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We show that there exist natural g-analogues of the b-functions for the prehomo-
geneous vector spaces of commutative parabolic type and calculate them explicitly
in each case. Our method of calculating the b-functions seems to be new even for
the original case ¢ = 1. 02001 Academic Press

1. INTRODUCTION

Among prehomogeneous vector spaces those of commutative parabolic
type have special features since they have additional information coming
from their realization inside simple Lie algebras. In [9] we constructed a
quantum analogue A (V) of the coordinate algebra A(})') for a prehomo-
geneous vector space (L, V') of commutative parabolic type. If (L, V) is
regular, then there exists a basic relative invariant f € A(}'). In this case
a quantum analogue f, € A,(}') of f is also implicitly constructed in [9].
The aim of this paper is to give an explicit form of quantum analogue of
the b-function of f.

Let f(d) be the constant coefficient differential operator on V' corre-
sponding to the relative invariant ‘f of the dual space (L, V*). Then the
b-function b(s) of f is given by 'f(9)f**1 = b(s)f*. See [4, 10, 15] for the
explicit form of b(s).
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For g € A,(V') we can also define a (sort of g-difference) operator 'g(d)
by

(‘g(D)h, h') = (h,gh')  (h,h' € A (V)),

where (, ) is a natural nondegenerate symmetric bilinear form on A (V)
(see Section 7). We can show that there exists some b,(s) € C(q)[q°] satis-

fying
F D =by()f; (s € Zsy).
Our main result is the following.

THEOREM 1.1.  If we have b(s) = [1;(s + a;), then we have

b,(s) = @t s+ 4] @ (up to a constant multiple),
i

where q, = q* (type B, C) or q (otherwise), and [n], = (t" — t™")/(t — t1).

We shall prove this theorem using an induction on the rank of the cor-
responding simple Lie algebra. We remark that a quantum analogue of
b-function for type A was already obtained in Noumi et al. [16] using a
quantum analogue of the Capelli identity. The analogues of differential
operators in [16] are different from ours (see Remark 7.4 below).

The author expresses gratitude to Professors A. Gyoja and T. Tanisaki.

2. PREHOMOGENEOUS VECTOR SPACES

Let G be a connected linear algebraic group over the complex num-
ber field C. A finite dimensional G-module V is called a prehomogeneous
vector space if there exists a Zariski open orbit O in V. We denote the
ring of polynomial functions on V' by C[V/]. A nonzero element f € C[}V]
is called a relative invariant of a prehomogeneous vector space (G, V) if
there exists a character y of G such that f(gv) = x(g)f(v) for any g € G
andv e V.LetS; = {veV|fi(v) =0} (1 <i<])be the one-codimensional
irreducible components of § = JV\O. Then f; (1 < i < [) are algebraically
independent relative invariants, and for any relative invariant f there exist
c € C and m; € Z such that f = ¢f;" --- f;"" (see Sato and Kimura [19]).
These functions fi, ..., f; are called basic relative invariants.

A prehomogeneous vector space is called regular if there exists a relative
invariant f such that the Hessian H; = det(d*f/dx; ox ;) is not identically
zero, where {x;} is a coordinate system of V. Let (G, }') be a prehomoge-
neous vector space with a reductive group G. Then it is regular if and only
if S is a hypersurface (see [19]).
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3. COMMUTATIVE PARABOLIC TYPE

Let g be a simple Lie algebra over the complex number field C with
Cartan subalgebra f). Let A C )* be the root system and W C GL())) the
Weyl group. For @ € A we denote the corresponding root space by g,.
We denote the set of positive roots by AT and the set of simple roots by
{@i}ier,» where I is an index set. For i € I, let h; € h, w; € h*,5; € W
be the simple coroot, the fundamental weight, and the simple reflection
corresponding to i, respectively. We denote the longest element of W by
wy. Let (,) : g x ¢ — C be the invariant symmetric bilinear form such that
(a, @) = 2 for short roots «. For i, j € I, we set

_ (o, @) g = 2a;, @)

2 Y ()

We define the antiautomorphism x — ‘x of the enveloping algebra U(g)

of g by ‘x, = x_,, and 'h; = h;, where {x,|a@ € A} is a Chevalley basis of g.
For a subset I of I, we set

A =ANY Za, I,=‘bea(€|9 ga),

iel aEl,;

d;

1/I[iz @ Qtas VVI:(S1|ZGI>
acAt\A;

Let L; be the algebraic group corresponding to [;. Assume that n} # 0
and [n],n/] = 0. Then it is known that I = I,\{i,} for some i, € I, and
(L;,n}) is a prehomogeneous vector space, which is called of commuta-
tive parabolic type. Since n; is identified with the dual space of n} via the
Killing form, the symmetric algebra S(n;) is isomorphic to C[n}]. By the
commutativity of n; we have S(n;) = U(n; ). Hence C[n]] is identified
with U(n; ). Under this identification the locally finite left U([;)-module
structure on C[n;] obtained from the adjoint action of L; on n; corre-
sponds to the ad(U({;))-module structure on U(n; ). There exists finitely
many L;-orbits Cy, C,, ..., C,,C,,; in nj satisfying the closure relation
{0} =C,cC,c---cC, cC.y =nj. In the remainder of this paper
we denote by r the number of nonopen orbits in nf. For p < r we set
j(C_p) ={f eC[n/]| f(C_p) = 0}. We denote by j’”(C_p) the subspace
of .¥ (C_p) consisting of homogeneous elements with degree m. It is known
that jf’(C_p) is an irreducible [;-module and j(C_p) = C[nf]jl’(C_p). Let
[, be the highest weight vector of .77(C),), and let A, be the weight of f,.
We have the irreducible decomposition

Chyl= & V),

HEY 1 ZogAp
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where 1/ (w) is an irreducible highest weight module with highest weight w
and V(A,) = jP(C_p) (see Schmid [20] and Wachi [24]).

