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Abstract

Some classes of orthogonal polynomials are discussed in this paper which are expressed in

terms of ðn þ 1;m þ 1Þ-hypergeometric functions. The orthogonality comes from that of zonal
spherical functions of certain Gelfand pairs.
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1. Introduction

We discuss some discrete orthogonal polynomials arising from Gelfand pairs [3,4]
of wreath products.
In the previous paper [4] one of the authors has shown that the Gelfand pairs

of complex reflection group, Gðr; 1; nÞDZ=rZwSn; and symmetric group, Sn; gives
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orthogonal polynomials which are expressed by the ðr; 2rÞ-hypergeometric functions
[1,5].

Theorem 1.1 (Mizukawa [4, Theorem 4.6]). The zonal spherical functions of the

Gelfand pair ðGðr; 1; nÞ;SnÞ have ðr; 2rÞ-hypergeometric expressions

oðk0;k1;y;kr�1Þ
ðc0;c1;y;cr�1Þ ¼ Fðð�c1;y;�cr�1Þ; ð�k1;y;�kr�1Þ;�n; *XrÞ:

Here *Xr ¼ ð1� xijÞ1pi; jpr�1 with x ¼ expð2p
ffiffiffiffiffiffiffi
�1

p
=rÞ and ci; ki are non-negative

integers such that
Pr�1

i¼0 ki ¼
Pr�1

i¼0 ci ¼ n:

We denote the shifted factorial of an indeterminate x by

ðxÞm ¼ xðx þ 1Þðx þ 2Þ?ðx þ m � 1Þ

for mAZ40 and

ðxÞ0 ¼ 1:

In the theorem above Fðð�c1;y;�cr�1Þ; ð�k1;y;�kr�1Þ;�n; *XrÞ is called the
ðr; 2rÞ- hypergeometric function which is, by definition,

XP
i; j

aijpn

ðaijÞAMr�1;r�1ðN0Þ

Qr�1
i¼1 ð�ciÞPr�1

j¼1 aij

Qr�1
j¼1ð�kjÞPr�1

i¼1aij

ð�nÞP
i; j

aij

Q
ð1� xijÞaijQ

aij!
;

where Mn;mðN0Þ is a set of n � m-matrix with non-negative integer elements.

Furthermore, their orthogonalities are described as follows.

Theorem 1.2 (Mizukawa [4, Corollary 4.7]). If k ¼ ðk0;y; kr�1Þ; k0 ¼ ðk0
0;y; k0

r�1Þ
and c ¼ ðc0;y; cr�1Þ satisfies

Pr�1
i¼0 ki ¼

Pr�1
i¼0 k0

i ¼
Pr�1

i¼0 ci ¼ n; then we have

1

rn

X
c0þ?þcr�1¼n

n
c0;y;cr�1

� �
Fð�*c;�k̃;�n; *XrÞFð�*c;� *k0;�n; *XrÞ

¼ n
k0;y;kr�1

� ��1
dkk0 :

Here we put *c ¼ ðc1;y; cr�1Þ for c ¼ ðc0; c1;y; cr�1Þ:

We see that these orthogonal polynomials are defined on the unit circle in the
complex plane. We take great interest in other orthogonal polynomials obtained
from the ðr; 2rÞ-hypergeometric functions. Our purpose of this paper is to obtain the
orthogonal polynomials which are defined on a real interval, and expressed in terms
of the ðr; 2rÞ-hypergeometric functions. For this purpose we consider the wreath
products of a dihedral group with a symmetric group.
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2. Main results

Now if �N is a negative integer, then we define the finite series called the
ðn þ 1;m þ 1Þ-hypergeometric functions [1,5];

Fða; b;�N;XÞ ¼
XP

i; j
aijpN

ðaijÞAMn;m�n�1ðN0Þ

Qn
i¼1ðaiÞPm�n�1

j¼1 aij

Qm�n�1
j¼1 ðbjÞPn

i¼1 aij

ð�NÞP
i; j

aij

Q
x

aij

ijQ
aij!

for a ¼ ða1;y; anÞACn; b ¼ ðb1;y; bm�n�1ÞACm�n�1: Our purpose of this paper is
to obtain the following orthogonality relations.

