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Abstract

A marked graph is a graph with a 4+ or — sign on each vertex and is called consistent if each
cycle has an even number of — signs. This concept is motivated by problems of communication
networks and social networks. We present some new characterizations and recognition algorithms
for consistent marked graphs.
© 2002 Elsevier Science B.V. All rights reserved.

1. Introduction

Data in the social sciences can often be modeled using a signed graph, a graph where
every edge has a sign + or —, or a marked graph, a graph where every vertex has a
sign + or —. A marked graph is called consistent if every cycle has an even number of
— signs. The concept of consistency is analogous to the concept of balance in signed
graphs: A signed graph is called balanced if every cycle has an even number of —
signs. (For references on balance, see [12] and [16].) In this paper, we give a number
of new characterizations and recognition algorithms for consistent marked graphs.

Consistent marked graphs were introduced by Beineke and Harary [3]. (An analogue
for digraphs was introduced by Beineke and Harary [4].) The concept was motivated
by communication networks. If binary messages are sent through a network with —
vertices reversing messages and + vertices leaving them unchanged, then a consistent
marked graph has the following consistency property: If a message is sent from x to y
through two different vertex-disjoint paths, and if x and y have the same sign, then y
will receive the same message no matter which path is followed. In a marked graph,
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let us say that the sign of a path or cycle is + if there is an even number of —
signs and — otherwise. (The signs of the end vertices of the path are counted.) Even
for consistent marked graphs, even if x and y have the same sign, there can be two
paths from x to y of different signs; the hypothesis of vertex disjointness is needed to
conclude that they have the same sign. Consistent marked graphs arise in a similar way
in social networks, networks whose vertices represent people. If some people always
lie and some always tell the truth, a consistent social network has the property that if
a message is sent from x to y along two vertex-disjoint paths and x and y have the
same sign, then y will receive the same message independent of the path followed.

The notion of consistency of a marked graph has proven useful in the theory of
balance of signed graphs. Harary and Kabell [7,8] described an efficient algorithm for
determining if a given signed graph is balanced by setting up a correspondence be-
tween marked graphs and balanced signed graphs. This correspondence has also been
useful in solving the problem of counting balanced signed graphs (Harary and Kabell
[8]). (The problems of enumerating both balanced signed graphs and marked graphs
have also been studied by Harary et al. [9].) The problem of characterizing consistent
marked digraphs was solved by Beineke and Harary [4]. Rao [15] obtained an early
characterization of consistent marked graphs and gave a polynomial algorithm for their
recognition and Acharya [1,2] gave other characterizations. Hoede [11] characterized
consistent marked graphs in terms of fundamental cycles of a cycle basis and observed
that the characterization gives rise to a polynomial algorithm for determining consis-
tency that is considerably simpler than Rao’s. Here, we shall give a still more efficient
algorithm. Beineke and Harary [4] introduced the problem of determining if an un-
marked digraph can be marked using at least one — sign so that the resulting marked
digraph is consistent. Roberts [17] studied this problem for marked graphs.

In this paper, we use the following notation in a (marked) graph G: V. is the set
of + vertices, V_ the set of — vertices, n the number of vertices, m the number of
edges. If S is a set of vertices or edges of G, then G[S] is the subgraph induced by
S. If T is a tree in G, then the unique path in 7 between vertices x and y is denoted
by T,,. A special case of this notation is Py, when the tree is a path P. Vertices x
and y in G are said to be k-connected (k-edge-connected) if there are k (internally)
vertex-disjoint (edge-disjoint) paths between x and y.

A set of cycles in a graph G is a cycle basis if it is a minimal set of cycles with
the property that every cycle can be expressed as a symmetric difference of cycles
in the set. One well-known way to construct a cycle basis is to find a spanning tree
T of G. A tree chord relative to T is an edge not in 7. Every tree chord defines a
unique cycle of G, called a fundamental cycle relative to T or a T-fundamental cycle,
whose remaining edges are in 7. The set of fundamental cycles relative to a tree is
well known to be a cycle basis for G.

2. Characterizations of consistent marked graphs

The notion of 3-connectedness between a vertex pair plays a central role in studying
marked graphs, as is shown in the following theorem.
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Theorem 1 (Beineke and Harary [3]). If a marked graph is consistent, then any two
3-connected vertices receive the same sign.

Let G be a marked graph and let x, y € V'(G) have the same sign. If they are positive,
a path joining x and y is said to be coherent if it contains an even number of negative
vertices and is said to be incoherent otherwise. If they are negative, a path joining x
and y is said to be coherent if it contains an odd number of negative vertices, and is
said to be incoherent otherwise.

Theorem 2. A marked graph is consistent if and only if any two vertex-disjoint paths
between a pair of vertices with the same sign are either both coherent or both inco-
herent.

Proof. The necessity is obvious. For the sufficiency, we note that every cycle C has
at least two vertices of the same sign. Since the two vertex-disjoint paths joining these
vertices on C are either both coherent or both incoherent, C is positive. [J

Theorem 3. Let G be a 2-connected marked graph that is not a cycle. Then G is
consistent if and only if any 3-connected pair of vertices receive the same sign and
paths between them either are all coherent or all incoherent.

