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are two sets of operators in Cy, then
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Secondary: 46C15 =1 i,j=1

47A30 n n 2

47B10 2

B1s =22 IlAi = Bjll; = 2| 2 (A — B)

15A60 b= = 2

Keywords: In this paper, we give generalizations of this as pairs of inequalities
Schatten p-norm for Schatten p-norms, which hold for certain values of p and reduce
Norm inequality to the equality above for p = 2. Moreover, we present some related
Parallelogram law inequalities for three sets of operators.

Inner product space © 2011 Elsevier Inc. All rights reserved.

1. Introduction

Suppose that B(#) denotes the algebra of all bounded linear operators on a separable complex
Hilbert space H endowed with an inner product (-, -). Let A € B(#) be a compact operator and
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let {s;j(A)} denote the sequence of decreasingly ordered singular values of A, i.e. the eigenvalues of
|Al = (A*A)'/2. The Schatten p-norm (p-quasi-norm, respectively) for 1 < p < co (0 < p < 1,
respectively) is defined by

oS 1/p
IAll, = (Zs;-’m)) :
—

For p > 0, the Schatten p-class, denoted by Cp, is defined to be the two-sided ideal in B(#) of those
compact operators A for which ||Al|,, is finite. Clearly

| 1a2 ], = ll; (11)

for p > 0. In particular, C; and C; are the trace class and the Hilbert-Schmidt class, respectively.
For 1 < p < 09, Cp is a Banach space; in particular the triangle inequality holds. For0 < p < 1,
the quasi-norm || - ||, does not satisfy the triangle inequality, but however satisfies the inequality
[|A + BII,‘; < ||A||Z + ||B||f§. For more information on the theory of Schatten p-norms the reader is
referred to [8, Chapter 2].
It follows from [7, Corollary 2.7] that for Ay, ..., An, B1, ..., By € B(H)
$ 2 $ 2 $ 2 ’
2 A = AP+ D0 IBi =Bl =2 D llA — Bjll* — 2 :

i,j=1 i,j=1 ij=1

(1.2)

> (A —B)
i=1

which is indeed a generalization of the classical parallelogram law:
lz4+wP+|z—w|? =2z +2|w]* (z,w e ).

There are several extensions of parallelogram law among them we could refer the interested reader
to [2,3,6,9,10]. Generalizations of the parallelogram law for the Schatten p-norms have been given in
the form of the celebrated Clarkson inequalities (see [4] and references therein). Since C, is a Hilbert
space under the inner product (A, B) = tr(B*A), it follows from an equality similar to (1.2) stated for
vectors of a Hilbert space (see Corollary 2.7 [7]) thatifAq, ..., Ap, B1, ..., By € C2, then

n n n
S A —Als+ D 1B —Bill3 =2 > A —Bill5 —2

2
. (1.3)
ij=1 ij=1 ij=1 2

> (Ai—B))
i=1

In [7] a joint operator extension of the Bohr and parallelogram inequalities is presented. In particular,
it follows from [7, Corollary 2.3] that if Ay, ..., An, B1, ..., By € B(H), then

n 2

> la-aAlP+ > B-Bff=> |A—B -

1<i<j<n 1<i<j<n ij=1

n

> (Ai—By)

i=1

(1.4)

In this paper, we give a generalization of the equality (1.3) for the Schatten p-norms (p > 0). First we
present similar consideration for three sets of operators. In addition, we provide pairs of complemen-
tary inequalities that reduce to (1.3) for the certain value p = 2.

2. Schatten p-norm inequalities

To accomplish our results, we need the following lemma which can be deduced from [1, Lemma 4]
and [8, p. 20]:
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LemmaA. LetAyq, ..., A, € Cpforsomep > 0.IfAq, ..., A, are positive, then
n n p n
P IAE < DA < DA (21)
i=1 i=1 i=1
p

for 0 < p < 1 and the reverse inequalities hold for 1 < p < oc.

