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We discuss some model-independent implications of embedding (aligned) axionic inflation in string
theory. As a consequence of string theoretic duality symmetries the pure cosine potentials of natural
inflation are replaced by modular functions. This leads to “wiggles” in the inflationary potential that
modify the predictions with respect to CMB-observations. In particular, the scalar power spectrum
deviates from the standard power law form. As a by-product one can show that trans-Planckian

excursions of the aligned effective axion are compatible with the weak gravity conjecture.
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1. Introduction

Natural (axionic) inflation [1] is one of the best-motivated sce-
nario to describe the inflationary expansion of the early universe.
The flatness of the potential is guaranteed by a shift symmetry
that is perturbatively exact, only broken by non-perturbative (in-
stantonic) effects. The mechanism can accommodate sizeable pri-
mordial tensor modes that require trans-Planckian excursions of
the inflaton field. While in the simplest form of axionic inflation
these large-field excursions are problematic, a satisfactory solution
can be found through a helical motion of the inflaton as suggested
in the schemes of axion alignment [2] or axion monodromy |[3].

Axions are abundant in string theory constructions that could
provide a consistent ultra-violet completion of natural inflation.
The embedding in string theory will have some rather model-
independent implications for the inflationary potential. The non-
perturbative effects responsible for the breakdown of the shift
symmetry typically come from instantons or gaugino condensates
that in many cases can be described by modular functions [4-10].
Instead of a pure cosine-potential we thus expect a more compli-
cated picture including higher harmonics as subleading instanton
effects. This leads to “wiggles” in the potential that modify the
predictions of the simplest scheme. In case of a single axion this
can be shown to lead to an upper limit on the axion decay con-
stant [11] (as a result of the duality symmetries of string theory).
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In the present paper we analyze the framework of aligned natu-
ral inflation [2] including modulated potential and higher harmon-
ics. We show that (in contrast to the single field case) a certain
amount of trans-Planckian excursion is allowed. This modulated
version of aligned axionic inflation induces corrections to CMB-
observables (in particular the scalar spectral index) which resolve
the (mild) tension of natural inflation with the latest Planck [12]
and BICEP2/Keck Array [13] data. As a by-product one can show
that modulated natural inflation (including subleading higher har-
monics), automatically satisfies the mild version of the weak grav-
ity conjecture [14,15]. This version is expected to hold in string
theory for the aligned axion case even in the case of an effective
trans-Planckian decay constant.

2. Instantons and modular functions

In supergravity, the axion ¢ is part of a complex field T =
X +1i¢p, where x denotes the saxion. At the perturbative level, ax-
ions possess a continuous shift symmetry and hence correspond
to flat directions in field space. Non-perturbative (instanton) terms
generate a periodic potential for the axions, which in the simplest
case takes the form

V=A% <l—cos[%]) , (1)

where f denotes the axion decay constant.

In many instances, this just represents the leading potential.
Indeed, the non-perturbative superpotential often contains a se-
ries of higher harmonics. This is well known for toroidal string
compactifications where these contributions can be calculated
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from first principles [4-7]. Also in more general string theory se-
tups, higher harmonics populate the non-perturbative superpoten-
tial [8-10]. The occurrence of these subleading instanton effects in
the form of n- and ¥-functions has already been considered for
inflation model building [16-19]. As an illustrative example, we
consider couplings in toroidal string compactifications. Couplings
y between chiral matter fields ¢, ..., ¢ are generated by non-
perturbative effects

3
W D ydo-dpoc [ [n(T)" x po--- g, (2)
i=1
where the n; are determined by localization properties of the fields
Qo .., ¢p (see e.g. [20-23] for the case of heterotic orbifolds), and
n(T) denotes the Dedekind n-function

n(T)=e~7T/12 lo—o[ (1 _ e—2k7'rT> . 3)

k=1

After the matter fields eventually receive a vacuum expectation
value, a periodic potential for the axionic components of the T;
arises. The approximation n(T) ~ e "T/12 leads to the standard
cosine potential. But as we shall discuss in more detail later, the
subleading instantons contained in 7 induce “wiggles” on the po-
tential.

