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Abstract

We consider the structure-dependent amplitude of the d@say [TI~y (I = e, 1) in @ model based on the effective
Hamiltonian for b5 — [T1~ containing the Wilson coefficient€7, Cg and C1g. The form factors characterising the
matrix elements(y |5y, (1 F y5)b|Bs) and (ylsou(1F y5)b|Bs) are taken to have the universal forfiy ~ fu ~ fr ~
fB,Mp Rs/(3Ey) suggested by recent work in QCD, whelg is a parameter related to the light cone wave function of the
By meson. Simple expressions are obtained for the charge asymaiatyy and the photon energy spectruhlt/dx, (x, =
2E,/Mp ). The decay rates are calculated in terms of the decay raBs e$ yy. The branching ratios are estimated to
be BBy — eTe~y) =2.0 x 1078 and BI(B; — utp~y) = 1.2 x 10~8, somewhat higher than earlier estimates.

0 2001 Published by Elsevier Science B ®pen access under CC BY license.

1. Introduction

The rare decay, — [TIy is of interest as a probe of the effective Hamiltonian for the transiion> /™,
and as a testing ground for form factors describing the matrix eleneistg, (1 F ¥5)b|By) and (ylsiowm (1 F
v5)b|Bs) [1,2]. The branching ratio foB, — [*t1~y can be sizeable in comparison to the non-radiative process
By — "]~ since the chiral suppression of the latter is absent in the radiative transition. We will be concerned
mainly with the structure-dependent part of the matrix element, since the correction due to bremsstrahlung from
the external leptons is small and can be removed by eliminating the end-point sggior ng. (For related
studies of radiative® decays, we refer to the papers in Ref. [3].)

Our objective is to calculate the decay spectrunBpf> 7/~ y using form factors suggested by recent work in
QCD [4]. These form factors have the virtue of possessing a universal behayiBuifdr large E,, , as well as a
universal normalization. These features can be tested in measuremérits-efu*vy and B, — yy. We derive
simple formulae for the photon energy spectrdifi/dx,, x, = 2E, /mp_, and the charge asymmeta(x,),
defined as the difference in the probability of events With> E_ andE, < E_, E- being the* energies. This
asymmetry is large over most of the domain. Predictions are obtained for the branching ratio8Br e"e~y)
and Br(B — u™u~y) which are somewhat higher than those estimated in previous literature [1,2].
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2. Matrix element and differential decay rate

The effective Hamiltonian for the interacti@d — [/~ has the standard form [5]

G - - C _
Heff = il/—TFVthV;;{CSﬁ(EV[LPLb)IVMZ + ClO(EVMPLb)lylLVSI - Zq_ZEio—;u)qv(mbPR + mSPL)blyMl}’
w
1)

where P, g = (1 F y5)/2 andg is the sum of thé* and/~ momenta. For the purpose of this Letter, we will
neglect the smalj2-dependent terms iGS”, arising from one-loop contributions of four-quark operators, as well
as long-distance effects associated wittresonances. The Wilson coefficients in Eq. (1) will be taken to have the
constant values

C7=-0.315, Gy =4.334, Go=—4.624. (2)

To obtain the amplitude foB; — I*I~y, one requires the matrix elementg |5y, (1 F ys)b|B,) and

(y|siow (1F ys)b|Bs). We parametrise these in the same way as in Ref. [1,2]

(v (®)[57,.b| Bs (k + @) = e €uupo €™ a7k fv (q%) / M,

(v () |5y, vsb| By (k + q)) = —ie[e}k - g — €* - qku] fa(q?) / M.

(v (0)|5io,0g"b| By (k +9)) = =€ o €™ q k" fr(47),

(v (0)|5iouwysq"b|Bs(k + q)) = —ie[e}k - g — €* - qku] £1.(47). ®)
The form factorsfv, fa. fr and f; are dimensionless, and related to those of Aliev et al. [1] foy=

8/Mp,, fa=[f/Ms,, fr=—g1/M}5, f; =—f1/Mj5 . The matrix element foB; — /1~y can then be written
as (neglecting terms of order; /m;)

aGF

M(B; — 1t y) = > 7o

1 _ _
eVin V5 s [ewpge*”qpk“ (Ally“l + Azly“y51)

