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Rates of convergence to Brownian local time
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Suppose S, is a mean zero, variance one random walk. Under suitable assumptions on the increments,
we prove a strong approximation theorem for the local times of S, to the local times of a Brownian
motion, uniformly at all levels.

1. Introduction

Let X,, X,,... be i.i.d. random variables with mean 0 and variance 1. Let S, be
the usual partial sum process. Define the ‘local time’ of the random walk S, by

n(k n)=#{j<n:|S;—k|l=<3}.

If the X’s are integer valued, then % (k, n) denotes the number of visits of S,, ..., S,
to k. Let Z, be a standard 1-dimensional Brownian motion and denote its local time
by L(x, t). In 1981 Révész [11] proved that if S, is a simple symmetric random
walk, then one could find a probability space supporting a Brownian motion and
a simple symmetric random walk such that

sup|n(x, n)— L(x, n)|=0(n"*"%) as. (1.1)

xeZ
for any ¢ > 0. Since Révész’s work, there have been a number of papers seeking to
improve the rate of convergence and to weaken the assumptions on the X’s. See
[6] and [3] and the references therein.

The goal of this paper is to obtain what seems to be the optimal rate, under fairly
weak assumptions on the X;’s. Let us consider the lattice case first with the X;’s
taking values in Z. [6] showed that if X, possesses a moment generating function
which is finite in a neighborhood of the origin, then the rate in (1.1) can be improved
to

n'*(log n)"*(log log n)"*. (1.2)
This rate is achieved by a Skorokhod embedding of S, in Z,. They also show that

this is the best possible rate for any Skorokhod embedding. We first prove that the
above rate (1.2) holds whenever the X;’s have 5+ ¢ moments.
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For the nonlattice case, previous work includes that of [3] who obtained a rate
less optimal than (1.2) under the assumption of 8 or more moments. Borodin also
required the assumption that

J [¢(u)]” du <o, (1.3)

where ¢(u)=E exp(iué,) is the characteristic function of the increments. It is easy
to see that Borodin’s condition implies that S, has a bounded density (see Section
4). We require much less: that for some j, the distribution of S; has a nonzero
absolutely continuous part. We then obtain the rate (1.2) when the X;’s have 6+ ¢
moments.

The bulk of the work is done in Section 2. There we obtain a moment estimate
on how much local time at 0 of the Brownian motion increases up until the first
visit of the random walk to [—3;3]. Once we have this, we can in Section 3 handle
the lattice case quite easily. The necessary modifications for the nonlattice case are
done in Section 4; the key idea is the use of the ergodic theorem for an appropriate
additive functional.

The letter ¢, with or without subscripts, denotes constants whose values are
unimportant and which may change from line to line.

2. Skorokhod embedding

Let X; be a sequence of i.i.d. random variables with mean 0, variance 1 and E| X;|" <
for some re (2, ). Let S, =Z:':l X;. As usual, the random walk is either lattice or
nonlattice. In the lattice case, let us assume that the lattice is Z and the random
walk is strongly aperiodic ([12]); we leave to the reader the easy modifications
necessary for the general lattice case.

Let Z, be Brownian motion, and let 7(j) be a sequence of stopping times
embedding the random walk in Z,. That is, 7(0) =0, the 7(j)—7(j~1) are i.i.d.,
and Z(7(j))—Z(7(j—1)) has the same law as X;. There is no loss of generality in
taking X; = Z(7(j))—Z(s(j—1)), and so S, = Z(7(n)). We will sometimes write P
for P°.

In this paper we require that the 7(j) be the Skorokhod embedding defined in
[4]. 1t is very likely that our results also hold for some of the other Skorokhod
embeddings as well.

Let

L=[2,2""], j=1,2,..., I,=10,2].
Let J=[—1%,3]. Let
T, = min{i: |S]e I}, o =min{i: S;e J}.

We start with some upper bounds on . Note that in the next two lemmas, only
second moments are necessary in the proofs.
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Lemma 2.1. (a) For each R there exists ¢ such that

sup P*(oe>n)<c/Vn.