If the prehomogeneous vector space (L;, n;) is regular, there exists a
one-codimensional orbit C,. Then it is known that .¥"(C,) = Cf,, f, is the
basic relative invariant of (L;, n}) and A, = —2wm; , where I = I\{iy}. The
pairs (g, iy) where (L, n;) are regular are given by the Dynkin diagrams
of Fig. 1. Here the white vertex corresponds to ij,.

Assume that (L;, n)) is regular. For 1 < p < r = #{nonopen orbits} we
set ¥, = A,_; — A, where A; = 0. Then we have y, € A*\A;. We denote
the coroot of vy, by hyp, and set h~ = Z;;l Ch,/p. We set

Vit Yk

(p)_{BeA\A,|[3|b forsomelfjfkfp}

U{‘Yl’ "‘a’Yp}?

+ _
" = 2 8up
BEA&)

+ —
lp= [n(p)’ II(p)]

(see Wachi [24] and Wallach [25]). Note that «; € A(,) for any p and A =
A™\A,. Then it is known that (L, n;”p)) is a regular prehomogeneous
vector space of commutative parabolic type, where L, is the subgroup of
G corresponding to [(,,). Moreover f; € (E[n;;)] for j < p, and f, is a basic
relative invariant of (L), nELP)). The regular prehomogeneous vector space
(Lr—1ys 11(4;71)) is described by the following.
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LEmMA 3.1.

(i) For type (Ay,_y, n) we have r = n, and (L,_1), nafl)) is of type
(A2n737 n— 1)
(ii) For type (B,, 1) we have r = 2, and (L), na)) is of type (A, 1).

(iif)  For type (C,, n) (n > 3) we have r = n, and (L,_y), n&_l)) is of
type (Cn—l’ n— 1)
(iv) For type (D,, 1) we have r =2, and (L), nzrl)) is of type (Ay, 1).

(v) For type (D,,,2n)(n > 3) we have r = n, and (L,_y), n(tl_l)) is
Of type (D2n—27 2n — 2)
(vi) For type (E;, 1) we have r = 3, and (L), n(g)) is of type (Dg, 1).

We recall the definition of the b-function. Let (L;, n}") be a regular pre-
homogeneous vector space with » nonopen orbits in n;. For & € S(n}) ~
C[n; ], we define the constant coefficient differential operator h(J) by

h(d)exp B(x,y) = h(y)expB(x,y)  xenj,yen;,

where B is the Killing form on g (see [15]). It is known that for the relative
invariant f, there exists a polynomial b,(s) such that for s € C

S = b(s)f.

This polynomial b,(s) is called the b-function of f.. Then we have degb, =
deg f, = r. The explicit description of b.(s) is given by

(Aanl’ I’l) : bn(s) = (S + 1)(S + 2) t (S + n)

(B,,1):  by(s) = (s + 1)<s+ 2”2_ 1)

(Cpym): bn(S)=(s+1)(s+%)<s+g>...(s+”erl>

(e
(Dyo 21 byfs) = (s + s +3) - (54 20— 1)
(En 1)t ba(s) = (s 1)+ ) +9).

(see [4, 10, 15]).

Remark 3.2. The b-function of type A can be calculated by the Capelli
identity. In general the b-functions of regular prehomogeneous vector
spaces are calculated by using the theory of simple holonomic systems of
microdifferential equations (see [18]).
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We define a symmetric nondegenerate bilinear form (, ) on S(n;) ~
Clny1by (£, 8) = ('8(2))(0).
LEMMA 3.3 (see Wachi [24]). For f, g, h € S(n;) = C[n] ] we have

(i) (ad(w)f, g) = (f, ad("u)g) for u € U(l),
(ii) (f, gh) = ("g(d)f, h).
By definition we have
2
(g ¥p) = P65 755y
for B, B € A"\A;. The comultiplication A of U(g) is defined by A(x) =
x® 1+ 1®x for x € g. We define the algebra homomorphism A by
A(x) = 7A('x), where x € U(g) and 7(y; ® y,) = ‘y; ® 'y,. Since
"x_g(9)(f8) = "x_p(9)(f)a + f'x_p(9)(g), we have
(fg. h) = {f ® g, A(h). (3.1)
Remark 3.4. Let (, )q be a bilinear form on U(n; ) = S(n; ) satisfying
Lemma 3.3(i). It is known that (V' (u), V' (v))g = 0 for the different irre-
ducible components V' (w) and V' (v) of U(n; ) and that (u;, u,), = 0 for
the weight vectors u; and u, with the different weights. Moreover (, ),
on V() is unique up to constant multiple (see [2] and [5]). Therefore the
symmetric bilinear form (, ), on C[n; ] satisfying (3.1) and Lemma 3.3(i) is
uniquely determined by (x_g, x_g)o (8 € A™\A;). From this bilinear form
the differential operator ‘g(¢) is defined by Lemma 3.3(ii).

4. QUANTIZED ENVELOPING ALGEBRA

The quantized enveloping algebra U,(g) of g (Drinfel’d [1], Jimbo [7])
is an associative algebra over the rational function field C(q) generated by
the elements {E;, F;, Kl-ﬂ}iE,O satisfying the following relations

KK, =KK, KK '=K'K =1,

K.EK;' =q/"E,
K, —K;'
q:i—4q; !

