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Abstract

By means of the derivative operator of order m (m € Np), we introduce and investigate two new subclasses of p-valently
analytic functions of complex order. The various results obtained here for each of these two function classes include coefficient
inequalities and inclusion relationships involving the (7, §)-neighborhood of p-valently analytic functions. Relevant connections
with some other recent investigations are also pointed out.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction and definitions

Let A, (n) denote the class of functions f(z) normalized by
(0.¢]
f@O=2"= Y & @z0npeN:={1,23,.1, (1.1)
k=n+p
which are analytic and p-valent in the open unit disk
U={z:zeCand |z|] < 1}.

Upon differentiating both sides of (1.1) m times with respect to z, we have

o0
[ = ey K ke

agz
(p —m)! i (k — m)!

(n,peN;me Ng:=NU{0}; p>m). (1.2)
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Now, making use of the function f m) (z) given by (1.2), we introduce a new subclass R,’f,m (%, b) of the p-valently
analytic function class A, (n), which consists of functions f(z) satisfying the following inequality:

1 2f 1M (z) + Az fOHM(7) Cpem)| <1
b \2zf T + (A —nfme 7
(zeU;peN;meNp0SAZ1;b6eC\{0}; p>m). (1.3)

Next, following the earlier investigations by Goodman [4], Ruscheweyh [9], and others including Altintas et al.
([1] and [2]), Murugusundaramoorthy and Srivastava [7], and Raina and Srivastava [8] (see also [5,6,10]), we define
the (n, §)-neighborhood of a function f(z) € A,(n) by (see, for details, [3, p. 1668])

Nus(f) = {g:geAp(n),g(z)=Zp— > bizfand Y k|ak—bk|§5}. (1.4)

k=n+p k=n+p
It follows from (1.4) that, if
h(z) =z" (peN), (1.5)
then
o0 o
Nys(h) = {g g€ Ay, gx) =2 — Y hFand Y klby| < 3} : (1.6)
k=n+p k=n+p
Finally, we denote by E,’;, m (A, b) the subclass of the normalized p-valently analytic function class A, (n) consisting

of functions f(z) which satisfy the inequality (1.7) below:

<p—m

‘% (£ @ + 22 E @) = (p—m))

(zeUpeN;meNp0SA<1;6€eC\{0}; p>m). (1.7)

The main object of the present work is to investigate the various properties and characteristics of analytic p-valent
functions belonging to the subclasses

erz,m()‘vb) and ﬁrll],m()hb),

which are introduced here by making use of the derivative operator of order m (m € Np) on normalized p-valently
analytic functions in U. Apart from deriving a set of coefficient inequalities for each of these two function classes, we
establish some inclusion relationships involving the (n, §)-neighborhoods of analytic p-valent functions belonging to
each of these subclasses.

Our definitions of the function classes

Rim(A,b) and L, (x, b)

are motivated essentially by several earlier investigations including [2,7,8], in each of which further details and
references to other closely related subfamilies of the normalized p-valently analytic function class A,(n) can be
found.

2. A set of coefficient inequalities
In this section, we prove the following results which yield the coefficient inequalities for functions in the subclasses
REm(A,b) and  LF (A, b).

Theorem 1. Let f(z) € A,(n) be given by (1.1). Then f(z) € R,’f,m (A, b) if and only if

i (k—i—lbl—p)k![k(k—m—l)—i—l]a < bl plIA(p —m — 1) + 1]

(k —m)! = (p —m)! @1

k=n+p
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Proof. Let a function f(z) of the form (1.1) belong to the class R,’f,m()\, b). Then, in view of (1.2) and (1.3), we
obtain the following inequality:

i (p— kA —m =1 +11 .

k—m)! e
k=n+p >—1b] (zeU). (22)
PP —m D1y g P RRPE DA
T (k—m))! ¢

k=n+p

Setting z = r (0 < r < 1) in (2.2), we observe that the expression in the denominator on the left-hand side of (2.2)
is positive for r = 0 and also for all 7 (0 < r < 1). Thus, by letting r — 1— through real values, (2.2) leads us to the
desired assertion (2.1) of Theorem 1.

Conversely, by applying (2.1) and setting |z| = 1, we find from (1.2) that

Zf(l+m)(z) + )hzzf(2+m)(Z)
Azf A+ (2) + (1= 1) f0(2)

o~ (p =k —m—-D+1]
2 k —m)! ez

—(p—m)

k=n+p
pliMp—m—-1)+11 ,_, o (p—RK[Ak—m—1+11 .,
(p —m)! S ) k —m)! ks

k=n+p
platk —m —1) + 1] o (p— KAk —m —1) 4+ 1]
b —
| I{ (p —m)! k;p (k —m)! N
T plMk—m—D+1] i (p—k)k![k(k—m—1)+1]a ’
(p —m)! ket p (k —m)! k

Ak

A
|

Hence, by the maximum modulus principle, we infer that
f) e ,Rﬂ[;,m()\v b),

which evidently completes the proof of Theorem 1. O

Remark 1. In its special case when
m=0, p=1 and b=py O<p=1lyecC\{0)), (2.3)
Theorem 1 yields a result given earlier by Altintas et al. [2, p. 64, Lemma 1].

