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Abstract

This paper deals with a general fixed point iteration for computing a point in some nonempty closed and convex solution set
included in the common fixed point set of a sequence of mappings on a real Hilbert space. The proposed method combines two
strategies: viscosity approximations (regularization) and inertial type extrapolation. The first strategy is known to ensure the strong
convergence of some successive approximation methods, while the second one is intended to speed up the convergence process.
Under classical conditions on the operators and the parameters, we prove that the sequence of iterates generated by our scheme
converges strongly to the element of minimal norm in the solution set. This algorithm works, for instance, for approximating
common fixed points of infinite families of demicontractive mappings, including the classes of quasi-nonexpansive operators and
strictly pseudocontractive ones.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

Throughout, H is a real Hilbert space endowed with inner product (.,.) and induced norm |.|. For any mapping
T :'H — H, we denote by Fix(T) the set of fixed points of T, that is Fix(T) := {x € H | Tx = x}. In this paper,
we are interested in solving (common) fixed point problems regarding operators such as quasi-nonexpansive, strictly
pseudocontractive, or more general ones. Let us recall that a mapping 7 : H — H is called:

(i) quasi-nonexpansive if |Tx — q| < |x — ¢| for all (x, q) € H x Fix(T);
(ii) strictly pseudocontractive if there exists a constant p € [0, 1) such that [Tx — Ty|> < |x — y]> + plx —y —
(Tx — Ty)|* forall (x,y) e H x H;
(iii) demicontractive (see, e.g., [24,25]), if there exists a constant k € [0, 1) such that

ITx —q> <|x —ql* +klx = Tx|>, V(x,q) € H x Fix(T), (1.1)
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which in the light of (2.9) can be equivalently written as
1—k
2

A mapping satisfying (1.1) or (1.2) will be called k-demicontractive and we denote by Dy the set of k-demicontractive
operators. Fixed point problems plays an important role in nonlinear analysis and optimization. In the setting of Hilbert
or Banach spaces, several strongly convergent methods were proposed:

(x—Tx,x—q)> Ix — Tx|?, V(x,q) €H xFix(T). (1.2)

(i) Viscosity methods of Halpern’s type [16] for nonexpansive maps [6,9,18,21,26,30,31,33];
(i) The hybrid steepest descent method for certain quasi-nonexpansive mappings called quasi-shrinking map-
pings [34];
(iii) Outer approximation methods for certain quasi-nonexpansive mappings called firmly quasi-nonexpansive map-
pings [7];
(iv) A Mann-type iteration [23] for strictly pseudocontractive maps [19] (see also [10,11]).

Let us emphasize that the class of quasi-nonexpansive mappings is independent of the class of strictly pseudocontrac-
tive mappings, but the two of them include the extensively studied class of nonexpansive mappings. Such operators
are most difficult for research in the fixed point theory and at the same time most interesting for applications. Other
iterative schemes were proposed for approximating fixed points of (special) quasi-nonexpansive or demicontractive
maps [14,24,25,29]. Interesting weak convergence results are obtained, but the convergence in norm of the iterates
are established under very restrictive conditions regarding for instance the considered operators or the space (demi-
compactness, continuity, compactness).

It is our purpose to propose a strongly convergent method for approximating (common) fixed points of demi-
contractive maps, only with classical conditions. It is obviously observed that the class of demicontractive operators
contains the classes of quasi-nonexpansive operators and strictly pseudocontractive ones with fixed points. In view of
applications, we recall that Dy contains the class of firmly quasi-nonexpansive maps, including subgradient projection
operators which attracts great attention and occurs for instance in signal and image processing [7,12,13,34-36]. In
a more general frame, our attention will be focused on a formalism which consists in finding a point in S, a nonempty
subset of H, relatively to (7,), a sequence of mappings on H, with the following conditions:

(CO) S is aclosed and convex subset of H.

(C1) (Tu)n>0 C Dy, where k € [0, 1).

(C2) Vn >0, S C Fix(7,).

(C3) For any subsequence (7y;) of (7y), for (§,;) C H, for § € H,

(§n;) > & weakly and &, — ’];lj.f,,j — Ostrongly = £&£¢€8S.

To this end, we examine the following iteration method

(1.3)

X1 =1 =w)vy + wTyve, vy = (1 — )Xy + O (xXn — Xn—-1),
x0,x1 € H, we[0,1), (6,) and () are sequences in [0, 1).