3. Axion potentials

Let us now turn in more detail to the axion potential including
the higher harmonics. We will consider a class of models which
have a supersymmetric ground state. They contain an additional
chiral superfield i known as the stabilizer. The superpotential
reads

W=y (A n(T)2" — B) , (4)

where A and B are, in general, functions of chiral fields. We set
the latter to their vacuum expectation values and treat A, B as ef-
fective constants. This superpotential is motivated from heterotic
orbifolds, where T is identified with a Kdhler modulus [17]. The
corresponding Kahler potential

K=—log(T+T)+|v|? (5)

is shift-symmetric.' The model has a supersymmetric Minkowski
minimum at T = n~!'[(B/A)!/?"] = Tg. We set the saxion to the
minimum and ¢ = 0. The potential for the canonically normalized
axion ¢ =1Im(T)/(~/2To) then reads

_ A4 ,—51 _ f
V=A"e (1 cos[f])

2 Afer (C"s [flfod] o [% * ffod])

+..0, (6)
with A% = AB/Ty. The decay constants are given as
32 1 n
f= s Jmed= = (7)
nm To 22nTy 12
The instanton actions
nw nw
Si="=To.  S2= <?+2n) To (8)

1 The Kihler metric of v may in general depend on T. As the dependence does
not affect our results we have neglected it here.

correspond to the leading and next-to-leading term in the expan-
sion of the Dedekind n-function. The dots include further, more
subleading, terms from the n-function expansion.

We thus find that higher harmonics in n show up with growing
frequency and (exponentially) decreasing amplitude in the poten-
tial. Another interesting observation is that the amplitude of the
wiggles on the potential is controlled by the leading potential. We
may write

V=A% (l—cos[?])xF(gﬁ)—i—..., 9)

where we defined

Flo)=1-38 Sinl:frfod + %:I
sin[z‘if]
Zl—écos[ (pd] (10)
mot

with § = 2ne=27To_ The last equality holds in the vicinity of the
maximum of the potential which is mainly relevant in this work.>

The single-axion model is not suitable for inflation as it requires
a trans-Planckian axion decay constant. With growing f the wig-
gles on the potential caused by the higher harmonics become more
pronounced. For f 2> 1 they are no longer suppressed and spoil the
potential.> This is in agreement with the general arguments pre-
sented in [11].

4. Aligned natural inflation with modulations
4.1. Alignment mechanism

Let us now generalize the above considerations to the case of
two axions and two stabilizers. We generalize the superpotential
from [24] by the inclusion of higher harmonics

W =y (Arn(T)™n(T2)™" — B
+v2 (@)™ (T2)?™ — By). (11)

with two Kdhler moduli T; and two stabilizers ;. The Kdhler po-
tential contains two copies of (5). The supersymmetric minimum
is located at y; =0 and T; = T; o with T;¢ such that in (11) the
terms in brackets vanish. For the moment we neglect all sublead-
ing terms in the expansion of the n-function which effectively
then results in the model discussed in [24]. Further, we assume
that the saxions stay at their minima. This allows us to define the
canonically normalized axions as ¢; = Im(Ti)/(\/fT,-,o). The axion
potential reads

V=Ale S (1 — cos [% + %])

+AjeS (1 — cos [ﬂ+@]> , (12)
81 )

where we have defined A% = A; B1/(2T1,0T2,0) and A} = A3 By/
(2T1,0T2,0). The instanton actions read

2 We will be mainly concerned with modulations at field values @+, Where the
scales observed in the CMB cross the horizon. In natural inflation, the approxima-
tion holds at ¢, if we assume f < 10.