Theorem 2.1. For a positive integer m ¼ ½r=2
; we assume that k ¼ ðk0;y; kmÞ; k0 ¼
ðk0
0;y; k0

mÞ and c ¼ ðc0;y; cmÞ are elements of Nmþ1
0 such that k0 þ?þ km ¼

k0
0 þ?þ k0

m ¼ c0 þ?þ cm ¼ n: We put *c ¼ ðc1;y; cmÞ for c ¼ ðc0; c1;y; cmÞ
and *Yr ¼ ð1� cosð2pij=rÞÞ1pi; jpm: Then we have

(1) If r is an odd positive integer,

1

rn

X
c0þ?þcm¼n

2n�c0 n
c0;y;cm

� �
Fð�*c;�k̃;�n; *YrÞFð�*c;� *k0;�n; *YrÞ

¼ 2�nþk0 n
k0;y;km

� ��1
dkk0 :

(2) If r is an even positive integer,

1

rn

X
c0þ?þcm¼n

2n�c0�cm n
c0;y;cm

� �
Fð�*c;�k̃;�n; *YrÞFð�*c;� *k0;�n; *YrÞ

¼ 2�nþk0þkm n
k0;y;km

� ��1
dkk0 :

Remark 2.2. The single variable versions of Theorem 1.2, namely r ¼ 2 and
r ¼ 3; are the p ¼ 1=2 and 2=3 orthogonality statements for the Krawtchouk
polynomials and that Dunkl [2] had given a spherical function interpretation for
these cases.

Actually these relations are obtained from the orthogonality of the zonal spherical
functions of the Gelfand pair of finite groups ðDðr; nÞ;Dð1; nÞÞ: In the rest of the
paper we prove Theorem 2.1 by computing the zonal spherical functions of
ðDðr; nÞ;Dð1; nÞÞ:
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3. Zonal spherical functions of ðDðr; nÞ;Dð1; nÞÞ

Fix rAZþ and nAN0 ¼ f0; 1; 2; :::g: Put x ¼ expð2p
ffiffiffiffiffiffiffi
�1

p
=rÞ: Let

Dr ¼ /a; b; a2 ¼ br ¼ ðabÞ2 ¼ 1S

be the dihedral group of order 2r and Sn be the symmetric group. We denote by
G ¼ Dðr; nÞ ¼ DrwSn: We define the subgroup H of G by

H ¼ /aSwSnDDð1; nÞ:

We consider the pair of groups ðG;HÞ: Let En be the n � n identity matrix. We can
represent G as a subgroup of GL2n by taking generators

A ¼
0 1

1 0

E2n�2

0
B@

1
CA; B ¼

x

x�1

E2n�2

0
B@

1
CA

and

Ti ¼

E2i�2

0 E2

E2 0

E2n�2i�2

0
BBB@

1
CCCA ð1pipn � 1Þ:

We remark that Dð1; nÞDWðBnÞ; whereWðBnÞ is the Weyl group of type B and that
Dð2; nÞDV4wSn; where V4 denotes by Kleinsche Vierergruppe. We define another
subgroup K of G by

K ¼ /bSwSnDGðr; 1; nÞ;

where Gðr; 1; nÞ is the imprimitive complex reflection group.

Proposition 3.1. (1) The representatives of double coset H \G=H are given by

1;y; 1|fflfflffl{zfflfflffl}
c0

; b;y; b|fflfflffl{zfflfflffl}
c1

;y; bm;y; bm|fflfflfflfflfflffl{zfflfflfflfflfflffl}
cm

; e

0
B@

1
CAAG;

Xm
i¼0

ci ¼ n

8><
>:

9>=
>;;

where m ¼ r�1
2 if r is odd, m ¼ r

2 if r is even, and e is a unit element of Sn:

(2)