Ix|=R
(b) There exists ¢ such that

supP (T, <o)<c27.

xelJ

Proof. Let pj.5)=min{i: S;€[a, bl}, so that o =p;_,,5 /2. Suppose §<3.If
B; ={|S,| <38,1S,|> 38 for j+1<i<n},
then
P(B,)=P%(|S;)| <15,|S:— S;|> 8 for j+1si<n)
=P(|S;| <38)P°(p—s.51> 1 —J)
=P|S;| <28)P°(prs,5> 1)

By the local central limit theorem ([12, Theorem 7.9] in the lattice case, [13] in
the nonlattice case), P°(|S;| <38)= ¢/+/j if j is large enough, ¢ depending on 8. The
B; are disjoint, so for n large enough,

IBPO( U Bj)z( > C/\/j)PO(P[—s,s]>"):C‘/EPO(P[—B,51>")-
Jj=[n/2] Jj=[n/2]

Let I be any closed interval of length less than g contained in [—R, R]. If we are
in the lattice case, we insist that I ~Z # (J as well. By the local central limit theorem,
for some m and ¢, P°(S,, € I)> c. By taking 8 < small enough, we get, changing
m and c is necessary, that

P(S,.eLS,,....,S...2[-8,8])=c.
It follows that
c/Vn= Po(p[,5’5]> n+m)=c EYEfPJ’(p[ﬁ5‘5]> n).
Hence for some ye I, P"(ps5;> n) < c¢/vn, c depending on 8 and R. By translation
invariance, if xe I,
PPy x—5,y—xr5)> N) < c/Vn,
¢ depending on 8 and R. Since |y —x|=<g and & <g, then pr, . s, ++5= 0, SO
P (o> n)<c/Vn. (2.1)

This and a covering argument prove (a) for n large. For n small the result is trivial
since probabilities are bounded by 1 and we can get our result by taking ¢ large
enough.
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By the invariance principle
Po(max | S| s}—,-2j> >c,.
k=2?
If T, <o and in the next 27 steps S, moves a distance at most 5+ 2/, then o> 2%. So

¢ supPy(T}<a)$sull)Py(a>22j)$c2'j
veld ye

by part (a). This gives (b). O
Let

]Vj = Z 1lf(Si)-
i=0

Lemma 2.2. There exist ¢, and ¢, such that

sup P*(N,=m2Y)<c, exp (—c,m).

Proof. We prove the result for large j, the case of small j being much easier (cf.
proof of Lemma 2.1). Since Var X, =1, there exist b,, b,, and ¢, such that if y e J,

P’(|S)|elz+ by, b)) =¢,. (2.2)
Let w =0 A c2¥. If |z|< b,, then by Lemma 2.1(a),

Eu=< C‘E’ P (oc=k)<l+c cf k™ V%< 2/,
k=0 k=1
If also |z|=3+b,, then since S%—n and S, are both martingales,
by +i<(z|=[E*(S,; p=0)+E(S,; 0> c2¥)|
=3 +(E'SL)*(P* (0> 27)) 2 =3+ (E°p) (P (0> c2¥))'?,
or P*(o > c2*)= bj/c2’. With (2.2),
325 PY(o>c2Y+1)=c27. (2.3)
Let A;={S;eJ, S...2J,...,S.2&J} If |x| € I, by the local central limit theorem
there exists ¢ not depending on j such that
P¥(S;e)=c2” if 2¥si<c2”
If |x| € I;, 2% < i< ¢2¥, then using (2.3)
P*(A) ZE*(P% (0> c2Y); S;e J)=P*(S,eJ) 125 P*(oc> c2¥)=c27%

Hence, since the A; are disjoint, for |x|e I,

. ¢22i—
P* (o< c22’)sz< U A,.) =c,>0.

.52
i=2%
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Therefore
sup[P (N>c22’)—sup[P (N; = ¢2%) < sup P~ (o>c2Y)<1—c,.

|xje I; |x|e1;

Since N, is a subadditive functional, our result follows immediately. [J
Write 7 for 7(j). Let L(x, t) denote the local times for the Brownian motion Z,.

