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Abstract

We present the NLO corrections for the quark induced forward production of a jet with an associated 
rapidity gap. We make use of Lipatov’s QCD high energy effective action to calculate the real emission 
contributions to the so-called Mueller–Tang impact factor. We combine them with the previously calculated 
virtual corrections and verify ultraviolet and collinear finiteness of the final result.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

A very interesting test of QCD in the high energy limit is provided by dijet events with asso-
ciated rapidity gaps. As originally pointed out by Mueller and Tang [1], this type of events, when 
the tagged jets are far apart in rapidity, allow for the study of the Balitsky–Fadin–Kuraev–Lipatov 
(BFKL) hard pomeron [2] at finite momentum transfer t �= 0. Absence of hadronic activity over 
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Fig. 1. Contributions to the Mueller–Tang cross-section: (a) color singlet exchange; (b) emissions with pT smaller than 
the experimental resolution in the rapidity gap; (c) soft rescattering of the hadron remnants which destroy the rapidity 
gap.

a large region in rapidity �ygap suggests that an important contribution to the dijet cross-section 
is due to configurations with color singlet exchange in the t-channel. Such exchange is well de-
scribed by the non-forward BFKL Green’s function with finite momentum transfer. Unlike the 
case of zero momentum transfer, which describes the rise of total cross-sections and has been 
investigated for a number of observables (see e.g. [3–5]) the BFKL dynamics with finite momen-
tum transfer remains relatively unexplored. While dijets with associated rapidity gaps allow to 
access such dynamics, precise phenomenology remains a challenging task.

The configurations of interest with color singlet exchange, Fig. 1.a, which do not generate any 
emission into the gap, compete with color exchange contributions where emissions are allowed 
up to a scale set by the experimental resolution Egap of the rapidity gap definition, Fig. 1.b. 
Moreover, jet–gap–jet events are affected by soft rescatterings of the proton remnants which 
destroy the rapidity gap and lead to a violation of collinear factorization, see Fig. 1.c; for further 
details we refer to [6] and references therein.

In this work we study the color singlet t -channel exchange contribution within the framework 
of high energy factorization. A complete description is currently only available at leading log-
arithmic (LL) accuracy, where terms enhanced by the gap size (αs�ygap)

n are resummed to all 
orders in the strong coupling αs . Phenomenological studies, including a comparison to data by 
the D0 and CDF Collaborations at Tevatron/Fermilab, have been performed in [7,8] and later 
on by [9], where a subset of the NLO corrections was included. Given the importance of the 
NLO corrections to both impact factors and Green’s function found in the forward limit, a sim-
ilar study in the non-forward case is mandatory. High precision in the calculations is even more 
pressing since the BFKL driven color singlet exchange needs to be isolated from other competing 
contributions. In particular, the study of the possible effects due to non-perturbative gap survival 
probability factors, makes an accurate description of the perturbative subprocess crucial for the 
correct understanding of the diffractive observables. While the NLO non-forward BFKL kernel 
is well known [10], both in momentum and configuration space [11], the NLO corrections for the 
impact factors are only available at the level of virtual corrections i.e. for elastic parton–parton 
scattering amplitudes [12,13].

Here we calculate the NLO impact factors for quark induced jets with color singlet exchange 
using Lipatov’s effective action [14]. The determination of the gluon induced jets will be ad-
dressed in a follow-up paper [15]. The calculation of higher order corrections from the effective 
action approach [14] has been successfully explored by our group in recent years. In particu-
lar, both NLO impact factors for quark [16] and gluon induced forward jets [17] and the gluon 
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Regge trajectory up to two loops [18] have been obtained making use of Lipatov’s effective ac-
tion and a set of supplementary calculational rules. In the following we will use this framework 
for the determination of the missing real NLO corrections which will be then combined at par-
tonic level with the already known virtual corrections. Introducing a jet definition and integrating 
over the real emission phase space, we finally verify that all remaining singularities are removed 
by renormalization of the QCD Lagrangian and collinear factorization. While, in general, in-
frared finiteness is to be expected, it presents an important result in the present context, given the 
notoriously complicated perturbative QCD environment for jet–gap–jet events.

The outline is as follows: Section 2 provides a definition of the NLO Mueller–Tang jet impact 
factor and Section 3 contains a short review of the high energy effective action. In Section 4 we 
give some details on the derivation of the leading order Mueller–Tang impact factor and the real 
next-to-leading order corrections from the effective action. Section 5 addresses the definition of 
the quark induced Mueller–Tang jet vertex at NLO within collinear factorization. In Section 6 we 
summarize our results, already presented in [19], and provide an outlook for future work. Two 
appendices gather additional material concerning the high energy limit of the NLO impact factor 
(Appendix A) and explicit results for the inclusive (perturbative) Pomeron–quark impact factor 
(Appendix B).

2. The NLO Mueller–Tang impact factor – definition

We are interested in the hadron–hadron scattering process

h(pA) + h(pB) → J1(pJ,1) + J2(pJ,2) + gap, (1)

with two jets produced in the final state separated by a large rapidity gap, which is characterized 
by no hadronic activity in the detectors. In addition we limit ourselves to color singlet exchange 
in the t -channel. As outlined in the introduction, the latter constraint is at first a theoretical one 
and it remains a task for future phenomenological analysis to determine those observables for 
which this configuration is dominant. For an interesting proposal in this direction see [20].

With quark exchange in the t -channel suppressed by a factor ∼exp(−�ygap), color singlet 
exchange appears for large �ygap for the first time at O(α4

s ). It constitutes therefore a NNLO 
correction, relative to the conventional dijet cross-section. While this is beyond the reach of 
current exact calculations, the presence of a large rapidity gap suggests that a description of 
this process in terms of high energy factorized amplitudes can provide a good approximation 
to the full result. To this end we define light-cone vectors as rescaled light-like momenta of the 
incoming hadrons n± = 2pA,B/

√
s with s = 2pA · pB . Assuming massless jets, the Sudakov 

decomposition of the external particle momenta reads

pA = p+
A

n−

2
, pJ,1 =

√
k2

J,1

(
eyJ,1

n−

2
+ e−yJ,1

n+

2

)
+ kJ,1;

pB = p−
B

n+

2
, pJ,2 =

√
k2

J,2

(
eyJ,2

n−

2
+ e−yJ,2

n+

2

)
+ kJ,2; (2)

with (kJ,i , yJ,i), i = 1, 2, being the transverse momenta and rapidity of the jet. To obtain the 
hadronic dijet cross-section, we first calculate the corresponding partonic cross-sections. For 
quark induced jets we need the leading order (LO) high energy limit of the process

q(pa) + q(pb) → q(p1) + q(p2), (3)
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with color singlet exchange in the t -channel. In the high energy limit ŝ → ∞ with ŝ = 2pa · pb

and in d = 4 + 2ε dimensions, the partonic cross-section, rederived in Section 4.1, reads

dσ̂ab = h(0)
q,ah

(0)
q,b

[∫
d2+2εl1

π1+ε

1

l2
1(k − l1)2

][∫
d2+2εl2

π1+ε

1

l2
2(k − l2)2

]
d2+2εk. (4)

Here h(0)
q denotes the LO impact factor. Resummation of �ygap enhanced terms to all orders 

in the strong coupling αs is then achieved through replacing the transverse gluon propagators 
with the non-forward BFKL Green’s function G(l, l′, q, s/s0), where the latter is obtained as a 
solution to the non-forward BFKL equation.

The resummed cross-section takes the form

dσ̂ res.
ab = h(0)

q,ah
(0)
q,b

[∫
d2+2εl1

π1+ε

∫
d2+2εl′1G

(
l1, l

′
1,k,

ŝ

s0

)]

×
[∫

d2+2εl2

π1+ε

∫
d2+2εl′2G

(
l2, l

′
2,k,

ŝ

s0

)]
d2+2εk. (5)

In this expression s0 denotes the reggeization scale, which parametrizes the scale uncertainty 
due to the all order resummation. Constraining the s0 dependence is an additional benefit of a 
complete NLO treatment while the natural choice for s0 is ln(ŝ/s0) = �ygap. Apparently both 
transverse integrals in Eq. (5) are divergent and a suitable infrared regulator is needed. This diver-
gence is in principle also present in the (LO) Green’s function. However, in the asymptotic limit 
ln(ŝ/s0) → ∞, the dependence on the infrared regulator vanishes and the result turns out to be 
finite [8,21]. The combination with an approach resumming logarithms in the jet transverse mo-
mentum and the gap resolution Egap, including a matching of singularities at finite perturbative 
orders of the BFKL Green’s function has been discussed in [22]. In the following we assume that 
these singularities are addressed in a suitable way, either through a suitable matching and/or by 
working in the strict asymptotic limit ln(ŝ/s0) → ∞. In particular, the integrals over transverse 
momentum are assumed to yield a finite result.