Proof. Necessity: By Theorem 1, a 3-connected pair of vertices u and v receive the
same sign. Let P',P?> and P? be three vertex-disjoint paths from u to v. Since G is
consistent, P!, P> and P3 are all coherent or all incoherent. Suppose the former; the
latter case is similar. Suppose there is also a path P from u to v which is incoherent.
Choose P such that |[V(P)\ V(P' U P?U P3)| is minimum. By consistency of G and
incoherence of P, P must have common vertices with V(P! U P?> U P3)\ {u,v}.
Suppose P and P' have common vertices. Let x and y be two vertices on both P
and P! such that at least one of x,y is not u or v and vertices between x and y on
P! are not on P. We now note that there are three vertex-disjoint paths from x to y,
one of which is P;y. If at most one of V(P?) and V(P3) intersects V(Py,), then the
other two paths are P,, and the path obtained by Py, P? or P? from u to v, then
P,,. Suppose both V(P?) and V(P?) intersect V' (P,,) and on Py, the first vertex on
V(P?)U V(P?) is a and the last is b. Without loss of generality, a € V' (P?). If b is
also in V(P?), then the other two paths are Pm,Pgb,P;,y and P, P3 Py. If b is in

uv?
V(P3), then the other two paths are an,Pﬁv,va, and qu,Pib,Pby. Therefore, x and y
are 3-connected and hence they receive the same sign.

The paths P,, and P}, form a cycle. Since G is consistent, the cycle is positive and
the two paths either are both coherent or both incoherent. Therefore if we replace Py,
by P;y on P to get P’, then P’ is also incoherent since P is, but |[V'(P")\ V(P'UP*U
P3| < |V(P)\ V(P'UP?*U P?)|, which is a contradiction.

Sufficiency: Let C be a cycle of G. Since G is 2-connected and not a cycle, there
are two vertices # and v on C which are 3-connected. Then « and v receive the same
sign and two paths on C from u to v either are both coherent or both incoherent, which
implies that C is positive. [
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Theorem 4 (Acharya [2], Rao [15]). If G is a consistent marked graph, then

(1) G[V_] is bipartite;
(2) between each connected component of G[V.] and each partite set in the biparti-
tion of each component of G[V_], there is at most one edge.

Condition (2) of Theorem 4 will be called single joining and a marked graph satis-
fying conditions (1) and (2) will be called a split marked graph.

Let G be a graph and 4 C V(G). We use the terminology “shrink A to a vertex
a” to mean to replace 4 by a single vertex a and replace an edge bv for b €A by an
edge av (omitting duplications). If G[A] is connected and bipartite with partite sets C
and D, “shrink A to an edge cd” will mean to shrink C to ¢ and D to d in G, add an
edge cd, and replace any edge xv for x € C by cv and any edge yv for y € D by dv.

Given a marked graph G, suppose we shrink each component of G[V,] to a vertex
to get a graph G’. Then, as indicated in [3], if G is split, then G is consistent if and
only if G’ is.

Theorem 5. Let G be a split marked graph and let G’ be the result of shrinking each
nontrivial component of G[V_] to an edge. Then G is consistent if and only if G’ is.

Proof. Suppose u and v are in the same partite set of a component of G[V_], they
have a common neighbor x € V_, and G’ is obtained from G by shrinking them to a
vertex w. We prove that there is a negative cycle in G if and only if there is a negative
cycle in G’. This will prove the theorem, since by iterating the procedure, we shrink
each nontrivial component of V'[G_] to an edge.

First assume that G has a negative cycle C. If C does not contain both u and
v, then clearly G’ has a negative cycle. Suppose both u and v are on C, say C =
UyUyy..., Up, U, 01,..., 05, u. If either » or s =1, say » = 1, then since u and v have no
common positive neighbor by single joining, u; is a negative vertex. After shrinking,
there is a cycle C' = w,vy,...,vs, w, with fewer negative vertices than C. If s is also
1, then C negative implies that v; is positive, which violates single joining. There-
fore, s > 1 and so C’ is a negative cycle. Now suppose both r,s = 2. Then G’ has a
negative cycle since one of the two cycles w,uy,...,u,,w and w,vy,...,0,, w must be
negative.

Now assume that G’ has a negative cycle C’. If C’ does not contain w, then C’
is also a negative cycle in G and the conclusion holds. Suppose C’ contains w, say
C' = w,wi,...,w,w. Suppose that the following condition P holds: either both uw,
and uw; or both vw, and vw; are in G. Then there is a corresponding negative cycle
in G. Note that if x is w; or w;, the condition is satisfied. If condition P fails, we
know that uw; or vw; and uw, or vw, are in G. If uw; is in G (which we may
assume without loss of generality), then uw,;,wjv are not in G. If x is not on C’ in
G’, then C =u,wy,...,w,0,x,u is a negative cycle of G. If x is on the cycle C’, say
C'=wW,Wi,..., W, X, Wrin,..., W, w, then there are two cycles C; =u,wy,...,w,,x,u and
Cy=x,W,12,...,w,0,x in G and one must be negative. [J
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Suppose G is a split marked graph and G’ is obtained from G by shrinking each
component of G[V,] to a vertex and shrinking each nontrivial component of G[V_]
to an edge. We already know that G is consistent iff G’ is consistent. Furthermore, as
indicated by Hoede [11], if we insert a + vertex on each edge of G'[V_] to get graph
G”, then G’ is consistent if and only if G” is consistent.