Let us recall that (1.3) is called inertial, because of the term 6, (x,, — x,—1). This algorithm is based upon a discrete
version of a second order dissipative dynamical system [4,5] and can be regarded as a procedure of speeding up the
convergence properties (see, e.g., [3,28]). It is worth mentioning that the scheme (1.3) was considered in [22], in
the special case when o, =0 and w = 1, for solving the above formalism without (C0O) and with the condition (C3)
replaced by

(C3) Forany (§,) C H, for& € H,
& is a weak cluster point of (§,) and &, —7,§, —> Ostrongly = £ €.

This latter condition is slightly weaker than (C3), but only weak convergence results were established for a wide
class of operators which includes a-averaged quasi-nonexpansive maps. Recall that the condition (C3) and (C3’)
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can be regarded as sorts of demi-closedness of the sequence (7,,) which reduces to the classical demi-closedness
property [15] when 7}, is a constant sequence. Let us mention some typical examples covered by our formalism:

(1) The first one is related to computing zeroes of a maximal monotone set-valued mapping A : H — P(H). The
conditions (CO)—(C3) are satisfied with S = A~1(0) and 7,, = Jﬂ , where (A,) C (X, +00) (for some positive 1) and
J/\An =+ )\,IA)’1 is the resolvent of A of parameter A, (see, e.g., [8,20] and the references therein for details on
proximal methods). Indeed, (CO) holds because J{: is well known to be nonexpansive, (C1) is satisfied with k = 0,

(C2) holds since Fix(JAA;l) = A~1(0) and (C3) is deduced from the fact that the graph of a maximal monotone mapping
is weakly—strongly closed (see, for instance, [8]). Let us mention that the algorithm (1.3) was studied in the special
case when o, =0 and w = 1, by Alvarez and Attouch [3] (see also [2,17,27]).

(2) The second one consists in approximating a common fixed point of finitely many maps (T,-)lN= o C Dk such

that each 7; is demi-closed and ﬂfvzo Fix(T;) # 0. Letting U = Zz{io w; T; where (wi)fV:O C (0, 1] is such that
ZzNzo w; = 1, we will prove that the conditions (C0)—(C3) hold with 7, = U and S = ﬂfvzo Fix(T;) (see Theorem 4.2).

(3) The third one is concerned with the numerical approach to a common fixed point of infinitely many maps
(T})i>0 C Dy satisfying ﬂi>0 Fix(T;) # . Let us consider the special case of our formalism with 7, = Y/ w; »T;
and S = ﬂi>0 Fix(T;), where each T; is demi-closed and (w; ;) C [0, 4-00) are real numbers such that:

i) V=0, qwin=1;
(i) Vi =0, (w; n)n>0 is bounded away from zero for n large enough (that is: Vi > 0, IN; € N and Jw; > 0 such that
V= Ni, wi, 2 wp).

In this context, we will prove that (C0)—(C3) hold (see Theorem 4.3).

Under the conditions (C0)—(C3) and other suitable conditions on the parameters (w), (¢,) and (6,,), we prove that
the sequence (x;,) generated, with arbitraries xo and x; in H, by (1.3) converges strongly to Pg(0) where Ps is the
metric projection from H onto S. To this end, for the convenience reader we enumerate the main assumptions used
through the rest of the paper:

(H1) (o) is a non-increasing sequence in [0, 1).

(H2) w € (0, %] (k being the constant occurring in (1.1)).

(H3) o, — 0.

(H4) (6,) is a non-decreasing sequence in [0, 8], where 6 € [0, %).
(SP) Zn>0 o, = +00 (slow parametrization).

2. Preliminaries
The next lemmas are needed to state our convergence results.

Lemma 2.1. Let (7,,) and S # 0 satisfy the assumptions (C1)—(C2) and suppose the conditions (H1) and (H4) hold.
Then the sequence (x,) given by (1.3) satisfies for all n > 1,

p—1

Pui1 — Py + (1= 36,41 — ap)dy + X1 — Unl? < =0t (Xn, X — q), 2.1)

where q is any element in S, p := %(l —k — w) and P, is defined by
1 2
Py = ¢p — O 1Pn—1 + 20ndy—1 + Ean|xn| > (2.2)
with ¢ = %|xj —q/? and dj = %|xj+1 —xj|2.