KiFijl = Q;aiij,
1-a;; 1—a 1 ‘

—a: —a;;— . 3
)3 (—1)"[ B ] EVEE =0 (i£)),
k=0 qi

1—a;;
1—a;; l—a;;—k .,
Z(—l)"[ k”} FREE=0 0 (£ )),
k=0 qi
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where g; = g%, and

bl = %’ [m]! = ﬁ[k]ta
k=1
m [m],!
[”lzm (m=n=0).

For p =3¢, mia; we set K, =[1; Kl-m" . We can define an algebra antiau-
tomorphism x — ‘x of U,(g) by

'K;=K;, 'E;=F, 'F=E

We define subalgebras U, (%), U,(5), and U,(n*) of U,(q) by
Uq(b+):<K;tlaEi|i€IO>’ Uq(bi): (Kz;tlaFi|ieIO>a
Uy(b) = (K | i e L),
U,(n") = (E; |i€el), U,(n") = (F;|iel).
We set )7 = @y, Zw;. For a U, ())-module M we define the weight space
M,, with weight u € b7 by

1

M, = {m eM|Km= q‘-’“(hi)m (ie IO)}.

The Hopf algebra structure on U,(g) is defined as follows. The comulti-
plication A: U,(g) — U,(a) ® U,(g) is the algebra homomorphism satisfy-
ing

A(K;)) =K; ®K;,
ME) =E®K +1®E,
A(F))=F,®1+K,®F,.
The counit €: U,(g) — C(q) is the algebra homomorphism satisfying
e(Ky) =1, e(E;) = e(F;) = 0.
The antipode S: U,(g) — U,(g) is the algebra antiautomorphism satisfying
S(K;) =K, S(E;) = —EK;, S(F;) = —K;'F;.

The adjoint action of U,(g) on U,(g) is defined as follows. For x,y €

U,(a) write A(x) = > x§j) ® xf) and set ad(x)(y) = >, xgcl)yS(xf)). Then
ad: U,(g) — Endg)(U,(g)) is an algebra homomorphism.
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For i € I, we define an algebra automorphism T; of U,(g) (see Lusztig
[12]) by

—a;;
T(K;) = K;K; 7,

~FiK; (i=)
T(E.) = i g o(—a;—k) k .,
D= S ay BT BER #)),
~K['E, (i=))
T(F) =1 " g
l( j) Z (_Ql)kFt(k)FjFl( ) (l # ])a
k=
where
o _ 1 ®_ 1
E; F; Ff.
[k, bk
For w € W we choose a reduced expression w = s; ---s; and set T,
T; --- T, . It does not depend on the choice of the reduced expression by

Lusztlg [13].

It is known that there exists a unique bilinear form (, ):U,(b™) x
Uq.(b? — C(q) such that for any x,x" € U,(b"),y,y" € Uy (b™), and
1,] €1lp

(ya xx’) = (A(y)> x'® x)’ (yyla )C) = (y ® y/’ A(x))’
(K;, Kj) = g0, (FLEj)=—8,(q;i—q;')7",
(Fi7 K])ZO, (KZ,E])ZO

(see Jantzen [6], Tanisaki [22]). Note that for u € }°;¢; Z.«; the restriction
(,. )|Uq("f)—uXUq("*h i§ nondegene'ra'te. nge U,(n*)., are weight spaces
with weight +u relative to the adjoint action of U, ().

Lety e U,(n7)_, for u € 3icy Z-;. For any i € I, the elements r;(y)
and r{(y) of U (7 ) (u—a;) are defined by

A(y)€y®1+ZKlrl(y)®Fl+ @ KVUq(ni)—(/.L—V)®Uq(117)—V s
i€l O<v<p

v#a;

A(y)eK,®y+) K,  Fiori(y)+| @ K, ,U,(n")_,QU,(n" ) (4
iely O<v<p

v#a;
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LEMMA 4.1 (see Jantzen [6]).
(i) We have r,(1) = ri(1) = 0 and r/(F;) = ri(F;) = §;; for j € I.
(i) We have for yy e U,(n")_, and y, e U,(n")_,,

Ml( i)

riviy) = nri(y) +ri(y1)y2s

KOws) = nri(n) + 42"y

(iii) We have for x € U,(n*) and y € U,(n")_,

(ya Eix) = (Fi’ Ei)(ri(y)a X), (y> XEi) = (Fia Ei)(rz{(y)a X).

(iv) We have fory e U,(n")_,

ad(E,)y = (¢; — ¢; )" (Kir,(0)K; = ri(y))-

From Lemma 4.1(ii) we have r,(F"") = rj(F!") = ¢"'[n], F/" .

ql i

5. QUANTUM DEFORMATIONS OF
COORDINATE ALGEBRAS

In this section we recall basic properties of the quantum analogue of the
coordinate algebra C[n ] of 1} satisfying [}, n; ] = 0 (see [9]). We do not
assume that (L;, n}) is regular. We take i, € I, as in Section 3.

We define a subalgebra U,(l;) by U,(l;) = (K#, E;, Fili € Iy, j € I).
Let w; be the longest element of W}, and set

U,(n;) =U,(n) N T, Uy (n7).
We take a reduced expression w;w, = s; - --s; and set

B = Si, "'Si,,l(ai,)’ Yﬁ, = t, 1( )

for t =1,..., k. In particular Yz = F; . We have {B,|1 <t < k} = AT\A,
and Yz € Uy(n")_g . The set {Ygl‘ -~-Yg:|nl, ..., € Z.y} is a basis of
U,(mp).
ProPOSITION 5.1 (see [9]).
(i) We have ad(U,([;))U,(n;) C Uy(ny).

