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Abstract

In a (0,1) supersymmetric (SUSY) six-dimensional gauge theory, a gauge fermion gives rise to box anomalies. These
anomalies are completely canceled by assuming a vector multiplet of (1,1) SUSY. With a T2/Z3 orbifold compactification
of the extra two-dimensional space, the theory provides three chiral multiplets and three equivalent fixed points. We regard
them as the origin of the three families of quarks and leptons. Quasi anarchy structure in the SU(5)-5∗ sector and hence the
bilarge mixing in the neutrino oscillation are explained quite naturally in this framework. We also discuss a family symmetry
as a remnant of the higher-dimensional R symmetry.

1. Introduction

The triplicate family structure of quarks and lep-
tons is one of the most mysterious features in par-
ticle physics, and it is expected to be an important
indication of more fundamental physics beyond the
standard model. In the four-dimensional spacetime all
gauge anomalies are canceled within one family and
there is no necessity to introduce other two families in
nature. However, the anomaly cancellation in higher-
dimensional theories imposes further nontrivial condi-
tions on the theories, and it sometimes requires multi-
plication of massless particles.

E-mail address: watari@hep-th.phys.s.u-tokyo.ac.jp
(T. Watari).

In this Letter, we show that the triplicate family
structure arises naturally from a six-dimensional su-
persymmetric (SUSY) gauge theory. We assume a
SUSY SO(10) gauge theory and put the vector multi-
plet of SO(10) in the six-dimensional bulk. The anom-
alies in the six-dimensional spacetime are completely
canceled out by introducing the (1,1) SUSY vec-
tor multiplet in the bulk. We adopt a T2/Z3 orb-
ifold to reduce the theory to a four-dimensional theory
with N = 1 SUSY. We find that the SO(10) is broken
down to SU(5) × U(1)5 and three families of 10’s of
the SU(5) remain massless after the orbifolding. The
[SU(5)]3 anomalies are localized at the three indepen-
dent fixed points, which are canceled by introducing
one 5∗ at the each fixed point (i.e., three 5∗’s). The
three massless 10’s come from three SO(10)-adjoint
N = 1 chiral multiplets Σ,Σ ′ and Σ ′′ in the (1,1)

PII: S0370-2693(02)0 15 36 -8

 2002 Elsevier Science B.V. Open access under CC BY license.

0370-2693/02  2002 Elsevier Science B.V. Open access under CC BY license.

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Elsevier - Publisher Connector 

https://core.ac.uk/display/82435393?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.elsevier.com/locate/npe
http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/


T. Watari, T. Yanagida / Physics Letters B 532 (2002) 252–258 253

SUSY vector multiplet. Thus, we consider that the
(1,1) SUSY in the six-dimensional spacetime is the
origin of three families of quarks and leptons.1

We have an SU(2)4+ family symmetry which is a
subgroup of the R symmetry of the (1,1) SUSY. The
SU(5)-10’s transform as 1 + 2 under this SU(2)4+
symmetry while the SU(5)-5∗’s are singlets. The
breaking of the SU(2)4+ symmetry leads to the ob-
served mass hierarchies of the quarks and leptons and
the CKM mixing angles. The bilarge mixing in the
neutrino sector [1] is naturally explained, since the 5∗
are all equivalent to each other [2].

2. A SUSY SO(10) gauge theory in the
six-dimensional spacetime

Let us consider a SUSY SO(10) gauge theory in
the six-dimensional spacetime. The vector multiplet of
the (0,1) SUSY gives rise to irreducible box anom-
alies [3,4], and these anomalies must be canceled by
introducing suitable SO(10)-charged hyper multiplets
in the bulk.2 The simplest and the most beautiful way
to do this is to introduce an (1,1) SUSY vector mul-
tiplet as a whole. Once we assume the (1,1) SUSY
in the six-dimensional spacetime, then not only the
irreducible box anomalies but also reducible anom-
alies vanish. It is not necessary to resort to the Green–
Schwartz mechanism [5,6] or to introducing extra par-
ticles. There is no global anomaly either [7,8]. If
one takes a torus (T2) compactification of the extra
two space dimensions x4 and x5, we obtain a La-
grangian for the Kaluza–Klein zero modes which has
N = 4 SUSY in the four-dimensional spacetime. The
Kaluza–Klein zero modes form an N = 4 SO(10) vec-
tor multiplet, Wα,Σ,Σ ′ and Σ ′′, where the Wα is
the field strength tensor (N = 1 vector multiplet) and
the rests are SO(10)-adjoint N = 1 chiral multiplets.