Lemma 2.3.
sup P*(L(0, 7)>0)=< 27"

xel;

Proof. Let @ be independent of Z, and uniformly distributed on {1,..., N} for
some NeZ". Let U(8), D(6) be nonnegative strictly increasing functions on
1,...,N.Let =inf{s: Z,& [ — D(®), U( )]}, and suppose X has the P’ law of Z(7). We
first prove our result for such X with bounds independent of N.

Given @ =6, the probability that Z, hits U(68) before D(6) is equal to
D(0)/(U(68)+ D(6)). So

TSE(XT) = X =)= Ly YOVDO)
E|X| /IE(X ) _ueRagge(U)u P(Xﬁ_ NZ‘ U(0)+D(0) (24)
Similarly,
D U(e
x| =~y 20U (2.5)

N7 U(@8)+D(8)
Suppose x € I;. B Chebyshev,
P (|X|=12)<EX|/(L-2) <c27"
If |X]|=<3-2/ but X <0, then D(@)<3-2’, and Z, does not hit 0 before time 7, or
L(0,7)=0.

The remaining possibility is if | X| <3 - 2’ but X >0, and hence U(O) =<3 - 2/. Now
L(0, 7)>0 only if Z, hits 0 before time 7, and this is impossible if D(@)<2’. If
D(@) > 2/, then the probability that Z, hits 0 before time 7 is conditional on @ = 6,
less than or equal to U(8)/(2’+ U(6)). Let A={0: U(#)<3-2/, D(8)>2'}. Then

. 1 U('9)
P(X|=3 -2, X>0,L0,1)>0)<— —_—
(| ' 2 > » ( ,T) ) N{’{ZA 2J+U(0)

l U(B)
N EA > (2.6)
But by (2.5),

1 o DOU®) _ 1 _ DO)U®)
X =N L. U+ D6) 2N & D(8)

(r=1)j

N GEZA U(e). (2.7)

Combining (2.6) and (2.7) gives our result in this case.
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Any mean 0, variance 1 random variable X can be written as the limit of random
variables X" = Z(+'") with 7 the limit of stopping times 7"’ of the form described
in the first paragraph (cf. [4]). By changing to another probability space if necessary,
we can assume Z(7") - Z(7) a.s. Since P*(L(r, 0)>0) =P*(inf,., Z, <0) by the
joint continuity of Brownian local time, the lemma follows. [

Let us introduce the terminology that a random variable Y is a defective exponential
with parameters p, R, and we will write Y ~DE(p, R) if R>0, pe[0, 1], and

P(Y>x)=pe ™, x>0, P(Y=0=1-p

So Y could be considered the product of an independent Bernoulli(p) and an
exponential(R).
A variation of Lemma 2.3 is:

Lemma 24. If m<j—1, set p=27""""" R=27 Ifm=j~1, set p=2""0""D7,
R=2"". Then for all A >0,

sup P*(L(0, 7)> A, | X|e I,)<P(Y>A),

xel;

where Y ~ DE(cp, cR).

Proof. Recall that if S=inf{t: Z,¢[—a, b]}, then L(0, S) is stochastically smaller
than an exponential(a ‘v b™").

To prove Lemma 2.4, we again suppose that X is of the form described in Lemma
2.3 and take limits. There are a number of cases. We will do the hardest one; the
others are similar. So suppose m=j, X <0. Then D(®)e I,,, and the probability
that Z, hits 0 before time  is then <N ZD((,)E,M W)/ (2+U(H))). Let

B, ={0: D(8)ecI,, U(g)=2"}, B,={6: D(0)cl,,2<U(0)<2"},
B,={0: D(8)eI,, U(8)<2'}.