+i(en(k-q) — (€ - k) (Baly™l + le_y“ysl)], (4)

where
M3,
A1=Cofy +2C7q—{.fT, A2=Ciofy,

M2
B1=Cofa +2C7q—§‘“f%, B> =C10fa. 5)

(In the coefficient ofC7, we have approximated, M, by M§S .) The Dalitz plot density in the energy variables
Eiis

dr 1 ;
= 6
dE,dE_ ~ 256mMp, 2 IMP, ©)

spin

where [1,2,6]

D IMPE=

spin

aGF
Ly, vie
T

V2

x (1422 + 1B [a%{(p+ - 0P+ (p— - 02} + 2mP(q - K)?]

2
Mg,
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+ (1421 + |B21?)[a?{(p+ - B> + (p— - k)?} — 2mP(q - k)?]
+2Re(Bj Az + A1 B2)?[(p+ - 0 = (p- - 7]}, (7)
It is convenient to introduce dimensionless variables
Xy =2E,/Mp,,  xy=2Ei/Mp, A=xi—x_, r=m/M3 ®)

in terms of whichg? = ng(l —xy). Takingx, and A as the two coordinates of the Dalitz plot, phase space is
defined by

Al <vxy, v:\/1—4m12/q2=\/1—4r/(1—x},),
0<x, <14 9)

In terms ofx,, andA, the differential decay width takes the form

dr ) n[A=x)2+4%) 1,
= A B =
dx, da N[(I 1|+ |Ba| ){ g +oray
1—x,)(x24+4% 1 1
+(|A2|2+|lez){ 4 . —5r 5}+2Re(B;A2+A;Bz)(l—xy)zxyA],

(10)
where\ = [aZG%/(256n4)]|V,th;|2Ml5;s. The last term is linear im and produces an asymmetry between the

I andl~ energy spectra.
We will derive from Eq. (10) two distributions of interest:

(i) The charge asymmetrj(x, ) defined as

((;)Xy dr f? dr )dA

dx, dA ~ vXy dx, dA
Aty = T
—UXy dedA A
3 2RgB7A ATB
_30-x) &§B]A2+ A]B2) (11)

4 {(AL2+ B2 (L — x, +2r) + (|A212 + | B2|2) (1 — x,, —4r)}

(i) The photon energy spectrum
ar- 013G12p
dx, 76874

To proceed further, we must introduce a model for the form factors which appear in the funttigasdB; 2
defined in Eq. (5).

ViV [P0, ox3[ (1422 + 1B12) = x +20) + (1422 + B2 -, — 4n) | (12)

3. Model for form factors

First of all, we note that the form factor§ and f; defined in Eq. (3) are necessarily equal, by virtue of the
identity
i B
Oy = Eeuvaﬁa V5. (13)
This was pointed out by Korchemsky et al. [4]. We, therefore, have to deal with three independent form factors
fv, fa and fr. These have been computed in Ref. [4] using perturbative QCD methods combined with heavy
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quark effective theory. For the vector and axial vector form factors of the radiative decay [Tvy, and their
tensor counterpart, defined as in Eqg. (3), these authors obtain the remarkable result

2

A
Sv(Ey) = fa(Ey) = fr(Ey) = fB’"B (QMR - 5—:) + O( §§D>, (14)

where R is a parameter related to the I|ght cone wave-function of Bhmeson, with an order of magnitude
R™1~ A = My — m;, where the binding energy is estimated to be between30and 04 GeV. Applying the
same reasoning to the form factors &y — /7=y, we conclude that

M A2
Fv(Ey) = fa(Ey) = fr(Ey) = fBZSEny( Qs R, +&> +0( gg”) (15)

In what follows, we will neglect the tern®, /m;,, and approximate the form factors by

feMp, 1 1fp1

16
2E, 34, 3A xy (16)

fv.aT(Ey) =~

whereA, = Mp, — my, will be taken to have the nominal valueS0GeV. Several of our results will depend only
on the universal fornyy 4 r(E,) ~ 1/E,, independent of the normalization. As pointed out in [4], a check of the
behaviourfy 4 ~ 1/E, inthe case oB™ — nTvy is afforded by the photon energy spectrum, which is predicted
to be