1 Bosonic components of these three Σ,Σ ′ and Σ ′′ multiplets
may be regarded as six independent polarizations (45, 67 and 89
directions) of a ten-dimensional vector field, since the (1,1) SUSY
vector multiplet in the six dimensions can be obtained through a
compactification of N = 1 vector multiplet of the ten-dimensional
spacetime. In this sense, the triplicate family structure may originate
from the extra six space dimensions.

2 It is pointed out in Ref. [3] that the anomaly is finite and
unique despite the nonrenormalizability of the theory. T.Y. thanks
M. Shifman for raising this issue at “Peccei’s Fest”.

The two scalar components of the Σ are the two in-
dependent polarization modes of the six-dimensional
SO(10) vector field in the fourth and fifth dimensions.

The R symmetry of the (1,1) SUSY in the six-
dimensional spacetime is SU(2)4− × SU(2)4+ .3 These
SU(2)4− and SU(2)4+ are R symmetries that are
associated to the six-dimensional SUSY charges,

Q(6)
4− =

( −Q(4)2
α

−	Q(4)α̇
1

)
and

(1)Q(6)
4+ =

(
Q(4)4

α 	Q(4)α̇
3

)
,

which belong to 4− and 4+ spinor representations of
the SO(5,1), respectively. After a Kaluza–Klein re-
duction, the six-dimensional SUSY charges are de-
composed into four four-dimensional SUSY charges,
Q(4)1,2,3,4

α , and not only the SU(2)4− × SU(2)4+ R
symmetry but the rotational symmetry SO(2)45 of the
extra space dimensions is also regarded as a sub-
group of the SU(4)R R symmetry of the N = 4
SUSY in four-dimensional spacetime (i.e., SO(2)45 ×
SU(2)4− × SU(2)4+ ⊂ SU(4)R). The four (four-
dimensional) SUSY charges Q(4)1,2,3,4

α transform as
a 4 representation of the SU(4)R, four fermions in the
four chiral multiplets (of Kaluza–Klein zero modes),
Wα,Σ,Σ ′ and Σ ′′, as a 4∗ representation, and six real
scalars in the Σ,Σ ′ and Σ ′′ as a 4∗ ∧ 4∗  6, respec-
tively. In particular, we note for the later purpose that
the SU(2)4+ commutes with the N = 1 SUSY trans-
formation generated by Q(4)1 and that the two N = 1
chiral multiplets Σ ′ and Σ ′′ form a doublet of this
SU(2)4+ symmetry (see, e.g., [9] or the appendix).

Now we compactify the (1,1) SUSY SO(10) gauge
theory on the T2/Z3〈σ 〉 geometry rather than on the
T2 (see Fig. 1) to obtain a four-dimensional theory
with only N = 1 SUSY.4 The generator σ rotates the

3 For conventions adopted in this Letter, see [9] or the appendix
of this Letter.

4 It is argued in Ref. [10] that the number of family can be con-
strained by considering the gauge anomalies in six-dimensional field
theories. However, “the number of family in the six-dimensional
spacetime” which they discuss has, in principle, no direct connec-
tion to the number of family as they admit by themselves. It is
only after giving a definite way and/or principle to obtain chiral
fermions in the four-dimensional spacetime that the use of higher-
dimensional spacetime makes sense in discussing the number of
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Fig. 1. A picture of the T2/Z3〈σ 〉 geometry is given. Unit cell of the
T2 torus is described by parallel lines and three fixed points labeled
by 1, 2, 3 are given on it. One can see that all three fixed points are
equivalent to each other.