Proof. Given any ¢ in S, by (1.3) we have

Xnt1 —q = Wy — q) — w(v, — Tyvy,),
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hence
[xnr1 — gl = vn — g1 + w? vy — Tyval* — 2w (Vs — Tovn, va — 4)
which by the demicontractivity condition (1.2) yields
g1 —ql* < lvn — q* —w(d —k —w)|v, — Tyval*. (2.3)
By (1.3) we also have 7,,v, — v, = %(an — vp). Setting p := %(1 — k — w), by (2.3) we then obtain
i1 —ql* <lvn —q1” = plxays — val?,
or equivalently
ntt = q1* + (p = Dlvn — Xn1 1> < Jon — g1 = [vg — xnp1 *. 24)

Let us estimate separately each term in the right-hand side of the previous inequality. Concerning the first term, we
have

2
lvn — Q|2 = |(xn =)+ 6n(xn — Xp—1) — Olnxn|
2
= |xy — Q|2 + ‘Qn(xn —Xn—1) — Olnxn’ + Z(Xn =500 (xXn — Xp—1) — Olnxn>’
that is,
2
[vn — Q|2 =[xy — Q|2 + 260, (xn — q, Xn — Xp—1) — 200 {xn — q, xn) + |0n(xn —Xn—1) — Olnxn| . (2.5)
Concerning the second term, we immediately obtain
[Vn _xn+1|2 = |xn _xn+l|2 + 260, {Xpn — Xpg1, Xn — Xp—1) — 200 (X — Xp41, Xn)
2
+ |9n(xn —Xp—1) — anxn| . (2.6)
As a consequence, by (2.4)-(2.6) we get
1 = ¢ 1> 4 (0 = DIvw = xn1 2 < lon = ¢ + 200 (6 — ¢ X = Xn—1) = 200 (¥ = ¢ %) — 1w = X1
— 260, (Xn — Xnt1, X0 — Xpn—1) + 200, (X — X1, Xn)- 2.7)

Using Young’s inequality, we have
2 1 2
{(xn — Xn+1:Xn — Xp—1) = _§|xn _xn+l| - Elxn — Xp—117,
which by (2.7) yields
i1 —qI* = %0 = g1 = Onlxn — X0t > + (1= 0) 0 — Xa1 I+ (0 — Dlvy — xoq1
< 20, (xp — Q»xn) + 26, (x,, — q,Xn — Xn—1) + 20, {x, — xn+1»xn)~ (2.8)

Furthermore, for any a, b € 'H, it is easily checked that

1 2 1 2 1 2
(a,b) = —>la = bl + S lal* + S 1bP, (2.9)

so that (2.8) can be equivalently rewritten as

IXnt1 — q1* = %0 — q1* = Oulxn — X1 1?4+ (1 = 0)1xn — Xnp11> + (0 — Dlvg — xpp11?

1 2 1 2 1 2
< =20 (xn — q, Xp) + 20, _§|xn71_q| +§|xn_Q| +5|xn_xn71|

1 1 1
+ 20y <—§|xn+1 2+ 5 Pnt = Xn|* + 5|xn|2>, (2.10)

that is
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[Xna1 = q1* = %0 = @1* 4+ 2041 1xn41 — Xn | = 205150 — X1 1> + O (Ixn—1 — q1* — [x0 — q/*)
+ ot (IXn11% = 1xa1?) + (1 = 6 — 26011 — o)X — X1 1 + (0 — DIy — xnp1]?
< 20, (xn — q, Xn).

Assuming (6,,) is non-decreasing and («,,) is non-increasing, we deduce

2 2 2 2 2 2 2
[Xn41 —ql” — X0 — q|” + 260 111X041 — Xn|” — 260, x50 — X117 + dpp1 X117 — o |xu]” — Oplxn — g

4 Op—11%n—1 — g + (1 = 36041 — o) X0 — Xnt11> 4 (0 — D|vg — Xpp1|?
< _205n<xn - CI»xn),

namely

1 1
Gnt1 = bn + 2Wns1dy = 200dn1 = Onbn + On1$n—t + 51X ? - Ean|xn|2

(p—1
+ (1= 3001 — @n)dy + ———[vn = X1

< —p{Xp —q, Xn),

that is the desired result. O

@2.11)

2.12)

(2.13)

Lemma 2.2. Let (7,) and S # @ satisfy the assumptions (C1)—(C2) and suppose the conditions (H1)—(H4) hold. Then
there exist some integer ny and a positive constant y such that for any q in S, the sequence (x,) given by (1.3) satisfies

forn>=ng+1,

1
Ly =Ty + yﬂn+ldn < Eﬂn+1an|q|27

(I,) being defined by
Iy o= pnn + zﬂnenean 1 — MnOn—1Pn—1,

where ¢ 1= %|xj —ql% dj = %|xj+1 — )cjl2 and (L j := exp (Z{zoai).
Proof. By (H2) we have p := %(1 —k —w) > 1, which by Lemma 2.1 entails

¢n+l - ¢n < en(bn - 0n71¢n71 - (1 - 39n+1 - an)dn - 29n+]dn + 20ndn71

1 2 1 2
- Ean+l|xn+l| + Ean|xn| — Ay {Xn, Xn —q).

