U(s) U(y)
Jor almost all y.

Proof. U(d(y)7%s) = Ult,)2U(d(2,) $(¥)%s). Since j, preserves measure

class, for almost all y, this becomes
Uto)yU(d(te) $(3)7%s) = Ult) T U(S(3)7%s) Ulty)
= Ulty)1U(s) U(y)1U(%,)
~ O(s) U(»).
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Thus, relabeling U, &, t, by U, ¢, s, , respectively, we can assume, without
losing our previous results, that conditions ¢6 and ¢7 hold for Sy .

COROLLARY 4.3. (d(v)Ls,) = ¢(y)"! almost everywhere, for almost all y.

Proof. By condition c6,

U($(3) 1so) = Uls) U()7! = Uly)* ace.

5. EssenTIAL INjECTIVITY OF U

We show in this section that it suffices to consider the case in which U:
S — U(L¥\S)) is injective on a conull set. A variation of our notation will be
helpful. Let ¢: S — U(L¥S)) be g(s) = U(s) and Q(s): U(LYS)) — UL¥S))
be defined by O(s)x = xg(s).

LemMma 5.1. Ifse S, , then
(1) (g od(s)Ht = (Ofs) o 9)(2) for almost all t.

(i) OC(s) and Q(s)! preserve the measure class of v = q,(u).

Proof. (i) is clear. Let F C ¢(S), and D = {t | U($(s)t) = U(t) U(s)}. Then
gHOE)WF)N D = ¢(sy g 2F)N D and since D is conull and ¢(s) measure
class preserving, F is null if and only if Q(s)~1F is null. Similarly,

THOEF)N D' = $(s)YgF) N D',
where

D' = {t] Uldls) ™) = U@) U(s)™,

and (i1) follows readily.

Via the map ¢: § — X = ¢(S), we can identify L} X, v) as a subspace of
L&(S, p). Lemma 5.1 implies that for s € S, U(s)(L¥X)) = LA(X). U(*) can be
considered as defined on X, and we let W(x) = U(x) | LX) for x € ¢(S,), and
an arbitrary unitary on LX) otherwise. Lemma 5.1 also implies that for s e S, ,
O(s)*: B(X) — B(X), we have Q(s)* = W(g(s)). Since U(s) leaves LX)
invariant for almost all s, so will T(g). Thus, there is an induced factor action
of G on X [11, Proposition 2.1]. Let Ty(g) be T(g)|L¥%X). The relation
U(s) T(g) U(sg)™ = I implies W(x) Ty(g) W(xg) ™ =1, and hence X is a
normal G-space. We now show that W is essentially injective.

Lemma 5.2. If x,y¢(S,), and W(x) = W(y), then U(x) = U(y). (So
n fact, x = v).
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Proof. Let g(s,) = x, q(s;) = y, where 5; € Sy . Then for almost all z € X,
O(s1)z = S(s)2-

Hence for almost all ¢,

O(s1) 4(2) = O(s2) 9(2),

which, from Lemma 5.1, implies

U($(s1)t) = Uld(s2)t)-

But this implies
U@)U(sy) = U(t) U(s,)  for almost all ¢,

which shows U(x) = U(9).

We now want to show that assuming the theorem true for the normal G-space
X implies that it is also true for S. To do this, we will need a rather delicate
statement of the theorem. What we will assume, and this will be shown in
Section 6, is that we can modify the maps (x), in a way to be spelled out below,
to obtain maps W(x), so that there is (i) a locally compact group H, (ii) 2 homo-
morphism of G into H with dense range, (iii) a conull G-invariant set X; C X,
and (iv) a Borel measure class preserving G-isomorphism 8: X; — H with the
following further property. Let @ = 8*: L°(H)— L=(X;). Then for almost
all x,

O W(x)P = o(8(x)), (%)

where o is the right regular representation of H. The restriction we need on W(x)
is that

Wix) = Wiw,)™ - Wx) W), (*%)

where the x; can be chosen (not arbitrarily) within a given conull set. The point
of this last statement is that we want to ensure that x, € g(.S;). Conditions (*)
and (**) do not appear specifically in the statement of the theorem. However,
condition (*) is Lemma 6.7 and (**) can be seen by examining the proof.
Finally, we now proceed to show how this implies the theorem for .S.

Let U(s) = Ulsa)™* - Uw)U(s), and $(s) = 4(5) $ls) -+ $(s,)"* where
s; € Syand ¢(s;) = x; . Then Lemma 5.2 clearly holds for U and W as well as U
and W.

LemMa 5.3. For almost all x, y, 2, W(x) W(y) = W(z) implies U(x) U(y) =
U(z).