To calculate the NLO impact factors it is needed to determine both the 1-loop corrections to 
the process (3) and the leading order process1

q(pa) + q(pb) → q(p1) + q(p2) + g(q), (6)

with color singlet exchange in one of the t -channels t1 = (pa − p1)
2 and t2 = (pb − p2)

2. The 
1-loop corrections to Eq. (3) have been obtained in [12]. As the non-forward BFKL Green’s func-
tion generates no real emissions, the entire s0 dependence is for this particular process contained 
in the virtual corrections to the impact factors. As verified in [12], the s0 dependence cancels if 
the all-order Green’s function is truncated at NLO.

Both at LO and NLO, it is necessary to restrict the phase space of the final state system, to 
avoid particle emissions into the forbidden gap region. To be more precise, we will require that 
the invariant mass of the diffractive system in the forward region of each proton to be smaller than 
a certain upper cut-off M2

X,max, set by experiment. At LO, contributions to the diffractive system 
are due to initial state radiation, which is encoded in the parton distribution functions, while 
at NLO this includes also contributions from the produced partonic system. For the diffractive 

1 At the same order it is necessary to consider the process with a colorless three reggeized gluon t -channel (odderon) 
exchange, but while the amplitude for pomeron exchange is imaginary, that for odderon exchange is real. This means 
that the interference terms cancel at the level of the inclusive cross-section.
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system in the forward region of the proton with momentum pA we find (the t -channel momentum 
is k = pb − p2) at partonic level:

M̂2
X = (pa + k)2 = p+

a k− − k2. (7)

At LO M̂2
X = 0, while M̂2

X assumes a finite value at NLO. It is related to the diffractive mass at 
hadronic level through

M̂2
X = x1M

2
X − (1 − x1)k

2. (8)

The constraint M2
X < M2

X,max leads then to the following lower bound on the proton momentum 
fraction of the incoming parton

x1 > x0 = k2

M2
X,max + k2

, (9)

while at NLO, in addition, the phase space of the partonic quark–gluon final state system is 
constrained.

To obtain the dijet cross-section from the partonic process, we further require a function which 
selects the configurations contributing to the particular choice of jet definition made in an ex-
periment from the full partonic final state phase space. Formally, this is achieved through the 
convolution with a distribution SJ , which contains the details about the chosen jet algorithm. 
Schematically, the partonic differential cross-section reads

dσ̂J

dJ1dJ2d2k
= dσ̂ ⊗ SJ1SJ2, (10)

with dJi = d2pJi
dyJi

the jet phase space and k the t -channel transverse momentum transfer. 
At leading order, k coincides with the transverse momentum of the jet and the jet functions are 
trivial. They map each of the final state quarks with one of the jets through

S
(2)
Ji

(pi , xi) = xi δ

(
xi − |kJ,i |eyJ,i

√
s

)
δ2+2ε(pi − kJi

), i = 1,2. (11)

In particular, due to the large rapidity gap spanned between the two jets, the quark with momen-
tum pi corresponds directly to the jet with momentum pJ,i , i = 1, 2. The full NLO treatment 
will be addressed in Section 5. We stress that in addition to the phase space of the two jets, 
the cross-section (10) is also differential in the (transverse) momentum transfer through the gap 
region. As long as LO impact factors are used, the cross-section describes essentially elastic 
quark–quark scattering and this momentum transfer is identical to the transverse jet momentum. 
As soon as the diffractive system contains other objects than the jet, scattering is no longer elas-
tic and both transverse momenta deviate. In principle, this quantity is measurable as the total 
transverse momentum of the diffractive systems. In practical applications, the cross-section of 
Eq. (10) is probably too differential and one would prefer to integrate over some of the variables. 
A possibility is to make the deviation from purely elastic scattering explicit through the following 
parametrization of the jet transverse momenta

kJ,1 = p + �p, kJ,2 = −p + �p, (12)

and to integrate both over �p and k as well as the overall rapidity y = y1 + y2, resulting into 
a cross-section differential in the mean transverse momentum 2p = kJ,1 − kJ,2 and the rapid-
ity difference of the two jets. Here we focus on the determination of impact factors and leave 
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such details concerning the construction of suitable observables out of the (maximal) differential 
cross-section as a task for a future phenomenological studies.

To the end of describing the full hadronic process of Eq. (1) we convolute the partonic process 
in Eq. (10) with parton distribution functions. In principle, the use of collinear factorization 
can be questioned for this type of processes since soft re-scattering of the hadron remnants can 
destroy the rapidity gap and lead to its violation. At partonic level, violation of factorization is 
manifest through the divergent transverse integrals in Eq. (5) at finite ln ŝ/s0. In the following we 
use the working assumption that all initial state collinear singularities of the impact factors can be 
consistently absorbed through the conventional redefinition of the parton distribution functions. 
We will demonstrate in Section 5 that this is actually the case and that the impact factor itself is 
a well-defined quantity. The final cross-section then takes the following form:

dσ

dJ1 dJ2 d2k
=

∑
l,k=q,q̄

1∫
0

dx1

1∫
0

dx2 f
gap
l/p (x1,μf )f

gap
k/p(x2,μf )Hkl(x1, x2,μf ), (13)

where we suppressed for the collinear coefficient Hkl the dependence on the final state variables. 
At LO, Hqq coincides with the partonic cross-section in Eq. (10), while the NLO treatment 
requires at first the identification of initial state collinear singularities. Furthermore, we added 
to each of the (anti-)quark distribution functions the superscript ‘gap’. This is meant to indicate 
that these distributions do not necessarily coincide with standard pdfs. In phenomenological 
applications they may be calculated from the standard pdfs using phenomenological gap survival 
probability factors and/or restricting to certain combinations of observables which are insensitive 
to possible soft rescatterings, see e.g. [20].

3. The high-energy effective action

For the calculation of the missing real NLO corrections, we make use of Lipatov’s high en-
ergy effective action [14]. Within this framework, QCD amplitudes are in the high energy limit 
decomposed into gauge invariant sub-amplitudes which are localized in rapidity space and de-
scribe the coupling of quarks (ψ ), gluon (vμ) and ghost (φ) fields to a new degree of freedom, 
the reggeized gluon field A±(x). The latter is introduced as a convenient tool to reconstruct the 
complete QCD amplitudes in the high energy limit out of the sub-amplitudes restricted to small 
rapidity intervals.

Lipatov’s effective action is obtained by adding an induced term Sind. to the QCD action SQCD,

Seff = SQCD + Sind., (14)

where the induced term Sind. describes the coupling of the gluonic field vμ = −itava
μ(x) to 

the reggeized gluon field A±(x) = −itaAa±(x). High energy factorized amplitudes reveal strong 
ordering in plus and minus components of momenta which is reflected in the following kinematic 
constraint obeyed by the reggeized gluon field:

∂+A−(x) = 0 = ∂−A+(x). (15)

Even though the reggeized gluon field is charged under the QCD gauge group SU(Nc), it 
is invariant under local gauge transformation δA± = 0. Its kinetic term and the gauge invariant
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Fig. 2. Feynman rules for the lowest-order effective vertices of the effective action. Wavy lines denote reggeized fields 
and curly lines gluons.

Fig. 3. (a) The LO amplitude for quark induced jets in the high energy approximation. The 2 reggeized gluon state in the 
t -channel is projected on the color singlet. (b) LO diagrams which describe within the effective action the coupling of 
the two reggeized gluon state to the quark.

coupling to the QCD gluon field are contained in the induced term

Sind. =
∫

d4x tr
[(

W−
[
v(x)

] − A−(x)
)
∂2⊥A+(x)

] + tr
[(

W+
[
v(x)

] − A+(x)
)
∂2⊥A−(x)

]
,

(16)

with

W±
[
v(x)

] = v±(x)
1

D±
∂±, D± = ∂± + gv±(x). (17)

For a more in depth discussion of the effective action we refer to the recent review [23]. Due 
to the induced term in Eq. (14), the Feynman rules of the effective action comprise, apart from 
the usual QCD Feynman rules, the propagator of the reggeized gluon and an infinite number of 
so-called induced vertices. Vertices and propagators needed for the current study are collected 
in Fig. 2. Determination of NLO corrections using this effective action approach has been ad-
dressed recently to a certain extent, through the explicit calculation of the NLO corrections to 
both quark [16] and gluon [17] induced forward jets (with associated radiation) as well as the 
determination of the gluon Regge trajectory up to 2 loops [18]. These previous applications have 
all in common that they are, at amplitude level, restricted to a color octet projection and, there-
fore, single reggeized gluon exchange. Due to the particular color structure of the reggeized 
gluon field, which is restricted to the anti-symmetric color octet, see Fig. 2 and [14,27], color 
singlet exchange requires to go beyond a single reggeized gluon exchange and to consider the 
two reggeized gluon exchange contribution.