extra two-dimensional space by angle −(2/3)2π :

(2)σ : (x4 + ix5) �→ ω−2(x4 + ix5),

where ω ≡ e2πi/3. Some of Kaluza–Klein zero modes
are always projected out from the Hilbert space of the
theory on the orbifold T2/Z3〈σ 〉. We take, here, the
orbifold projection conditions as follows [11];

(3)Wα = γσWαγ
−1
σ ,

(4)Σ = ω−2γσΣγ−1
σ ,

(5)Σ ′ = ωγσΣ
′γ−1

σ ,

(6)Σ ′′ = ωγσΣ
′′γ−1

σ ,

where we have taken an SU(4)R-twist as diag(1,ω2,
ω−1,ω−1) ∈ SU(4)R. The gauge-twisting matrix γσ
associated with the generator σ is

(7)γσ = diag
( 5︷ ︸︸ ︷
ω, . . . ,ω,

5︷ ︸︸ ︷
ω−1, . . . ,ω−1) ∈ SO(10)

in the Cartan-diagonal base. Note that the SO(2)45
rotation, diag(ω,ω,ω−1,ω−1) ∈ SU(4)R, given in
Eq. (2) is accompanied by a twist of the internal sym-
metry, diag(ω−1,ω,1,1) ∈ SU(2)4− , so that the com-
bined SU(4)R-twist, diag(1,ω2,ω−1,ω−1), belongs
to an SU(3) subgroup of the SU(4)R; the N = 1 SUSY

family and family structure. In fact, one obtains any number of fam-
ilies in their approach.

survives when and only when the SU(4)R-twist be-
longs to the SU(3) subgroup of which the Q(4)1

α is sin-
glet [11,12].

The SO(10) gauge symmetry is now broken down
to SU(5)× U(1)5, and the massless particles remain-
ing in the Hilbert space are the SU(5)×U(1)5 N = 1
vector multiplets and three SU(5)-10 N = 1 chiral
multiplets. The vector multiplets arise from the Wα

and the three 10’s from Σ,Σ ′ and Σ ′′. We identify
these three 10’s with those of quarks and leptons.5
Therefore, the origin of the three families is the (1,1)
SUSY in the six-dimensional spacetime (i.e., N = 4
SUSY in the four-dimensional spacetime).

Because there are three families of 10’s in the bulk,
we have [SU(5)]3 anomaly. Such an anomaly localizes
only at fixed points of the orbifold [17]. In the present
T2/Z3〈σ 〉 orbifold the anomaly distributes at the three
fixed points with the same amount since they are all
equivalent to each other6 (see Fig. 1). Therefore, the
simplest way to cancel these anomalies is to introduce
a 5∗ at each fixed point (i.e., three 5∗’s as a whole).
We identify these 5∗’s with the three families of 5∗’s
of quarks and leptons. The charges of these 5∗’s under
the surviving U(1)5 gauge symmetry is still arbitrary,
and hence the mixed anomalies U(1)5 · [SU(5)]2 does
not vanish in general. However, if the U(1)5 charge
of the 5∗’s are (−3) times those of the 10’s, then, this

5 A coset space SO(10)/(SU(5) × U(1)5) contains SU(5)-10.
Possible connection between this fact and the origin of the SU(5)-10
of quarks and leptons was pointed out long time ago in [14,15].
Ref. [16] also obtains three 10’s from SO(11) ten-dimensional
N = 1 vector multiplet. They considered the Type I string theory on
a T6/Z3 orientifold, and three families of SU(5)− 5∗ also survives
the orbifold projection there. However, this model is not acceptable
as a realistic model because too rapid proton decay is inevitable
through dimension-four operators.