(ii) The elements Yg € Uy(ny) for B € AT\A; do not depend on the
choice of a reduced expression of w;wy, and they satisfy quadratic fundamental
relations as generators of the algebra U, (n} ).
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The coordinate algebra C[n;] of nj is identified with the enveloping
algebra U(n; ), and the action of U({;) on C[n] ] corresponds to the adjoint
action on U(n; ). Hence we can regard the subalgebra U,(n; ) of U,(n™) as
a quantum analogue of the coordinate algebra C[n}]. For example in the
case of type A we have [; ~ {(/;, ;) € gl,, x gl,|trace(/;) + trace(l,) = 0}
and n; ~ Mat,, ,(C) for some integers m and n. Then U, ,(1n7) is generated
by Y (1 =i <m,1 <j<n) satistying the fundamental relations

qYu Y (i=kj<lori<k,j=1I)
Y Y= YuYy (i<k,j>1)
YuYi+(@q@—q")Y,Y, (i<kj<l).
(See [8] for the action of U,({,).)
We label the L;-orbits C,(1 < p <r+1)in n; as in Section 3. Since
C[n;] is a multiplicity free [;-module, for the orbit C, in n; there exist

unique U, ({;)-submodules jq(C_p) and .7} (C_p) of U,(n; ) satisfying
jq(c_p)lq:l = j(C_P), ‘qu(c_pﬂq:l = jp(c_p)
(see [9]).

PROPOSITION 5.2 (see [9]).
I,C,) = U,(n)) T (C,) = TH(CHU, (7).

Let f, , be the highest weight vector of 578 (C_p). We have the irreducible
decomposition

Uq(nl_) = @ Vq(/.L),

HEY, Zogh,

where V() is an irreducible highest weight module with highest weight u
and I'/q()\!.,) = jqp(Cp). Explicit dgscriptigns of Qq(n;), j[f(Cp), and'fq,p
are given in [8] in the case where g is classical and in [14] for the exceptional
cases.

Let f be a weight vector of U,(n; ) with the weight —u. If u € ma;, +
Yict Zsoa;, then fis an element of ZB:‘I 77777 B, cAR\A, (Ij(q)YBi1 ~+-Yg . So
we can define the degree of f by deg f = m. In particular deg f, , = p.

6. QUANTUM DEFORMATIONS OF
RELATIVE INVARIANTS

In the remainder of this paper we assume that (L, n}) is regular, {iy} =
I)\l, and L,-orbits Cy, ..., C,, Gy satisfy {0} = C, Cc G, C--- CC, C
C,.1 = 1. Then we regard the highest weight vector fq.r of 77(C,) as the
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quantum analogue of the basic relative invariant. We give some properties
of f, , in this section.
By jg(a) = C(q)f,,» and A, = —2w; , we have the following.

PROPOSITION 6.1.  We have
ad(K)fy,r = [0 ad(E)f,,,=0 and ad(F;)f, , = 0.
forany iel, and ad(K;)f, , = qi'_'zfq’,.
LEMMA 6.2.
(i) Forie I we have r(U,(n;))=0.
(i) For B € A*\A; we have r; (Yp) = Ba,y. -
Proof. (i) By Jantzen [6] we have
{y € U,(n)lri(y) = 0} = Uy (n") N T Uy (n7).
For any i € I we have U,(n;) C Uy,(n") N Tfqu(n*). Hence we have
r(Uy(ny))=0foriel

(i) We show the formula by the induction on B. By the definition
of r; , it is clear that rlfO(Yal_O) = r; (F;,) = 1. Assume that g > ; and the
statement is proved for any root 8; in AT\A; satisfying 8, < . For some
i € I we can write

Yy = cad(F)Yy = c(F;Yy — g “P)Y,F),
where B’ = B — «a; and ¢ € C(q). Hence we have
1, (Yg) = c(Fir; (Yp) — q(ai’aio_ﬁ/)rfo(yﬁ')Fi)-
If B' = a;, then we have r; (Yp) = c(F; — F;) = 0 since r; (Yy) = 1. If
B # a;, then r} (Y) = 0 since 7 (Yp) =0. 1
PROPOSITION 6.3.  The quantum analogue f, , is a ceniral element of
U,(n™).
q

Proof.  For i € I we have [F,, f, ,] = ad(F;)f, ,. By Proposition 6.1 we
have to show [F; , f, ;] = 0. The quantum analogue f, , is a linear combi-
nation of YB/I -+ Yp  satisfying #{JklBj, = a;,} <1 (see [8] and [14]). By
using Lemma 6.2 it is easy to show that r; (f, ,) # 0 and rlfnz(fq’r) =0.
Hence we have

ri 2y fo.r) = 112 (Fg o Fiy) = (ai, + Drf (fy.0)-
By Proposition 5.2 there exists ¢ € C(q) such that F; f, , = cf, F;

hence we have (q?0 + Dri (fo.r) = c(qf0 + D)r; (f,,r)- Therefore we obtain
c=11
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The explicit description of the quantum analogue f, , in the case where
q is classical is given as follows.

LEMMA 6.4 (see [8]). We label the vertices of the Dynkin diagram as in
Fig. 1.

(i) Dype(Ay,_i,n) (r =n). Forl < i,j < nwe set Bij = Qy_ip1 +
ettt €AN\Ajand Y =Yg E Then we have the quantum
analogue

fq,n = Z (_q)E(o)Yl, o(l) " Yn, o(n)>

e,

where &, is the symmetric group and £(o) = t{(i, )i < j, (i) > o(j)}-
This is a quantum determinant.