3 Throughout this paper we work in units where Mp = 1.
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a= 6 ) (13)
m T myTa0) T
5, = (m1T1,0+m2T20) ' (14)
6
The axion decay constants are given as
3V2 3v2
fi= gi=—7+— (15)

- niwTio ’ - m;tTio ’

If we assume for simplicity that A} e~ > Age™>q, there appears
a heavy (@ Z—} + %) and a light (¢ oc & — 2 linear combi-

&2 &1
nation of axions. After integrating out the heavy combination, the

potential becomes

V:Age’s‘l (l — cos [?]) (16)

with the effective axion decay constant

fifa
f=\8i+8 -+
V%2 gif—g@fi
___ 32 mom (a7)
7T (nymy —mqny) T%,O T12’0 '

Even with all individual decay constants being sub-Planckian, a
trans-Planckian f can be realized. This is achieved if the alignment
condition [2] (see [25] for the generalization to many axions)

1 1 ng m
h g = —

~ L (18)
ny my

f2 &
is met. A trans-Planckian decay constant can be found as long
as the moduli T; can be stabilized successfully which we have
checked explicitly in section 5. The effective decay constant is al-
tered if the saxions Re(T;) are displaced during inflation. At the
supersymmetric minimum the light axion and saxion linear com-
binations are mass-degenerate. However, as we discussed in detail
in [24], the saxion receives a large Hubble mass term during infla-
tion which decouples it from the inflationary dynamics.* The sax-
ion displacement during inflation is negligible if m;Tq,0 ~m2T2,0.
We will concentrate on this case such that (17) approximately
holds (see [24]).

4.2. The weak gravity conjecture

Some concerns on the axion alignment mechanism have been
raised in [26-34| on the basis of the weak gravity conjecture.
The conjecture was originally introduced in [14] to constrain U(1)
gauge interactions and generalized in [15]. It was noted that a U(1)
theory should contain a particle with charge-to-mass ratio q/m > 1
such that extremal black holes can decay. Otherwise, there would
be an infinite number of stable gravitational bound states which
might cause problems with the covariant entropy bound [35]. The
so-called mild version of the weak gravity conjecture states that a
particle with the charge-to-mass ratio g/m > 1 must exist, whereas
the strong version further insists that it should be the lightest
charged particle. The evidence for the strong version is rather weak
and we therefore consider in the following only the mild version
of the weak gravity conjecture. In string theory, gauge fields can
be linked to axions via dualities [30]. According to the dictionary,
the inverse axion decay constant plays the role of the charge and
the instanton action plays the role of the mass.

4 The stabilization of further moduli sectors arising in realistic string compactifi-
cations is beyond the scope of this letter.

The weak gravity conjecture can be generalized to multi-axion
systems. Given a Lagrangian with « axions and i instanton terms

e~ (1 - cos[cia ¢a)) (19)

one needs to determine the convex hull spanned by the vectors
+(ci,«/Si). The weak gravity conjecture is satisfied if the convex
hull contains a ball of radius O(1) called the ‘unit ball’. The exact
radius depends on the type of axion under consideration, some
examples are discussed in [30].

The simplest aligned axion inflation model with just two in-
stantons (two cosine terms) violates the weak gravity conjecture.
In order to illustrate this, let us turn to the model discussed in the
previous section. The charge vectors for the leading instantons are
given as

1
L= 0u9a0" po — A}

2 nmT
= V2 1110 (20a)
mTi0+n2T20 \n2T2o
V2 myT10
V)= —F/——— ’ . (ZOb)
mT1,0+maTa0 \maTao

In Fig. 1, we depict the convex hull spanned by these vectors. We
have chosen two representative examples with alignment (ny = 3,
ny =4, my =2, my =3) and misalignment (n1 =8, n; =1, m; =2,
my =9). In the alignment case, the charge vectors are almost par-
allel. The convex hull condition seems to be violated.

However, there arise further instantons which are subdominant
in the potential. Still, they may significantly contribute to the con-
vex hull [36,37]. By expanding the n-function in (11), one verifies
that the charge vectors of the subleading instantons are obtained
from vy in (20) by substituting

nm—n+12ky, ny—>ny+12ky, k]yzGN, (21)

and analogously from v,. In Fig. 1, we also show the convex hull
including all subleading instantons.