T~ P ED + [REN]S A= xy) ~ x5y (1= ). (17)
Xy

In the case of the reactiaB, — [*1~y, the normalization of the tensor form factgr (E,) at E, = Mp/2 (i.e.,

x, =1) can be checked by appeal to the decay ratB,of> yy . To see this connection, we note that the matrix

element of By — y(k, €) + y(k’_, €’) can be obtained from that af; — /"1~y by putting Cg = C10 =0, and

replacing the facto(efTC7/q2)(ly,Ll) by fr(x, = 1)6;/. This yields the matrix element

G / ~ ’
M(By — y(e, by (€, k) = re” (Vi Vi) [AT Fun F" + i A7 Fyy F]
22
with
_ 1
AT =—A"= aMs. fr (o, =1)Cr. (18)
The result forA® coincides with that obtained in Refs. [7-9] whgn(x, = 1) = Q"fB = %ﬁB (In Refs. [8,9],
the role of the parametet; is played by the constituent quark mass) Thus the decay width B, — vy,
M?g G;r:e2
r = A A_ 19
(Bs = vy) = qgr| 53 VoV (| +2+14-) (19)

serves as a test of the normalization factp(x, = 1).

We remark, parenthetically, that the calculationBf— yy, based on an effective interaction for~> syy,
produces the amplitudes™ andA~ given in Eq. (18) in the limit of retaining only the ‘reducible’ diagrams related
to the transitiorb — sy . Inclusion of ‘irreducible’ contributions likés — ¢¢ — y y introduces a correction term
in A_ causing the ratioA /A _| to deviate from unity. Estimates in Ref. [7,8] yield values for this ratio between
0.75 and 09. The branching ratio BB, — yy) is estimated at % 10~7, with an uncertainty of about 50%.

Having specified our model for the form factof% (x,), fa(x;,) and fr(x,), we proceed to present results
for the spectrum and branching ratio Bf — [T/~y [10]. We useMp, = 5.3 GeV, fp, = 200 MeV and, where
necessaryl, = 0.5 GeV in the normalization of the form factors in Eq. (16).
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4. Results
4.1. Charge asymmetry

With the assumption of universal form factofg = f4 = fr ~ % the asymmetryi (x,) in Eq. (11) assumes
the simple form
2C10(Co + 2C7ﬁ)(1 —Xy)

3
A(xy) = yid T2 5 . (20)
(C9+2C7H) (1—x}/ +2r)+C10(l—xy—4r)

This is plotted in Fig. 1, and is clearly large and negative over most ofxthelomain, changing sign at

x, =1+ 2C—C97 (A negative asymmetry corresponds/tobeing more energetic, on average, tiiann the decay

B, (= b5) — IT1~y.) The average charge asymmetry is

3 0174r dxy, vzxy 1- xy)ZClo(Cg + 2C7 171xy )

(21)

)=-
4[5 dxy vxy [(1— xy +20)(Co+2C712-)% + (1 — x, — 4r)Cy]

1-x,
and has the numerical valya), = —0.28, (A),, = —0.47 for the modes = ¢, 11, the difference arising essentially
from the end-point region, ~ 1 — 4r.

4.2. Photon energy spectrum

With the form factors of Eq. (16), the photon energy spectrum simplifies to

ZTI; = %./\/'vxy{(l—xy ~|—2r)<Cg +2C71—1xy
where the constant factoy is defined after Eq. (10). It is expedient to write this distribution in terms of the decay
rate of By — yy. We then obtain the prediction
dI(B; — Itl7y)/dx,
I'(Bs = yy)

20 X; 1)\? 2
={§mv(1—3€y +2")}<g> I:{r]g(l—xy)—i—l} +{7710(1—Xy)}

2
) +(1—x, — 4r)C§0}, (22)

21l—x, —4r

m] @3)

Fig. 1. Asymmetry versus, .
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The first factor (in curly brackets}) is the QED result expected if the decBy— [T1~y is interpreted as a Dalitz

pair reactionB; — yy* — yIt1~, without form factors. The fact(m/x),)2 results from the universal behaviour
fv.a,r ~1/x, given in Eq. (10), while the last factor is the electroweak effect associated with the coefficients
ng = Cq/(2C7) andnio = C10/(2C7). This distribution is plotted in Figs. 2 and 3, where the QED result is shown
for comparison.