4. The high energy factorized cross-section at partonic level

4.1. The Mueller–Tang jet cross-section at LO

The Mueller–Tang jet impact factor at leading order can be determined from the elastic scat-
tering amplitude q(pa) +q(pb) → q(p1) +q(p2) with color singlet exchange. In the high energy 
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limit, such a color singlet exchange is within the effective action – to LO in the strong coupling αs

– provided by the t -channel exchange of two reggeized gluons in the color singlet state, Fig. 3.b. 
With the Sudakov decomposition of the external momenta,

pa = p+
a

n−

2
, p1 = p+

a

n−

2
+ k− n+

2
+ k

pb = p−
b

n+

2
, p2 = p−

b

n+

2
− k+ n−

2
− k, (18)

where the kinematic constraint, Eq. (15), has been taken into account, the Mandelstam invariants 
read

s = p+
a p−

b , t = −k2, (19)

and the quark–quark scattering amplitude with color singlet exchange is at leading order given 
by

iM = 1

2 · 2!
∫

dl+dl−

(2π)2

∫
d2+2εl

(2π)2+2ε
iM̃de

q2r∗+→q
P de · iM̃d ′e′

q2r∗−→q
P d ′e′ (i/2)2

l2(l − k)2
, (20)

with

Pab,a′b′ = P abP a′b′
, P ab = δab√

N2
c − 1

, (21)

being the projector onto the color singlet. The Sudakov decomposition of the momenta of the 
subprocess2 q(pa) + r∗+(l1) + r∗+(k − l1) → q(p) reads

pa = p+
a

n−

2
, p = p+

a

n−

2
+ k− n+

2
+ k,

l1 = l−1
n+

2
+ l1, k = k− n+

2
+ k, (22)

with

iM̃ed
q2r∗+→q

Ped = −g2ū(p)/n+u(pa)
δi1iaCF√
N2

c − 1
·
[

2i

l− − l2−iε

p+
a

+ 2i

k− − l− − (k−l)2−iε

p+
a

]
.

(23)

Due to Eq. (15), the entire dependence on the longitudinal loop momenta l− and l+ is con-
tained in the qr∗r∗ → q amplitudes. Note that this observation holds also for the case where 
higher order corrections to the qr∗r∗ → q amplitude are included and/or there are additional 
particles in the final state. Due to this property it is possible to express Eq. (20) as a transverse 
loop integral alone,

iM =
∫

d2+2εl

(2π)2+2ε
φqq,aφqq,b

1

l2(l − k)2
, (24)

with

iφqq =
∫

dl−

8π
iM̃ab

qr∗r∗→qP ab = −δi1ia

g2

4

Cf√
N2

c − 1
ū(λ)(p)/n+u(λ)(pa). (25)

2 r∗± = reggeized gluon with the index ‘±’ referring to its polarization vector n± , see also Fig. 2.
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For later use we also give the result for the leading order gluon impact factor

iφgg = δc1ca g
2 Ca√

N2
c − 1

p+
a ε∗

(λ)(p) · ε(λ)(pa), (26)

where gluon polarization vectors in the ‘right-handed light cone gauge’ have been used. The 
latter obey the conditions

ε(λ)

(
p,n+) · p = 0, ε(λ)

(
p,n+) · n+ = 0, (27)

and can be parametrized as

ε
μ

(λ)

(
p,n+) = ε(λ) · p

p+
(
n+)μ + ε

μ

(λ). (28)

Using these results, we obtain the LO partonic differential cross-section for dijets with color 
singlet exchange as

dσ̂ab = h(0)
q,ah

(0)
q,b

[∫
d2+2εl1

π1+ε

1

l2
1(k − l1)2

][∫
d2+2εl2

π1+ε

1

l2
2(k − l2)2

]
d2+2εk, (29)

with

h(0)
q = 1

2

∑
spin

1

Nc

∑
color

∫
dk−

2−εp+
a (2π)(4π)2+2ε

|φq |2dΦ(1) = C2
f h(0) (30)

and

h(0) = α2
s,ε2ε

μ4ε
2(1 − ε)(N2
c − 1)

, (31)

in agreement with [1]. In the above formula, the 1-particle phase space

dΦ(1) = 2πδ
(
pak

− − k2) (32)

and the dimensionless strong coupling in d = 4 + 2ε

αs,ε = g2μ2ε
(1 − ε)

(4π)1+ε
(33)

have been used. In the same way we find for the gluonic case

h(0)
g = h(0)(1 + ε)C2

a . (34)

As pointed out in Section 2, both transverse integrals in Eq. (29) are divergent. A more detailed 
study of this singularity in the context of the high energy effective action is left as a task for future 
research. As we will see below, the presence of this singularity does not affect the determination 
of the NLO jet impact factors, which is the main goal of this paper.

4.2. The real NLO corrections to the impact factors

To determine the real NLO corrections it is necessary to study the process of Eq. (6) within 
high energy factorization. Fig. 4 provides a list of high energy factorized amplitudes with color 
singlet exchange. They can be loosely classified into two contributions: those with reggeized 
gluon exchange in both t -channels (Fig. 4.a, c, e), corresponding to gluon emission at central 
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Fig. 4. Different types of real NLO corrections.

Fig. 5. Different reggeized gluon diagrams contributing to the real corrections to the Mueller–Tang impact factor. 
(a) Quasi-elastic and (b) central production diagram. (c) Diagram with a reggeized-gluon–2-reggeized-gluon splitting. 
The gray blob denotes an effective coupling known as the Lipatov vertex. For a derivation from the high energy effective 
action see [16]. Those contributions can be shown to vanish identically, if the light-cone denominator is treated with a 
symmetric pole prescription as proposed in [27].

rapidities and those where the additional gluon is emitted in the quasi-elastic region of one of the 
quarks (Fig. 4.b, d). Among the former class, Fig. 4.a is immediately absent due to the decoupling 
of the anti-symmetric color octet from the two reggeized gluon state; combined with projection 
of one of the t -channels on the color singlet, the corresponding diagrams vanish by color algebra. 
As we are interested in events with large rapidity gaps, also Figs. 4.c and 4.e will not contribute 
to the jet impact factor. These contributions become relevant if the size of the diffractive system 
formed by the gluon and e.g. the upper quark (in the case of Fig. 4.c) is large and a resummation 
of logarithms lnM2

X becomes mandatory. Here we are not interested in such configurations and 
we will not pursue further this idea. These contributions provide however a cross-check on the 
diagrams of interest, Figs. 4.b and 4.d which describe emissions in the quasi-elastic region. In 
the limit of large invariant mass of the gluon and the upper/lower final state quark in Fig. 4.b, d, 
this contribution is required to turn into the factorized expression Fig. 4.c, e. The central pro-
duction vertex is well known from the literature, both using conventional methods [24] and the 
effective action [25], see also [26]. For completeness its calculation will be briefly discussed in 
Appendix A. In principle there exist further contributions such as Fig. 5.c which contain an ex-
plicit splitting of a single reggeized gluon into two reggeized gluons. Contributions containing 
such splittings can be shown to vanish after integration over the longitudinal loop momentum l−
and therefore will not be considered here.

In the following we determine the quasi-elastic subprocess emission of Fig. 5.a. To this end we 
note that the diagrams in the black blobs are understood to contain no internal reggeized gluon 
lines. For the determination of reggeized gluon – particle vertices, the reggeized gluon must be 
therefore treated as a background field, see also the discussion in [16–18] for further details. 
In particular, Fig. 5.b and diagrams such as Fig. 5.c are not a subset of the Feynman diagrams 
contributing to Fig. 5.a.
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Fig. 6. Real NLO diagrams: the quark + 2 reggeized gluon → quark gluon amplitude.