It can be seen that in both cases - alignment or misalignment -
the same convex hull is obtained. While we refrain from determin-
ing the model-dependent radius of the ‘unit ball’, the convex hull
condition is assumed to be fulfilled in the case of decay constant
misalignment. Hence, it must also be satisfied in the alignment
case by including the subleading instantons. The presented model
is thus consistent with the weak gravity conjecture. The n-function
automatically implements the mechanism outlined in [36,37]. We
conclude that through the unavoidable occurrence of subleading
instantons, string theory satisfies the weak gravity conjecture au-
tomatically.

4.3. Modulated natural inflation

The higher harmonics can reconcile the alignment mechanism
with the weak gravity conjecture. But at the same time, they must
be sufficiently suppressed in order not to spoil the flatness of the
inflaton potential. In the single-axion case (section 3), the higher
harmonics are controlled only for f <« 1. This raises the question
if f>1 can be achieved in the two-field case.

We estimate the leading correction to the axion potential aris-
ing from the second term in the expansion of the n-function. As in
section 4.1, we assume Aj e~ 3> Ade~5e. We consider the case®
T1 > T, such that the dominant modulation arises by expanding
1n(T2)?"2. Taking the leading correction into account, the potential
for the light axion becomes

5 In the opposite case T > T one just needs to exchange the indices 1 and 2 in
the following discussion.
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Fig. 1. Convex hull for the model (11) including the leading and all instantons. To
avoid clutter, subleading instantons are only shown up to order 10 in the expansion
of the n-function. The upper panel refers to a case of decay constant misalignment,
the lower panel to alignment. In the alignment case, the convex hull condition is
clearly violated if one considers only the leading instantons. However, by taking into
account all subleading instantons, the convex hull dramatically increases. The weak
gravity conjecture can thus be satisfied even in the alignment case. For illustrative
purposes we have included a representative ‘unit ball’. See [30] for discussion of the
size of the ‘unit ball’.

V:A‘l(l—cos[?D (1—8cos[f(pd]> , (22)

with f as defined in (17) and

A4~ Ade=Sa — A1 By e~ MT10+n2T2,0)7/6 (23)
¢ 2T1,0T20

The modulation frequency can be estimated as

Jm2 +m3 1
) (24)
mq 2«/57'[ Tz0
and the relative amplitude is
§=2mye 220, (25)

Notice that for decay constant alignment, only the period f of
the leading potential is enhanced, but not the period of the wig-
gles fimod. This is illustrated in Fig. 2 where we show the slope of

fmod =

0 tf/2 f
S
k<]
3 f=0.5
S
o
B f=5
S
k<]
>
©
=20
0 2 of

Fig. 2. Slope of the axion potential for three exemplary parameter choices. The align-
ment increases from top to bottom. For too strong alignment the potential (and its
derivatives) is very “wiggly” and unsuitable for inflation.

Table 1
Parameter choice leading to successful inflation.

m o np m my A Ay B4 B> Tio Tao
4 5 3 4 018 0117 36-107> 1.6-100% 20 165

the axion potential for three representative benchmark examples.
Clearly the higher harmonics limit the achievable enhancement of
the axion decay constant. In order to show that a trans-Planckian
f can still be obtained, we now turn to a numerical example.

5. Numerical example

We consider the model (11) with the parameters of Table 1.
This is a realistic parameter choice in heterotic orbifolds (see e.g.
[17]).5 Due to the alignment, the effective decay constant for the
lightest axion is enhanced. We have solved the equations of motion
for this multi-field system [39]

p V.

797 =0. (26)

¢% +T5,$7 ¢ +3H" + G
Here the fields ¢* label the real and imaginary parts of T; . The

field space metric Gy can be determined from the Kdhler metric
and ng is the usual Christoffel symbol with respect to the field

metric Ggp and its inverse G%P_ In Fig. 3 we depict the trajectories
of the real and imaginary parts of Ty, during inflation. The infla-
ton can be identified with a linear combination of axions, while
the remaining fields reside close to their minima. Indeed, we find
that this model effectively reduces to a single field inflation model.
The potential is well approximated by (22) with the parameters
given in Table 2. We have obtained the parameters by fitting the
functional form (22) to the potential along the inflationary valley.
They are, however, in very good agreement with the analytic esti-
mates presented in the previous section.