In this inequality, it is easily seen that

1 2 1 2
(Xn, Xn — q) :_§|‘I| + Elxn| + ¢n,

hence

1
Ol — P + Py <Oy — O_1¢pp—1 — (1 — 30,11 — ap)dy — 20 11dy +260,dy—1 + Ean|Q|2-

By a simple calculation we obtain

1
(Mn+1Pn+1 — UnPn) = Put1 — Pn +
Mn+1 Mn+1

which by (H1) yields
1

Mn+1

(a1 — Un)Pn < Gpt1 — Gn + Ay 100,

(Un+1Pnt1 — UnPn) < Png1 — Gn + 0y Py

(2.14)

(2.15)
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Thanks to (2.14) and (2.15), we deduce that
1

Mn+1

(Uns1Pn+1 — n®n) < Opdy — Op—19n—1 — (1 — 30,41 — ap)dy — 260,41dy,

+ 20,dp_1 + %anlqlz. (2.16)
As py < ppy1 and w4 = ppe®tt < pye® (again with (H1)), we then get
Mnt+1Pn+1 = UnPn < Unt1Pn0n — UnPn—-10n—1 — Un+1(1 — 30011 — ap)dn — 2pin410p+1dn
I %Mn+lan|9|2,
namely
I 1Pn41 — Mn®n < Pnt1OnOn — n®n—16n—1 — fing1 (1 — 61 (3 +2(e*+ — 1)) — an)d)y
= 2ptn 4100416 dp + 2unbp e dp—1 + %l’«n—&-lanl‘ﬂz-
By (H4), recalling that 6,, € [0, ] where 0 € [0, 1/3), we have
1= 6,1 (3+2(e™ = 1)) —ay 2 1 =0 (3+2(e"+! = 1)) — ay.
Clearly, for n large enough (n > ng), it is immediate that there exists a positive constant y such that
1 —6p41 (3 + 2(60’"+I - 1)) —op 2y,
because (o) — 0 by (H3), hence
Pnt1Pnt+1 — Un®n < Unt1BnOn — Un@n—16n—1 — ¥ Un+1dn — 21n16n+1€* dy + 2pn6p e dy—
L ranlal,

2
which leads to the desired result. O

Lemma 2.3. Let (7,,) and S # @ satisfy the assumptions (C1)—(C2) and suppose the conditions (H1)—-(H4) hold. Then
the sequence (x,) generated by (1.3) is bounded.

Proof. According to Lemma 2.2, we have for n > ng + 1,

l n
Lot = g < 510 30 meio, 2.17)
k=ngp+1

where I11 1= pnt1Pn+1 + 21n+10n41€"+ dy — pn1100¢n, hence pyi1(Pny1 — Ondy) < Tyg1, which by (2.17)
yields

1 n
Gnt = Onpn <€ Dy + Slq e Y L el (2.18)
k=no+1
where 1, := Y _ ;. It is easily checked that e+ < e2(e' — e-1) (for all k > 1), so that ZZZnOH W10 <

e?e', which by (2.18) and (H4) leads to

1
¢n+1 < 0¢n + <Fn0 + EeZIC”z)-

Omitting the details calculation and since 6 € [0, 1), we deduce that

_ 1 1
Pnt1 < 0" n0¢n0+1 + m (Fno + Eez|q|2),

which proves the boundedness of (x,). O
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3. Strong convergence results

This section is devoted to the strong convergence of the sequence generated by (1.3). Under very classical condi-
tions, we prove that (x,) converges strongly to Ps(0) where Pg is metric projection from H onto S. The following
lemmas are useful to prove our main convergence result.

Lemma 3.1. Let 7, : H — H and S # O satisfy the assumptions (C2)—(C3). Suppose the condition (H3) holds and
assume the sequence (x,) given by (1.3) is bounded and satisfies |x,+1 — x| — 0. Then any weak cluster point of
(xp) isin S. If in addition the condition (CO) holds, we have

liminf(x,, — Xo0, Xoo) = 0, (3.1
n—>oo

where X is the element of minimal norm in S (that is xs := Ps(0)).