4.3. The quasi-elastic corrections

To extract the real corrections to the jet impact factor it is therefore sufficient to study the 
contribution corresponding to Fig. 4.b. As in Section 4.1, the integral over longitudinal loop mo-
menta l− and l+ factorizes and can be directly associated with the qr∗r∗ → qg and qr∗r∗ → q

subprocesses. Generalizing the analysis carried out in Section 4.1 we therefore consider the pro-
cess q(pa) + r∗(l) + r∗(k − l) → q(p) + g(q) with the following Sudakov decomposition of 
external momenta

pa = p+
a

n−

2
, k = k− n+

2
+ k, l = l− n+

2
+ l,

p = (1 − z)p+
a

n−

2
+ p2

(1 − z)p+
a

n+

2
+ p, q = zp+

a

n−

2
+ q2

zp+
a

n+

2
+ q. (35)

The necessary set of Feynman diagrams is depicted in Fig. 6. At amplitude level we obtain

iφqqg =
∫

dl−

8π
iMcb1b2

q2r∗qgP
b1b2 = g3tc

5∑
i=1

ai. (36)

For the evaluation of the integral over l−, we combined diagrams with adjacent reggeized 
gluons (without emission of a real gluon in between), similar to the LO case Eq. (25). In this 
way, the convergence of all integrals is verified in a straightforward manner and the integral can 
be evaluated by taking residues. As a result we obtain the following five amplitudes,

a1 = − Cf

2
√

N2
c − 1

· z(1 − z)

�2
· ū(p)/ε(/pa + /k)/n+u(pa),

a2 = Cf

2
√

N2
c − 1

· z

q2
· ū(p)/n+(/pa − /q)/εu(pa),

a3 = Ca√
N2

c − 1
· 1 − z

p2
· ū(p)γ ρ

(
zp+

a ερ + (
n+)ρ

k · ε)u(pa),

a4 = Ca

4
√

N2
c − 1

· 1

p+
a Σ2

1

· ū(p)/n+(/li + /pa − /q)
(
zp+

a ερ + n+
ρ li · ε)γ ρu(pa),

a5 = Ca

4
√

N2
c − 1

· 1

p+
a Υ 2

1

· ū(p)/n+(/k − /li + /pa − /q)
(
zp+

a ερ + n+
ρ (k · ε − li · ε))γ ρu(pa),

(37)



320 M. Hentschinski et al. / Nuclear Physics B 887 (2014) 309–337
where li , i = 1, 2, is the loop momenta of the reggeized gluon loop with i = 1 assigned to the 
amplitude and i = 2 to its complex conjugate. We also defined the transverse momenta

� = q − zk, Σ i = q − li , Υ i = q − k + li i = 1,2. (38)

With the 2-particle phase space

dΦ(2) = 1

(4π)1+ε

∫
dz

2p+
a z(1 − z)

∫
d2+2εq

π1+ε
δ

(
k− − �2 + z(1 − z)k2

(1 − z)zp+
a

)
(39)

and the invariant mass of the final state quark–gluon system

M̂2
X = (pa + k)2 = �2

z(1 − z)
< xM2

X,max − (1 − x)k2 ≡ M̂2
X,max, (40)

we obtain

h(1)
r,qgd[q]dz

= 1

2

∑
spin

1

Nc

∑
color

∫
dk− Θ(M2

X,max − M2
X)

2−εp+
a (2π)(4π)2+2ε

(
5∑
i

ai

)(
5∑
i

a
†
i

)
dΦ(2)

= h(0) αs,ε

2π

Pgq(z, ε)


(1 − ε)μ2ε

[
Cf

(
�

�2
− q

q2

)
− Ca

(
p

p2
+ 1

2

Σ1

Σ2
1

+ 1

2

Υ 1

Υ 2
1

)]

·
[
Cf

(
�

�2
− q

q2

)
− Ca

(
p

p2
+ 1

2

Σ2

Σ2
2

+ 1

2

Υ 2

Υ 2
2

)]

× Θ

(
xM2

X,max − (1 − x)k2 − �2

z(1 − z)

)
d[q]dz, (41)

where

Pgq(z, ε) = Cf

1 + (1 − z)2 + εz2

z
(42)

is the real part of the q → g splitting function and we used the shorthand expression d[k] ≡
d2+2εk/π1+ε . Organizing the terms according to their color coefficient we arrive at

h(1)
r,qg = h(0) αs,ε

2π

Pgq(z, ε)


(1 − ε)μ2ε
Θ

(
M̂2

X,max − �2

z(1 − z)

)

×
{
C2

f

z2k2

�2q2
+ CaCf

(
J1(q,k, l1, z) + J1(q,k, l2, z)

) + C2
aJ2(q,k, l1, l2)

}
,

(43)

where

J1(q,k, li , z) = 1

4

[
2

k2

p2

(
(1 − z)2

�2
− 1

q2

)
− 1

Σ2
i

(
(li − zk)2

�2
− l2

i

q2

)

− 1
2

(
(li − (1 − z)k)2

2
− (li − k)2

q2

)]
;

Υ i �
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J2(q,k, l1, l2) = 1

4

[
l2
1

p2Υ 2
1

+ (k − l1)
2

p2Σ2
1

+ l2
2

p2Υ 2
2

+ (k − l2)
2

p2Σ2
2

− 1

2

(
(l1 − l2)

2

Σ2
1Σ

2
2

+ (k − l1 − l2)
2

Υ 2
1Σ

2
2

+ (k − l1 − l2)
2

Σ2
1Υ

2
2

+ (l1 − l2)
2

Υ 2
1Υ

2
2

)]
.

(44)

With

M̂2
X =

(
q2

z
+ p2

1 − z
− k2

)
, (45)

large partonic diffractive mass corresponds to the limits z → 0 and z → 1 at fixed transverse 
gluon and quark momentum respectively. For z → 1 we find that Eq. (41) is finite and no high 
energy singularity is present. This is to be expected as this case corresponds to highly negative 
rapidities of the real quark, which are power suppressed in the high energy limit. For z → 0 we 
find, on the other hand, that the term proportional to the color factor C2

a contains a high energy 
singularity 1/z. Meanwhile, the terms proportional to C2

f and Cf Ca vanish in the limit z → 0
and hence cancel the singularity present in Pgq(z, ε). It is then straightforward to check that the 
singular term agrees precisely with the high energy factorized cross-section of Eq. (98) derived 
in Appendix A, thus validating the correctness of our result in this limit.

5. The jet vertex for quark induced jets with rapidity gap

To obtain from the partonic real NLO corrections in Eq. (43) for the jet vertex, we need to 
combine this result with the corresponding virtual corrections, add a jet definition and absorb ini-
tial state singularities into parton distribution functions. We follow here closely the corresponding 
treatment in the case of Mueller–Navelet jets discussed in [28,29].

5.1. Virtual corrections and renormalization

The virtual corrections have been calculated in [12]. Unlike the present calculation, the authors 
of [12] make no use of Lipatov’s effective action, but calculate the corresponding corrections di-
rectly from QCD Feynman diagrams with the help of dispersion relations, employing analyticity 
and unitarity of QCD scattering amplitudes. The virtual corrections are then given as the sum of 
quark-intermediate state impact factor and quark–gluon-intermediate quark impact factor, where 
the terminology appears natural from the calculational method of [12]. The result for the quark–
gluon-intermediate state is given in Eq. (6.19) of [12]. Projected on the color singlet it reads at 
cross-section level

h(1)
v,a(k, l1, l2) = C2

f h(0) (4π)1+εαs,ε

μ2ε
(1 − ε)

{
−Cf I

(+)
B (l1,k) − Ca

2

[
Ĩ

(+)
A (l1,k)

− I
(+)
B (l1,k) + Ĩ

(+)
C (l1,k)

] + (l1) ↔ (l2)

}
. (46)
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The functions Ĩ (+)
A , I (+)

B and Ĩ (+)
C are given in Eqs. (6.11), (6.18) and (6.15) of [12].3 The quark 

intermediate state reads at cross-section level, after projection on the color singlet

h
(1)
v,b(k, l1, l2)

= C2
f h(0) αs,ε


2(1 + ε)

4π
(1 + 2ε)(−ε)

{[(
l2
1

μ2

)ε

+
(

(k − l1)
2

μ2

)ε][ −nf (1 + ε)

(1 + 2ε)(3 + 2ε)

+ (2Cf − Ca)

(
1

ε(1 + 2ε)
+ 1

2

)
+ Ca

(
ψ(1 − ε) − 2ψ(ε) + ψ(1)

+ 1

4(1 + 2ε)(3 + 2ε)
− 1

ε(1 + 2ε)
− 7

4(1 + 2ε)

)]

+ Ca

[
ln

s0

l2
1

(
l2
1

μ2

)ε

+ ln
s0

(k − l1)2

(
(k − l1)

2

μ2

)ε]
+ (l1) ↔ (l2)

}
. (47)

s0 denotes here the reggeization scale, which sets the scale of the energy logarithms, resummed 
by the non-forward BFKL Green’s function; μ2 is the scale of dimensional regularization and 
β0 = 11

3 Nc − 2
3nf . Expanding in ε we find for the virtual corrections

h(1)
v = h(1)

v,a(k, l1, l2) + h
(1)
v,b(k, l1, l2), (48)

the following terms

h(1)
v = h(0)C2

f

αs,ε

4π

{
−2

β0

ε
−β0

2

[{
ln

(
l2
1

μ2

)
+ ln

(
(l1 − k)2

μ2

)
+ {1 ↔ 2}

}
− 20

3

]