Proof. Letyeg(S,), s0y = g(ty), ty € Sy . Then for almost all s, U($(t,)s) =
U(s) U(t,) since sy ,..., s, € Sy . Thus, for almost all s,

W(g(s)) W(y) = W(g(d(to)s))-
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Hence, by Lemma 5.2 for almost all s, 2, we have W(g(s)) W(y) = W(z) implies
U(g(¢(t,)s)) = U(z). From the above, this means U(s) U(t,) = U(z). This
completes the proof.

TueoreM 5.4. Under the above assumptions, U is actually essentially injective.
Thus S is essentially isomorphic to X, and so the conclusion of the theorem holds
for S.

Proof. Let8: X, — H as described above. Then for almost all ,

W(6-'h) = Pa(h) P.
Hence,
W(0-RYW(6-'h) = W(6-'(hk))

for almost all A, k. Let Wyh) = U(6-1h). It follows from Lemma 5.3 that
Wy(hk) = Wy(h) W(k). Thus, we get an induced action of H on S which has
as a factor action the action on X. Since X is essentially isomorphic to H as an
H-space, S — X must be essentially injective if S is ergodic [14, Lemma 8.23].
Hence, it remains only to show this latter condition. But a set invariant under
almost all & for the Boolean action defined by W(k) will be invariant under the
action defined by U(s) for almost all 5. Since U(s) T(g) = U(sg) a.e., this implies
that there would be an element invariant under T(g) for all g, which contradicts
the ergodicity of G on S. This completes the proof.

We may thus assume from this point onward, that U is injective on a conull set.
Making a modification similar to those above, it is easy to see that we can
suppose § is in this set, and we require the further condition on S;:

(viit) U is injective on Sy . (C8)
We draw some important corollaries.
CoroLLARY 5.5. Let j =j, (see Proposition 4.1). Then j* =id almost
everywhere.

Proof.  j(s) = ()15 , 50 J3(s) = B(b(s)~1s9) L5, . Now s —> ¢(s)~1s, is measure
class preserving, so by condition C6 (see also Lemma 4.2), for almost all s,

U(A(s)) = Ulso) U(s)s0)
= Usy) U(s) Ulso) = U(s).

The result follows since U is essentially injective.

COROLLARY 5.6. t — (t)s is measure class preserving for almost all s.

Proof. For almost all (s, t).

Ul(t)s) = U(d($(t)*s0) ),
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and by essential injectivity,

B(t)s = $(B(t) 7505 = 1(Ju(2))

almost everywhere. The results follows from Proposition 4.1.

6. Proor oF THE MAIN THEOREM

We now describe the Hopf-von Neumann algebra structure on L*(S). The
various measure theoretic results of the preceding sections will make verification
of the Hopf-von Neumann algebra axioms fairly straightforward. The reader
is referred to [10] for definitions and results pertaining to Hopf~von Neumann
algebras.

DEeFINITION 6.1. Let 8: L2(S) — L2(S) & L*(S) = L2(S X S) be given by
8(f)s, 1) = f($(2)s), where f € L(S).
PROPOSITION 6.2. 8 is an isomorphism of L=(S) into L*(S x S).

Progf. 8 is the map induced by the function § X §— S, (5, 2) — ¢(t)s.
Since (s, ) = (s, $(s)t) is measure class preserving, so is (s, t) — ¢(s)t.
‘We now show that 8 is a comultiplication.

PROPOSITION 6.3. (8 ®17) 8 = (i ® 8) o & (these are maps L=(S) — L=(S) @
L*(8) ®L*(S) =L*(S x § x 8)).
Proof. Consider ((8 & 7)g)(s, ¢, u) where geL=(S x S). For almost all »
we have g, € L*(S) and then
(6 @) &)s t, u) = 3(gu)(s, 1)
= &u(#(2)s)-
Now if g = &f, then
@uly) = ¥ (3, 4) = f($()y)-
So
(6 @ NS )s, 8, u) = (&f Ju($(2)s)
= f($() $(t)s)-

On the other hand, consider (( & 8)g)(s, ¢, u) where g€ L*(S X S). Then for

each 5, we have g,eL=(S), and (( ® 8)g)(s, ¢, u) = 8(g,)(t, u) = g.(P(w)t).
If g = &f for feL=(S), then

&(y) = (& )s, ¥) = f($(2)9)-
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Hence (6f)y((u)t) = f(H(P(u)t)s). But for almost all (s, ¢, u), H(u)d(t)s =
d(p(u)t)s, and therefore (i & 8)8 = (8 ® ).

Proposition 6.3 shows that (L=(S), 8) is a Hopf~von Neumann algebra, which
is clearly commutative. We now defined an involution of this algebra.

