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Abstract

In the paper we consider T1, . . . , Td absolute contractions of von Neumann algebra M with normal, semifinite, faithful trace,
and prove that for every bounded Besicovitch weight {a(k)}k∈Nd and every x ∈ Lp(M) (p > 1) the averages

AN(x) = 1

|N|
N∑

k=1

a(k)Tk(x)

converge bilaterally almost uniformly in Lp(M).
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

It is known the almost everywhere convergence of sequences of operators were applied to study of the individ-
ual ergodic theorem in von Neumann algebras by many authors [7,8,17,28] (see [11,12] for review). Very recently,
in [15,16] various maximal ergodic theorems in noncommutative Lp-spaces have been established. As an application
of such results the corresponding individual ergodic theorems were obtained. Study of the almost everywhere con-
vergence of weighted averages in von Neumann algebras is relatively new. In [10], the Besicovitch weighted ergodic
theorem were firstly proved in a semifinite von Neumann algebra with a faithful normal state, which was a gener-
alization of [24] to a noncommutative setting. In [9] the noncommutative Banach principle firstly obtained, further
using it in [19] a particular case of one-dimensional Besicovitch weighted ergodic theorems were proved in the space
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of integrable operators affiliated with a von Neumann algebra. Latter on, in [3] by means of the principle that the
Besicovitch weighted ergodic theorem has been proved in noncommutative L1-spaces.

In [13] the multiparameter Besicovitch weights were introduced and weighted ergodic theorems were obtained in
commutative Lp-spaces. Some other related investigations were done in [1,6,18]. The present paper is devoted to the
noncommutative extension of that result. Further, we are going to prove the bilateral almost uniform convergence
of weighted multiparameter averages with respect to bounded Besicovitch families in noncommutative Lp-spaces.
To prove it, we use the maximal ergodic inequality for absolute contractions given in [16].

2. Preliminaries and notations

In what follows, M would be a semifinite von Neumann algebra equipped with a normal semifinite faithful trace τ .
Let S+ denote the set of all x ∈ M+ such that τ(suppx) < ∞, where suppx denotes the support of x. Let S be the
linear span of S+. Then S is a w∗-dense ∗-subalgebra of M. Given 1 � p < ∞, we define

‖x‖p = [
τ
(|x|p)]1/p

, x ∈ S,

where |x| = (x∗x)1/2 is the modulus of x. Then (S,‖·‖p) is a normed space, whose completion is the noncommutative
Lp-space associated with (M, τ ), denoted by Lp(M, τ ) or simply by Lp(M). As usual, we set L∞(M, τ ) = M
equipped with the operator norm ‖ · ‖∞. We refer a reader to [23] for more information about noncommutative
integration and to [27] for general terminology of von Neumann algebras.

Now recall some notions about the noncommutative Lp(M;�∞(Nd))-spaces. Let d � 1. Given 1 � p � ∞, the
space Lp(M;�∞(Nd)) is defined as the space of all families x = (xk)k∈Nd in Lp(M) which admit a factorization of
the following form: there are a, b ∈ L2p(M) and y = (yk) ⊂ L∞(M) such that

xk = aykb, ∀k ∈ N
d .

We then define

‖x‖Lp(M;�∞(Nd )) = inf
{
‖a‖2p sup

k∈Nd

‖yk‖∞ ‖b‖2p

}
,

where the infimum runs over all factorizations as above. Then (Lp(M;�∞(Nd)),‖ ·‖Lp(M;�∞(Nd ))) is a Banach space
[5,14]. Note that these spaces were firstly introduced in [22], when M was a hyperfinite von Neumann algebra. In [14]
it was shown that a family of positive elements x = (xk)k∈Nd belongs to Lp(M;�∞(Nd)) iff there is a ∈ Lp(M)+
such that xk � a for all k ∈ N

d , and moreover,

‖x‖Lp(M;�∞(Nd )) = inf
{‖a‖p: a ∈ Lp(M)+ s.t. xk � a, ∀k ∈ N

d
}
.

The norm of x in Lp(M;�∞(Nd)) will be very often denoted by ‖sup+
n xn‖p .