H 1;y; 1|fflfflffl{zfflfflffl}
c0

; b;y; b|fflfflffl{zfflfflffl}
c1

;y; bm;y; bm|fflfflfflfflfflffl{zfflfflfflfflfflffl}
cm

; e

0
B@

1
CAH

�������
������� ¼

22n�c0 n
c0;y;cm

� �
n!; if r ¼ 2m þ 1

22n�c0�cm n
c0;y;cm

� �
n!; if r ¼ 2m:

8><
>:

Proof. Since (2) follows from (1), we only prove (1). Let d be an element of Dr: For
0ptpm; any element of G is written uniquely as d ¼ asbtau for suitable s; uAf0; 1g:
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For ðd1;y; dn; sÞ ¼ ðas1bt1au1 ;y; asn btn aun ; sÞAGðdiADr; sASnÞ; we have

ðastð1Þ ;y; astðnÞ ; t�1Þðas1bt1au1 ;y; asn btn aun ;sÞðausð1Þ ;y; ausðnÞ ; s�1tÞ

¼ ðbttð1Þ ;y; bttðnÞ ; eÞ:

Since tASn can be chosen suitably, the representatives of double coset are
determined by the number of bt for 0ptpm: &

Let ðas1bt1 ;y; asn btn ; sÞ be an element of G; where siAf0; 1g; tiAf0; 1;y; r � 1g
ð1pipnÞ and sASn: The group G acts on the Laurent polynomial ring

C½x1;y; xn; x�1
1 ;y; x�1

n 
 as

ðas1bt1 ;y; asn btn ; sÞf ðx1;y; xnÞ ¼ f ðx�tsð1Þxe1
sð1Þ;y; x�tsðnÞxen

sðnÞÞ;

where ei ¼ ð�1ÞssðiÞ for 1pipn: We define the map from Nmþ1
0 to the set of all

partitions as follows;

cðk0; k1;y; kmÞ ¼ ð0k01k1?mkmÞ;

where ki is the multiplicity of i for 0pipm [3, I-1] .

Proposition 3.2. The induced representation 1G
H is decomposed as follows.

1G
HD

MPm

i¼0ki¼n

W ðk0;k1;y;kmÞ:

Each W ðk0;k1;y;kmÞ is an irreducible G-module which is realized as follows:

W ðk0;k1;y;kmÞ ¼
M

fALnðcðk0;k1;y;kmÞÞ
Cf :

Here, in the case that r ¼ 2m þ 1;

LnðlÞ ¼ fxe1l1
sð1Þx

e2l2
sð2Þ?xenln

sðnÞ; eiAf71g; sASng;

and if r ¼ 2m;

LnðlÞ ¼ xl1
sð1Þ þ x�l1

sð1Þ

� �
xl2
sð2Þ þ x�l2

sð2Þ

� �
? x

lkm

sðkmÞ þ x
�lkm

sðkmÞ

� �n
� x

ekmþ1lkmþ1
sðkmþ1Þ x

ekmþ2lkmþ2
sðkmþ2Þ ?xenln

sðnÞ; eiAf71g; sASn

o
for l ¼ ðl1; l2;y; lnÞ; liXliþ1X0:

Proof. It is easy to see that each W ðk0;y;kmÞ is G-invariant. From definition we have

dim W ðk0;k1;y;kmÞ ¼
n

k0;k1;y;km

� �
2n�k0 if r ¼ 2m þ 1;

n
k0;k1;y;km

� �
2n�k0�km if r ¼ 2m:

8><
>:
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We define the inner product on each W ðk0;y;kmÞ as follows:

½axe1l1
1 ?xenln

n jbx
Z1m1
1 ?xZnmn

n 
 ¼ a %b
n

k0;k1;y;km

� �
2n�k0

Yn
i¼1

deili ;Zimi
:

Here a; bAC; ei; ZiAf71g; and ðl1; l2;y; lnÞ ¼ ð0k01k1?mkmÞ: It is easy to see that
this inner product is G-invariant onW ðk0;y;kmÞ: For l ¼ ðl1;y; lnÞ ¼ ð0k01k1?mkmÞ;
we define the polynomial of n variables by

flðxÞ ¼
2�k0

k0!k1!?km!