(i) Type (B,,1) (r=2). For 1 <i <2n—1 we set

B — a+ - +a; (1<i<n)
et oyt 20, 0t + 2, (n+1=<i<2n-1)

and Y; = Y. Then we have the quantum analogue

n—1
fo2=2 =), Y i+ (@ +a ) P (=) Y
i=1

(iii) Type (C,,n) (r=n). For1 <i<j<nwesetf;;=a+- -+
a]'71 + 2(1] + . + 201",1 + an and Yi,j = ci’jYBi,/’ where Ci,j = q + q_l lf‘
i=jand 1if i # j. For i < j we define Y; ; by Y; ; = q=*Y, ;. Then we have
the quantum analogue

fq,n = Z (_q)ie(o)yl,a(l) T Yn, o(n)*

e,

(iv) Type (D,,1) (r =2). For 1 <i <2n—2 we set

o+ (1<i<n-1)
B; = a+ - t+a, o ta, (lZI’Z)
! apt+ -ty

+20,_ i+ -+ 20, ,+a, +a, (n+1<i<2n-2)

and Y; = Yg.. Then we have the quantum analogue

n—1
fq, 2= Z (_q)l+17n Yn+i71 Ynfi'
i=1
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(v) Type (Dy,,2n) (r=mn). For 1 <i < j <2n we set
01,'+--'+01j,1+2aj
Bi,j = +--- 4+ 2a2n72 + A, q + Qs (] < 2}’[)
ai+...+a2n_2+a2n (]:2]1)’

and Y; ;=Yg e Then we have the quantum analogue

fq, n = Z (_qil)Z(U)Ya(l),a'(Z) o Y(r(2n—l), o(2n)>
oeS,,
where S5, = {o € &, | 0(2k — 1) < 0(2k + 1), 0(2k — 1) < o(2k) for all
k}. This is a quantum analogue of a Pfaffian.

Remark 6.5. In the case of type (E,, 1) there exist three nonopen orbits
Cy, C,, G5 satisfying {0} = C; ¢ C, C C;. Then we have the quantum
analogue f, ; = Z?l1(_4)‘ﬁf|_lyjl/fja where {By, ..., By} = AT\A,, [B] =
Y7, m; for B=Y1,ma; and s, ..., P, are generators of 7;(@) See
Morita [14] for the explicit descriptions of §; and ¢;. Note that {8, =

@y Bas -+ Bro} = Ay and 7 is a highest weight vector of .77(C;).

7. QUANTUM ANALOGUES OF b-FUNCTIONS

In Section 3 the symmetric bilinear form (,) on C[n;] determines the
differential operator ‘g(d) for g € C[n]] by ('g(d)f, h) = (f, gh). For the
purpose of constructing a quantum analogue of ‘g(J) we use a symmetric
bilinear form (, ) on U,(n;) satisfying

(ad(u)f, g) = (f,ad("u)g) (u € U,(1y), f, g € Uy(ny)) (7.1)

and
(fg. h) = (f ® & A(h)) (f, g h € Uy(n))), (72)

where Z(x) = 7A(%) and 7(y; ® y,) = 'y, ® 'y,. This bilinear form is
uniquely determined by the restriction on the irreducible component
Vo(—a;) = ZBEA*\A, C(q)Yg of Uy(ny) frqm the condition (7.2).'Si1.ni—
larly to the classical case g = 1, the symmetric form on V,(—e; ) satistying
(7.1) is unique up to constant multiple. Hence the symmetric bilinear form
on U,(n;) satisfying (7.1) and (7.2) is unique up to constant multiple if
it exists. By using the natural paring ( , ) in Section 4 such a symmetric
bilinear form is explicitly constructed as follows. We set

(f,8) = (g =)™/ (f. '),

for the weight vectors f, g of U,(n ). It is easy to show that this bilinear
form (,) is symmetric.
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ProposITION 7.1. Let f, g, h € Uy (n}).

() (fg, h) = (f ® g, A(h)), where A(h) = TACh) and 7(h, ® hy) =
hy ® 'hy.

(i) For u € Uy(l;) we have

(ad(u)f, g) = (f, ad("u)g).
(iii) The bilinear form () is nondegenerate.

Proof. (i) It is clear from the definition.

(i) It is sufficient to show that the statement holds for the weight
vectors f, g and the canonical generator u of U,((;). If u = K; for i € I,
then the assertion is obvious. Let u = E; for i € I. By Lemmas 4.1 and 6.2
we have

(ad(ENfg) = (a7 —a) ™' (i), '8) = (f, §E)).
Since (U,(n;), E;U,(n")) = 0 by Lemmas 4.1 and 6.2, we have

(f,'8E;) = (f, '$Ei — ;""" E; 'g) = (f, (ad(F)g)),

where —u is the weight of g. We have deg f = deg(ad(F;)f), and hence
the statement for u = E; holds. By the symmetry of (,) it also holds for
u=r,.

(i) We take the reduced expression wy = s; ---s; 5,  --S; such
that wywy = s; ---s;, . We define Yg, (1 < j <) as in Section 5. Then
{Ygl - YghYgh!l . Y} is a basis of Uy(n™), and for j > k we have
Yg € Uy(n™)NU,(l;). Hence we have Uy(n™) = Uy(n; ) + Xie; Uy(n7)F;.
Since ‘U, (n") = U,(n*), we have U,(n*) = U, (n;) + Xy E;U ().
Moreover, we have (U,(n; ), E;U,(n")) = 0 for i € I. Hence if (f,g) =0
for any g € U (1), then (f, u) = 0 for any u € U,(n™). Thus the assertion
follows from the nondegeneracy of ( , ).