+ 2Cf

[
− 2

ε2
+ 1

ε

(
3 − 2 ln

(
k2

μ2

))
− ln2

(
k2

μ2

)
+ 3 ln

(
k2

μ2

)
+ π2

3
− 8

]

+ Ca

[{
3

2k2

{
l2
1 ln

(
(l1 − k)2

l2
1

)
+ (l1 − k)2 ln

(
l2
1

(l1 − k)2

)

− 4|l1||l1 − k|φ1 sinφ1

}

− 3

2

[
ln

(
l2
1

k2

)
+ ln

(
(l1 − k)2

k2

)]
− ln

(
l2
1

k2

)
ln

(
(l1 − k)2

s0

)

− ln

(
(l1 − k)2

k2

)
ln

(
l2
1

s0

)
− 2φ2

1 + {1 ↔ 2}
}

+ 2π2 + 14

3

]
+O(ε)

}
. (49)

Here

φi = arccos
k2 − l2

i − (k − li )
2

2|li ||li − k| , i = 1,2, (50)

denotes the angle between the reggeized gluon momenta with |φi| ≤ π , i = 1, 2. The first diver-
gent term is of ultraviolet origin and comes multiplied by the first term of the QCD β function. 

3 A factor δλA′λA
which denotes helicity conservation at amplitude level, present in the definition of Ĩ (+)

A
, I (+)

B
and 

Ĩ
(+) in [12], has been already extracted from our functions and summed/averaged over.

C
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Employing renormalization of the QCD Lagrangian within the MS scheme

αs(μ) = αs,ε

[
1 − αs,εβ0

4πε

]
, (51)

this term will be canceled. The remaining divergences are of soft or collinear origin. They will 
be partly canceled by corresponding singularities in the real corrections, with the remainder to 
be absorbed by collinear factorization.

5.2. The jet vertex at partonic and hadronic level at leading order

To extract the jet vertex at partonic level, we need to combine the results obtained so far with 
a jet function, following Eq. (10). Due to high energy factorization of the cross-section, it is 
possible to carry out this analysis separately for each impact factor. To be more precise, we write 
the differential partonic jet cross-section in its most general form as

dσ̂

dJ1 dJ2 d2k
=

∫
d2l1

π

∫
d2l′1
π

∫
d2l2

π

∫
d2l′2
π

dV̂ (l1, l2,k,pJ,1, y1, s0)

dJ1

× G

(
l1, l

′
1,k,

ŝ

s0

)
G

(
l2, l

′
2,k,

ŝ

s0

)
dV̂ (l′1, l′2,k,pJ,2, y2, s0)

dJ2
, (52)

where G denotes the non-forward BFKL Green’s function which is either taken in the asymptotic 
limit ln ŝ/s0 → ∞ or implies a suitable infrared regulator. If the final state is given by a single 
quark, the jet definition is trivial and given by Eq. (11). We find in that case

dV̂q

dJ
= v(0)

q S
(2)
J (k, x), with v(0)

q = α2
s C

2
f

N2
c − 1

. (53)

An identical expression holds for the virtual corrections in Eq. (49), but with h(0)
q replaced 

by h(1)
v . In the following we assume that the reggeization scale s0 is chosen such that the BFKL 

Green’s functions do not explicitly depend on the proton momentum fractions x1 and x2 of the 
initial quarks. Examples of such choices for s0 are log s/s0 = �η where η denotes multiples of 
either the separation of the jets in rapidity �y or the size of the gap �ygap. For such scenarios 
we can define

dV
(0)
q

dJ
=

1∫
x0

dx fq/H

(
x,μ2

F

)
h(0)

q S
(2)
J (p, x)

= v(0)
q · xJ fq/H

(
xJ ,μ2

F

)
δ(2)(p − kJ ), x0 < xJ = |kJ |eyJ

√
s

< 1, (54)

and the corresponding hadronic cross-section is given by Eq. (52) with all ‘hats’ removed.

5.3. Next-to-leading order vertex: jet function

As soon as the final state is no longer given by a single quark, the jet function is no longer 
trivial and some dependence on the chosen jet algorithm enters. Since the additional final state 
gluon may be soft or collinear to either initial or final state quark, the jet function needs to fulfill 
the following set of requirements [30], to guarantee infrared finiteness of the cross-section. For 
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a general partonic process with momenta pa + pb → p1 + . . . + pn the jet function for n final 
state particles Sn

J (p1, . . . , pn, ; pa, pb) reduces to the jet function of n − 1 final state particles in 
the following way. If the particle j is soft,

lim
pj →0

Sn
J (p1, . . . , pj , . . . , pn;pa,pb) = Sn−1

J (p1, . . . , p̂j , . . . , pn;pa,pb), (55)

where p̂j indicates omission of the j -th particle. If two final state partons with index i and j are 
collinear, pi = a · p and pj = b · p,

Sn
J (. . . , a · p, . . . , b · p, . . . , ;pa,pb) = Sn−1

J

(
p1, . . . , (a + b) · p, . . . ,pn;pa,pb

)
, (56)

and if a final state parton with index i is collinear to an initial state parton, pi = a · pa

Sn
J (p1, . . . , a · pa, . . . ,pn;pa,pb) = Sn−1

J

(
p1, . . . , p̂i , . . . , pn; (1 − a) · pa,pb

)
. (57)

In the present case, with the phase space of the final quark–gluon system parametrized both by 
longitudinal momentum fraction, carried forward from the initial quark with momentum fraction 
x by gluon (z) and quark (z̄ = 1 − z), and gluon (p) and quark (q) transverse momentum, these 
conditions can be expressed as follows

S
(3)
J (p,q, zx, x) → S

(2)
J (p, x), q → 0, z → 0,

S
(3)
J (p,q, zx, x) → S

(2)
J (k, x),

q

z
→ p

1 − z
,

S
(3)
J (p,q, zx, x) → S

(2)
J

(
k, (1 − z)x

)
, q → 0,

S
(3)
J (p,q, zx, x) → S

(2)
J (k, zx), p → 0, (58)

together with symmetry of S(3) under the simultaneous swapping of p ↔ q and z ↔ 1 − z. 
While finiteness of the jet impact factor is generally expected due to these particular constraints 
imposed onto the jet definition, we note that the verification of the latter is non-trivial in the 
present case due to high energy factorization of the partonic cross-section into jet impact factors 
and two reggeized gluon exchange.

5.4. Next-to-leading order jet vertex: different contributions

The virtual part of the one-loop corrections to the jet vertex follows exactly the tree-level 
result. After renormalization within the MS scheme, following Eq. (51), we split the virtual 
corrections into a finite term and a term which gathers the entire set of so-far uncanceled soft and 
collinear singularities,

dV̂
(1)
v

dJ
= dV̂

(1)
v,sc

dJ
+ dV̂

(1)
v,finite

dJ
, (59)

with

dV̂
(1)
v,sc

dJ
= S

(2)
J (k, x) · h(0)C3

f

αs

2π

(
− 2

ε2
+ 3

ε
− 2

ε
ln

k2

μ2

)
(60)

and
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dV̂
(1)
v,finite

dJ
= S

(2)
J (k, x) · v(0)

q · αs

4π

{
−β0

2

[{
ln

(
l2
1

μ2

)
+ ln

(
(l1 − k)2

μ2

)
+ {1 ↔ 2}

}
− 20

3

]

+ 2Cf

[
− ln2

(
k2

μ2

)
+ 3 ln

(
k2

μ2

)
+ π2

3
− 8

]

+ Ca

[{
3

2k2

{
l2
1 ln

(
(l1 − k)2

l2
1

)
+ (l1 − k)2 ln

(
l2
1

(l1 − k)2

)

− 4|l1||l1 − k|φ1 sinφ1

}

− 3

2

[
ln

(
l2
1

k2

)
+ ln

(
(l1 − k)2

k2

)]
− ln

(
l2
1

k2

)
ln

(
(l1 − k)2

s0

)

− ln

(
(l1 − k)2

k2

)
ln

(
l2
1

s0

)
− 2φ2

1 + {1 ↔ 2}
}

+ 2π2 + 14

3

]}
. (61)