Proof. Let (x,,) be a subsequence of (x,) which converges weakly to an element  in H. Assuming |x,41 —x,| — 0,
a, — 0 and (x,) is bounded, we easily deduce that (v,,) converges weakly to u (since v, 1= x, + 0, (Xp — Xp—-1))
and by (1.3) we have |7,v, — v,| = %|xn+1 — v,| = 0. By (C3), we then obtain u € S, so that the set of weak
cluster points of (x,) is included in S. As (x,) is assumed to be a bounded sequence, so does the quantity (x, —
q.,q). It is then a simple matter to check that there exists a subsequence of (x,) (labeled (x,,,)) which converges
weakly to some element u,, in H (hence u, € §) and such that liminf,, _, oo (X, — Xoo, Xoo) = Mg — 00 (Xm; — Xoo, Xoo)s
hence liminf,_, oo (X, — Xo00, Xoo) = (Ux — X0, Xoo). Reminding that x, := Pg(0) and u, € S, we necessarily have
(tx — X0, Xoo) = 0, which ends the proof. O

Lemma 3.2. Let 7, : H — H and S # O satisfy the assumptions (CO) and (C2)—(C3). Assume (H3) holds and suppose
the sequence (x,) generated by (1.3) has a subsequence (x,,) such that:

1) () CR2:={x eH; (x — xo0, x) <0}, where xo := Ps(0).
(i) [|xpp41 — Xn | = 0 as k — oo.
(iii) Oy |xn, — Xpp—11 — 0 as k — oo.

Then (x,,) converges strongly to Xoo.

Proof. Itis easily checked that £2 is the closed ball of center %xoo and radius %|xoo|, thatis 2 ={x e H; |x — %xoo| <
%|xoo|}, hence £2 is a nonempty bounded, closed and convex set. Clearly, by the condition (i), we have (x,,) C £2.
Consequently, by extracting from (x,, ) a subsequence (again labeled (x,,)) which converges weakly to some g in H,
we also have |x,, — x;,41] — 0 as k — oo and 6, |x,, — xu,—1| — O (by the condition (i) and (ii)). As §2 is a closed
and convex set, it is then weakly closed, so that ¢ belongs to §2. Moreover, by (1.3) we have |v,, — 7, vy, | =
%lx,,kﬂ — v, | = 0, since v, = (1 — oy )Xn, + Oy (Xn, — Xn—1), (Xp,) is bounded and «,, — 0. Furthermore, it is
obvious that (v,,) converges weakly to g. By (C3) we then obtain g € S, so that ¢ € £2 NS = {xx}, hence g = xo.
Moreover, we have

2
|xnk — Xeo|” = <xnk’xnk — Xoo) — (xoo»xnk — Xco)s

hence |x,, — Xool? < —(Xo0, Xnp — Xoo), since (x,,) C $2. Passing to the limit in this last inequality yields
|Xn, — Xool — 0. Itis then immediate that (x,, ) converges strongly to x~,, which ends the proof. O

Lemma 3.3. Let 7, : H — H and S # 0 satisfy the assumptions (C0)—(C3). Assume the conditions (H1)-(H4) and
(SP) hold and suppose furthermore the sequence (x,) given by (1.3) satisfies:

1) |xp41 — x| — 0.
(i) 1imy—s 00 [Xnp1 — Xool® — On|Xn — Xoo|? exists (where xo0 := Pg(0)).

Then (x,,) converges strongly to Xoo.
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Proof. To begin with, we observe that (x,) is a bounded sequence (see Lemma 2.3). Let us suppose in addition
that the quantity |x,4+1 — )coo|2 — Oplx, — )c00|2 converges to some A > 0. According to Lemma 3.1, we also have
liminf,,_, oo (X, — X0, Xoo) = 0. As a consequence, noting that

2
(Xn — Xoo, Xn) = |Xn — Xoo|™ + (Xn — Xo0, X0

we obtain liminf,,_, oo (X — Xoo, Xn) = A. It is easily deduced from Lemma 2.1 that there exists n4 > 0 such that for
n 2z n4, Ppy1 — P, < —a,(A) (since p > 1 by (H2) and since 1 — 36,41 — «,, = 0 by (H3) and (H4) (for n large
enough)), which yields A Zk:m ok < Py, — Pyy1, Vn > ny. Clearly, if )" o, = 0o (SP), this last inequality is absurd
as n — 00, because its left-hand side tends to 400, while the right-hand side is supposed to be bounded (because (x;,,)
is bounded). We conclude that A = 0, which by (H4) and by an easy computation leads to the desired result. O

At once, we claim the main result of this section.