Similarly, we can prove the following theorem.

Theorem 2. Let f(z) € A,(n) be given by (1.1). Then f(z) € E,’:,m (X, b) if and only if

o0

k
}:(m)w—mmw—m—n+u@§@—mﬂ

k=n+p

|b] — 1
m!

+(ZﬁMp—m—n+u] 2.4)
Remark 2. Making use of the same parametric substitutions as were mentioned above in (2.3), Theorem 2 yields
another known result due to Altintag et al. [2, p. 65, Lemma 2].

3. Inclusion relations involving the (n, §)-neighborhoods

In this section, we establish several inclusion relations for the normalized p-valently analytic function classes
R},;m (A,b) and Cl{:,m()\'v b)
involving the (n, §)-neighborhood defined by (1.6).
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Theorem 3. If

. bl p!(n + p —m)! [AM(p —m — 1) + 1]
T m+bhp—-m)n+p—DAn+p—m—1)+1]

(p > 1bD), 3.1
then
Rim(k,b) C Ny s(h). (3.2)

Proof. Let f(z) € Rf,’,m (X, b). Then, in view of the assertion (2.1) of Theorem 1, we have

(m+ b+ p)lr(n+p—m—1)+1] 3 < Iblp![x(p—m—1)+1]’ (3.3)

(n+p—m)! E, (p—m)!
which readily yields

o0

Z w < blpln+p—m)[A(p—m—1)+1]
KD+ ) p—miAmtp—m— 1)+ 1]

(3.4
k=n+p

Making use of (2.1) again, in conjunction with (3.4), we get

m+plian+p—m—-1+1] i kay

(n + b= m)! k=n+p

< bl plA(p —m — 1) + 1] n (p—1bh(n+plr(n+p—m—1)+1] i 4
(p—m)! (n+p—m)!
16l plA(p —m — 1)+ 11 |6l pl(p — [BD[A(p —m — 1) +1]
(p—m)! (p —m)!(n + |b])
_blptn+p)a(p—m—1) +1]
B (p —m)n +1b)

k=n+p

Hence

o]

3 ka < bl p'n + p —m)! [A(p —m — 1) +1] —5. (p>Ib) 35)
m+1bD(p—mn+p—-—DIA(n+p—m—1)+1]

k=n+p

which, by means of the definition (1.6), establishes the inclusion relation (3.2) asserted by Theorem 3. O

In a similar manner, by applying the assertion (2.4) of Theorem 2 instead of the assertion (2.1) of Theorem 1 to
functions in the class £ .m(A, b), we can prove the following inclusion relationship.

Theorem 4. If

bl —1
(p—m)[' - +(”)[1+x<p—m—1>](n+p>}
§ = m: m

P : (3.6)
( mp>(n+p—m)[l+k(p—m—l)]

then

£r€,m()\s b) C Nn,é(h)-

Remark 3. Applying the parametric substitutions listed in (2.3), Theorems 3 and 4 would yield a set of known results
due to Altintag et al. [2, p. 65, Theorem 1; p. 66, Theorem 2].



690 H.M. Srivastava, H. Orhan / Applied Mathematics Letters 20 (2007) 686—-691

4. Further neighborhood properties

In this last section, we determine the neighborhood properties for each the following (slightly modified) function
classes:

REM(OLb) and  LE5 (L, b).

Here the class Rf;j,‘f, (A, b) consists of functions f(z) € A,(n) for which there exists another function
g(z) € RE m (A, b) such that

Q@

1‘<p—oz zeU;0La < p). “.1)
8(2)

Analogously, the class L,fj,'fl (A, b) consists of functions f(z) € A,(n) for which there exists another function
g(2) € L,’,’,m (A, b) satisfying the inequality (4.1).
The proofs of the following results involving the neighborhood properties for the classes

Rim(A,b) and L}k, b)
are similar to those given already in [2,7] and [10]. Therefore, we skip their proofs here.
Theorem 5. Let g(z) € RE (., b). Suppose also that
Sn+1bh)n+p—Dip—m)An+p—m—1)+1]

o=p— . (4.2)
(n+ 16D+ p)l(p —m)l[A(n+p—m—1)+ 1] = |b| pl(n + p —m)!/[A(n + p —m) + 1]
Then
Np.5(8) C Riim(X, b).
Theorem 6. Let g(z) € L,’f,m (A, p). Suppose also that
8<n+p)(n+p—m)[k(n+p—m—1)—|—1]
o=p-— P m b1 .
(n+p){( ”)(n+p—m)[x<n+p—m—1)+1]—<p—m)[ : +(”)[A(p—m—1)+1]]}
m m. m
4.3)

Then
Nus(g) C Lhm(h, b).
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