Since G” is bipartite with one partite set having only positive vertices and the other
only negative vertices, G” is consistent if and only if the length of every cycle is a
multiple of 4. In other words, after polynomial time translating, the problem of checking
if a marked graph is consistent reduces to the problem of checking if a bipartite graph
only contains cycles with length 4%.

Another way to see this is as follows. Let G be a marked graph. Form graph T'(G)
by inserting a + vertex in each edge incident to two — vertices and three vertices
with signs —, 4+, — in that order in each edge incident to two + vertices. Then 7(G) is
bipartite with one part of + vertices and another part of — vertices, and G is consistent
if and only if 7(G) only has cycles with length 0mod4. To prove this, use induction
on s(G) =m(G) — q(G), where m(G) is the number of edges of G and ¢(G) is the
number of edges of G joining vertices of different sign. The inductive step follows
from the observation that if (G) is obtained from G by adding vertices on one edge
according to the procedures in the definition of 7'(G), then G is consistent if and only
if W(G) is consistent, T(W(G)) =T(G), and s(W(G)) < s(G).

In fact, we have the following result.

Theorem 6. The problem of determining if a marked graph is consistent is polyno-
mially equivalent to the problem of determining if a bipartite graph has all cycles of
length O mod 4.

The polynomial reduction from the second problem to the first goes as follows. Let
G be a bipartite graph. Assign + signs to vertices of one bipartite class and — signs
to vertices of the other class, getting a marked graph H. Then every cycle of G has
length O mod 4 if and only if A is consistent.

To state another characterization of consistent marked graphs, we use the terminology
“the common path of a pair of 7-fundamental cycles” to mean the maximal common
path.

Theorem 7 (Hoede [11]). Let G be a marked graph and let T be a spanning tree of
G. Then G is consistent if and only if it satisfies the following two conditions:

(1) Each T-fundamental cycle is positive.
(2) On the common path of a pair of intersecting T-fundamental cycles, the two end
vertices always have the same sign.

Theorem 7 also provides a polynomial algorithm to check if a marked graph is
consistent. There are m — n + 1 fundamental cycles relative to any spanning tree.
Hence there are O(m?) pairs of cycles to check for condition (2). For each pair, the
checking time is O(n). The complexity to check condition (1) is O(mn). Therefore the
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complexity of this simple algorithm of Hoede’s is O(m?n). Algorithm 1 in Section 3
gives an O(mn) algorithm.
The following theorem is equivalent to Theorem 7.

Theorem 8. Let G be a marked graph and let T be a spanning tree. Then G is
consistent if and only if it satisfies the following two conditions:

(1) Each T-fundamental cycle is positive.
(2) Each cycle which is the symmetric difference of two T-fundamental cycles is
positive.

Proof. We show that under condition (1), conditions (2) in Theorems 7 and 8 are
equivalent. Suppose that condition (2) of Theorem 7 holds. Let C be a symmetric
difference of two 7T'-fundamental cycles C;, C,, where C; has a — signs, C, has b —
signs, and the common path has ¢ — signs (excluding end vertices). Then C has
a+b—2c — signs if end vertices have the + sign or a+b —2¢ —2 — signs otherwise.
Since a and b are even, C is positive. The other direction is similar. [

Because of Theorem 6, the following theorem can be thought of as the bipartite
version of Theorem 8.

Theorem 9 (Conforti and Rao [5]). Let G be a bipartite graph and T be a spanning
tree of G. All cycles in G have length 0mod 4 if and only if G satisfies the following
two conditions:

(1) Each T-fundamental cycle has length 0 mod 4.
(2) Each cycle which is the symmetric difference of two T-fundamental cycles has
length 0 mod 4.

Theorem 9 leads to an algorithm with complexity O(m?n) to determine if all cycles
in a graph G have length O mod 4. In Section 3 we will provide two O(mn) algorithms
(Algorithms 2 and 3) to complete the same task.

Theorem 10. Let G be a marked graph and T a spanning tree of G. The following
are equivalent:

(1) On the common path of a pair of intersecting T-fundamental cycles, the two end
vertices always have the same sign.

(2) Two 3-connected vertices always have the same sign.

(3) Two 3-edge-connected vertices always have the same sign.

The proof of Theorem 10 will use the following two lemmas.

Lemma 1. Let u and v be a pair of 3-connected vertices in graph G and let T be a
spanning tree of graph G. Then there exist vertices vy,v,,...,0, such that with u=u,
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and v = v,,1, each pair v; and viy1 are the end vertices of the common path of two
T-fundamental cycles.

Proof. For any two 3-connected vertices u and v, let o(u,v) be the smallest £ so that
there are three pairwise vertex-disjoint paths in G from u to v with k£ tree chords
on these paths. We use induction on o(u,v) to prove the lemma. If P',P? and P3
are three pairwise vertex-disjoint paths from u to v, at least two of them contain tree
chords. If a(u,v) =2, then u,v themselves are end vertices of common paths of two
T'-fundamental cycles.