Theorem 3.4. Let 7, : H — H and S # O satisfy the assumptions (C0)—(C3). Assume the following conditions hold:
(H1), (H3)—(H4), (SP) and

(H2) 0<w < 15%,

Then the sequence (x,) given by (1.3) converges strongly to x := Ps(0), where Ps is the metric projection from H
onto S.

Proof. Clearly, (x,) is bounded (by Lemma 2.3), so that there exists a positive constant C such that
[{xn, Xn — X0)| < C for all n > 0. Moreover, by (H3) and (H4) there exists a positive constant y such that
1 — 36,41 —«a >y for all n > mg, where mg is some large enough integer. Consequently, by Lemma 2.1 we get
for m > myo,

-1

B [Xn+1 — Un|2 < Coy (3.2)
where Q i= ¢y — Op—1Gn—1 + 205dn—1 + 3o lx,|?, with ¢; := S|x; — xo|? and d; := 1|x;41 — x;|? and p =
%(1 —k — w), hence p > 1 (by the condition (H2)"). The rest of the proof is divided into two parts:

(1) Assume (Qj) is a monotonous sequence (that is, for some ng large enough, (Q,);>x, is either non-decreasing
or non-increasing). It is then immediate that (Q,) is convergent, hence Q,+1 — @, — 0 which by (3.2) yields
[Xp+1 — x| = 0. Moreover, it is easily observed that

lim Q,= hm (¢n — On_10n—1),

n—-+00

o
On+1— On +¥Ixu+1 — xn|2 +

so that lim,_, 4o |x,,+] — Xool® — Onlxn — xo0|? exists. As a consequence, applying Lemma 3.3 we deduce
limy 00 [Xn — Xoo| =

(2) Assume (Qj,) is not a monotonous sequence and let T : N — N be the map defined for all n > ng (for some ng
large enough) by

t(n) :=max{k e N; k <n, Qr < Q1) (3.3)

Clearly, 7(n) is a non-decreasing sequence such that 7(n) — 400 (as n — +00) and Q) < Qrm)+1 (for n = ny),
which by (3.2) entails

VIxee+1 — Xeo ) + (0 = DIxXemy+1 — Ve > < Cargy — 0.

It is then easily deduced that |X;(n)+1 — Xz ()| = 0 and Oz ) [ X7 (n) — Xz @m)—1] = 0 (since vy, 1= x, + 6, (X — X5-1)).
Note also that for any j > 0 (by Lemma 2.1), we have Q11 < O when x; ¢ 2 :={x € H; {(x — X0, x) <0},
hence x;(,) € §2 for all n > ng (since Q) < Qrm)+1)- Consequently, by Lemma 3.2 we deduce |x;() — Xoo| — 0
and it is immediate that lim,_, 0o Q¢(n) = limy— 00 Q7 (n)+1 = 0. Furthermore, for n > no, it is easily observed that
On < Qrmy+1 if n # t(n) (that is, if T(n) < n), because we necessarily have Q; > Qi fort(n) +1<j<n—1.
It follows that for all n > ng, Q, < max{Q:u), Orm)+1} = Qrm+1 — 0, hence limsup,_, ., O, < 0, that is
limsup,,_, oo (Pn+1 — 6 q)n) < 0, which by (H4) and by a simple calculation leads to the desired result. O
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4. Application to common fixed point problems

In this section, we show how (1.3) works for solving common fixed point problems. To begin with, we make the
following remark.

Remark 4.1. Let T be a k-demicontractive self-mapping on H with Fix(7T") # ¢ and set Ty, :== (1 — w)I 4+ wT for
w € (0, 1]. It is obviously checked that Fix(T) = Fix(T,,) if w # 0. For an arbitrary (x, q) € H x Fix(T) and using
(1.2), we have
2
ITwx — g =|(x =) + w(Tx — )|
=|x —q|2 —2w{x —q,x —Tx)+ w2|Tx —xl2
<lx =gl —wd —k —w)|Tx — x|

It is immediate that T, is quasi-nonexpansive with Fix(7T) = Fix(Ty,), provided that w € (0, 1 —k]. As a consequence,
Fix(T) is a closed convex subset of H, as the fixed point set of a quasi-nonexpansive mapping (see [34, Proposition 1]).

Lemma 4.1. Let (T})Y_, C Dy (with N € N and k € [0, 1)) be such that (\\_o Fix(T}) # @ and set T := Y _1r o w; T,

where (w;)i>o C [0, +00) are such that ZIN=0 w; = 1. Then the following results hold:

@il) Fix(7) = miel Fix(T;), where I :={i e N|i < N, w; #0}.
(i2) T belongs to Dy.
3) (x—Tx,x—q)> ]%1 ZzNzo wilx — Tix|?, for all (x,q) € H x Fix(T).