Let j: S — S be j = j,, (see Section 4). Then j preserves measure class and
hence induces a map J:L=(S)— L=(S), (Jf)s == f(j(s)). Since (J*)(s) =
J(f < )s) = f(y%) = f(s) for almost all 5, by Corollary 5.5, ] is an involution.
Let ¢:L*(S) @ L=(S) — L=(S) ® L=(S) be defined by o(f Rg) =2 R f.
Under the isomorphism of L*(S x S) with L=(S) & L*(S), this map is identified
with the map of L*(S X S) defined by (of )(x, ¥) = f(y, x). We claim:

PROPOSITION 6.4. 6080 ] = (] ® J)o 8. These are maps L*(S) — L=(S) ®
L=(S) = L=(S x S)).

Proof. Since 0,3, [ are all induced by point maps (say o , 8, , J, respectively)
it suffices to show that jo8,c0, = 8,0(j X ) almost everywhere. For
(t,5)€S x S, the left side is (jo8,)(s, t) = j((t)s) = P($(t)s)s,. Now
U(d(g(t)s)2sp) = U($(t)s)! a.e. (by condition ¢6 on S,) = U(t)-1U(s). But we
also have U(§(s) §(t)'sy) == U(t)"2U(s) a.e. since j is measure class preserving.
By the essential injectivity of U, we conclude (j o 8,)(s, t) = $(s) $(t)1s, a.e.

On the other hand,

G o (7 XL ) = 8x((2), 5(5)
— SN
LORS OB
Since j preserves measure class, this = ¢(s)~1¢(¢)~1s, a.e. This proves the lemma.
Finally, we verify that the invariant measure m is also an invariant measure
in the sense of Hopf-von Neumann algebras. Since L=(S) is a von Neumann
algebra, the automorphism J: L*=(S) — L*(S) induces a map J, on the predual
space, i.e., [,: LYS) — LY(S). If A € L(S), this map is given by J,(}) = (A )4,
where 4 == dj ,m/dm.

Lemma 6.5. If f, g, he L=(S, m) N LY(S, m). Then

m Qm((f ® g)8h) = m @ m((k ® J.g) ).
Proof. Identifying L*(S) & L=(S) with L=(S x S), the left side becomes

[ 761 20y Wity s a ™
Sx§

and the right side
| | #6) &) £(8(2)s) A(t) ds (**)

Sx§
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Replacing ¢ by j(t) in (*), we obtain

[] 76y 8tity (ity) Aty ds at = [ [ £(5) atit) h(e)s) A(e) ds a.

SXS§ SXS§

Now replace s by qS(t)s. Since ¢(z) preserves measure for almost all £, we obtain

(5) = (x4).

We summarize our results.

THEOREM 6.6. (L*(S), 8, J) is an involutive Hopf—von Neumann algebra with
invariant measure m.

As a consequence of Takesaki’s duality theorem [10, Theorem 2], there is an
isomorphism @ of (L*(S), 8, J,m) with (L*(H), 8y ,jx,uy) where H is a
locally compact group. We note that this implies 85 o @ = (@ ® D) - 3. Since
@: L2(S) — L*(H) is an algebra isomorphism, @ is induced by a Borel map
6: H — S which is injective and measure preserving [8, Theorem 2.1]. Let o
be the right regular representation of H.

LEmMA 6.7. For almost all s,
o(6-(s)) = PU(s) P71

Proof. Let AcL¥H). We want (o(6-*))A)h = (DU(s) M) for almost all
(s, k) € S X H. For this it suffices to show
(a(8-19)A)(E 1) = (PU(s) P7*AN6 1) (*)

for almost all (s,2) e § x S. Now the left side of (*) is (8gA)(6-t, 6-1s) by the
definition of 8 . Since # induces @, 6-1 induces @1, and this = (@ R D)
(8xA)(2, 5). Since @ is a Hopf algebra isomorphism, this

= (8 o PN A(%, 5) = (D)2, 5)

= @ \(D(s)t) = U(s) D\(2)

= BU(s) DN(611),

completing the proof.

COROLLARY 6.8. For each g e G, DT(g) D' = o(h) for some he H.
Proof. T(g) = U(s)~*U(sg) for almost all s. We can choose s so that this
equality holds and @U(s) D = o(6-1%),
DU(sg) D1 = o(0Y(sg)).

But then
T(g) = P7o(6-"5)7 (0~ (s2))D.
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We are finally ready to prove the main theorem.

TueoreM 6.9. If S is a normal G-space with a o-finite invariant measure,
then there is a locally compact group H such that S is esesntially isomorphic to the
G-space H, where the action of G on H is defined by a homomorphism of G into H
with dense range.