6 We can also confirm this distribution by an explicit calculation.
The distribution function is given by

(8)A(y) = 3
∑

k

(∣∣ψZ3
10,k(y)

∣∣2 − ∣∣ψZ3
10∗,k(y)

∣∣2),
where k runs for all Kaluza–Klein momenta, y is the coordinate of
the torus T2 and the wave functions are

(9)ψ
Z3
10(∗),k = 1

3
√
V

2∑
n=0

γ n

10(∗) e
ik·(σn ·y),

where γ10 = 1 and γ10∗ = ω−1, and V is the volume of the torus
T2.
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anomaly is automatically canceled at each fixed point.
Other mixed anomalies U(1)5 · [gravity]2 and [U(1)5]3

can be canceled simultaneously by introducing a
right-handed neutrino at each fixed point. This extra
U(1)5 gauge symmetry, which is usually called as the
fiveness, is a linear combination of the U(1)Y and
U(1)B−L, and the small neutrino masses are naturally
obtained by the see-saw mechanism [18] when the
U(1)B−L is spontaneously broken. Even if the U(1)5
charge of the 5∗’s does not satisfy the above relation,
all three anomalies discussed above can be canceled
by invoking a generalized Green–Schwarz mechanism
[5,13] at each fixed point.

If one starts with an E6 vector multiplet of the
(1,1) SUSY in the six-dimensional spacetime, then
three families of SO(10)-16 survives the orbifold
projection on the T2/Z3 [14,15]. In this case, there is
no [SO(10)]3 anomaly at each fixed point.

3. Discussion

We discuss, in this section, phenomenological con-
sequences of the R symmetry SO(2)45 × SU(2)4− ×
SU(2)4+ . Since the three families of 10’s originate
from a single vector multiplet of the (1,1) SUSY,
some part of the R symmetry becomes a inter-family
symmetry and some part becomes a low-energy R
symmetry of the four-dimensional N = 1 SUSY.

3.1. SU(2)4+ family symmetry

The orbifold projection conditions Eqs. (3)–(6) do
not violate the SU(2)4+ symmetry, and hence we
assume this symmetry to be preserved even in the
theory on the T2/Z3 orbifold. This SU(2)4+ symmetry
is a pure family symmetry in the sense that the
Grassmann coordinates of the N = 1 superspace do
not rotate under this symmetry. The three families of
10’s transform as 1 + 2 (which we denote as 103 +
10a |a=1,2) under this SU(2) family symmetry. On the
other hand, the 5∗’s are all singlets of the family
symmetry SU(2)4+ , since the 5∗’s localize at different
fixed points while the SU(2)4+ is an internal symmetry
and it does not exchange fields on separated points
of spacetime. The anarchy structure in the neutrino
sector [2] is naturally expected in this framework,
since there is no distinction between the three 5∗’s.

We introduce Higgs multiplets, H(5) and 	H(5∗), at
one of the fixed points. Given this situation, we have to
consider the orbifold geometry whose length scale is
of order of the fundamental scale, because otherwise
the Yukawa couplings would be highly suppressed
for the two families of 5∗’s which do not localize at
the same fixed point of the Higgs multiplets, and the
resulting mass spectra of the down-type quarks and
charged leptons would be unrealistic. Therefore, the
three fixed points should be close to each other, and no
suppression of interaction is expected between fields
that localize at different fixed points. Thus, there is
no essential difference between the three 5∗’s, and the
quasi anarchy structure is still expected in the 5∗’s.

As long as the SU(2)4+ family symmetry is unbro-
ken, only one family of quarks and charged leptons
acquire their masses:

W = y103103H(5)+ yi5∗
i · 103 · 	H (5∗),

(10)i = 1,2,3.

On the other hand, Majorana neutrino masses are
allowed by the family symmetry for all three families:

(11)W = κij

MR

5∗
i H (5)5∗

jH(5), i, j = 1,2,3.

Coefficients y, yi and κij are expected to be of order 1.
The above result explains why the masses are large
for the quarks and charged leptons in the third family
and why the mixings among families are large in the
neutrino sector [1].