Now

1 Uy 1
- 29 uB,UB
Ns=5,2+U(0) N (Biv Bo),

while by (2.5)

rm

2w> #(Bl)

1 1
E|X| =— >——
X1 N5 U0)+D(6)” 4N

D(8) =
and

(r—=1)ym+j

Elx| =Ly 2OIUE) S D(0) ' U(0)= 2 #(By),

1
N 5 U(6)+D(6)” 4N

v

4N
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On the other hand,

1 U(e)

z

2—1’
— - s—Y U8
N 52+ U(8) NE ®),

while by (2.5) again,
1 . D)yu _2m"

HXVBNBZ} D(0)+U(8)” 2N ,,Z v(o).
Combining,
1 u(e)

< 27m(r—1)—j,

N sosos 2 +U(6)

which proves the assertion concerning p for this case.

Using the strong Markov property at the first time Z, hits 0, L(0, 7) is stochastically
smaller than an exponential with parameter ((U(@)+x)A(D{(O)—-x))"'. In the
case m=j—1, X <0, we have D(@)el,, xcl, andso R<c2™™. O
Lemma 2.5. Suppose p €(0, 1], R > 0, and we have random variables E; and increasing
o-fields G; such that E; is 4, measurable and the law of E,., given %, is stochastically
smaller than a DE(p, R). Then

P( Ei>x)Sexp(—;Rx+pn).
i=1
Proof. Let a =1R. Then

R
E(e"™|4)<(1~p)+-—=1+p.

lE(exp(a i E,-)) =lE(exp(a nil E,—)lE(exp(aE,,)lf?,,*l))

<(1+p)E (exp(a nil E,))

So

By induction,
IE(exp<a Y E,-)) =(1+p)" e
i=1
Finally, Chebyshev’s inequality yields

IP(Z E,«>x)$e7"xﬂ§ exp(a > Ei)Sexp(—%Rx—Fpn).
i=1

i=1

This completes the proof. [J



204 R.F. Bass, D. Khoshnevisan | Brownian local time

We are ready for the main theorem of this section. Recalling the Skorokhod
embedding given by the 7(j)’s, let

A=L(0, 7(c)}).
Theorem 2.6. Suppose E| X|" < oo for some re (3, 0). Then for each >0,

supE*A™™' "? < o0

xelJ

Proof. Let K €Z*. We will obtain an estimate on P(4 =2%). Let
V; = L(0, 7(j)) — L(0, 7(j — 1)).

Take ¢ small and let Ko=[K/(1+¢)}].
First we consider j= K,. Let xe J. If », is the Ith time that S, € I;, then by the

strong Markov property and Lemma 2.3,
P*(S, €I, V. >0)=<c27"
Then by Lemmas 2.1 and 2.2,

o—1
(5 1,05072070)
=0

< PA(T/ < a)[sup P»(N’ >2(2+2s)j)

+sup P*(S,,€ I, and V,, ., >0 for some léZ‘”z”’)]

= 2-"[exp(—02") +2%2  sup PY(S,, €1, V,, . > O)]

<27/[exp(—c27)+ 2732 71]
< czj( 1 —r+ 25).

We get a similar estimate when we replace I; by —I;. Summing from K, to oo,
o—1 o)
PSS 10DV 0) =t 23)
i=0 j=K,
We now consider m = K, j < K. By Chebyshev and the strong Markov property,
supP*(| X, e l,)<c2™™

So
o—1
Px( > 11,(Sf)11,,,(|Xi+1\)Vi+1>0>
i=0
<PYT,< 0)[sup PY(N,>mK2%)

+sup PY(|X,, .| € I, for some I< mKZ(Z“'”)]

=27/[exp(—e,mK 27y + ecmK 22 2™
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Summing over m from K, to o and doing a similar estimate for —I;, we get
o—1 oC
P (‘T T 1S XD Vi >0) < e,
i=0 m=Kj,
and since we are considering here the case where j < K,
o—1 K e
PX( > > 11,(|Si|)11,,,(|Xi+1l)Vi+|>0)<5K02 ol fmrde) (2.9)
i=0 m=K,,j<Kq