We should be noted that ‖sup+
n xn‖p is just a notation for supn xn does not make any sense in the noncommutative

setting. Some elementary properties of these spaces were presented in [5,14,16].
For n = (n1, . . . , nd) ∈ N

d denote m(n) = min{n1, . . . , nd}, M(n) = max{n1, . . . , nd}. Let us denote Λ[m,n] =
{k = (k1 · · ·kd) ∈ N

d : m � m(k), M(k) � n}. In the sequel we will deal with the following convergence, namely, a
family (xn)n∈Nd in a Banach space X converges to x ∈ X if ∀ε > 0, there exists N0 ∈ N such that ‖xn − x‖X < ε for
all n: m(n) � N0.

We denote by Lp(M;�Λ[m,n]∞ (Nd)) the subspace of Lp(M;�∞(Nd)) consisting of all finite sequences {xk}k∈Nd

such that xk = 0 if k /∈ Λ[m,n]. In accordance with our preceding convention, the norm of x in Lp(M;�Λ[m,n]∞ (Nd))

will be denoted by ‖sup+
k∈Λ[m,n] xk‖p .

Now introduce a subspace Lp(M; c0(N
d)) of Lp(M;�∞(Nd)), which is defined as the space of all families

(xn)n∈Nd ⊂ Lp(M) such that there are a, b ∈ L2p(M) and (yn) ⊂ M verifying

xn = aynb and lim
n→∞‖yn‖∞ = 0.

One can check that Lp(M; c0(N
d)) is a closed subspace of Lp(M;�∞(Nd)) (see [5,14], for more details) and∥∥∥sup

n

+xn

∥∥∥
p

= inf
{
‖a‖2p sup

n∈Nd

‖yn‖∞‖b‖2p

}
,

where the infimum runs over all factorizations of (xn) as above.
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Let M be, as before, a von Neumann algebra equipped with a semifinite normal faithful trace τ . Let x, (xn) ⊂
Lp(M). A family (xn) is said to converge bilaterally almost uniformly (b.a.u. in short) to x if for every ε > 0 there is
a projection e ∈M such that

τ
(
e⊥)

< ε and lim
m(n)→∞

∥∥e(xn − x)e
∥∥∞ = 0.

In the commutative case, the convergence in the definition above is equivalent to the usual almost everywhere
convergence by virtue of Egorov’s theorem [20,25].

The following lemma gives a relation between the b.a.u. convergence and Lp(M; c0(N
d)).

Lemma 2.1. If for every p ∈ N
d , {xn+p − xn}n∈Nd ∈ Lp(M; c0(N

d)) with 1 � p < ∞, then xn converges b.a.u. to
some x from Lp(M).

The proof immediately follows from [16, Lemma 6.2] and [3, Theorems 1.2 and 2.3].
Let (Z,F ,μ) be a measurable space with a probability measure μ. Let M̃ be the von Neumann algebra of all

essentially bounded ultra-weakly measurable functions h : (Z,μ) → M equipped with the trace

τ̃ (h) =
∫
Z

τ
(
h(z)

)
dμ(z),

and let L̃p = Lp(M̃, τ̃ ). It is known [2] that the space L̃p is isomorphic to Lp(Z,μ;Lp(M)).
For the sake of completeness, we provide the proof for the next lemma, which is an analog of Lemma 2 in [4] (see

also [3]).

Lemma 2.2. Let {xn}n∈Nd ∈ Lp(M̃, c0(N
d)). Then {xn(z)}n∈Nd ∈ Lp(M, c0(N

d)) for almost all z ∈ Z.

Proof. From the definition of Lp(M̃, c0(N
d)) we have xn = aynb, where a, b ∈ L2p(Z,μ;Lp(M)), yn ∈ M̃, and

‖yn‖M̃ → 0 as n → ∞.

For any z ∈ Z consider xn(z) = a(z)yn(z)b(z). We have

‖yn‖M̃ = ess sup
z∈Z

∥∥yn(z)
∥∥
M → 0,

therefore ‖yn(z)‖M → 0, ∀z ∈ Z \ D, where μ(D) = 0.
Since a, b ∈ L2p(Z,Lp(M)) we conclude that∫

Z

∥∥a(z)
∥∥2p

Lp(M)
dμ < ∞;

∫
Z

∥∥b(z)
∥∥2p

Lp(M)
dμ < ∞.