Moreover we have the following.

PROPOSITION 7.2. For B, B € AT\A; we have

(Vg V) = 53,;;'[('8,23)]_]

Proof. By the definition it is clear that (Yj, Yg) = 0 if B # B'. In the
case where 8 = B’ we shall show the statement by the induction on SB. Since
Y, =F,, we obtain (Y, ,Y, ) =[(a;,q )/2]71. Assume that 8 > «;

io 0 io io 0> "o q 0

q
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and the statement holds for any root B; in AT\A; satisfying 8; < B. Then
there exists a root y (< B) in AT\A, such that

YB = C%B ad(Fl')Y,y, Yy = C'/)”.B ad(El)Yﬁa

where i € [ satisfying B = vy +«; and ¢, g, ¢, 5 € C(q)\{0}. We denote
by R the set of the pairs {vy, B} as above. By Proposition 7.1 we have for

{v.B} R
(Yg, Yg) = (Y, ¢, g ad(F))Y,) =c, g( ad(E;)Yy, Y,)
= by, v, = 2 [M]
y. B y. B 2 q
Here we have for {y, B} € R
Cyp = Cpp =1 it (B, B) = (v, 7),
Cyg = (q+ q_l)_l’ C;,B =1 if4d=(B,B)>(v,v)=2,
cp=Lcp=(+qg )" 2=(B.B)<(r,y)=4
(see [8] and [14]). Hence we obtain (YB, Yg) = [(B, B)/Z]gl. |

By Propositions 7.1 and 7.2 this bilinear form on U,(n; ) can be regarded
as the g-analogue of the symmetric bilinear form on C[n; ] defined in Sec-
tion 3.

PROPOSITION 7.3.

(i) Forany g € U,(n}) there exists a unique 'g(9) € Endg(,) (U, (1))
such that ('g(d)f, h) = (f, gh) for any f, h € U,(ny). In particular we have
[Yaio (§) = [dio];lrz{o’

and for B > «a;,
—B'(h;
where YB == Cﬁ/sB ad(Fl)YB/
(i) For f € Uy,(m;)_, and g € Uy(n;)_, we have 'g(d)f €
Ug(7)—(ury-

Proof. (i) The uniqueness follows from the nondegeneracy of (, ). If
there exist ‘g(d) and ‘g’(d), then we have (gg’)(d) = g'(9)'g(d). There-
fore we have only to show the existence of Yz(d) for any B € A*\A,.
By Lemma 4.1 we have Y, (9) = [d;],'ri. Let B > ;. Then there
exists a root B'(<B) such that Yz = cg g ad(F,)Yp (cgp € C(q)).
By /ljzroposition 7.1 we can show that Yg(d) = cg g("Yg(d)ad(E;) —
q;B( ")ad(Ei)fYB,(&)) easily.

(ii) The assertion follows from (i). U



596 ATSUSHI KAMITA

This linear map 'g(9) is regarded as a quantum analogue of a differential
operator on C[n; ].

Remark 7.4. Let (L;,n}) be the regular prehomogeneous vector space
of type (Ay,_1,n). We define the root vectors Y; ; (1 < i,j < n) as in
Lemma 6.4. For 1 < i < n let U; be the subalgebra of U,(n; ) generated by
Yii,..., Y, Note that Y; ;Y; , = qY; Y, ; for j < k. Then we have

tYk,z(ﬁ)(Yfﬁ o i,n)Yk,l =8 i )], Y Y

i,n*
Therefore 'Y ;,(9)|y, is a sort of g-difference operator different from the
operator in Noumi et al. [16] (cf. [16, Propositions 2.2 and 5.2]).

LEMMA 7.5. Foriel
ad(E))' f,, (9) ="' f,, (9)ad(E;), ad(Fy) £, ,(9) =" £, .(9)ad(F)).

Proof.  Let yy,y, € Uy(ny). Since ad(F;)f, , = 0 for i € I, we have
ad(F;)(fy,»y2) = fo,, ad(F;)y,. Hence we obtain

(ad(E})' [y, ()(0)s y2) = s fy,» ad(F)ys) = (y1, ad(F)(f, 1 32))
= ("fq, ()ad(E}) (1), y2)-
Similarly we obtain ad(F,)'f, ,(9) =f, ,(d)ad(F;). 1
By Proposition 7.3 and Lemma 7.5 the element ’fq AN, S+1)(s €Z.)is

the highest weight vector with highest weight sA, = —2sw; . Since U,(n})
is a multiplicity free U,([;)-module, there exists b € C(q) such that

Far D) = by oS5 -
PROPOSITION 7.6.  There exists a polynomial bq,,(t) e C(q)[t] such that
bq’,’s = bq,,(qf“)for any s € 7.

Proof. Let ¢ = ¢+ ¢, where ¢; = r; or ad(E;) for some i € I. Set
n=n(e)=t{jle;=r;}. Fork € Z.,and y € U,(n;)_, we have

) 1
rzu(f;ry) ‘ [k]%‘(, qk,rlrio(fq,r)y+fz§r zo(y)

by the induction on k. Moreover ad(E)(f¥ ,v) = [, ad(E))y for i € I.
Hence we have

q, 1,8

o(foi) = Z (@) ok Yy

p=1
where ¢, € C(gq)[?] and y, € U,(n; ) does not depend on s. By Proposi-
tion 7.3 ’f, ,(d) is a linear combination of such ¢ satisfying n(¢) = r. The
assertion is proved.
We set b, ,(s) = l;q,,(qf»o) for simplicity. We call b, ,(s) a quantum ana-
logue of the b-function. By definition we have

<qu+r1’ fs+1> = bq,r(s)bq,r(s - 1) e b%’(o)'
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8. EXPLICIT FORMS OF QUANTUM b-FUNCTIONS

Our main results is the following.