Now we have to introduce small breaking of the
SU(2)4+ symmetry so that the first and the second
families of quarks and leptons are able to obtain their
non-zero masses. Let us suppose that the SU(2)4+
breaking is implemented through two doublets,

(12)φa =
(

0
ε

)
, φ̃a =

(
ε′
ε′′
)
,

where we assume ε′, ε′′ � O(ε). Then, the mass
matrices are roughly given by

mu ∼
(
ε′2 εε′ ε′
εε′ ε2 ε

ε′ ε 1

)
, md,e ∼

(
ε′ ε 1
ε′ ε 1
ε′ ε 1

)
,

(13)mν ∼
(1 1 1

1 1 1
1 1 1

)
,
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which are obtained from additional superpotential,

W = 103(10 ·Φ)H + (10 ·Φ)(10 ·Φ)H

(14)+ y ′
i5

∗
i · (10 ·Φ) · 	H,

where Φ represents φ and φ̃. In particular, the em-
pirical relation ms/mb ∼ mµ/mτ ∼ ε, |Vcb| ∼ ε and
mc/mt ∼ ε2 is obtained. The bilarge mixing in the
neutrino sector is also a preferable consequence of
the anarchy structure of the 5∗’s. If one assumes
ε′ ∼ ε2, then the mass matrices are similar to that in
the Froggatt–Nielsen framework [19], and their phe-
nomenological success is discussed in various refer-
ences [20,21]. Note that we have neglected the effects
of the GUT breaking. One can also understand the vi-
olation of the SU(5) GUT relation in the masses of
the first and the second families, if one takes account
of contributions that involve GUT breaking vacuum-
expectation values.

3.2. Low-energy R symmetry

It is clear that the SO(2)45 × SU(2)4− subgroup
is not preserved in the orbifold projection conditions
Eqs. (3)–(6). Only the SO(2)45 and the Cartan part
U(1)4− of the SU(2)4− can be preserved. A suitable
linear combination of these SO(2)45 and the U(1)4−
yields a U(1) R symmetry7 which might be relevant
in the low-energy physics. This U(1) R symmetry is
specified so that the three families of 10’s have the
same charge: 2/3. We assume that the other indepen-
dent linear combination of the two U(1) symmetries
is broken down (otherwise necessary Yukawa cou-
plings would be forbidden). The charge assignment of
the U(1) R symmetry is not determined for the three
5∗’s or Higgs multiplets, since their origin is not clear.
However, those charges are fixed by phenomenologi-
cal requirements that the U(1) R symmetry allows up-
type and down/charged-lepton-type Yukawa couplings
and Majorana neutrino masses: that is, 1/3 for 5∗, 2/3
for H(5) and 1 for 	H(5∗). Then, as a consequence,
the notorious dimension-four proton decay operators

7 Here, a term “R symmetry” is used in its narrow sense: a
symmetry that rotates the Grassmann coordinates of the N = 1
SUSY.

W = 5∗ · 10 · 5∗ and an enormous mass-term for the
Higgs multiplets are forbidden.8

Anisotropy of the orbifold geometry T2/Z3, how-
ever, might lead to further breaking of this low-energy
R symmetry;9 only a discrete subgroup of the SO(2)45
symmetry is left unbroken. We show, in the follow-
ing, that even if there are operators that violate con-
tinuous U(1) R symmetry due to this anisotropy, the
U(1) R symmetry is preserved by10 mod charge 2.
This is because when the 10’s transform as 10(θ) →
e−iα2/310(eiαθ), the U(1) R symmetry,

diag(eiα/3, eiα/3, e−iα/3, e−iα/3)

× diag(eiα2/3, e−iα2/3,1,1)

∈ SO(2)45 × SU(2)4− ⊂ SU(4)R,

rotates the extra-dimensional space T2 by (x4 +
ix5) → e−iα2/3(x4 + ix5). The orbifold geometry we
consider has a discrete rotational symmetry by an-
gle 2π/3, and this means that the R symmetry is
preserved for α ∈ πZ. The R symmetry preserved
by mod 2 is sufficient to forbid the dimension-
four proton decay operators and the Higgs mass
term, since the R charges of these operators are

8 The color-triplet components of the H(5) and 	H(5∗) can re-
ceive the GUT-breaking mass term keeping this U(1) R symme-
try [22].