Denote

Z
(φ)
k = {

z ∈ Z:
∥∥φ(z)

∥∥2p

Lp(M)
> k2},

and put Z(φ) = ⋂∞
n=1

⋃
k�n Z

(φ)
k , where φ = a, b. Then

μ
(
Z(φ)

)
� μ

( ⋃
k�n

Z
(φ)
k

)
�

∞∑
k=n

μ
(
Z

(φ)
k

)
� ‖φ‖1/2p

L2p(Z,Lp(M))

∞∑
k=n

1

k2
−→
n→∞ 0.

Here, we have used that

μ
(
Z

(φ)
k

)
� 1

k2

∫ ∥∥φ(z)
∥∥2p

Lp(M)
dμ.

So, μ(Z(φ)) = 0. Putting N = Z(a) ∪ Z(b) ∪ D, we have μ(N) = 0, and a(z), b(z) ∈ L2p(M), yn(z) ∈ M with
‖yn(z)‖M → 0 as n → ∞ for every z ∈ Z \ N . Hence {xn(z)}n∈Nd ∈ Lp(M, c0(N

d)) a.e. z ∈ Z. �
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Let T :M → M be a linear map. We say that T is an absolute contraction if it satisfies the following conditions:

(i) T is a contraction on M: ‖T x‖∞ � ‖x‖∞ for all x ∈M.
(ii) T is positive: T x � 0 if x � 0.

(iii) τ ◦ T � τ : τ(T (x)) � τ(x) for all x ∈ L1(M) ∩M+.

It is well known [16,28] that if T satisfies these properties, then T naturally extends to a contraction on Lp(M)

for all 1 � p < ∞.
In the sequel, unless explicitly specified otherwise, T will always denote an absolute contraction of M. The same

symbol T will also stand for the extensions of T on Lp(M). Now let T1, . . . , Td be such kind of mappings.
We form their ergodic averages:

MN(T) = 1

|N|
N∑

k=1

Tk, (2.1)

where Tk = T
kd

d · · ·T k1
1 with N = (N1, . . . ,Nd), k = (k1, . . . , kd) and |N| = N1 · · ·Nd .

In [16] the following maximal inequality has been proved

Theorem 2.3. Let p > 1 and T1, . . . , Td be absolute contractions of M. For any x ∈ Lp(M)+ there is a ∈ Lp(M)+
such that

MN(T)(x) � a, ∀N ∈ N
d and ‖a‖p � Cd

p‖x‖p,

where Cp is a positive constant depending only on p. Moreover, Cp � C p2(p − 1)−2 and this is the optimal order of
Cp as p → 1.

In the present paper we are going to consider the Besicovitch weights in N
d . It is said [13] that a family of complex

numbers {a(k)} to be Besicovitch weight if for every ε > 0 there is a family of trigonometric polynomials {Pε(k)} in
d variables such that

lim sup
m(N)→∞

1

|N|
N∑

k=1

∣∣a(k) − Pε(k)
∣∣ < ε. (2.2)

A Besicovitch weight {a(k)} is said to be bounded if {a(k)} ∈ �∞(Nd). Note that certain properties of Besicovitch
weights were studied in [13,18,24].

3. Weighted vector ergodic theorem for noncommutative Lp-spaces

In this section we are going to prove the following a weighted ergodic theorem for absolute contractions.

Theorem 3.1. Let T1, . . . , Td be absolute contractions of von Neumann algebra M. For every bounded Besicovitch
weight {a(k)} and every x ∈ Lp(M) (p > 1) the averages

AN(x) = 1

|N|
N∑

k=1

a(k)Tk(x) (3.1)

converge b.a.u. in Lp(M).

To prove the main result now we need some auxiliary lemmas. Let us first recall the following well-known principle:

Theorem 3.2. Let X,Y be Banach spaces and Z be a subspace of Y . Assume that T : X → Y is a linear continuous
mapping such that T (X0) ⊂ Z for a dense subset X0 ⊂ X. Then T (X) ⊂ Z.

From this principle, by taking Z = Lp(M, c0(N
d)), Y = Lp(M, �∞(Nd)) we immediately get the following:
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Lemma 3.3. Let X be a Banach space and an : X → Lp(M, �∞(Nd)) (n ∈ N
d) be linear mappings such that

(i) ‖an(x)‖Lp(M,�∞(Nd )) � C‖x‖X , ∀x ∈ X;

(ii) {an+p(x) − an(x)}n∈Nd ∈ Lp(M, c0(N
d)) for every p ∈ N

d and x ∈ X0, where X0 is a dense subspace of X.