Assume the conclusion holds for all 3-connected vertex pairs u,v with o(u,v) <k
and consider a 3-connected vertex pair x,y with a(x,y) =k + 1. Let P!,P? and P’
be three pairwise vertex-disjoint paths from x to y such that the total number of tree
chords on these paths is o(x, y) =k + 1. There is a unique path P on T joining x and
¥. Suppose edge xw is on P. We claim xw is on one of P!, P> and P3. If not, let z
be the first vertex on P from x to y and on one of P!, P? or P>. Assume z is on P!.
We replace P.. by P,. to get three paths with fewer tree chords, which contradicts the
definition of P, P? and P>.

Suppose without loss of generality that xw is on P2. Then P! and P3 must contain
tree chords. Let the first tree chords on P! and P3 from x to y be e’ and e” respectively.
The removal of edge xw divides T into two parts and the two tree chords ¢’ and e”
join these two parts. Consider the fundamental cycles with tree chords e’ and e”,
respectively. One end vertex of their common path is x. Let the other one be u. We
claim that u, y are 3-connected and o(u, y) < k, which will complete the proof.

Case 1: u is on P?. In the fundamental cycle containing e”, suppose the path from u
to P* hits P* at b. Then there are three paths from u to y, ie., P, P, P' and Tungy.
Since the numbers of tree chords on P? and P,%y are the same, on P! and on P2 P!
are the same, and on T, ungy is less than on P3, we have a(u, y) < k.

Case 2: u is not on P?. In the common path on the two fundamental cycles, let b be
the last vertex on P2, In the fundamental cycle containing e, suppose the path from u
to P! hits P! at a, and in the fundamental cycle containing e, suppose the path from
u to P3 hits P? at ¢. Then 7, WP;y, T, u;,Piy and T, uchy are three paths from u to y. By
similar reasoning as in Case 1, we have o(u, y) <k. [J

Lemma 2. Let u and v be a pair of 3-edge-connected vertices in graph G. Then there
exist vertices vi,vy,...,0, such that with u=vy and v=v,,, each pair v; and v;,y is
3-connected.

Proof. If u and v are 3-connected, the conclusion obviously holds. Suppose u and v
are not 3-connected and select three edge-disjoint paths P!, P> and P? from u to v
with minimum total length. Let X ={vy,...,v,} be the set of vertices other than u and
v on at least two of P!, P? and P3. If two paths, say P! and P2, each contain vertices
v; €X and v; €X, and v; precedes v; on path P! from u to v, then v; precedes v; on
path P? from u to v. For, if v; precedes v; on P, then ﬁ:PimPiwﬁ:P;%u,Pé,u and

P3 are three edge-disjoint paths with total length less than the original ones.
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Let X’ =X U {u,v}. By the previous observation, we can arrange the vertices in
X’ in order according to their appearance on three paths from u to v. Suppose the set
in order is X’ = {vo,v1,...,0,, 0,11} We show that v; and v, are 3-connected. Take
i=0. If v; is on all three paths, then vy and v; are 3-connected. If v; is on P' and
P? but not on P3, there is a vertex v;, i > 1, on P> and P! since v is on P> and P'.
Take the smallest i. Then Pgﬂv],Pfov] and Pgov,,Pbliiv1 are three vertex-disjoint paths from
vy to v;. The case i =k is analogous.

Suppose 0 < i < k. If v; and v;;; are both on the three paths, they are 3-connected.
If one is on the three paths, the proof is as above, so we may assume neither is on
the three paths. Now suppose both v; and v;, are on P' and P2. Let vy be on P! and
P3 with the biggest s <i and v, be on P! and P3 with the smallest ¢ > i + 1. Then
Péivm,Pivm and Ptl‘,uxpiv,Ple,u,-H are three vertex-disjoint paths from v; to v;1;. Suppose
v; is on P! and P? and v, is on P? and P3. Let v, be on P! and P? with the biggest
s <iand v; be on P! and P? with the smallest # > i+ 1. Then P;, ., P, P,  and
P}, P, are three vertex-disjoint paths from v; to v;y;. [

To complete the proof of Theorem 10, note that Lemmas 1 and 2 show that (1)
implies (2) and (2) implies (3). Since the common path of a pair of fundamental
cycles has end vertices that are 3-edge-connected, (3) implies (1).

By Theorem 10, the following theorem is equivalent to Theorem 7. However, we
give a direct proof.

Theorem 11. Let T be a spanning tree of a marked graph G. G is consistent if and
only if it satisfies the following two conditions:

(1) Each T-fundamental cycle is positive.
(2) Each 3-connected vertex pair has the same sign.

Proof. The necessity follows from Theorem 1. To prove the sufficiency, we prove that
every cycle is positive by induction on the number of non-7" edges in the cycle. If there
is one such edge, condition (1) gives the result. If there are at least two non-7 edges
in cycle C and all cycles with fewer non-7 edges than C are positive, find vertices u
and v in C such that 7, , has no vertices in common with C except u and v. If C; and
C, are the two paths in C from u to v, then C,T,, and C,T,, form cycles with fewer
non-7" edges than C, and therefore each is positive. Moreover, Cy, C,, and T,, show
that u and v are 3-connected and therefore have the same sign. We conclude that C is
positive. [J

To generalize Theorem 11, we ask: can we replace “each 7T-fundamental cycle” by
“each cycle in a basis”, i.e., replace tree basis by any basis. The answer is given in
Theorem 14.