4.3. Ratesand branching ratios

From the photon spectrum given in Eq. (23), we derive the ‘conversion ratios’

Jo 4 ar 4L (B> I*17y)

R = . 24
F(Bs —> YY) @)
The numerical values a®, = 4.0% andR,, = 2.3%. These are to be contrasted with the QED result given by
200 1+V1-4r 7
Ri(QED 1-18”2+8r Vi—a4r(—5+13r+472 25
1(QED) = [( +8r%)In " r( 5 +18r+ r>] (25)

0 0.2 0.4 0.6 0.8 1
x

Fig. 3. Photon energy distribution f@, — 1y, normalized taB; — yy. (Dashed line is the QED result.)
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Table 1
Average charge asymmetry, Conversion ratio and Branching ratio for the dBsayset e~y and B; — utp~y. (Last column assumes
Br(By — yy)=5x 1077)

Decay Average charge asymmetry Conversion ratio Branching ratio
(A) L(B;—>1t1"y) L(Bs—1*1"y)
' (Bs—>yy) I(Bs—all
By —eteTy -0.28 4.0% 20x10°8
By > utu~y —047 2.3% 12x 1078

which yieldsR,(QED) = 2.3%, R, (QED) = 0.67%. The absolute branching ratiosBf — [*1~y, obtained by
taking BB, — yy) =5x 107 [7,8]are B(B; — eTe"y) =2.0x 1078, Br(B; — utu"y) =1.2x 1078, Our
results for the average charge asymmetty;, the conversion ratio®; and the branching ratios are summarized
in Table 1.

5. Comments

(i) The branching ratios calculated by us are somewhat higher than those obtained in previous work [1,2], which
used a different parametrization of the form factgys fa, fr, fr» based on QCD sum rules [1] and light-
front models [2]. In particular, these parametrizations do not satisfy the relgfiea f; which, as noted
in [4], follows from the identityo,, = 5€,vap0* ys.

(i) Our predictions for the charge asymmets) and the conversion ratit' (B, — [11~y)/I'(B; — yy) are
independent of the parametéy which appears in the form factor in Eq. (16). The branching ratios in Table 1
assume BB, — yy) =5 x 107/, and can be rescaled when data on this channel are available.

(iii) A full analysis of the decayB;, — IT1~y requires inclusion of the bremsstrahlung amplitude corresponding
to photon emission from the leptons#y — /1. This contribution is proportional tgp m; and affects the
photon energy spectrum in the smaJl region. We have calculated the corrected spectrunBfor> (1~ y,
following the procedure in [11], and the result is shown in Fig. 4 for the ¢ase.. As anticipated, the
correction is limited to smalt,,, and can be removed by a cut at small photon energies.

(iv) The QCD form factors in Eq. (16) are valid up to corrections of or(de@CD/Ey)z. In the smallx, region,
arguments based on heavy hadron chiral perturbation theory suggest form factors dominate8*bydtee

d Gamma d x

Fig. 4. Photon energy spectrumBy — .~y , with bremsstrahlung (solid line) and without bremsstrahlung (dashed line).
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with the appropriate quantum numbers, for example,

1
MG (1—x,) — M5,

fv (xy) ~ (26)

DefiningMp. — Mp, = AM, this form factor has the behavio (x, ) ~ ﬁ with § ~ 2AM/Mp =~ 0.02.

We have investigated the effect of replacing the QCD form factor of Eq. (16) by a different universal form
fv.ar(xy) = fp,/(BA; (x, +6)), and found only minor changes in the numbers given in Table 1. In general,
one must expect some distortion in the spectrum atdpycompared to that shown in Figs. 1-4.

We will examine separately the predictions fo¢x,) anddI"/dx, in the reactionB;, — t*7 ™y, in which

the bremsstrahlung part of the matrix element plays a significant role [11]. We will consider also refinements
due to thez?-dependent term ir.fgﬂ, and the effects afc resonances.

In view of their clear signature, non-negligible branching ratios and interesting dynamics, the d#gcays
1~y could form an attractive domain of study at future hadron colliders.
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