THEOREM 8.1. Let b,(s) = [1;_,(s + a;) be a b-function of the basic rela-
tive invariant of the regular prehomogeneous vector space (L;, n}). Then the
quantum analogue b, ,(s) of b,(s) is given by

b, .(s) = ]_[1 qf:a"_l[s + a,-]qi“ (up to a constant multiple),
=

M)here {i()} = I(]\I.

We prove this theorem by calculating b, ,(s) in each case. Let (L, ny)
be a regular prehomogeneous vector space with r + 1 L;-orbits. For p =
1,...,rwe deﬁne Al I(i)’ and n(j;) as in Sect.ion 3 Set I,y = {i € Iylg,, C
[} and U,(l,) = (K7, Ej, Fili € I, U{ig}, J € I(,)). We define the
subalgebra U, (n,)) of U,(n; )by

U,(ng,) = (YglB € AC@)-

Then U,(n,,)) is g-analogue of C[IIE;)], and f, , € U,(n,)) is a g-analogue

of basic relative invariant f, of the regular prehomogeneous vector space

(Lp)s nzrp)). We denote by b, ,(s) the g-analogue of the b-function of f),.
The regular prehomogeneous vector space (L iy, n(+1)) is of type (A4, 1),

and we have U,(ng,) = (F;), f,1 = cF; for ¢ € C(q)\{0}. Since
/ Fs+1

r(F.7)=q;ls+ 1]inFl‘~f] for s € Z., we obtain

byq(s) = Cz[di(]];quo[s + 1]%-
If we determine a,(s) € C(q) by

{Fa. 00 Fa. p) = @p()Syg po1s £ pi)s

then we have b, ,(s) = (a,(s + 1)/a,(s))b, ,_1(s). Therefore we can
inductively obtain the explicit form of b, ,. The next two lemmas are useful
for the calculation of a,(s).

LEMMA 8.2. Let Be Al
(i) Y2 ,y) = Ve()f2 Dad(Kg )y + f2 ,Vp()y
(v € Uy,
(i) Yp)(fy ) = CIZJ_1[”]inf¢Z_,;1 Yp(9)(fq, p)-
(iii) If B ¢ A(,_,), then we have 'Yg(3)(f} ,_1) = 0.
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Proof. (i) This is proved easily by the induction on B. Note that
ad(E;)(f,,,) =0foriel
(i) Since f, , is a central element of U, (1)), this follows from (i).

(iii) Let B € A(p)\A(p 1)- Then there exists some j € I such that
B€Z gaj+ Yz 2o and y € 3i; Zga; for any y € A, ;). Hence we
have U,(n(,_1))-(r, ,-p) = {0}, and the statement follows. I

LeEmmMaA 8.3. For 2 < p < r we have the decomposition

tp
)
f p = Z; Yﬁ;‘p) ad(u;p )fq,p—l
j=

satisfying the following conditions:
(I) B(p)a L (17) (p)\A(p 1) u(lp); . (p) clU ([(p)) nNU (n )
(II) For any j there exists a scalar c ) e (C(q) such that ' Bj_p)(&) fop=
(p) (p)
¢; ad(u; ) fyg, p-1-
Proof. By Lemma 3.1 it is sufficient to show the existence for p = r. We

take f,, as in Lemma 6.4 and Remark 6.5. It is easy to show that there
exist the following decompositions of f, . satisfying (I) and (II).

(i) Type (Azy—1,, 1) (r =n).

fq,nfl = Z (_Q)Z(U)Yl,a(l) e Ynfl, o(n—1)»

oe&,

n
= Z(_q_l)n_] ad( n+/ n+j+1° F2n71)fq,n71’
j=1

](a)fq n _( q)n+] zad( n+/ n+j+1° F2n71)fq, n—1-

(Note that we have

(=g ad(FyFyijor - Fon 1 )fyns
=~y Z (0 Y10 Yot i

o€,

where iy =1,...,i; ,=j—-1,i;=j+1,...,i,_ = n. This is the quantum
analogue of the (n J)- cofactor)

(i) Type (B,,1) (r =2).

fo1=Y1=Fy,
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n—1

fq,2 = Z(_qZ)jJrl Y, n+}ad(

j=1

+(q + qil)izqil(_qz)linY ad(FnFn—1
(g+q ) (=¢*)y~ 1ad(F

—(g+a ) '(- qz)
x ad(F,_; -

(iii) Type (C,, n) (r = n).

tYnJrj((?)fq,Z = [

fq,n—l = Z (_q)_[(g))]il, iy " Yl

e,

1-j
fq,n = Yl,lfq,nfl + Z ( q)

qu—i-

V= ~(—qP"ad(F
(iv) Type (D,, 1) (r=2).