Proof. Let us prove (il). Setting S := ﬂzN=0 Fix(T;) # @, we clearly have S C Fix(7), so that Fix(7) # . Let
q € Fix(7T) and let p € S. It is easily seen that Z,N:o wi(q — Tiq) = 0, because Z,NZO w; = 1. Consequently, since
(Ti),N: o C Dx and since p belongs to each Fix(7;), we have
N 1 &
0=> wilg —Tig.q = p)>—— Y wilg — Tiql.
i=0 i=0

We then obtain ¢ — T;q = 0 for each i € I, which leads to Fix(7) C ﬂie ; Fix(T;), while the converse is obvious.
Hence Fix(7) = ﬂie] Fix(T;), which proves (i1). Let us prove (i2) and (i3). For any (x, q) € H x Fix(7), we easily
observe that

N N
(x—Tx,x—q) =<x —Zu)iTix,x —q>=Zw,~(x —Tix,x —q);
i =0 i =0
hence, as (T;) lN: o C Dk, we obtain (iii). Moreover, we obviously have
N
> wi(x = Tix)
i=0
which by the fact that Z,N:O w; = 1 and thanks to Young’s inequality leads to
N N N
- TePe ( zwi) ( S il - w) > e Tl
i=0 i=0 i=0

By joining this last inequality to (i3), we get (x — 7 x,x — q) > % |x — T x|?, so that T € Dy, which completes the
proof. O

lx —Tx|=

N
<) wilx — Tix|,
—

The following theorem is concerned with the computation of a common element of a finite family of mappings.
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Theorem 4.2. Let (T,-)lN:0 C Dy, where k € [0, 1), be such that ﬂzN=0 Fix(T;) # 0 and suppose each T; is demi-closed.
Let (x,) C 'H be a sequence such that
N
Xpt1 =1 —wv, +w Z w; T; vy,
i=0
withv, ;= (1 —ay)x, +60,(xn —x4-1), Vn>1,

A.1)

where w € (0, 1], (6,), (ay,) C [0, 1] and (w,-)f\]:0 C (0, 1] are real numbers such that ZlN:O w; = 1. Assume in addition
the following conditions are satisfied:

(W1) (ay) is a non-increasing sequence in (0, 1), o, — 0 and Zn>0 oy = +00.
(W2) w e (0, 155).
(W3) (6y) is a non-decreasing sequence in [0, 8], where 6 € [0, %).

Then x, — Pg(0) strongly in H as n — oo, Pg(0) being the element of minimal norm in S := ﬂlN:O Fix(T;).

Proof. This result is easily deduced from Theorem 3.4. Setting U = Z,N= ow;T;, we just need to prove that the
conditions (C0)—(C3) hold with 7,, = U and S = ﬂlN: o Fix(T;). According to Remark 4.1, each fixed point set Fix(T;)
is closed and convex, which leads to (C0). By Lemma 4.1, we observe that (7,,) C Dy, hence (C1) holds. Using again
Lemma 4.1, we obtain Fix(7,) = S, which amounts to (C2). It just remains to prove that (C3) is true. Let (&, ;) bea
subsequence of (§,) such thatlimj_, [§,; — U§,;| = 0 and assume that §,; converges weakly to some & in . Clearly,
for g € S =Fix(U) and using again Lemma 4.1, we easily have

N
11—k
(Enj _USnj,Enj —q) = B E U.Ii|$nj _Ti5nj|2-
P

Consequently, by the boundedness of (“g‘nj) (thanks to its weak convergence), we easily deduce that
N
: 2 _ ¢
JJlim ; wil&n; — Tign, 1> =0

hence, fori =0, ..., N, we obtain lim;_, ;o |$,,j — T,'.§nj |2 =0 (since each w; is positive). As each T; is assumed to
be demi-closed and by the weak convergence of (&) to §, we conclude that § = T;§ (fori =0, ..., N),sothat§ € S,
which yields (C3) and completes the proof. O

The following theorem is concerned with the computation of a common element of an infinite family of mappings.

Theorem 4.3. Let (T;); >0 C Dy, where k € [0, 1), be such that ﬂi>0 Fix(T;) # 0 and suppose each T; is demi-closed.
Let (x,) C'H be a sequence such that

n
Xpt1 =1 —wv, +w Zwi,nTivn,
i=0
withv, = —ap)x, +6,(x, —xp—-1), Vn2>1,

4.2)

where w € (0, 1], (6,), () C 10, 1] and (w; ») C [0, +00) are real numbers such that:

i) V=0, Y7 gwin=1;
(ii) foralli =0, (Wi n)n>0 is bounded away from zero for n large enough (that is: Vi > 0, AN; € N and Jw; > 0 such
thatVn = Nj, w; , = w;).