Let G be a graph. We can get a basis by repeating the following process until we
can no longer do so. Pick an edge e. If there is a cycle containing e, put the cycle
in the basis. Delete e. A basis which is obtained by this method is called an ordering
basis. (In [10], it is called a fundamental basis.) Note that a tree basis is an ordering
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basis. We first note that Theorem 11 holds for ordering bases. In the proof, we use
the term block in a graph to mean a maximal 2-connected subgraph.

Theorem 12. Let G be a marked graph and % be an ordering basis of G. G is
consistent if and only if G satisfies the following two conditions:

(1) Each cycle in A is positive.
(2) Each 3-connected vertex pair has the same sign.

Proof. The necessity follows from Theorem 1. To prove the sufficiency, we let cycles
in 4 be C,,...,C, according to the order they are found in the construction of the
ordering basis and arrange edges such that e;, i =n,...,m, is the edge we are using to
find C; and ¢;, i=1,...,n — 1, are the other edges. For i > n, let G; be the subgraph
induced by edges ey,...,e,—; and all edges in cycles C;, j =n,n+1,...,i. Note that
G,, = G. We use induction on i > n to prove that G; is consistent. By condition (1),
this holds for i =n. Suppose it holds for i=k — 1. To prove it for i =k, we only have
to prove that the block of Gy which contains edge ¢, is consistent, so we can suppose
Gy itself is a block. There is a spanning tree 7 in Gy_; which contains Cj \ e.
Since Gy_; is consistent, all 7-fundamental cycles of Gj_; are positive. T is also
a spanning tree of Gj and since Cj is positive by condition (1), all 7-fundamental
cycles of Gy are positive. This plus condition (2) implies that G is consistent, by
Theorem 11. [

We now generalize the conclusion of Theorems 11 and 12 to any basis. An even
graph is a graph in which each vertex has even degree. An even graph is an edge-
disjoint union of cycles. Let G be a marked graph and G’ a subgraph of G. Denote
by d~(v) the number of — vertices adjacent to v in G’ and let A(G')=Zycpgd ™ (v).
Suppose G’ is an even subgraph. Then G’ is said to be coherent if A(G') = 0mod 4
and incoherent if A(G') = 2mod4. Notice that A(G’) is always even if G’ is even.
We can also generalize the definition to paths. Let P be a path whose end vertices
have the same sign. Then P is said to be coherent if A(P) = 0mod4 and incoherent
if A(P) =2mod4. Notice that A(P) is even if and only if the end vertices of P have
the same sign. This definition of coherent is the same as that in the beginning of this
section. The following theorem is easy to prove.

Theorem 13. A marked graph is consistent if and only if each of its even subgraphs
is coherent.

The following theorem is the desired generalization of Theorem 11.

Theorem 14. Let G be a marked graph and let # be a basis of G. Then G is
consistent if and only if it satisfies the following two conditions.

(1) Each cycle in A is positive.
(2) Each 3-connected vertex pair has the same sign.
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Proof. The necessity of conditions (1) and (2) follows by Theorem 1. The sufficiency
follows by Theorem 13 if we can prove that each even subgraph of G is coherent.
Since an even subgraph is an edge-disjoint union of cycles, each even subgraph G’
is the symmetric difference of cycles in 4. We prove the claim by induction on the
number k of these cycles. If k =1, G’ is just a cycle in % and is positive by con-
dition (1) and therefore coherent. Arguing by induction on k, we suppose that each
even subgraph which is the symmetric difference of at most £ — 1 cycles in 4 is
coherent, let G’ be an even subgraph which is the symmetric difference of k cycles in
A, let C be one of these cycles, and let G” be the symmetric difference of the remain-
ing k — 1 cycles. Clearly, G” is again even and hence is coherent by the induction
hypothesis.

If E(C)NE(G")=1), the conclusion holds. So we suppose E(C)NE(G")# (). First
assume that G” is connected. Let P=vy,...,v; be a path of C such that vy, v, € V(G")
and vy,...,v5_1 € V(G"). If vy and v, are in the same block of G”, then v; and vy
are 2-connected in the block and 3-connected in G U P. Therefore v; and v receive
the same sign and A(P) is even.

Suppose v; and v, are not in the same block of G”. Pick a path Q from v; to vy
in G and let uy,...,u; be the cut vertices of G” in order on Q. Then v; and uy,u;
and u; 1, i=1,...,5s — 1,u, and v; are pairwise 2-connected in G”. Vertices v; and
u; are 3-connected in G because we can find a third path vertex-disjoint from the first
two by using P followed by O,,,,. The other cases are proved in the same way using
P followed by O,,,,,, and P followed by Q,,, . Therefore, v; and v; receive the same
sign and A(P) is even.

C is the union of paths, which we can partition into two subsets, CNG"” and C\ G".
By the above conclusion, A(C \ G”) is even. Since A(C) = O0mod4, A(C N G") =
MC\ G")ymod4. G’ is obtained from G” by replacing C N G” by C \ G”. Therefore
MG") = A(G")mod 4, i.e., G' is coherent.