FZ)fq,l

)" 2@+ aVfyna (=
"Fl)(fq,nfl) (]Z 2)

—j—-1" FZ)fq,l
"F2)fq,19
F)fgr  (=0)
(1<i<n-1).
(ik = k+1)’

in—15 Lo(n-1)

Yy, jad(Fj Fiy - Fi) fg nots

1)

fq 1= Fl = Y17
qu_ Z( q)]+1 Y, +] lad( 7‘71"'F2)fq,1’
tYn+j—1(ﬁ)fq,2 = (—q)”+/’3ad(Fn_] "Fz)fq,l-
() Type (Dy,, 2n) (r =n).
fani= 2 (=g )Y Y (e=k+2),

TES),

2n
= Z(—CI)%] Y, jad(F;_F;_,

j=2
Y1, () fgn = (=) Tad(F;_ F_,
(vi) Type (E;, 1) (r =3)
fo.2 =¥,
fos =044+ q") Yy

-10 -8
_|_
+ q q

_q—4+1+q2 26

"FZ)fq,nfb

"FZ)fq,n—l‘

> ()P,

1+ 42

Y f,3=0+q"+q"°)(—q)P 1y,

j=11



600 ATSUSHI KAMITA

By Lemmas 8.2 and 8.3 we have

S
( qs,lpfqu—l’ qpfqp 1>

Z YO ) 87135 o)

\.
,_

~
~

-1 _ (P) _
= C]( )qzs; q 52(51 ,Apfl)[sl]qio <f;,1p1g§'p)qu,2p717 qu,lpl (P)fqp 1)

~.
Il
—_

where g(p ) = ad(uﬁ-p ))fq, »- Note that g}p ) fopr = 1s pg(p ) since fopisa
central element of U,(n,,) and g}p leU (). Moreover we can calculate
C](p)(sl, 5,) € C(q) such that

1 1
gp Sj Jqp-1"Jq,p &j Jgq p-1 1592 Stla o
(f 1g(P)f f g(P)f ) C(P (S s )( s] 1 zp fsl lf 2 )

hence we have
S X 1 sy+1 1 pS+1
< c;,]pfq,zpfl’ ;,lpfq,zpfl> C(p)(sl SZ)( SI 2pfl’ fS] f ’ >

where C(P)(s,s,) = C(p)(sl, sz)c(p)qf; lq_h(ﬁ A5, ]y, - From this
formula we obtain

a,(s) = ﬁC(p)(s —1,1).

t=0

For example we calculate C(p >(s1, s,) of type (A,,_;, n) as follows. We set
B;; and Y;; as in Lemma 6. 4 The analogue f, , (1 < p < n) is defined by

= > D Y00y Y o)

0eG,

Similar to the proof of Lemma 8.3 we have ¢, = p, ,85-p ) = Bp.js uﬁ-p ) =

(=q) PF,sj-- - Fuypy, and ¢” = g2, Clearly C{”(s,,5,) = 1. For 1 <
j< t, — 1 we have

g = —g'ad(F,, g\, g} = —q ad(E,, g,

ad(En+j)fq,p = ad(En+j)fq-p—1 =0,
ad( +])fqp - 0 ad( +/)fqp 1= qa]p lg;p)1
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(see [8]). Therefore we have

ad('u”)(f315" 8" fitpo) = —q ad(uad(E, ) fy5 8 f )
= ad( w3y & ) =
= ad('u)(fy 8 )
=3y
and

fa ! (p)f ap-1="9 fad(F,, )(f, sjlgji)l ap-1) ="
= (=g )Y ad(F,y - Foy o) ;l;lgif’%ffp_]).
Since g;P_)lf% 1 =q"'f, p,lg;p_)l, we have hence
o Ly = a s+ 10 ad () (£ )
By Proposition 7.1 we have
VAT S0 R P S i)
= q 2[5y + 10, {F3 8 17 s ad ) F L )
= gLy + 10, ad ()1 8 ) L i)
= sy + U F s £ et )-

hence C}p)(sl, $2) = g *[s, + 1], for 1 < j < t, — 1. Therefore a,(s) of
type (Az,_y, 1) is given by
s(s+2p 3)
a,(s) = n[z +p-1],
Similarly we have the following.

LEMMA 8.4.  We have the explicit descriptions of a,(s) (2 < p <r) (up to
constant multiple) as follows.

‘(+P 3)

(AZn—b ”): ap(s) = H[l +p- 1](] (2 =p=r= n)’

i=1

s m—3
(B, 1): ay(s)=(q+ g eI |:i n n2 i|
i=1 P
(p=r=2),
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N
—1\s . s(s+p— . p_l
(Gl ay(s) = (g + a7y T i+ 252
i=1 q*
@zpsr=n)

(Do 1) ay(s) = ¢+ ﬁ[i tn-2,
(» =r=2> .
(D, 20 a,(5) = "5 TTLi + 25 - 2],
Q=p=sr ]= ln),
(B, 1) ay(s) = (1+¢° +¢')¢"5 H[z +8],
(p=r=3).

We note that a,(s) of type (E;, 1) is that of type (Ds, 1) by Lemma 3.1.
From Lemma 8.4 we obtain the explicit form of b, ,(s) as follows.

(A2n717 I’l): bq,n(s) = l_[ qs+p71[s + p]q
p=1

_ 2n—1
(B, 1): by o(s)=(q+q ") 2q%[s + 1] 24> ™" 3|:s+ 5 } 2
q

i —1
(Gl bya(s) =G+ a7 T[4 257
p=1 7
(Dn’ 1) bq,Z(s) = qs[s + 1]qqs+n72[s +n— 1]q

(D2n’ 2”) q,n(s) ]_[ qs+2p 2[5 + 2]7 - 1]q
(E7,1): by 5(s) = (1 + 4+ 4"’ [s + 11,4 [s + 51,4"B[s + 9],

Note that we have g; = q* (type B, C) or g (otherwise).
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