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metric spaces metrizability

1. In general topology a metric space is one of the most fundamental
and important spaces, and as its topological characterization, the Nagata-
Smirnov’s metrization theorem piays an important roie. Their theorem
is as follows:

1.1. Theorem (Nagata [16], Smirnov [20]). In ordsr that a regular
T, space X be metrizable it is necessary and sufficient that X has a o-
locally finite base; that is, X has a base which'is expressed as the count-
able union of locally finite subcollections.

Hereafter, we assume that all spaces are regular T spaces unless spe-
cified.

In view of the point that we consider generalizations of metric spaces,
there may be several directions and as one of them it seems natural to
weaken the conception of a base dropping the openness of its members.

1.2. Definiiion. Let B be a collection of subseis {not necessary open)
of a Hausdorff space X. If, for each point x € X and open subset G of X
with x € G, there exists B € B such that.c € B C 7, then we call ‘B a
network of X (cf. [1]). In particular, when a network 9B is ¢ ‘ocally fi-
nite as 1 collection of subsets of X, it is called a o-locally finite network
and then X is called a ¢-space (cf. [14,15,17]). More specialiy, when a
network B is a countable collecticn, X is called a cosmic space (cf. [1,
2,3,10]).

From the above definition we can sce that all metric spaces, more gen-
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erally, all spaces which ar: expressed as the countablé sun: of closed
inetrizable subspaces, an¢ all cosmic spaces are o-spaces.

A o-space was also characteried by the existence of networks of the
followiny forms.

1.3. Theorem (Siwiec-}Magata [19]). The following are 2guivalent for
a space X:

(i) X is a o-space;

(i) X has a o-discrete network;

(iii) X has a o-closure-preserving network.

2. The class of g-spaces. as 2 generalization of mctric spaces, has some
properties similar to metr ¢ spaces.

I (Hereditary). Any sutspace of a g-space is also a o-space (5. [ 17]).

IT (Product). A product of countably many g-spaces is a o-sp: ce (cf.
[171.

IiL. In a collectionwise 1ormal g-space X the following condirions are
equivalent (cf. [17]):

(i) X isseparable;

(i) X is a ._indel®f snace;

(iii) X satisfies the countable chain condition; that is, X does not con-
tain uncountably many disjoint, non-empty subsets.

IV, For any normal g-space X we can consider its completion; that is,
there exists a (Hausdorff) g-space Y which contains X as 2 dense sub-
space and is complete in the following sense.

2.1. Definition. Let Y be a Hausdorff g-space which has a o-locally
finite network ¥ = Uy .| "B, such that each B, = {B(a,, ..., ¢, )ie; € /',
.., 0, € A, } is locally finite clesed covering of Y which is closed under
finite intersections and B satisfies B(ay, ..., a,, «,4;) C B(ay, ... a,) for
0 €Ay, .., 0,€A4,,0,,,¢A4,,,. We call the subcollection F of B 3 o-
Cauchy filter with respect to B if F is a filter and there is a sequence
Wy, @y, ...) such that B(a,, ...,a,) € F for each n and such that for
each n there exists a n;, such that B(ay, ..., a, ) intersects with only fi-
nite members of 9B ,,. If anv maximal g-Cauchy filter with respect to B
has non-empty inters:ction, we call Y o-complete with resr :ct toB.
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3. On the other h1and, o-spaces satisfy some properties which are not
satisfied in the cas: of metric spaces.

V. If a space is ¢ countable union of closed subspaces, each of which
is a o-space, it is al:0 a g-space.

VI. Let X be a space and {Fyla € A } a closed covering ¢f X. If X is
dominated by {F,la € A} (in other words, X has the weak topology
with respect to {£ la € 4] in the sensc of K. Morita [12] ) and if each
F,, is a normal o-space, then X is a o-space.

Since the proof of this fact is not published, we shall show it here.

3.1. Proof of VI. Let {fla € A} be the given covering of X which
satisfies the condition in VI, where we can assume that 4 is a well-or-
dered set.

Since F,, is a rormal o-space, F,, is perfectly normal, foreach o € 4.
Therefore, /7 is also perfectly normal (cf. [12]).

Let us put 7y, = Ug o Fy, for each « € A. Then, by the assumption,
P, is closed in X and, therefore, we have P, = 1}, ., G,, with open sub-
sets G, of X, foreachw € 4.

Now, let us put H,, = F, — G, . foreacha€ A andn = 1,2, ..

Then {Hy,la € A} is discrete in X. Because. for any x € X iher: exusts
the first a € 4 withx € F. If we set U = (X—Py) N Gy,; o, then U isen
open subset qf X containing x such that U N Hg, * @ implies § = «. This
shows that {H,,la € A} is locally finite in .Y, and since it is clearly dis-
joint, it is discrete in X. Furthermore, {H,,la € A;n =12, ...} covers
X. Because, for any x € X, we take a € 4 as the first element in A with
X € F,, again. Since x ¢ P, x ¢ G, for some n. This shows thai
XE€Fy— Gy, =Hy,.

Consequently, X has a o-locally finite closed covering {H,, e € A,
n=1,2,..}, each of which is a o-space, and so & is a g-space (cf. [17]).

VII. Let A be a closed subset of a topological space X and f a contin-
uous map from A4 into a topological space ¥, and let X U, Y be an au-
junction space of X and Y by f (cf. [9]). Then, if A and Y are¢ normal
o-spaces, 30 is X Uf Y (cf. [17)).

VIII. Let f be a closed continuous map from a space X’ onto a space
Y. If X is a normal o-space, then Y is also :: normal g-space such that
the set {y € Y |boundary of f-1(y) is not countably compact} is o-dis-
crete in Y (cf. [18,19]).
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4. As for the relationsnip between o-spaces and metnc spaces we have
the following two metrization theorems.