To obtain from the NLO partonic cross-section a finite NLO collinear coefficient, we further 
need to absorb initial state collinear singularities into parton distribution functions. This can be 
achieved by adding suitable counterterms to the partonic NLO cross-section. At the level of the 
jet vertex in Eq. (54) the counterterms read (in the MS-scheme)

dV
(1)
ct

dJ
=

1∫
x0

dx fq

(
x,μ2

F

)dV̂
(1)
ct

dJ
,

dV̂
(1)
ct

dJ
= dV̂

(1)
ct,q

dJ
+ dV̂

(1)
ct,g

dJ
;

dV̂
(1)
ct,q

dJ
= −αs,ε

2π

(
1

ε
+ ln

μ2
F

μ2

) 1∫
z0

dzS
(2)
J (k, zx) · h(0)

q P (0)
qq (z),

dV̂
(1)
ct,g

dJ
= −αs,ε

2π

(
1

ε
+ ln

μ2
F

μ2

) 1∫
z0

dzS
(2)
J (k, zx) · h(0)

g P (0)
gq (z), (62)

with the LO splitting functions

P (0)
qq (z) = Cf

(
1 + z2

1 − z

)
+
, P (0)

gq (z) = Cf

1 + (1 − z)2

z
, (63)

and the plus distribution

1∫
α

dx f (x)
[
g(x)

]
+ ≡

1∫
α

dx
(
f (x) − f (1)

)
g(x) − f (1)

α∫
0

dx g(x). (64)

For the lower bound z0 we notice that we can use the combination of splitting function and LO 

partonic cross-section M̂2
X = k2(1−z)

z
and write

z0 = k2/x

M2
X,max + k2

. (65)



326 M. Hentschinski et al. / Nuclear Physics B 887 (2014) 309–337
The real corrections are finally given by

dV
(1)
r

dJ
=

1∫
x0

dx fq/H

(
x,μ2

F

) dV̂
(1)
r

dJ
,

dV̂
(1)
r

dJ
=

1∫
0

dz

∫
d2+2εq

π1+ε
h(1)

r,qgS
(3)
J (p,q, zx, x). (66)

To extract the soft and collinear singularities from the latter, we first decompose h(1)
r according 

to its color structure, following Eqs. (43), (44). We start with the terms proportional to C2
f . 

Substituting z → 1 − z and rescaling the gluon transverse momentum q → (1 − z)q , where z

indicates now the momentum fraction carried by the final state quark, we have

(
dV̂

(1)
r

dJ

)
C2

f

=
1∫

0

dz

∫
d2+2εq

π1+ε
h(0) αs,ε

2π

C3
f


(1 − ε)μ2ε

1 + z2 + ε(1 − z)2

(1 − z)1−2ε

k2

q2(q − k)2

× S
(3)
J

(
k − (1 − z)q, (1 − z)q, (1 − z)x, x

)
Θ

(
M̂2

X,max

(1 − z)
− (q − k)2

z

)
.

(67)

The next step is to decompose the denominator in the first line

Cf

1 + z2 + ε(1 − z)2

(1 − z)1−2ε
= Cf

(
1

ε
− 3

2

)
δ(1 − z) + Pqq(z)

+ ε · Cf ·
[
(1 − z)1+2ε + 2

(
1 + z2)( ln(1 − z)

1 − z

)
+

]
+O

(
ε2),

(68)

using the identity

(1 − z)2ε−1 = 1

2ε
δ(1 − z) + 1

(1 − z)+
+ 2ε

(
ln(1 − z)

1 − z

)
+

+O
(
ε2), (69)

and split Eq. (66) into the three corresponding terms(
dV̂

(1)
r

dJ

)
C2

f

=
(

dV̂
(1)
r

dJ

)
C2

f ,a

+
(

dV̂
(1)
r

dJ

)
C2

f ,b

+
(

dV̂
(1)
r

dJ

)
C2

f ,c

+O(ε). (70)

For the first term the jet function turns out to be trivial and we obtain (up to O(ε))

(
dV̂

(1)
r

dJ

)
C2

f ,a

= h(0)
αs,εC

3
f

2π

(
2

ε2
− 3

ε
+ 2

ε
ln

k2

μ2
− π2

3
− 3 ln

k2

μ2
+ ln2 k2

μ2

)
S

(2)
J (k, x).

(71)

The emerging poles in 1/ε of this term cancel precisely against the corresponding singularities 
in the virtual corrections in Eq. (60). For the second term we find
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(
dV̂

(1)
r

dJ

)
C2

f ,b

=
1∫

0

dz

∫
d2+2εq

π1+ε
h(0) αs,ε

2π

C2
f


(1 − ε)μ2ε
Pqq(z) · k2

q2(q − k)2

· Θ
(

M̂2
X,max

(1 − z)
− (q − k)2

z

)
· S

(3)
J

(
k − (1 − z)q, (1 − z)q, (1 − z)x, x

)
.

(72)

To isolate singular configurations with a final state gluon (q2 = 0) and a final state quark 
((q − k)2 = 0) collinear to the initial quark, we introduce a phase space slicing parameter λ.4

Since

lim
q2→0

S
(3)
J

(
k − (1 − z)q, (1 − z)q, (1 − z)x, x

) = S
(2)
J (k, zx), (73)

we find for q2 < λ2 with k2 � λ2 → 0

(
dV̂

(1)
r

dJ

)
C2

f ,b,λ

=
∫

d2+2εq

π1+ε

Θ(λ2 − q2)

q2
h(0)C2

f

αs,ε

2π

×
1∫

0

dz
Pqq(z)S

(2)
J (k, zx)


(1 − ε)μ2ε
Θ

(
M̂2

X,max

1 − z
− k2

z

)

= αs,ε

2π

(
1

ε
+ ln

λ2

μ2

) 1∫
z0

dzh(0)
q S

(2)
J (k, zx)Pqq(z) +O(ε). (74)

Adding the first collinear counterterm,

(
dV̂

(1)
r

dJ

)
C2

f ,b,λ

+
(

dV̂
(1)
r

dJ

)
ct,q

= v(0)
q · αs

2π
ln

λ2

μ2
F

1∫
z0

dzS
(2)
J (k, zx)Pqq(z) +O(ε), (75)

this contribution turns out to be finite. Since

lim
(q−k)2→0

S
(3)
J

(
k − (1 − z)q, (1 − z)q, (1 − z)x, x

) = S
(2)
J (k, x), (76)

and

1∫
0

dzPqq(z) = 0, (77)

4 The final result for the jet vertex is independent of the phase space slicing parameter in the sense that d
dλ

dV̂ (1)

dJ
→ 0

for λ2 � k2.
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the coefficient of the second collinear pole is absent; the finite remainder of the second term reads

v(0)
q · αs

2π

1∫
0

dz

∫
d2q

π
Pqq(z) · Θ

(
M̂2

X,max − (p − zk)2

z(1 − z)

)

× Θ

( |q|
1 − z

− λ

)
· S

(3)
J

(
p,q, (1 − z)x, x

) k2

q2(p − zk)2
, (78)

where we inverted the initial rescaling through q → q/(1 − z) and used p = k − q . The third 
term is only non-zero if the transverse integral is divergent. We find

(
dV̂

(1)
r

dJ

)
C2

f ,c

= v(0)
q · αs

2π

{ 1∫
z0

dzS
(2)
J (k, zx) ·

[
(1 − z) + 2

(
1 + z2)( ln(1 − z)

1 − z

)
+

]

+ 4S
(2)
J (k, x)

}
+O(ε), (79)

where the first and second line arise due to the initial and final state collinear singularity respec-
tively. The terms with color factor Cf Ca read

(
dV̂

(1)
r

dJ

)
Cf Ca

=
1∫

0

dz

∫
d2+2εq

π1+ε
h(0)CaCf

αs,ε

2π
Θ

(
M̂2

X,max − �2

z(1 − z)

)

× Pgq(z, ε)


(1 − ε)μ2ε

[
J1(q,k, l1, z) + J1(q,k, l2, z)

]
S

(3)
J (p,q, zx, x), (80)

with the function J1 given in Eq. (44). Unlike the C2
f term, all divergent transverse integrals 

cancel in this expression and the result is finite. This is also true for the limit z → 0 where the 
function vanishes identically. While an analytic treatment of finite terms is not possible due to 
the presence of the jet function, we point out that the inclusive analysis (with SJ → 1) carried 
out in Appendix B confirms the finiteness of this term, revealing at the same time the presence 
of single and double logarithms in the t -channel gluon momenta l2

i and (k − li )
2, i = 1, 2. The 

final result for the jet case hence reads

(
dV̂

(1)
r

dJ

)
Cf Ca

=
1∫

0

dz

∫
d2q

π

Cav
(0)
q

Cf

αsPgq(z)

2π

[
J1(q,k, l1, z) + J1(q,k, l2, z)

]

× Θ

(
M̂2

X,max − �2

z(1 − z)

)
S

(3)
J (p,q, zx, x). (81)

The terms with color factor C2
a read

(
dV̂

(1)
r

dJ

)
C2

a

=
1∫

0

dz

∫
d2+2εq

π1+ε
h(0)C2

a

αs,ε

2π
Θ

(
M̂2

X,max − �2

z(1 − z)