Now assume that G” is disconnected. If E(C) intersects only one of the components
of G”, the proof is the same as for the case where G” is connected. So suppose that
there are at least two components in G, G; and G, such that E(C) N E(G;)#® for
i=1,2. Let C =vg,01,..., 0%, Vgs1,.... Suppose that P =uvy,...,v; such that v; and vy
are in the same component and vy and vg;; are not in this component. Then v; and
vy are 3-connected in G’ and therefore in G, and receive the same sign by condition
(2). We can partition C into two subgraphs F and F,, where F, is a union of paths
whose end vertices are in different components of G” but whose middle vertices are
not in G”. By the above discussion, A(F)) is even, and so therefore is A(F,).

By the proof of the case when G” is connected, A(F; \ G”') is even. Hence, so is
AC\ G"), since A(F,) is even and F, N G" =), so

HC\G"Yy=(F)UF>)\ G")=AF, \ G" UF,).

Moreover, A(C N G")=A(F; NG") is also even since A(F) and A(F; \ G") are even.
Thus, since A(C) = 0mod4, it follows that A(C N G"”) = A(C \ G”")mod 4, as before,
and then, as before, A(G’) = A(G"”)mod 4, i.e., G' is coherent. []



FE.S. Roberts, S. Xul Discrete Applied Mathematics 127 (2003) 357—-371 367

3. Algorithms

The above theorems provide an algorithm to test the consistency of a marked graph.
By Theorems 10 and 14, it suffices to check if there is a positive basis, a basis with
all cycles positive, and each 3-edge-connected vertex pair has the same sign. Checking
the former can be done by constructing any basis; either all cycles in it are positive
or there is a negative cycle in it and G is inconsistent. Checking the latter can be
limited to vertices of degree at least 3 because, obviously, a vertex of degree at most
2 cannot be 3-edge connected to any other vertex. Let p(u,v) be the largest number
of pairwise edge-disjoint paths between u and v. The key observation we shall use is
the following.

Theorem 15 (Even [6]). Given a graph G of m edges, checking whether or not p(u,v)
>k can be accomplished in O(km) time.

Here is a sketch of the proof of Theorem 15. Given G, define a directed network N
with the same vertex set as G, by taking arcs from x to y and y to x whenever xy is
an edge of G, and by putting a capacity of 1 on each arc. Then p(u,v) is the maximum
flow from u to v in N. (See the proof of Theorems 6.4, 6.8 in [6].) Thus, we can test
whether or not p(u,v) = k by running a network flow algorithm until the flow reaches
k or cannot be continued. A standard network flow algorithm ([13,14]) proceeds by
searching for augmenting chains. Each augmenting chain increases the total flow by at
least 1, so we need at most k& searches for augmenting chains to test if p(u,v) > k.
Each such search requires a number of steps on the order of the number of arcs in the
network, so it is O(m). We conclude that checking whether or not p(u,v) > k can be
accomplished in O(km) time (see [6, p. 132]). We shall apply this result for the case
k =3, so we have an O(m) algorithm.

We now get the following algorithm.

Algorithm 1

Input: A 2-connected marked graph G.

Output: The answer to the question: Is G consistent?

Step 1. Construct a basis of G and check if it is positive. If not, G is not consistent.

Step 2: Let Vy be the set of vertices of degree at least 3. Check if any two vertices
of Vo with different signs are 3-edge-connected. Do this as follows:

Step 2a: Pick vertices u€ Vy NVy and ve V_NVy. Use Even’s algorithm to check
if p(u,v) = 3. If so, then by Theorem 14, G is not consistent.

Step 2b: If p(u,v) < 3, then there is an edge cut in the graph consisting of two
edges, and this divides the graph into two subgraphs. Repeat Step 2a for each of
these subgraphs while there are u,v of different signs in V.

Step 2c: If inconsistency has not been concluded for any subgraph, conclude that
G is consistent.

The complexity of Algorithm 1 is O(mn). To see why, note that we can build a tree
basis by finding a spanning tree 7' using an O(m) algorithm such as Kruskal’s and
then we can check if each tree chord produces a positive cycle. There are O(m) tree
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chords. For each, since there are only n—1 edges in T, checking that the corresponding
T-fundamental cycle is positive requires O(n) steps. So, the overall complexity of Step
1 is O(mn). (Instead, we can use ordering basis. Pick an edge xy. Use an O(n) shortest
path algorithm to find a path between x and y. If there is no such path, delete xy and
continue. If there is a path, this plus xy forms a cycle of length at most n» and we can
check whether or not it is positive in O(n) steps. Since we must repeat the procedure
for each edge, the total complexity of the procedure is O(mn).) Step 2a uses an O(m)
algorithm. It is easy to see by induction on » that the number of subgraphs for which
Step 2a must be repeated in Step 2b is O(n). Therefore the overall complexity of
Algorithm 1 is O(mn), as claimed.

As noted in Theorem 6, the problem of determining if a marked graph is consistent
and the problem of determining if a bipartite graph has the property that every cycle has
length Omod 4 are polynomially equivalent. In the following we give two algorithms
to test if a bipartite graph has the latter property. Let G be a 2-connected graph. A
starjoin path or sj-path for short is a path whose inner vertices have degree 2 and
whose end vertices have degree at least 3. Let G be a 2-connected graph and suppose
that {uv,xy} is an edge cut whose edges are not on the same sj-path. We contract u
and v into one vertex and insert a vertex in edge xy to get a graph G’. This operation
is called sliding (relative to the first edge).