X
sASn

xl1
sð1Þ þ x�l1

sð1Þ

� �
xl2
sð2Þ þ x�l2

sð2Þ

� �
? xln

sðnÞ þ x�ln

sðnÞ

� �
:

Since fl is an H-invariant element in W ðk0;y;kmÞ; we see that W ðk0;y;kmÞ includes

some irreducible components of 1G
H : We define the map fðxe1l1

1 xe2l2
2 ?xenln

n Þ ¼
fðxe1l1

1 Þfðxe2l2
2 Þ?fðxenln

n Þ by

f : W ðk0;y;kmÞ-C½x1;?; xn
; xk
i /

xk
i if k40;

1 k ¼ 0;
xrþk

i if ko0:

8><
>:

We remark K acts on C½x
 (cf. [4]). Since f is a K-homomorphism, we obtain that

W ðk0;k1;y;kmÞDK

L
siþsr�i¼ki

1pipm

V ðk0;s1;y;sr�1Þ if r ¼ 2m þ 1;

L
siþsr�i¼ki

1pipm�1

V ðk0;s1;::;sm�1;km;smþ1;::;sr�1Þ if r ¼ 2m:

8>>>><
>>>>:

Here V ðk0;y;kr�1Þ ¼ SpanCfxl1
sð1Þx

l2
sð2Þ?xln

sðnÞjsASng for l ¼ ð0k01k1?ðr � 1Þkr�1Þ andPr�1
i¼0ki ¼ n: Note that V ðk0;s1;y;sr�1Þ are irreducible K-modules and not equivalent to

each other, and this decomposition is multiplicity free. The inverse image of

V ðk0;s1;y;sr�1Þ contains a monomial in LnðlÞ: Since G acts transitively on LnðlÞ and
this decomposition is unique, we find that W ðk0;y;kmÞ are irreducible and not
equivalent to each other as G-module. Finally an easy calculation shows thatXPm

i¼0ki¼n

dim W ðk0;y;kmÞ ¼ rn ¼ dim 1G
H : &

By this proposition we see that the induced representation 1G
H is multiplicity

free. Then we say that ðG;HÞ ¼ ðDðr; nÞ;Dð1; nÞÞ is a Gelfand pair. Since 1G
H is

multiplicity free, fð0k0 1k1?mkm Þ is uniqueH-invariant element in irreducible component

W ðk0;k1;y;kmÞ: Note that fl satisfies

½ flðxÞj fmðxÞ
 ¼ dlm:
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Then the function ½ flðxÞjðgflÞðxÞ
 is called the zonal spherical function. Let
g ¼ ðas1bt1 ;y; asn btn ; sÞAG: Since fl is H-invariant, it follows that

ðgflÞðxÞ ¼ ðas1 ;y; asn ; sÞðbtsð1Þ ;y; btsðnÞ ; eÞflðxÞ

¼ ðbtsð1Þ ;y; btsðnÞ ; eÞflðxÞ

¼ flðx�tsð1Þx1;y; x�tsðnÞxnÞ:

Therefore the zonal spherical functions (cf. [3,4]) are

½ flðxÞjðgflÞðxÞ
 ¼ ½ flðxÞj flðx�tsð1Þx1;y; x�tsðnÞxnÞ


¼ ½xe1l1
1 ?xenln

n jxe1l1
1 ?xenln

n 
 flðxtsð1Þ ;y; xtsðnÞ Þ

¼ flðxt1 ;y; xtnÞ=flð1;y; 1Þ:

Theorem 3.3. For ðk0;y; kmÞANmþ1
0 and

Pm
i¼0 ki ¼ n; we have the zonal spherical

function oðk0;k1;y;kmÞ of the Gelfand pair ðG;HÞ;

oðk0;k1;y;kmÞ 1;y; 1|fflfflffl{zfflfflffl}
c0

; b;y; b|fflfflffl{zfflfflffl}
c1

;y; bm;y; bm|fflfflfflfflfflffl{zfflfflfflfflfflffl}
cm

; e

0
B@

1
CA

¼ fl 1;y; 1|fflfflffl{zfflfflffl}
c0

; x;y; x|fflfflffl{zfflfflffl}
c1

;y; xm;y; xm|fflfflfflfflfflffl{zfflfflfflfflfflffl}
cm

0
B@

1
CA
,

flð1;y; 1Þ;

where l ¼ ð0k01k1?mkmÞ:

4. Hypergeometric expression of zonal spherical functions

For l ¼ ðl1; l2;y; lnÞ ¼ ð0k01k1?mkmÞ; we define

f
ðk0;k1;y;kmÞ
ðc0;c1;y;cmÞ ¼ 1

2n�k0
fl 1;y; 1|fflfflffl{zfflfflffl}

c0

; x;y; x|fflfflffl{zfflfflffl}
c1

;y; xm;y; xm|fflfflfflfflfflffl{zfflfflfflfflfflffl}
cm

0
B@

1
CA

and

oðk0;k1;y;kmÞ
ðc0;c1;y;cmÞ ¼oðk0;k1;y;kmÞ 1;y; 1|fflfflffl{zfflfflffl}

c0

; b;y; b|fflfflffl{zfflfflffl}
c1

;y; bm;y; bm|fflfflfflfflfflffl{zfflfflfflfflfflffl}
cm

; e

0
B@

1
CA

¼ 1

n
k0;k1;y;km

� � f
ðk0;k1;y;kmÞ
ðc0;c1;y;cmÞ :
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From definition of fl; the value of zonal spherical functions on each double coset can
be described by the term of trigonometric functions,

cðzÞ ¼ cosð2pz=rÞ:

Namely, for m ¼ ðm1; m2;y; mnÞ ¼ ð0c01c1?mcmÞ; it follows that

f
ðk0;k1;y;kmÞ
ðc0;c1;y;cmÞ ¼ 1

k0!k1!?km!

X
sASn

cðl1msð1ÞÞcðl2msð2ÞÞ?cðlnmsðnÞÞ

¼
X

I
k0k1?km
n

cð0m
i
ð0Þ
1

Þ?cð0m
i
ð0Þ
k0

Þcð1m
i
ð1Þ
1

Þ?cð1m
i
ð1Þ
k1

Þ?cðmm
i
ðmÞ
1

Þ?cðmm
i
ðmÞ
km

Þ;

where the summation runs over

Ik0k1?km
n ¼ ffi

ð0Þ
1 ;y; i

ð0Þ
k0
; i

ð1Þ
1 ;y; i

ð1Þ
k1
;y; i

ðmÞ
1 ;y; i

ðmÞ
km

g;[m
j¼0

fi
ð jÞ
1 ;y; i

ð jÞ
kj

; 1pi
ð jÞ
1 o?oi

ð jÞ
kj

png ¼ f1; 2;y; ngg:

Proposition 4.1.

f
ðk0;k1;y;kmÞ
ðc0;c1;y;cmÞ ¼

X
aAA

Ym
i¼0

ci

ai0;ai1;y;aim

� � Y
0pi; jpm

cos
2p
r

ij

! "! "aij

;

where

A ¼ A
ðk0;k1;y;kmÞ
ðc0;c1;y;cmÞ ¼ a ¼ ðaijÞAMmþ1ðN0Þ;

Xm
i¼0

aij ¼ kj;
Xm
j¼0

aij ¼ ci

( )
:

The proof is similar to that of [4, Proposition 4.1]. For ðm1; m2;y; mnÞ ¼
ð0c01c1?mcmÞ; we put Li ¼ fk; mk ¼ ig and

aij ¼ jLi-fi
ð jÞ
1 ;y; i

ð jÞ
kj

gj:

Then we see that aij satisfy

Xm
i¼0

aij ¼ kj and
Xm
j¼0

aij ¼ ci:

And we obtain the claim of Proposition 4.1.
The proof of the following lemma is similar to [4, Proposition 4.4].
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Lemma 4.2.