)

× Pgq(z, ε)

2ε
J2(q,k, l1, l2) · S

(3)
J (p,q, zx, x), (82)

(1 − ε)μ
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with the function J2 given in Eq. (44). As for J1 the transverse integral is finite for q2 → 0, the 
singularity at z → 0, present in the overall splitting function, is regulated by the constraint on the 
diffractive mass. Among all of the transverse denominators in J2, only the limit p2 → 0 leads to 
an actual divergence, while all other singularities are canceled against each other. Introducing a 
phase space slicing parameter λ to isolate this singularity, and using

lim
p2→0

S
(3)
J (p,q, zx, x) = S

(2)
J (k, zx) (83)

together with

lim
p2→0

�2

z(1 − z)
= 1 − z

z
k2, (84)

we find

(
dV̂

(1)
r

dJ

)
C2

a ,λ

=
1∫

0

dz

∫
d2+2εq

π1+ε
h(0)C2

a

αs,ε

2π

Pgq(z, ε)


(1 − ε)μ2ε
S

(2)
J (k, zx)

· Θ(λ2 − p2)

p2
Θ

(
M̂2

X,max − (1 − z)k2

z

)

= αs,ε

2π

(
1

ε
+ ln

λ2

μ2

) 1∫
z0

dzh(0)
g S

(2)
J (k, zx) · Pgq(z)

+ α3
s C

2
aCf

π(N2
c − 1)

1∫
z0

dzS
(2)
J (k, zx) · z − 1

z
+O(ε). (85)

Adding the second collinear counterterm we obtain

(
dV̂

(1)
r

dJ

)
C2

a ,b,λ

+
(

dV̂
(1)
r

dJ

)
ct,g

= αs

2π
v(0)
q

C2
a

C2
f

[
ln

λ2

μ2
F

1∫
z0

dzS
(2)
J (k, zx)Pgq(z)

+ 2

1∫
z0

dz
z − 1

z
S

(2)
J (k, zx)

]
+O(ε). (86)

To obtain the full result for the terms proportional to C2
a , this contribution must be added to the 

remainder, i.e.,

(
dV̂

(1)
r

dJ

)
C2

a ,finite
= v(0)

q

αs

2π

C2
a

C2
f

1∫
0

dz

∫
d2q

π
Pgq(z)J2(q,k, l1, l2) · S(3)

J (p,q, zx, x)

· Θ
(

M̂2
X,max − �2

z(1 − z)

)
· Θ(

p2 − λ2). (87)
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5.5. Final result for the jet impact factor

Having verified the cancellation of all singular terms, the final result for the jet vertex reads

dV̂ (1)(k, l1, l2;xJ ,kJ ;MX,max, s0,μF ,μ)

dJ

=
1∫

0

dx fq/H

(
x,μ2

F

) · dV̂ (1)(x,k, l1, l2;xJ ,kJ ;MX,max, s0,μF ,μ)

dJ
, (88)

with

dV̂ (1)(x,k, l1, l2;xJ ,kJ ;MX,max, s0)

dJ

= v(0)
q

αs

2π

[
S

(2)
J (k, x) ·

[
−β0

4

[{
ln

(
l2
1

μ2

)
+ ln

(
(l1 − k)2

μ2

)
+ {1 ↔ 2}

}
− 20

3

]
− 8Cf

+ Ca

2

[{
3

2k2

{
l2
1 ln

(
(l1 − k)2

l2
1

)
+ (l1 − k)2 ln

(
l2
1

(l1 − k)2

)

− 4|l1||l1 − k|φ1 sinφ1

}

− 3

2

[
ln

(
l2
1

k2

)
+ ln

(
(l1 − k)2

k2

)]
− ln

(
l2
1

k2

)
ln

(
(l1 − k)2

s0

)

− ln

(
(l1 − k)2

k2

)
ln

(
l2
1

s0

)
− 2φ2

1 + {1 ↔ 2}
}

+ 2π2 + 14

3

]]

+ ln
λ2

μ2
F

1∫
z0

dzS
(2)
J (k, zx)

[
Pqq(z) + C2

a

C2
f

Pgq(z)

]

+
1∫

0

dz

∫
d2q

π

[
Pqq(z)Θ

(
M̂2

X,max − (p − zk)2

z(1 − z)

)
Θ

( |q|
1 − z

− λ

)

× k2

q2(p − zk)2
S

(3)
J

(
p,q, (1 − z)x, x

)

+ Θ

(
M̂2

X,max − �2

z(1 − z)

)
S

(3)
J (p,q, zx, x)Pgq(z)

×
{

Ca

Cf

[
J1(q,k, l1, z) + J1(q,k, l2, z)

] + C2
a

C2
f

J2(q,k, l1, l2)Θ
(
p2 − λ2)}]

+ 4

1∫
z0

dz

{[
1 − z

4

[
1 − 2

z

C2
a

C2
f

]
+ (1 + z2)

2

(
ln(1 − z)

1 − z

)
+

]
S

(2)
J (k, zx)

+ S
(2)
J (k, x)

}]
, (89)
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and

J1(q,k, l, z) = 1

2

k2

(q − k)2

(
(1 − z)2

(q − zk)2
− 1

q2

)
− 1

4

1

(q − l)2

(
(l − z · k)2

(q − zk)2
− l2

q2

)

− 1

4

1

(q − k + l)2

(
(l − (1 − z)k)2

(q − zk)2
− (l − k)2

q2

)
;

J2(q,k, l1, l2) = 1

4

[
l2
1

(q − k)2(q − k + l1)2
+ (k − l1)

2

(q − k)2(q − l1)2

+ l2
2

(q − k)2(q − k + l2)2
+ (k − l2)

2

(q − k)2(q − l2)2

− 1

2

(
(l1 − l2)

2

(q − l1)2(q − l2)2
+ (k − l1 − l2)

2

(q − k + l1)2(q − l2)2

+ (k − l1 − l2)
2

(q − k + l2)2(q − l1)2
+ (l1 − l2)

2

(q − k + l1)2(q − k + l2)2

)]
. (90)

The collinear splitting functions are given in Eqs. (63).

6. Summary and outlook

We have presented the details of our calculation of the one-loop corrections to the quark in-
duced Mueller–Tang jet vertex within high energy factorization [19], making use of Lipatov’s 
high energy effective action and previous results for the virtual corrections present in the litera-
ture [12]. Our NLO jet vertex can be used for phenomenological studies of non-forward BFKL 
evolution in jet–gap–jet events at next-to-leading order accuracy. We find that the one-loop cor-
rections to the quark induced impact factors are well defined within collinear factorization, given 
that a suitable treatment of infrared divergences of Coulomb/Glauber gluon exchange in the 
t -channel is provided. In a forthcoming work [15] we will present the corresponding calculation 
of the next-to-leading order corrections to the gluon initiated jet vertex which are needed for a 
complete NLO phenomenology of jets events with associated rapidity gaps.
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Fig. 7. Real NLO diagrams: the reggeized gluon + 2 reggeized gluon → gluon vertex.

Appendix A. The central production vertex

Feynman diagrams for the determination of the r∗−(p) + r∗+(l) + r∗+(k − l) → g(q) amplitude 
are given in Fig. 7. From Eq. (15), the momenta have the following Sudakov decomposition

p = p+ n−

2
+ p, l = l− n+

2
+ l,

k = k− n+

2
+ k, q = q+ n−

2
+ q− n+

2
+ q. (91)

With

iMab1b2c
r∗g2r∗ = (92)

we obtain

aac
r∗2r∗g =

∫
dl−

8π
iMab1b2c

r∗2r∗gP
b1b2

= − g2Caδ
acp2

(N2
c − 1)1/2

[
2
p · ε
p2

− (p − l1) · ε
(p − l1)2

+ (q − l1) · ε
(q − l1)2

]
, (93)

where we used the polarization vectors of Eqs. (27), (28) for the real gluon with momentum q . 
Absorbing also half of the propagators of the internal reggeized gluon line into the RP2R vertex, 
we obtain at cross-section level for the ‘RG2R’-vertex

Vr∗2r∗g(k,q)d lnq+ =
∫

dk−dp+

(2π)2(4π)2+2ε

(
1/4

p2

)
P aa′ ∣∣aac

r∗2r∗g
(
aa′c
r∗2r∗g

)∗∣∣dΦ(1)

= α2
s C

2
ap2

2πμ4ε
2(1 − ε)(N2
c − 1)3/2

[
p

p2
− 1

2

(p − l1)

(p − l1)2
+ 1

2

(q − l1)

(q − l1)2

]