Assume in addition the conditions (W1)—(W3) in Theorem 4.3 hold. Then x, — Ps(0) strongly in H as n — 00, Ps(0)
being the element of minimal norm in S := ﬂi>0 Fix(T;).
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Proof. The proof follows the same lines as Theorem 4.2 and it is given for the sake of completeness. Let us prove
that the conditions (C0)—(C3) in Theorem 3.4 are satisfied with 7,, = Z?:o w;,T; and S = ﬂi>0Fix(7",-). From
Remark 4.1 and Lemma 4.1, we deduce that (CO) and (C1) hold. Using again Lemma 4.1, we obtain Fix(7,) =
ﬂieln Fix(T;) foralln > 0, where I, :={i e N|i <n, w;, # 0}. Noting that S C miel,, Fix(T;), we deduce that S C
Fix(7,), that is (C2). It just remains to prove that (C3) is true. Let (’];,J.) be a subsequence of (7,,) and let (énj) C H be
such that lim; ¢ |§n.,~ — ’];,_ j Snj | = 0 and assume that E,,j converges weakly to some & in H. Clearly, for g € Fix(7,) and

by Lemma 4.1, we easily obtain (é,,j — Ljénj , Sn,- —q)=>(1/2)(1—k) Z?io Win; |é§nj — Tiénj |2. Consequently, by the
boundedness of (§,;) (thanks to its weak convergence), we easily deduce that lim;, 4 oo Z:l; oWn;ilén; — Tibn; 12=0;
hence, for all i/ > 0, we obtain im ;. o0 Wn; il&n; — Tién; | = 0, which by (ii) leads to limj, 400 160, — Tién;| = 0.
Assuming that each 7; is demi-closed and by the weak convergence of (§,;) to §, we conclude that § = T;§ (for all
i 2 0), sothat &£ € S, which yields (C3) and completes the proof. O

Remark 4.2. Let us observe that conditions (i) and (ii) in Theorem 4.3 are satisfied by w; , = ﬁ for0<i <n,
k=0

where (yx) is any sequence in (0, 1) such that ), >0 Vk < 00. Indeed, (i) is immediate, while (ii) is deduced from the

in > X | >
fact that w; , > I >0, foralli > 0.

Remark 4.3. The work of this paper can be extend to more general convergence results. Indeed, when v, in (1.3) is
replaced by v, := (1 — o) x, + apa + 6, (x,, — x,—1), where a is an arbitrary but fixed element in 7, one may expect
to get the strong convergence of the sequence (x,) to Ps(a) (in Theorem 3.4), Ps being the metric projection from H
onto S.

Remark 4.4. Another class of mappings which is also extensively studied and more general than nonexpansive ones is
the so-called class of asymptotically nonexpansive mappings (see, for instance, [1,32]). Interesting strong convergence
results are proved, for this latter class of operators, regarding some fixed point methods. In particular, an algorithm
which combines viscosity and outer approximations was proposed in [32]. It is worth noting that this latter algorithm
can be adapted so that it converges to the element of minimal norm in the fixed point set of a given asymptotically
nonexpansive mapping 7. This limit is the same attained by the method (4.1) in the case of a single demicontractive
mapping T (i.e., N =0 and Top = T'). However the products 7" of a quasi-nonexpansive mapping 7 are obviously
quasi-nonexpansive, hence not necessarily continuous (for n large enough), on the contrary to the case when 7 is
asymptotically nonexpansive mapping. In this latter frame, the operator 7" is Lipschitz continuous for n large enough,
which is an important property needed in the convergence analysis of the related algorithms for computing fixed points.
This can explain why the technique for analysis used in this paper for demicontractive maps is completely different
from the existing ones for asymptotically nonexpansive maps.

Remark 4.5. To the best of our knowledge, there is no known existence result for a common fixed point of an infinite
family of strictly pseudocontractive mappings. Thus the assumption ﬂn>0 Fix(7,) # ¥ in Theorem 3.4 as well as the
assumption ﬂi}() Fix(T;) # @ in Theorem 4.3 are not warranted. Then it would be interesting to study the possible
existence of a common fixed point of infinitely many demicontractive operators. However this is out of scope of the
present paper.
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