9 If the SU(2)4+ -symmetry breakings given in Eq. (12) were
charged also under this symmetry, then, the symmetry would be
broken further. However, we assume that the SU(2)4+ -symmetry
breaking is not charged either under the SU(2)4− or under the
SO(2)45. This assumption does not lead to any apparent contradic-
tions, since we do not know the origin of the breaking Eq. (12).

10 There are two ways in describing a discrete subgroup of a U(1)
symmetry: one is the “ZN subgroup” and the other is the “U(1) mod
charge Q”. The former is used when one can take all U(1) charges
to be integers, while the latter is used when there is a canonical
normalization of the U(1) charges. N = Q when all charges are
integers in their canonical normalization, but it is not always the
case. In the present case, the U(1) R symmetry have a canonical
normalization (i.e., the N = 1 Grassmann coordinates have charge
1 and a superpotential has charge 2), and some fields have fractional
charges in this normalization. Thus, we take the latter description
“U(1) R symmetry mod charge Q” in the text. If one would rescale
the R charges by multiplying 3 to make all the charges integral (then
the superpotential has R charge 6), then “the U(1) R mod charge 2”
could be referred to as “Z6 R symmetry”. Proton decay operators
5∗ · 10 · 5∗ and 5∗101010 have R charge 4 and 7, respectively, and
the doublet-Higgs mass term 5 in this normalization.
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4/3 �= 2 (mod 2) and 5/3 �= 2 (mod 2), respec-
tively.
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Appendix A. SUSY and R Symmetry in the
six-dimensional spacetime

A.1. Chirality

Spinor representations of the SO(5,1) is 4+ ⊕ 4−.
Both 4+ and 4− representations have four complex-
valued components. These four-component spinors are
regarded as Dirac spinors of the SO(3,1), or in other
words, are comprised of (1/2,0)-representation (left-
handed) and (0,1/2)-representation (right-handed)
two-component Weyl spinors. Although 4± represen-
tations are also sometimes referred to as left and right
spinors, we do not use these terminologies in order not
to make confusion with the same ‘left- and right-’ for
spinors of SO(3,1).

Complex conjugate of the 4+ spinor is isomorphic
to itself, and so is the 4−. That is,

(A.1)4∗+  4+, 4∗−  4−.

This is in contrast to the fact that the complex con-
jugate of the (1/2,0)-representation is the (0,1/2)-
representation and vice versa in the four-dimensional
spacetime. Therefore, in the six-dimensional space-
time, spinor fields and their complex conjugates (in
other words, fermionic states and their CPT conju-
gates) belong to the same spinor representation of the
SO(5,1) (i.e., 4+ or 4−), that is, they have a definite
chirality.

Mass partners of 4+-spinor fields(states) are 4−
and vice versa. This is also in contrast with the fact
that the mass partner of a (1/2,0)-spinor is again
an (1/2,0)-spinor in the four-dimensional spacetime.
In particular, box anomalies from a 4−-state are

opposite to those of a 4+-state with otherwise the same
representation.

A.2. SUSY and R symmetry

Each SUSY charge in the six-dimensional space-
time, which is a spinor of the SO(5,1), has def-
inite chirality. This is why the SUSY of the six-
dimensional field theory is characterized by a pair of
non-negative integers (N+,N−); N+ and N− are the
number of SUSY charges that transform as 4+ and 4−,
respectively. In gauge theories with (0,1) SUSY, the
SUSY charge and fermions in hyper multiplets are 4−-
spinors while the parameter of the SUSY transforma-
tion and fermions in vector multiplets are 4+-spinors.
In gauge theories with (1,1) SUSY there are SUSY
charges in 4+ and 4−, transformation parameters in
4− and 4+, and gauge fermions in 4− and 4+. In par-
ticular, all box anomalies are canceled within a single
vector multiplet in (1,1) SUSY gauge theories, since
vector multiplets contain both 4+ and 4− gauge fermi-
ons.