Then {an+p(x) − an(x)}n∈Nd ∈ Lp(M; c0(N
d)) for all x ∈ X.

Lemma 3.4. Let T1, . . . , Td be as in Theorem 3.1. Then for every trigonometric polynomial P(k) on Nd and every
x ∈ Lp(M) the averages

ÃN(x) = 1

|N|
N∑

k=1

P(k)Tk(x) (3.2)

satisfy the following relation {Ãn+p(x) − Ãn(x)}n∈Nd ∈ Lp(M,c0(N
d)) for every p ∈ N

d .

Proof. Let B = {z ∈ C: |z| = 1} be the unite circle in C with the normalized Lebesgue measure σ . Let d be a fixed
positive integer, then denote

K = B × · · · × B︸ ︷︷ ︸
d

, μ = σ ⊗ · · · ⊗ σ︸ ︷︷ ︸
d

.

Now consider L̃p = Lp(M̃), where M̃ = M⊗ L∞(K,μ) and τ̃ = τ ⊗ μ.

For any g = (gi)
d
i=1, z = (zi)

d
i=1 ∈ K we put

g ◦ z = (g1z1, . . . , gdzd).

Now fix g ∈ K and define a linear mapping T̃g : L̃p → L̃p by

T̃g(f )(z) = T
(
f (g ◦ z)

)
, (3.3)

where f = f (z) ∈ L̃p , z ∈ K. One can see that the mapping T̃g is an absolute contraction. Therefore, according to
[16, Theorem 6.6] for the averages MN(T̃g) we have {Mn+p(T̃g)(f ) − Mn(T̃g)(f )}n∈Nd ∈ Lp(M̃, c0(N

d)) for every
p ∈ N

d and f ∈ L̃p . Hence, Lemma 2.2 implies that {Mn+p(T̃g)(f (z)) − Mn(T̃g)(f (z))}n∈Nd ∈ Lp(M, c0(N
d))

a.e. z ∈ K. Now applying the letter one to the function fx(z) = Π(z)x, where Π(z) = z1 · · · zd , x ∈ Lp(M) is fixed,
which clearly belongs to L̃p , we obtain{

Π(z)

(
1

|n + p|
n+p∑
k=1

Π
(
gk)

Tk(x) − 1

|n|
n∑

k=1

Π
(
gk)

Tk(x)

)}
n∈Nd

∈ Lp

(
M, c0

(
N

d
))

for almost all z ∈ K. Here we have used (3.3) to get (T̃g)
k(fx)(z) = Π(gk)Π(z)Tkx for every k ∈ N

d , where gk =
(g

k1
1 , . . . , g

kd

d ).
Consequently, due to Π(z) �= 0, we conclude that{

1

|n + p|
n+p∑
k=1

Π
(
gk)

Tk(x) − 1

|n|
n∑

k=1

Π
(
gk)

Tk(x)

}
n∈Nd

∈ Lp

(
M, c0

(
N

d
))

.

One can see that the theorem holds for finite linear combinations of Π(gk), hence holds for trigonometric polyno-
mials in d variables. �

Now let us turn to the proof of the main Theorem 3.1.

Proof. Take x ∈ Lp(M)+. Without lost of generality we may assume that |a(k)| � 1 for all k ∈ N
d . We are going to

show that AN(x) belongs to Lp(M, �∞(Nd)). To do it let us consider2

2 Note that {a(k)} are complex numbers, therefore we need to consider their real and imaginary parts separately.
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A
(R)
N (x) = 1

|N|
N∑

k=1

�(
a(k)

)
Tk(x), (3.4)

A
(I)
N (x) = 1

|N|
N∑

k=1

�(
a(k)

)
Tk(x). (3.5)

Due to our assumption (i.e. |a(k)| � 1) and Theorem 2.3 one has

−a � −MN(T)(x) � A
(R)
N (x) � MN(T)(x) � a, (3.6)

where ‖a‖p � Cd
p‖x‖p . From (3.6) we have A

(R)
N (x) ∈ Lp(M, �∞(Nd)), moreover∥∥∥sup

N

+A
(R)
N (x)