6 It was shown [38] that the embedding in type IIA compactifications seems to
be difficult.
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Fig. 3. Trajectories of the axions and saxions during inflation.

Table 2

Parameters of the inflation potential (22) obtained in the benchmark model.
A f f mod 3
3.6-1073 3.64 0.10 3.3-1074

0.100}

0.010}

slow roll parameters

0.001}

10—4 L L L L L L L

e-folds

Fig. 4. Slow roll parameters € (blue) and n (orange) as a function of e-folds. For the
dotted lines we neglected subleading instantons (which cause the wiggles on the
potential). (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

The small wiggles on the potential can hardly be seen by eye,
but they have important implications. In Fig. 4 we depict the slow
roll parameters [40]

H é

H T eH
as a function of the e-folds. The slow roll parameters oscillate due
to the wiggles on the potential. While € is mildly affected, there
is a stronger effect on 5. This can be understood as 7 is related to
the second derivative of the potential. The modulations affect the
curvature of the potential much stronger than the slope.

In order to compare with observation we have calculated the
scalar and tensor power spectra Pr (k) and P:(k) for the bench-
mark scenario. Due to the modulations on the potential, we did
not fully trust the slow-roll approximation. Therefore, we numeri-
cally solved the full Mukhanov-Sasaki mode equations. The CMB-
observables are then directly evaluated from the power spectra.

We solve only for the quantum fluctuations in the direction of
the inflaton and neglect possible orthogonal entropy contributions.

€= (27)

With this simplification we only have to deal with a single field
system for the mode equation, whereas the background equations
are still solved for all fields. The Mukhanov-Sasaki mode equation
in conformal time dt =dt/a can be written as (see e.g. [40])

dzuk 1 dZZ
— K- ——= =0, 28
dr? +( zdtz)uk (28)
with z% = 2a%¢ and
L2 (2— et 20— Len+ Lip e (29)
zdr? 21T QT g k)
U
=, 30
K Hn (30)

We solved the equation for each mode k starting a few e-folds be-
fore horizon crossing of the given mode until the end of inflation.
As initial conditions the standard Bunch-Davies vacuum [41]
1 —ikt
U, =——e (31)
2k

has been applied. The solutions uj define the scalar power spec-
trum by

K ojug?
Pri=>— || (32)
2w-l z
The spectral index is then defined as
dl k
ng=1+ dlog Pr (k) ) (33)
dlogk

The tensor mode equation and its power spectrum are given by

dv, (., 1d% S
W+(" ‘am>vk=°’ Pl=502 1y

We solve this equation like the scalar mode equation implying the
same initial conditions. The tensor-to-scalar ratio can then be de-
termined from

. Pr(k)
Prk)’

Similar to the outlined treatment an analogous calculation using
directly e-fold time N would also be possible (see e.g. [42,43]).

In Fig. 5 we depict the resulting CMB-observables for the
benchmark scenario. If we would have neglected the wiggles on
the potential, the predictions would lie on the natural inflation
band. Natural inflation is in mild tension with the latest Planck
data [12].” The modulations on the potential only slightly affect r
(which is mainly determined by €), but have huge impact on n;.
Due to a substantial running of the spectral index, the prediction
on ns depends strongly on which number of e-folds N, is matched
to the Pivot scale k,. We take N, = 50-60 as the range of uncer-
tainty.

Remarkably, the prediction of the benchmark scenario passes
through the Planck 68% CL contour. Hence, the modulations on the
potential provide a viable possibility to resolve the tension of nat-
ural inflation with Planck. While there is a sizeable running of the
spectral index, it is shown in the lower panel of Fig. 5 that this is
still consistent with the Planck data.