One can think of an SU(2) transformation that ex-
changes a SUSY charge and its complex conjugate,
since the complex conjugate belong to the same spinor
representation as the original one.11 This internal sym-
metry that acts on SUSY charges is an R symmetry of
the six-dimensional SUSY theories. There are two in-
dependent SU(2) transformations in the (1,1) SUSY
theories; one (which we denote as SU(2)4+) acts on the
SUSY charge in 4+-spinor, and the other (SU(2)4−) on
the SUSY charges in 4−-spinor. Thus, the R symmetry
of the (1,1) SUSY theories is SU(2)4− × SU(2)4+ .

A.3. Kaluza–Klein reduction

Let us take a toroidal compactification and consider
an effective theory of Kaluza–Klein zero-modes. (0,1)
SUSY gauge theories become N = 2 SUSY theories,
since the SUSY charge Q(6)

4− of six-dimensional theo-

ries consists of two independent SUSY charges Q(4)1
α

and Q(4)2
α of four-dimensional theories. (1,1)-SUSY

theories become N = 4 SUSY theories with four
SUSY charges Q(4)1···4

α . Gauge fermions also decom-
pose into four Weyl spinors χα,1···4; the 4− gauge

11 For more detail, see Section 3 and the appendix of [9].
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fermion into the χ1,2 and the 4+ gauge fermion into
the χ3,4. The Q(4)1,2 and χ1,2 are doublets of the
SU(2)4− R symmetry, and Q(4)3,4 and χ3,4 are dou-
blets of the SU(2)4+ .

Rotational symmetry of the two extra-dimensional
space SO(2)45 that was originally a subgroup of
the Lorentz symmetry SO(5,1) is now regarded as
an internal symmetry. This SO(2)45 is also an R
symmetry, since the SUSY charges transform non-
trivially under the SO(5,1) and hence under the
SO(2)45.

It is useful to invoke SU(4) notation in summarizing
relation between various R symmetries (SU(2)4− ×
SU(2)4+ and the SO(2)45) and their action on vari-
ous fields. SU(4) is the maximal R symmetry of the
N = 4 SUSY gauge theories on the four-dimensional
spacetime and the above R symmetries are regarded
as subgroups of the SU(4)R symmetry. SUSY gener-
ators Q(4)a

α (a = 1, . . . ,4) are 4 of the SU(4)R sym-
metry, SUSY transformation parameters and gauge
fermions χα,a are 4∗, and 4 × 4 2nd rank antisym-
metric tensor (4∗ ∧ 4∗) ϕab with a reality condition
ϕabε

abcd/2 = ϕ∗ cd are six scalars of the N = 4 multi-
plet, among which ϕ12 ∝ (A4 + iA5), the two indepen-
dent polarizations of the vector field in the extra two
space directions. The SU(2)4− ×SU(2)4+ R symmetry
is included in the SU(4)R as

(A.2)
(

SU(2)4−
SU(2)4+

)
⊂ SU(4)R

in the 4 × 4 fundamental representation. The SO(2)45
subgroup is included in the SU(4)R as

(A.3)diag
(
eiα, eiα, e−iα, e−iα

)⊂ SU(4)R,

which corresponds to the rotation of the 4th and 5th
plane by

(x4 + ix5) → e−2iα(x4 + ix5),

(A.4)(A4 + iA5)→ e−2iα(A4 + iA5).

N = 1 SUSY generated by Q(4)1 survives the
orbifolding, as long as the SU(4)R-twist (see the text)
of the orbifold projection is included in the lower right
SU(3) subgroup of the SU(4)R. Under this N = 1
SUSY, χ1 is the gaugino, and the χ2 is the SUSY
partner of the ϕ12 ∝ (A4+iA5). It will be clear that the
SU(2)4+ now acts like an ordinary (non-R) symmetry
in the four-dimensional effective theory with N = 1
SUSY, since it keeps the χ1 invariant.
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