∥∥∥
Lp(M,�∞(Nd ))

� C‖x‖p (3.7)

for some constant C (more exactly, C = 3Cd
p). Similarly, one gets∥∥∥sup

N

+A
(I)
N (x)

∥∥∥
Lp(M,�∞(Nd ))

� C‖x‖p. (3.8)

Consequently, (3.7), (3.8) imply∥∥∥sup
N

+AN(x)

∥∥∥
Lp(M,�∞(Nd ))

� 2C‖x‖p, ∀x ∈ Lp(M)+. (3.9)

Take any x ∈ Lp(M), then one can be represented as x = ∑3
k=0 ikxk , where xk ∈ Lp(M)+, k = 0,1,2,3. There-

fore, the inequality (3.9) implies that∥∥∥sup
N

+AN(x)

∥∥∥
Lp(M,�∞(Nd ))

� 8C‖x‖p, ∀x ∈ Lp(M). (3.10)

Now let us assume that x ∈ L1(M) ∩ M, then x ∈ Lq(M) for any 1 < q < ∞. For an arbitrary ε > 0 due
to the definition of the Besicovitch weight there is a trigonometric polynomial {Pε(k)} for which (2.2) holds. Let
ÃN(x) be the corresponding averages (see (3.2)). Then from (3.10) we conclude that {AN(x)} ∈ Lq(M, �∞(Nd)),
{ÃN(x)} ∈ Lq(M, �∞(Nd)), so {AN(x) − ÃN(x)} ∈ Lq(M, �∞(Nd)). Moreover,

∥∥Ak(x) − Ãk(x)
∥∥∞ � 1

|N|
N∑

k=1

∣∣a(k) − Pε(k)
∣∣∥∥Tk(x)

∥∥∞ � ‖x‖∞
1

|N|
N∑

k=1

∣∣a(k) − Pε(k)
∣∣ < ε‖x‖∞.

From the last relation and Proposition 2.5 in [16] one finds∥∥∥ sup
k∈Λ[k,n]

+(
Ak(x) − Ãk(x)

)∥∥∥
Lp(M,�∞(Nd ))

� sup
k∈Λ[k,n]

∥∥Ak(x) − Ãk(x)
∥∥1− q

p∞
∥∥∥ sup

k∈Λ[k,n]

+(
Ak(x) − Ãk(x)

)∥∥∥ q
p

Lq(M,�∞(Nd ))

� ε
1− q

p ‖x‖1− q
p∞
∥∥∥ sup

k∈Nd

+(
Ak(x) − Ãk(x)

)∥∥∥ q
p

Lq(M,�∞(Nd ))
. (3.11)

Define a sequence b(k) = (b
(k)
k )k∈Nd ∈ Lp(M, c0(N

d)) as follows:

b
(k)
k =

{
Ak(x) − Ãk(x), if k ∈ Λ[0,k],
0, if k /∈ Λ[0,k].

From (3.11) one gets that b(k) → {Ak(x)− Ãk(x)} in Lp(M, �∞(Nd)) as k → ∞. Since {b(k)} ⊂ Lp(M, c0(N
d))

we obtain {Ak(x) − Ãk(x)} ∈ Lp(M, c0(N
d)).
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According to Lemma 3.4 we have already known that {Ãn+p(x) − Ãn(x)}n∈Nd ∈ Lp(M, c0(N
d)). Consequently,

the equality

An+p(x) − An(x) = (
An+p(x) − Ãn+p(x)

) + (
Ãn(x) − An(x)

) + (
Ãn+p(x) − Ãn(x)

)
implies that {An+p(x) − An(x)}n∈Nd ∈ Lp(M, c0(N

d)).

Now by means of the density of L1(M) ∩ M in Lp(M) and (3.10) with Lemma 3.3, we have {An+p(x) −
An(x)}n∈Nd ∈ Lp(M, c0(N

d)) for any x ∈ Lp(M). Hence, Lemma 2.1 implies that the required assertion. �
Remark. 1. The proved theorem extends the results of the paper [3] to multiparameter. When a(k) ≡ 1, then we get
an extension of [21,26] to Lp-spaces.

2. Similar results for multiparameter Besicovitch weights in a commutative setting were obtained in [1,13].
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