Lemma 3. I G’ is obtained from graph G by sliding, then every cycle of G has
length 0mod 4 iff every cycle of G' has length 0mod 4 and, moreover, G is bipartite
iff G' is bipartite.

Proof. There is a one-to-one, length-preserving correspondence between cycles of G
and cycles of G'. [

Lemma 4. In any graph, 3-edge-connectedness is a transitive relation.

Proof. Let G be a graph and let # and v be 3-edge-connected and v and w be
3-edge-connected. If u and w are not 3-edge-connected, there is a minimal cut Ej
separating # and w with at most two edges. Suppose v is in the same part with u in
G \ Ey. Then the cut is also a cut separating v and w, a contradiction. [J

It is easy to see that in a 2-connected graph, a vertex v is 3-edge-connected to some
vertex if and only if the degree of v is at least 3. Hence, if we define u ~ v to mean
that u = v or u and v are 3-edge connected, then Lemma 4 implies that ~ defines an
equivalence relation on V), the set of vertices of degree at least 3. We use the notation
r(G) for the number of equivalence classes.

Algorithm 2

Input: A 2-connected bipartite graph G, which is not a cycle, with bipartition V' (G)=
veuvr’.

Output: The answer to the question: Does every cycle have length 0 mod 4?

Step 0: Set k «— 0, V] «— V', V' = V", and G®) — G.
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Step 1: Let Vék) be the set of vertices of G*) with degree at least 3. Do the
following for graph G®.

Step 1a: Check if one of the vertex classes in the bipartition of G%) has no vertices
of V. If s0, let G+ =G and vi =V and go to Step 3.

Step 1b: Pick ue Vék) NV, veVonV/, and check if u and v are 3-edge-connected
using Even’s procedure. If they are, then because u and v are in different partite
classes, we get the conclusion that some cycle of G does not have length
O mod 4.

Step 1c: Otherwise we find an edge cut {ej,e;} with cardinality 2 separating u
and v. Then edges e, and e, are on sj-paths Py and P, respectively. Say Py goes
from vertex x to vertex y. By repeatedly sliding using an edge of P, and edge e;, we
eventually merge x and y and obtain graph G'. (Note that in G', the vertex y is no
longer present and it is replaced by a vertex of degree 2 in P,. The equivalence classes
under ~ remain unchanged except that the equivalence classes containing x and y in
G® are merged to form one equivalence class, omitting y. Thus, r(G')=r(G*¥))—1.)
By Lemma 3, G' is bipartite with bipartite classes U| and U}. Set k — k+1, G®) —
G, VU], and V] — U,.

Step 2: Repeat Step 1 (with the new G®, v/, V!") until G and Vo(k) are such
that in the bipartition of G®), one of the two classes has no vertices of Vék). (This
will eventually happen since it happens when we get to G*) with r(G*))=1.) Let
G*=G® and Vi = Vék).

Step 3: By construction, Gx is bipartite and one of the two classes in the bipartition
has no vertices of V. Find a spanning tree T of Gx and check if each T-fundamental
cycle has length Omod 4. If there is a T-fundamental cycle with length not 0mod 4,
output the answer “no”. Otherwise, output the answer “yes”.

To see that Algorithm 2 is correct, say that after Steps 1 and 2, V! and V? are
the two classes in the bipartition of G* and one of these, say V2, has no vertices of
degree > 3. Suppose that in Step 3, we conclude that all T-fundamental cycles have
length O0mod 4. Any sj-path must go between vertices in ! and therefore must have
even length. Any common path of two T-fundamental cycles is a path on 7 and joins
two vertices in V; and all its middle vertices have degree 2. Thus, the path is an
sj-path and so has even length. This together with the conclusion that all fundamental
cycles have length 0 mod4 implies that any cycles which are a symmetric difference
of fundamental cycles have length 0 mod4. By Theorem 9, all cycles have length
Omod 4.

The complexity of this algorithm can be calculated as follows. Step 1, using Even’s
method, requires O(m) steps. Step 2 must be carried out at most O(n) times. Step 3 has
complexity O(mn), as in Algorithm 1. Thus, the overall complexity of the algorithm
is O(mn).

There is a variant on Algorithm 2, which we call Algorithm 3, that is the same
except that we replace Step 3 by

Step 3': By construction, Gx is bipartite and one of the two classes in the bipartition
has no vertices of V. Check if we can partition Vj into two sets Vy and V, such
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that any sj-path joining one vertex in Vi and one in V, has length 2mod 4 and any
sj-path joining two vertices both in Vi or both in V, has length 0mod 4. If so, output
the answer “yes”. If no, output the answer “no”.

Let T be a spanning tree of Gx. We show that after Steps 0, 1, and 2, Step 3 of
Algorithm 2 has a positive answer iff Step 3’ of Algorithm 3 has a positive answer.
This will show that Algorithm 3 is correct. Suppose that Step 3 has a positive answer.
We divide V' into two parts V| and V, as follows. Pick a vertex v € V" and put it into
V1. For any other vertex u € V', if T, has length O mod 4, we put it into V;, otherwise
into ¥,. We show that this partition has the property stated in Step 3’. It is clear that
if u and w are in V', then T,, has length Omod4 if u and w are in the same class
Vi and length 2mod4 otherwise. Let P be an sj-path from u to w. If P has no tree
chords, then P = T,, and so has the desired property. If P has a tree chord, then P
plus 7, form a fundamental cycle. We know that P has even length since it joins
two vertices of the same class in the bipartition. Since all 7-fundamental cycles have
length Omod 4 and T, has the property required in Step 3’, it follows that P does as
well.