IX (Metrization theorems). (A). If X is a coilectlonwme normal o-
space and an M-space (cf. [ 13]), then X is metrizable (cf. [17]).

(B). If X is a collectionwise normal g-space with a point-countable
bese, then X is metrizable (cf. [19]).

Finally, concerning the product space, we have

X. Let X be a paracompact g-space and ¥ a paracompact, perfectly
ncrmal T space. Then X X Y is paracompict and perfectly normal (cf.

(17h.

5. The following two conceptions are generali.ations of g-spacss.

5.1. Definition. A space X is callzd semi—stratifiable it for ezch open

subset U of X there exists a sequence {U,|n = 1,2, ...} of closed sub-
sets of X such that (i) U;, -, U, = U and (ii) if U and V arc open with
UZV,thenlU, CV, forn—i 2,.

This is clearly a modlflcatlon mf a at ratifiable space (cf. [4]).

5.2. Definition (Nagami [15]). A space X is called a Z-space i{ there
e zists a sequence { F,in = 1,2, ...} of locally finite closed coverings of
X satisfying the following condition:

A Ky 5 K; D ...is a sequence of nor-empty closed subsets of X such
that K, C C(x, F,)=n {F& F,|x € F) ior some x € X and for each
n,then N, K, % 0.

Iirstly, as for a semi-stratifiable space it satisfies the properties 1, I
IIL;, Vg, VI, VII; and VIIL. 2 mong them we can see I and V, from the
definition, IL; in [8], IIk in [21] and the proof of VI is similar to VII.
Here we put the suffix ‘s’ to denote the property of the same type re-
placing a o-space by a semi-stratifiable space.

As for VI we have the follcwing:

VI,. Let X be a space and {Fyla € A} a closed covering of X. If X is
doriinated by {Fyla € A} anc if each F,, is a normal semistratifiable
spa:ce, then so is X.

5.3. Proof of V1. Using the same notations as in 3.1, for any open
subset U of X there exists 3 sei-s'ratification {U(a,n, k)|k = 1,2, ...}
for Un Hy,, in #,, foreacha € 4 und forn = 1,2, ... . Now, let us put



Akihiro Okuyama, A survey of the theory of c-spaces 61

Uy = Uik amVaca Ula, n k) form = 1.2, ... . Then it is easily shown
that the sequence {U,, Im = 1,2, ...} forms a semi-stratification fcr U in
X.

Furthermore, the later half of VIII, was simplified as below:

VIII (Stoltenberg [211). If f is a closed, continuous map from a nor-
mal semi-stratifiable space X onto a space Y, then the set {y Y| f-1(y)
is not compact} is o-discrete in Y.

Secondly, as for a Z-space it satisfies VI adding perfect normality,
IXs (B) and Xy , last two of which are generalizations of X (B) and X,
respectively, where we use the suffix ‘2’ for the same reason as befcve.

Vig . Let X be a space and {Fyla € .1} a closed covering of X. If X is

dominated by {F,la € A} and 1f each F, is a perfectly normal Z-speve,
then X is a Z-space.

5.4. Proof of VI;. We use the same notations as in 3.1. Since every
closed subspace of a T-space is alsc a Z-space (cf. [ 15]), there exists a
sequence { Fg, 1k = 1,2, ...} of locally finite closed coverings of H,,
which satisfies the condition in 5.2, fcreacha € A and forn=1,2, ...
In addition, we can assume, without loss of generality, that
Foank C Fank+ fork=12, ...

Now, letusput F,, = U, x<mYank Fane VY {X} form=23, ...
Then each #,, is clearly a locally finite closea covering of X. To chow
that { F,, [m = 2,3, ...} satisfies the condition in 5.2, take an arbitrary
sequence K; D K, ... of non-empty closed subsets of X such that
K,, CC(x, ¥,,) for some x € X and for each . Let B be the first ele-
ment in 4 such that x € F; and ! the minimum of »’s such that x € Hj,,.
Then we have x € H,,, for either & # £ or n < I. Hence, we have
C(x, F,) =X for any m < [. Since Fgy. CFH y for k= 1,2, ..., we have
K4 C C(x, Frex) © Cx, Fgy) for k 1,2, ... . Therefore, by the as-
sumption, we have @ # 3., Kj,p =071 K, ThlS shows that X is a
2-space.

IX; (B) (Michael [ 1]). A paracompact Z-space with a point-count-
able base is metrizable.

X, (Nagami [15]). If X is paracompact Z-space and Y s a paracom-
pact T} P-space in the sense of K. Morita (cf. [13]), then X X Y is para-
compact.

6. As for a generalization of IX (A) we state the following concep-
tion.
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6 1 Defnutxon (Borges [51). A space X is called a wi-space if there
- exists a sequence { ¢, [n=12,..} of open covermgs of X satisfying
the following condztlon.

If {x{,%5,...}182 sequence in X such that x, € at(x «,) for some
»: € X and for each n, then it has a cluster pomt

Clearly, an M-space is always a wA-space. The property IX (A) was
generalized by weakening the assumption of an M-space, as below:

IX' (A) (Siwirc-Nagata [19]). If X is a collectionwise normal o-space
¢nd a wA-space, then it is metrizable.

7. The situation of spaces mentioned above is shown in the follow-
ing diagram

me tnc space
cﬁhutn Jle WION
M-space ( closed metrizable ) (stratlﬁable)

o-spaoe
-space: seml-straufiable

space )

In the above diagram, the fact that everyv stratifiable space is a g-space
v/as proved by R. Heath.

Besides these facts, some results were obtained relating & developable
ssace (cf. [6,7]).
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