Proof. Define a homomorphism 4: G — H by A4(g) = ¢ {(@T(g) D)
(recall that ¢: H — U(L3(H)) is a Borel isomorphism onto its image). Consider
the corresponding action of G on H. The induced unitary on L%(H), say W(g),
is just @T(g) D-1. But since P:L>(S)—~ L*(H) is an algebra isomorphism,
@ is also a Boolean isomorphism of B(S) —» B(H). Thus @ is an isomorphism
of the pairs (T(g), B(S)), (W(g), B(H)). It follows that the actions of G on §
and H are essentially isomorphic. Finally, 4(G) must be dense in H, since the
action is ergodic.

CoroLLARY 6.10. If S has a finite invariant measure, the group H is compact,
and S has discrete spectrum.

Proof. H is compact if and only if the Haar measure is finite.
Remark. 'This provides a different proof of Corollary 2.4.

Remark. 1t seems likely that Theorem 6.9 remains true under the weaker
assumption that S has a probability measure quasi-invariant and ergodic under G.
With still further attention to measure theoretic detail, one may be able to show
that a normal G-space with a quasi-invariant probability measure actually has a
o-finite invariant measure, by a method similar to that of [14, Lemma 8.33].

7. FINITE INVARIANT MEASURES

In this section, we give a direct proof that G-spaces with finite invariant
measure and discrete spectrum (where the spectrum satisfies a certain additional
condition, which always holds if G is abelian) are normal, and then use Corollary
6.10 to describe their structure.

Prorosition 7.1. Suppose G acts ergodically on S, with a finite invariant
measure, and that L¥S) has an orthomormal basis of eigenvectors of the action.
Then S is a normal G-space.

Proof. Let {f;} be an orthonormal basis of eigenvectors, so that T(g)f; =
Mg)fi» Mg)eC, and let H;, = Cf;. We claim that for each 7, the cocycle
ofs, g) = T(g) | H; is equivalent to the identity. For this, it suffices to show that
there is a G-invariant function in L¥(S; H,) for the induced representation U®
of G. But 0: S — H;, 6(s) = f(s)f; clearly satisfies the required conditions.
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As a consequence, we obtain the von Neumann-Halmos theorem.

CoroLLARY 7.2. If T:S — S is ergodic with pure point spectrum, then T
15 equivalent to a rotation on a compact abelian group.

Proof. Proposition 7.1 and Corollary 6.10.
More generally, we obtain a special case of Mackey’s theorem [5] by these
methods.

ProposiTiON 7.3. Suppose S is an ergodic G-space with finite invariant
measure. Let U(g) be the natural represemtation of G on L¥(S) suppose U =
ZfiL (dim 7}, where L is a collection of equivalence classes of finite-dimensional
irreducible representations. Then S is a normal G-space and hence the conclusion of
Corollary 6.10. holds.

Proof. Fix welL, and let n =dimm Choose orthonormal elements
Ji s o €LYS) such that H = span{f;} is invariant and irreducible under G,
and U | H is equivalent to 7. Let @;,(g) be functions on G such that U(g)f; =
Y a,;(g)f: . Then the hypothesis of the theorem implies there is an orthonormal
set of functions k,;, in L¥(S), 1 < ¢, k < », such that (i) k;; = f; and (ii) for each %,
U(g) b, = s aii(8) hir. -

To show the action is normal, it suffices to show that the cocycle ofs, g) =
U(g) | H is equivalent to the identity, since = is arbitrary. To do this, it suffices
to produce nonzero G-invariant functions 8,: S — H, k = 1,..., n, such that
{0.(s)} are orthogonal for almost all s.

Define 6,(s, t) = 3, h;;(s) fi(t), which we can consider as a function S — H.
Then

bx(sg, tg) = Z hi(sg) fi(tg)

=Y (Z a2 ﬁ,-,c(s))(z am(g)fw(t))
= Y Y ;/(8) api8) hrls) ful2).

Since a;,(g) is unitary for each g,
5 (£ a0(0) ) B £,0)) = X 8Bl 10)
= Ou(s, ©).

Thus, 6, are invariant, and it suffices to show that for each fixed 7, &, i 5~ %, and
almost all s, that

A(s) = fs 0.5, t) Bi(s, £) dt = 0.
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But this is just

46) = [ (E RO SO)E 1) T0)

= Z hia(s) hpi(s) ij(t)f,,(t) dt
= Z fija(s) Py(s).

Now an argument similar to the one above, showing that 6, is invariant, will
show that A(s) is G-invariant. By ergodicity, A(s) is essentially constant. But
JA(s) ds = 3 ; {h;; | hy> = 0. Thus, A(s) = 0 almost everywhere, completing
the proof.
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