Let us define a constant Dy for a set of operators A = {A1, Aa, ..., Ay} as follows:
1 1A #0
Da = > 8(A) where 8(A) = i #0) )
i=1 0 (A =0)
If there exists 1 < i < nwith A; = 0, then Lemma A is refined as follows:
1 n n p n
Da DIl < [>a] < > lalb (2.2)
i=1 i=1 i=1
P

for 0 < p < 1 and the reverse inequalities holds for 1 < p < oo.

We also put A —B := {A; — Bj : 1 < i,j < n} for sets of operators A = {A1,A, ..., Ay} and
B = {B1, B, ..., By}. Then we remark that 0 < Dy_g < n2.

Now we give our main results that involve three sets of operators.

Theorem 2.1. Let A = {A1, Ay, ..., Ap},B = {B1,By,...,By},C={C, (2, ..., Gy} C Cpfor some
p > 0. Then

n n n
D A= Alb+ D IBi =Bl + > G —Glib

ij=1 ij=1 ij=1
p—2 n p—2 n p—2 n
> |Da’g > lA = Billb +Dg”c D IBi — Gllb +Dc”a D G — AllD
ij=1 ij=1 ij=1
n p n p n p
2@ =B)| + [ Bi—C)| +|D.(C—A) (2.3)
i=1 o li=t o li=t »

for 0 < p < 2 and the reverse inequality holds for 2 < p < oo.

Proof. We only prove the case when 0 < p < 2. The other case can be proved by a similar argument.
We have

n n n
2 A= AlD+ D IBi = Billh + > 1IG = Glib
ij=1 ij=1 ij=1

n p n
> (A —By) > (Bi—G)
P i=1

p
+

p

+ +

p

=2< Sola-AlL+ X BB+ Y ||c,-—c]-||g>

1<i<j<n 1<i<j<n 1<i<j<n

D (G —A)
i=1

p p
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p

P p
—B) - G)
P p p
p/2 p/2 p/2
=2| X a-ar,+ X fm-sl, - > fia-6P
— p/2 — p/2 — p/2
1<i<j<n 1<i<j<n 1<i<j<n
2||P/2 21|P/2 21|P/2
+ i — Bi) i —G) —A)
p/2 p/2 p/2
(by relation (1.1))
2||P/2
> > lA—-AP+ D> IB—B i — Bi)
1<i<j<n 1<i<j<n p/2
" 2P/2
+ 2 B=BlP+ X 1G-GIP+ 2 Bi—G)
1<i<j<n 1<i<j<n i=1 p/2
. 2|P/2
+ D IG=GP+ > A-AP+D(G—A
1<i<j<n 1<i<j<n i=1
p/2
(by the second inequality of (2.1))
n p/2 n p/2 n p/2
> 14 — Bl SB-GPF| 4|16 -
L= p/2 =1 p/2  lIEi=1 p/2
(by (1.4))
-1 o 2[|P/2 P2 | Bl o 2P/
D R T Z |18 =G|, +0ea 2 |16 = 4P
ij=1 ij=

(by the first inequality of (2.2))
L n p—2 n p—2 n
Dp’g Z lIA; — Bjllh + Dg’ ¢ Z 1B — Gl + DcZa Z ICi — Ajllb.

So we have the desired inequality (2.3). O

The next result can be regarded as a generalization of (1.3)

Proposition 2.2. LetAq, ..., An, By, ..., By € C, for somep > 0. Then

p
n n n
—2
> A —Ailb+ > 1B — Bjllh = 2nP™* > ||A — Bj|lb — 2
ij=1 ij=1

> (A —B))

i=1

i.j=1

p
for 0 < p < 2 and the reverse inequality holds for 2 < p < oo.
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Proof. We only prove the case where 0 < p < 2. Putting GG = Ofori =1, 2, ..., n, we have
p—2 n p—2 n p—2 n p—2 n
Dg’ ¢ Z IBi = Gillb = nDg” > |IBillb, D¢’ a Z G — Ajllb = nDp? > [lAillb.