f
ðk0;k1;y;kmÞ
ðc0;c1;y;cmÞ ¼

X
aAA

n�
P

1pi; jpm
aij

k0;a01;y;a0m

� �Ym
i¼1

ci

ai0;ai1;y;aim

� �

�
Y

1pi; jpm

cos
2p
r

ij

! "
� 1

! "aij

:

Proof. We compute that

f
ðk0;y;kmÞ
ðc0;y;cmÞ ¼

X
I

k0?km
n

Ym
j¼0

Ykj

s¼1
cð jm

i
ð jÞ
s
Þ ¼
X

I
k0?km
n

Ym
j¼1

Ykj

s¼1
ð1þ ðcð jm

i
ð jÞ
s
Þ � 1ÞÞ

¼
X

I
k0?km
n

X
0ptipki

ð1pipmÞ

Ym
j¼1

etj
ðcð jm

i
ð jÞ
1

Þ � 1;y; cð jm
i
ð jÞ
kj

Þ � 1Þ:

Here et denotes the elementary symmetric function. Putting

t0 ¼ n �
Xm
i¼1

ti ¼
Xm
i¼1

ðki � tiÞ þ k0;

it follows that

f
ðk0;y;kmÞ
ðc0;y;cmÞ ¼

X
0ptipki

ð1pipmÞ

X
I

t0?tm
n

Ym
j¼1

Ytj

s¼1
ðcð jm

i
ð jÞ
s
Þ � 1Þ � t0

k1�t1;y;km�tm;k0

� �
:

Analogous to the previous proposition, we can compute

X
I

t0?tm
n

Ym
j¼1

Ytj

s¼1
ðcð jm

i
ð jÞ
s
Þ � 1Þ ¼

X
aAA0

Ym
i¼0

ci

ai0;y;aim

� �Ym
j¼1

ðcð jiÞ � 1Þaij

¼
X

aAA0

a01;y;a0m¼0

Ym
i¼1

ci

ai0;y;aim

� � Y
1pi; jpm

ðcðijÞ � 1Þaij :

Here A0 ¼ fa ¼ ðaijÞAMmþ1ðN0Þ;
Pm

i¼0 aij ¼ tj;
Pm

j¼0 aij ¼ cig: By combining these
computations, we obtain the claim of lemma. &
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Using this lemma, the zonal spherical functions are written as

oðk0;y;kmÞ
ðc0;y;cmÞ ¼

X
aAA

ðn �
P
1pi; jpmaijÞ!k1!?km!c1!?cm!

n!a01!?a0m!a10!?am0!

Y
1pi; jpm

ðcðijÞ � 1Þaij

aij !

¼
XP

1pi; jpm
aijpn

Qm
j¼1ð�kjÞPm

i¼1aij

Qm
i¼1ð�ciÞPm

j¼1aij

ð�nÞP
1pi; jpm

aij

Y
1pi; jpm

ð1� cðijÞÞaij

aij!

¼Fðð�c1;y;�cmÞ; ð�k1;y;�kmÞ;�n; ð1� cosð2pij=rÞÞ:
Therefore we have a hypergeometric expression of the zonal spherical functions.

Theorem 4.3.

oðk0;k1;y;kmÞ
ðc0;c1;y;cmÞ ¼ Fðð�c1;y;�cmÞ; ð�k1;y;�kmÞ;�n; ð1� cosð2pij=rÞÞ1pi; jpmÞ:

Proof of Theorem 2.1. From Proposition 3.1 the cardinality of each double coset is

jHð1;y; 1|fflfflffl{zfflfflffl}
c0

; b;y; b|fflfflffl{zfflfflffl}
c1

;y; bm;y; bm|fflfflfflfflfflffl{zfflfflfflfflfflffl}
cm

; eÞHj ¼
2n�c0 n

c0;y;cm

� �
n!; if r ¼ 2m þ 1

2n�c0�cm n
c0;y;cm

� �
n!; if r ¼ 2m;

8><
>:

and we already know the dimension of each irreducible component of 1G
H from

Proposition 3.2. From the orthogonality of the zonal spherical functions [3,4] we
have Theorem 2.1.
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