·
[

p

p2
− 1

2

(p − l2)

(p − l2)2
+ 1

2

(q − l2)

(q − l2)2

]
d lnq+. (94)

Here the 1-particle phase space has been taken to be

dΦ(1) = 2πδ
(
p+k− − q2). (95)

Momentum conservation k = q +p is also implied. For the coupling of a single reggeized gluon 
to a quark, we obtain at cross-section level

h̃(0)
(
p2) = 1

2

∑
spin

1

Nc

∑
color

∫
dp−

4p+
a (2π)2+εp2

P aa′ ∣∣Ma
qr∗q

(
Ma′

qr∗q
)∣∣2

dΦ(1)

= αsCf 21+ε

2ε

Cf

2 1/2 2
, (96)

(1 − ε)μ (Nc − 1) p
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where the 1-particle phase space is understood in this case as

dΦ(1) = 2πδ
(
p+

a p− − p2). (97)

The complete high energy factorized cross-section for the process q + 2r∗ → q + g is given by

h(1),fact.
qg d2+2εq d lnq+ = 1

π1+ε
h̃(0)

(
p2) · Vr∗2r∗g(k,q)d2+2εq d lnq+. (98)

This provides the starting point for a resummation of logarithms in the partonic diffractive mass 
M̂2

X = p+
a k− − k2 build from the quark–gluon final state, see [31] for a related study.

Appendix B. The inclusive Pomeron quark impact factor

In the following we determine the inclusive analog to the Mueller–Tang jet impact factor. 
To ease the calculation we take the cut-off on the diffractive mass in the limit M2

X. max → ∞. 
This is sufficient to have a simple analytic check on the exclusive Mueller–Tang impact factor 
determined in Section 5. The collinear counterterm reads in this case

lim
M2

X,max→∞

[
− αs

2π

(
1

ε
+ ln

μ2
F

μ2

)
h(0)

g Cf

1∫
x0

dxfq

(
x,μ2

F

)(
2 ln

x · M2
X,max

k2
− 3

2

)]
, (99)

with x0 = k2/M2
X,max. The inclusive real corrections are at partonic level given by

h(1)
r,qg = lim

M2
X,max→∞

1∫
0

dz

∫
d2+2εq

π1+ε
θ
(
xM2

X,max − M̂2
X − (1 − x)k2)

× h(0) αs,ε

2π

Pgq(z, ε)


(1 − ε)μ2ε

[
Cf

(
�

�2
− q

q2

)
− Ca

(
p

p2
+ 1

2

Σ1

Σ2
1

+ 1

2

Υ 1

Υ 2
1

)]

·
[
Cf

(
�

�2
− q

q2

)
− Ca

(
p

p2
+ 1

2

Σ2

Σ2
2

+ 1

2

Υ 2

Υ 2
2

)]
, (100)

with M̂2
X = (pa + k)2 = (p + q)2. The evaluation of the integrals over the terms proportional to 

C2
f is straightforward and yields

Cf IC2
f

=
1∫

0

dzPgq(z, ε)

∫
d2+2εq

π1+ε

z2k2

�2q2
= 2Cf

c
(ε)

ε

[
1

ε
− 3 − 2ε

2 + 4ε

](
k2)ε

, (101)

with

c
 = 
(1 − ε)
2(1 + ε)


(1 + 2ε)
. (102)

To evaluate the CaCf contributions we make use of the integral K ′
2 defined and calculated up to 

order ε in [12], Eqs. (6.17) and (6.18),

K ′
2

(
q2,q1,q2, ε

) =
1∫

0

dz

z

[
2(1 − z) + (1 + ε)z2]

× [({[
zq1 + (1 − z)q2

]2}ε − [
(1 − z)2q2]ε) + (q2 → q1)

]

2
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= ε

[
1 + 1

2
ln2

(
q2

1

q2
2

)
− 3

2

(q2
1 − q2

2)

q2
ln

(
q2

1

q2
2

)

− 6
|q1||q2|

q2
θ sin θ + 8ψ ′(1) − 2θ2

]
, (103)

with q = q1 − q2 and θ the angle between q1 and q2 such that |θ | ≤ π . We further introduce a 
second integral

K ′′
2

(
q2

1, ε
) =

1∫
0

dz

z

[
2(1 − z) + (1 + ε)z2]([(1 − z)2q2

1

]ε − [
q2

1

]ε)

=
[

2ψ(1) − 2ψ(3 + 2ε) + 6 + 13ε + 3ε2 − 2ε3

(1 + 2ε)(2 + 2ε)

]
. (104)

We obtain

Cf ICf Ca (i) =
1∫

0

dzPgq(z, ε)

∫
d2+2εq

π1+ε
J1(q,k, li , z)

= Cf

c
(ε)

2ε

[
2K ′′

2

(
k2, ε

) − K ′′
2

(
l2
i , ε

) − K ′′
2

(
(k − li )

2, ε
)

− K ′
2

(
k2, l2

i , (li − k)2, ε
)]

, (105)

where the angle θ in K ′
2 must be defined for vectors q1 = li and q2 = k−li such that q1 −q2 = k

holds. For the terms proportional to C2
a we have for non-zero q2

z > z̄0 = q2

xM2
X,max

. (106)

The region z → 1 is on the other hand already finite and the limitM2
X,max → ∞ can be taken 

immediately in this case. We obtain

lim
M2

X,max→∞

1∫
z̄0

Pgq(z, ε) = 2 ln
xM2

X,max

q2
− 3

2
+ ε

2
. (107)

The appearance of a ln 1/q2 in Eq. (107) requires a new integral which, up to order ε0, has been 
evaluated in [13, Eqs. (A1)–(A13)]. It reads

Ĩ1
(
l2,k2

1,k
2
2

) =
∫

d2+2εq

π1+ε
ln

(
1

q2

)
l2

(q − k1)2(q − k2)2

= 
(1 − ε)
2(1 + ε)


(1 + 2ε)

(
l2)ε

{
1

ε2

[
2 −

(
k2

1

l2

)ε

−
(

k2
2

l2

)ε]

+ 4ψ ′′(1)ε + ln
k2

1

l2
ln

k2
2

l2
+ 2

ε
ln

1

l2

}
, (108)

with l2 = (k1 − k2)
2. Altogether we obtain
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KA

(
(k1 − k2)

2,k2
1,k

2
2, x · M2

X,max, ε
)

=
[ 1∫

z̄0

dzPgq(z, ε)

]
(k1 − k2)

2

(q − k2)2(q − k1)2
= c
(ε)

× [
(k1 − k2)

2]ε{2

ε

[
2 ln

xM2
X,max

(k1 − k2)2
− 3

2
+ ε

2

]
+ 2 ln

k2
1

(k1 − k2)2
ln

k2
2

(k1 − k2)2

+ 2

ε2

[
2 −

(
k2

1

(k1 − k2)2

)ε

−
(

k2
2

(k1 − k2)2

)]
+ 8ψ ′′(1)ε

}
. (109)

This integral then allows to express the C2
a contribution in the following way,

Cf IC2
a
=

1∫
z̄0

dzPgq(z, ε)J2(q,k, l1, l2)

= Cf

4

{
KA

(
l2
1, (l1 − k)2,k2, xM2

X,max, ε
) + KA

(
(l2 − k)2,k2, l2

2, xM2
X,max, ε

)
+ KA

(
(l1 − k)2, l2

1,k
2, xM2

X,max, ε
) + KA

(
l2
2,k

2, (l2 − k)2, xM2
X,max, ε

)
− 1

2

[
KA

(
(l1 − l2)

2, l2
1, l

2
2, xM2

X,max, ε
)

+ KA

(
(l1 + l2 − k)2, (l1 − k)2, l2

2, xM2
X,max, ε

)
+ KA

(
(l1 + l2 − k)2, l2

1, xM2
X,max, ε

)
+ KA

(
(l1 − l2)

2, (l2 − k)2, (l1 − k)2, xM2
X,max, ε

)]}
. (110)

Our final result then reads

h(1)
r = h(0) αs

2π

μ−2ε


(1 − ε)

[
C3

f IC2
f

+ C2
f CaICf Ca (1) + C2

f CaICf Ca (2) + C2
aCf IC2

a

]
. (111)

Expanding in ε we find the following divergent terms

h
(1)
r

h(0)
= αs

C3
f

π

(
1

ε2
− 3

2ε
+ lnk2

ε

)
+ αsC

2
aCf

πε

(
ln

xM2
X,max

k2
− 3

4

)
+O

(
ε0). (112)

Combining these terms with the virtual corrections in Eq. (49), including ultraviolet renormal-
ization, and the collinear counterterm of Eq. (99), we find that all poles in ε cancel and the result 
is finite in the limit ε → 0.
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