i=1 i=1

It follows from Theorem 2.1 that

n n p
0= > A —Alb+ D 1B —Bilb — 2 ||Az Bl
i,j=1 i,j=1 ij=
p n p n p
—n D.; Z||B;||”+DA ZHA,M" Z(Al— Dl + (208 + |2 A
i=1 P i=1 p i=1 »
n n p—2 n n p
= > lAi—=Alb+ > IIBi =B} —ZDA Z A — Bjllb 42 | > (A — By)
i,j=1 i,j=1 =1 i=1 P
p=2 I 8
+ [ Da’g > 114 — BjlIh — Bi)
i,j=1 »
p=2 I P p=2 I
—nDy” > lAillb | + —nDg” > |Billh
p i= p =1
Here the inequality (2.2) implies
p/2
pT ) o1 o 2P2 |~ 2
2 > A~ B - Z(Al B) =DH > 1A= P~ 1> A Bil?| <0
i,j=1 p ij=1 P i=1 p/2

p—2
by relation (1.1). Due to nD,* is no less than 1, we deduce from Lemma A that

p
p—2 n
—nDp* D IIAIE < ZuAlnp <o.
i=1

p p
p=2
Similarly, we have | >, B; || nDB ", |IBi||b. It therefore implies that

n n p—2 n p

D llA = AL+ D B —Billb =2D,> g > A — Billh — — B)
ij=1 ij=1 ij=1 p
n n p

> 20" 37 A= Billh — 2| D (A — By
ij=1 i=1 )

>0 (byn? > Da_g(>0)).

Thus we obtain the desired inequality. O
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Corollary 2.3. LetA;,...,An, Bi,...,By € Cpforsomep > Oand > A; = >, B;. Then

n n n
2
> A = AlD+ D 1B = Billb = 2n7% > ||A — BjlIp
ij=1 ij=1 =1

for 0 < p < 2 and the reverse inequality holds for 2 < p < oc.

Utilizing Corollary 2.3 with B; = 0(1 < i < n), we obtain the following result which is a refinement
of [5, Corollary 2.3].

Corollary 2.4. Let Ay, ..., A, € Cp for some p > O such that X[ ; A; = 0. Then

Z lA; — Al |p > P! Z ”Az”p

i.j=1

for 0 < p < 2 and the reverse inequality holds for 2 < p < oc.

Next, we have the following reverse inequalities of Proposition 2.2:

Proposition 2.5. LetAq, ..., An, By, ..., By € C, for somep > 0. Then
2-p n
2(n=n+1) 7 X |14 —Bilb — —B)
ij=1
n n
> > A —AlR+ S 1B - B
ij=1 ij=1

for 0 < p < 2 and the reverse inequality holds for 2 < p < oc.

Proof. We only consider the case when 0 < p < 2. We have

P
> lA—Alb+ > 1B —Blb+ — Bi)
1<i<j<n 1<i<j<n p
2P/2
p/2 p/2
= > |a-ap + Z HlB, Bl Z(Al Bi)
W p/2 p/2
<i<j<n
p/2
(by relation (1.1))
5 1_p 2 p/2
n“—n 2 2
<|2- 5 +1 Z A — Ajl* + Z B; — B;|? i — B;)
1<i<j<n 1<i<j<n p/2
(by the first inequality of (2.1))
s | n p/2
- (n2 —n+1) 21> 1A — B (by (1.4))
=1 p/2




M.S. Moslehian et al. / Linear Algebra and its Applications 435 (2011) 823-829 829

= & p/2
< (n2 —n+ ]) 2 Z H |A; — Bj|2 Hp/z (by the second inequality of (2.1))
ij=1
2=p N
=(r—n+1) 7 X 4 — Bl
ij=1

So we have the desired inequality. [

2-p
Remark 2.6. (i) By an easily calculation, we have the inequality n”~? < (2n2 —n+ 1) <

(n”_z)_1 for0 <p < 2.

2-p
(ii) The values of 2nP—2, 2 (n2 —n+ 1) > of Propositions 2.2 and 2.5 are 2, if p = 2. So these
results ensured the equality (1.3).

Finally, we would like to give a problem for further research.

Problem 2.7. What the form of the identity is for the general case of k sets of operators?
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