We should mention, however, that the Planck constraints on
running are strictly applicable only in absence of running of the
running, i.e. for d’ng/dlogk? = 0. In our case, the modulations in

2
(34)

(35)

7 See [44,45] for different ways to relax the tension between natural inflation and
observations.
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Fig. 5. Upper panel: spectral index and tensor-to-scalar ratio for the benchmark sce-
nario assuming N, = 50-60 (solid orange line). The dotted orange line is obtained
by neglecting the wiggles on the potential. Also shown is the natural inflation band
and the most recent Planck constraints. We depict the Planck constraints in the
presence of a running spectral index which are weaker than the constraints with-
out running. Lower panel: spectral index and running of the spectral index for
the benchmark scenario (orange line) together with the Planck constraints. In pure
natural inflation the running is negligible (green line). (For interpretation of the ref-
erences to color in this figure legend, the reader is referred to the web version of
this article.)

the potential also induce a non-vanishing d*n,/dlogk?. To check
the model more rigorously, we directly compare the predicted
scalar power spectrum with the Planck reconstructed power spec-
trum (from the Bayesian analysis, Fig. 26 in [12]). For concreteness,
we matched the Pivot scale to N, = 53.5 indicated by the stars in
Fig. 5. The result is shown in Fig. 6. Although the predicted power
spectrum deviates considerably from the standard power law form,
it is fully consistent with Planck. Indeed, the modulations could
play a role in explaining the suppression of power at large angu-
lar scales (small k) favored by the Planck data. For illustration, we
also depict two typical power spectra for natural inflation and ax-
ion monodromy [46,47].

The three power spectra are markedly different: in natural in-
flation, the spectrum has the standard power law form. In axion
monodromy, there arise modulations which, however, come with
higher frequency than in modulated natural inflation [46] (see [48]
for high frequency modulations in the case of aligned axion infla-
tion).

6. Conclusion

Modulated natural inflation appears as a result of embedding
axionic inflation in large classes of string theory. Higher harmon-
ics (required by duality symmetries of string theory) cause wiggles
in the leading cosine potential that could strongly influence the
inflationary process. In the single axionic case they prevent trans-
Planckian values of the string decay constant.

Planck 10
Planck 20
— Modulated Natural Inflation
Natural Inflation
Axion Monodromy

5.x107%F 7

2.x107°
&

P,

1.x107° 1

0.010  0.100 1 10

k [Mpc™"]

10-% 10™*  0.001

Fig. 6. Scalar power spectrum of modulated natural inflation compared to the Planck
reconstructed power spectrum. Also shown are representative power spectra of nat-
ural inflation and axion monodromy. The concrete form of the power spectrum for
axion monodromy is of course model dependent [46].

In the case of aligned (multi-) axion systems these wiggles still
allow a certain amount of trans-Planckian excursions of the aligned
effective axion, but the modulations have strong influence on the
CMB-predictions of the scheme. They lead to a substantial running
of the spectral index that alleviates the mild tension of simple nat-
ural inflation with Planck data. Modulated natural inflation is thus
perfectly consistent with all presently known CMB-observations.

Given the substantial running of the spectral index we have
performed (numerical) calculations beyond the slow-roll approxi-
mation by solving the full Mukhanov-Sasaki mode equations. The
results for our benchmark model are shown in Figs. 5 and 6. While
the “wiggles” do not significantly disturb the potential itself, they
are relevant for parameters that depend on derivatives of the po-
tential. The modulations only slightly affect r (which mainly de-
pends on € and thus the first derivative of the potential), but have
an important impact on ng (which depends on the second deriva-
tive of the potential). This allows a wider range of values of the
spectral index ng as compared to simple natural inflation.

As we have pointed out, the occurrence of subleading instan-
tons in modulated natural inflation ensures the consistency of the
model with the weak gravity conjecture. This feature is a direct im-
print of the string theory origin of the potential. A more detailed
study about the possibilities to obtain this model in concrete string
compactifications is left for future work.
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