We now consider j, m< K,. We will show that in this case

o—1
P"( 1,,(S.~)1,,,,(|XMI)V,~+|>2’</K2)<c2"ﬂ“’*“”. (2.10)
=0

i

Once we have (2.10), together with a similar bound with I; replaced by —1I;, then
summing over the K possible values of j and m will give

o—1
Px( 5 1,,.(|S.-|)1,,,,<|Xf+1|>v.~+1>2“)<K3c2"°“'*4”. (2.11)
i=0

Then (2.8), (2.9) and (2.11) together give

Sup PX(A >2K)S CK22K(177+4F)/(I+5).

xelJ

Taking ¢ small enough then gives us the desired estimate on P*(4 > 2% ) to complete
the proof.
So we look at (2.11). Suppose m <j—1.

o1
PX( z 11,(Si)11,,,(lXi+1|)Vi+1>2K/K2)
i=0
<P*(N,= cK?27)
L.K22{2+21:)l
_‘,_P‘( Z llf(SV,)ll,,,(IXV,+ll)Vu/+l>2K/K2>~ (212)

=1

By Lemma 2.2, the first term on the right of (2.12) is less than ¢ exp(—c,cK*29) <
c exp(—cK?). Using Lemmas 2.4 and 2.5 with p=27"""" R=27 x=2%/K?
n=cK?2%7Y and 4=0(S,,,...,S,,), the second term on the right hand side of
(2.12) is

< cXp(—cZ‘J'zK/Kz_‘_ czfl‘(r—l)—mK22(2+29)j).
Now
Jj<Ko=[K/(1+e&)]=K —1Ke,

or K —j=3Ke. Since r>3, (2+2¢)j—j(r—1)—m <0 if ¢ is small enough. Thus the
second term on the right hand side of (2.12) is

<exp(—c2%?/ K+ cK?) < ¢ exp(Ky(1 —r+4¢)).

This gives (2.13) when m <j—1. The case m=j—1 is very similar. O
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Corollary 2.7. For each 6 >0,

supEA">% <0,

xeR

Proof. The proof is the same as the proof of Theorem 2.6, except that we no longer
have the term P*(T; < o) to help us. This accounts for the exponent r—2-8. O

Remarks. (1) Csorgd and Horvéth [6] proved E°A* < oo when E| X,|> < o in the lattice
case.
(2) Theorem 2.6 is trivial when S, is a simple symmetric random walk.

3. Lattice case

In this section we assume the X; are i.i.d., Z-valued and strongly aperiodic. We
assume now that E|X;|" <o for some r>35.
Let 0(1)=min{i>0: S; =0}, o(j+1)=min{i> o(j): S;=0}. Let

4;= L(7(a(i)), 0) = L(7(a(i—1)), 0).

By the strong Markov property, the 4, are i.i.d., and by Theorem 2.6, have more
than 4 moments. Let

’Y](x, n): Z l{x}(si)s XGZ, n€Z+,
i=0

and define 5(x, t) by linear interpolation for other values of x and t. Let x =E°4,.
Later we shall show « =1.

Lemma 3.1. For £ >0 sufficiently small,

Y A —«ki

Jj=1

> ¢,(m log m)1/2> <cm™Fe®)

P(sup
Proof. Let 4, = Al 4,<m' 2%y, Then
P(4; # A, for some i<m)<mP(4,#4,)=mP(A,=m""/> /%)

a+e/2
[EAI (1+&/8)

=m (72— 5/16) 4+ e/2) scm

if £ is sufficiently small. Since

[oel

[E(Ai—A’i)sJ P(A, - A, > x)dx

ml/Z—'F/lﬁ

e
(1/2—¢ —1/2—¢/1
<c x (1/2 r/16)(4+r/2)dx$m 1/2-~¢/ 6,
ml/2mel16

then ¥ [E4; — k| =o0(m'/?).
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So to prove the lemma, it suffices to show

b a-ea)

i=1

P(sup > ¢,;(m log m)'/2>$cm

Jj<sm
But by Bernstein’s inequality, since Var A, <EA; <EA?=FEA; <0 and 4, is bounded,
this probability is

—cimlogm
=exp 1/2-¢/16 172
cm~+cm ¢, (mlog m)

<exp(—c,log m)<cem '+e/®

if ¢, is large enough. [

Let

A, = {sup n(x, m)<4(mloglog m)"? for all m= n},

xeZ
B, ={|7(m)—m|<4(mloglog m)"? for all m= n},

C,={|S.|<4(mloglog m)"? for all m=n, |Z,|<4(t log log t)"/* for all t= n}.