Conversely, suppose that Step 3’ has a positive answer and Vy,V, are the sets in
the partition. Since G is not a cycle, G* is also not a cycle. Thus, any 7-fundamental
cycle of G has at least two vertices of V' and we can look at the fundamental cycle
as consisting of a sequence of sj-paths. Each sj-path that has endpoints in the same set
Vi has length 0mod4 and each sj-path that has endpoints in different sets has length
2mod4. Since following around the cycle returns us to the starting set V;, there are
an even number of sj-paths that have endpoints in different sets. We conclude that the
cycle has length 0 mod 4.

We note that the complexity of Algorithm 3 is O(mn). By the discussion of the
complexity of Algorithm 2, it suffices to check that Step 3’ can be completed in
O(mn) time. Once we reach Step 3/, one of the classes in the bipartition V!, V? of
Gx, say V2, has no vertices of degree > 3. Let H* be obtained from G+ by replacing
each path x, y,z with y in ¥? by an edge xz. Then V] is contained in the vertex set
of Hx and an sj-path P in Gx* corresponds to an sj-path O in Hx* of half the length.
We can partition the vertices of ¥ in G to satisfy the condition in step 3’ if and
only if we can partition the vertices of V' in H* so that sj-paths joining vertices in
different classes have length 1 mod2 and sj-paths joining vertices in the same class
have length O mod 2. This is essentially the question of whether or not Hx* is bipartite,
and bipartiteness can be checked by any of a number of well-known algorithms in
O(mn) time.

Acknowledgements

Fred Roberts thanks the National Science Foundation for its support under grant
NSF-SBR-9709134 to Rutgers University and Paul Dreyer for his helpful comments.
Shaoji Xu thanks the Air Force Office of Scientific Research and the National Sci-
ence Foundation for their support under grants AFOSR-89-0066, AFOSR-90-0008,



FE.S. Roberts, S. Xul Discrete Applied Mathematics 127 (2003) 357—-371 371

AFOSR-F49620-93-1-0041, NSF-SBR-9211492 and NSF-SBR-9709134 to Rutgers Uni-
versity.

References

[1] B.D. Acharya, A characterization of consistent marked graphs, Nat. Acad. Sci. Lett. 6 (1983) 431-440.

[2] B.D. Acharya, Some further properties of consistent marked graphs, Indian J. Pure Appl. Math. 15
(1984) 837-842.

[3] L.W. Beineke, F. Harary, Consistent graphs with signed points, Riv. Mat. Sci. Econom. Sociale 1 (1978)
81-88.

[4] L.W. Beineke, F. Harary, Consistency in marked digraphs, J. Math. Psychol. 18 (1978) 260-269.

[5] M. Conforti, M.R. Rao, Structural properties and recognition of restricted and strongly unimodular
matrices, Math. Programming 38 (1987) 17-27.

[6] S. Even, Graph Algorithms, Computer Science Press, Potomac, MD, 1979.

[7] F. Harary, J.A. Kabell, A simple algorithm to detect balance in signed graphs, Math. Social Sci. 1
(1980) 131-136.

[8] F. Harary, J.A. Kabell, Counting balanced signed graphs using marked graphs, Proc. Edinburgh Math.
Soc. 24 (1981) 99-104.

[9] F. Harary, E.M. Palmer, R.W. Robinson, A.J. Schwenk, Enumeration of graphs with signed points and
lines, J. Graph Theory 1 (1977) 295-308.

[10] D. Hartvigsen, E. Zemel, Is every cycle basis fundamental? J. Graph Theory 13 (1989) 117-137.

[11] C. Hoede, A characterization of consistent marked graphs, J. Graph Theory 16 (1992) 17-23.

[12] E.C. Johnson, The micro-macro connection: exact structure and process, in: F. Roberts (Ed.),
Applications of Combinatorics and Graph Theory to the Biological and Social Sciences, IMA Volume
of Mathematical Applications, Vol. 17, Springer, New York, 1989, pp. 169-201.

[13] E.L. Lawler, Combinatorial Optimization: Networks and Matroids, Holt, Rinehart and Winston, New
York, 1976.

[14] C.H. Papadimitriou, K. Steiglitz, Combinatorial Optimization: Algorithms and Complexity, Prentice-Hall,
Englewood Cliffs, NJ, 1982.

[15] S.B. Rao, Characterization of harmonious marked graphs and consistent nets, J. Combin. Inform. System
Sci. 9 (1984) 97-112.

[16] F.S. Roberts, Applications of combinatorics and graph theory to the biological and social sciences:
seven fundamental ideas, in: F. Roberts (Ed.), Applications of Combinatorics and Graph Theory to the
Biological and Social Sciences, IMA Volume of Mathematical Applications, Vol. 17, Springer, New
York, 1989, pp. 1-37.

[17] F.S. Roberts, On the problem of consistent marking of a graph, Linear Algebra and Appl. 217 (1995)
255-263.



	Characterizations of consistent marked graphs
	Introduction
	Characterizations of consistent marked graphs
	Algorithms
	Acknowledgements
	References