Lemma 32. 14, »>1 as., 1 >1 as., 1¢,~>1 as.

Remark. The assertion concerning 1,, follows from [10]. We give a proof, however, that
will also work for the nonlattice case of Section 4.

Proof of Lemma 3.2. Since the X; have more than 5 moments, then

sup |Siuy/ Vo — Z,./¥n|=0(n"*?), as.

=1

for some B> 0 (for a proof see [8], for example). Since L( \/r_zx, nt)/ \/; is the local time at
time ¢ of the Brownian motion Z,,/ \/;z, then by [1],

sup |n(Vnx, [nt])/vVn—L(nx,[nt])/Vn|=0(n"?""?) as. (3.1)

x€Z/Vn,t<1
By [10],
L(y, n)
lim sup sup W =V2 as.
It follows immediately that
: n(y, n)
1 — =42 as. 3.2
P U (M log log n) '/ V2 as, (3:2)

from which 1, 1 a.s. follows.

Since Z;—1t is a martingale, by the Burkholder-Davis-Gundy inequalities,
Er(1)*=< cE|Z(7(1))*= cE| X |* <0 and also E7(1) =EZ(7(1))*=EX3=1. So 15 ~>1
a.s., by the law of the iterated logarithm for the 7(i) sequence.
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The assertion about 1., is an immediate consequence of the law of the iterated
logarithm for the S, sequence and the one for Brownian motion. [

1/4

Let r, = n'/*(log n)"*(log log n)"/*.

Lemma 3.3.

P(supln(O, J)— L, pl=crp; A, B, C,,) <en VPR,

j=n

Proof. Let

Jj=1

Dm={sup > ¢(m log m)”z}.

ism

Suppose @ €A, N B, C, " (()j.2'=m D5). Then for k sufficiently large,

i A, —kj|(w) < c(klog k)2 (3.3)

i=1

sup
i<k

By (3.1), (0, m)—> 0 as m— 0. In (3.3), take j= 1n(0, m) and note A(n(0, m))=
L(0, 7(a(n(0, m)))). Since m = o(n(0, m)),

L(0, 7(m)) = L(0, 7(a(n(0, m)))) = A(n(0, m))
)1/2'

= kn(0, m)—c(n(0, m) log n(0, m)
Since m=< o (n(0, m)+1), setting j =n(0, m)+1,
L(0, 7(m))< L(0, 7(c(n{0, m)+1)))=A(n(0, m)+1)
<k(n(0, m)+1)+c([7(0, m)+1] log[n(0, m)+1])"?
< kn(0, m)+ ¢,(n(0, m) log (0, m))"/>.
Hence for n large,

sup|L(0, 7(j)) — kn(0, j)| < c(n(0, m) log (0, m))"'%.

j=n
Since we A,

sup|L(0, 7(j)) —kn(0, j)| < cr,.

j=n
By standard estimates on Brownian local time, since w € B,,
sup|L(0, 7(j)) — L(0, j)| = O((|7(n) — n|log |v(n) ~ n)!/*) = O(r,).

j=n

Therefore

P(SUPIL(O, = xn(0, = cr,; Ayn Ban Cn>

j=n

SP(A,,mB,,nC,,m(

< cn‘l/Z*s

by Lemma 3.1.
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Using a standard Borel-Cantelli argument for the sequence n =2,

suplkn (0, j) = L(0, HI/Vn=0(r,/vn) as.

Jj=

Using (3.2) again, we conclude that k =1. [J

Theorem 3.4.

sup |n(x, j)—L(x, j)|=0(r,) as.

xeZ,jsn

Proof. Fix yeZ. Let N =min{i: Z(7(i))=y}, U=7(i). By the strong Markov
property at time U, Lemma 3.3 tells us that

P(SUPI[n(y,j)— n(y, N=1)]1-[L(y, j)— L(y, U)l|>cr,; A,n B, N Cn)

j=n

< Cn-—l/fo.

Of course, n(y, N—1)=0, P-a.s. On the other hand, by translation invariance,
Chebyshev, and Corollary 2.7,

P(L(y, U)>cr,)<P (A, >cr,) < cEA/ri<n V¥,
Therefore,
P(supln(y, D=Ly, D> cry; Ay By Cn) <en V7 (3.4)
j=n
Since max;.,|S;|<n'?*"? and sup,-,|Z|<n'*"*> on C,,

P(SUP sup|n(y, j) = L(y, ))| > cr.; A, n B, C,.>
z

jsn ye

S2n1/2+ﬁ/2 Sup/ /2 P(SUPITI(J’, J) _—L(y’ J)|> Clns An M Bn M Cn)

yez,ly)<n"? jsn

sC(n1/2+1f‘,/2)(’171/2~5)S cn—p/4‘

We now use Borel-Cantelli along the sequence n=2' and Lemma 3.2 to complete
the proof. O

Remark. Our method can be modified to give rates for when the X; have fewer than
5 moments, although the rates will be poorer than (1.2). In this connection, see also
[1]. We conjecture that the rate (1.2) holds when the X; have 4 moments and must
deteriorate when the X; have fewer than 4 moments.



210 R.F. Bass, D. Khoshnevisan |/ Brownian local time

4. Nonlattice case

In this section we obtain the analogous results to Section 3, except we look at the
nonlattice case. We assume E|X|" < oo for some r> 6, and throughout this section
we also assume:

Hypothesis 4.1. For some j,, the law of S; has a nonzero absolutely continuous part.

Remark. Borodin [3] uses the condition that | |¢(u)|* du <o, where ¢ is the charac-
teristic function of X, . By the Fourier inversion formula, this implies that S, has a
bounded density, and so Hypothesis 4.1 holds in this case.

Let

n(x,n)= % 1[x—|/2,x+1/z](si),
i=0

o(iy=min{j>o(i—1): S;eJ}, J=[-3,3].

Note Y; =S, is a Markov chain on J.

Recall that X is strongly nonlattice if lim sup, ..« [¢(u)| < 1. When this property
holds, the results of [1] are applicable. Y; satisfies Doeblin’s condition if there exists
a finite measure w on J, £€(0, 1) and j=1 such that if AcJ with w(A)=<g, then
sup,., P’(Y,e A)<1-e

Lemma 4.2, If Hypothesis 4.1. holds, then
(a) X is strongly nonlattice;
(b) Y, satisfies Doeblin’s condition.

Proof. If F is the distribution function of S;, we can write F=aF,+(1—a)F,,
a >0, where F, is the absolutely continuous part of F and F, is the remainder. Let
., U,, ¥ be the characteristic functions of F,, F, F, respectively. By the Riemann-
Lebesgue lemma, |¢,(u)| >0 as |u|—>oco. Thus lim supj,.«|¢/(u)|<1-a <1. Since
Y(u) = (e(u))e, (a) follows.

By Lemma 2.1, sup,., P*(c(1)> n)<¢,/vn. For any k> 5, if a(k) > nk, then for
at least one i<k, o(i+1)—o(i)> n, and by the strong Markov property,

sup P*(o(k)> nk) < c,k/Vn.

xelJ
Taking n = cik®, for any k> 5,
sup P*(o(k)> k)< 1/k<1. 4.1)

xed

Since the convolution of an absolutely continuous distribution with any distribu-
tion is absolutely continuous and since the distribution function of Sy, is

(aF,+(1—a)F)*,
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then the total mass of the singular part of the distribution of S is <(1—a)" Take
k>5 large enough so that (1—a)*<1/(4c3k%j3), where ¢, is the ¢, of (4.1). Let
j=kjo. Note a similar argument shows that the total mass of the singular part of
the distribution of S, will also be <1/(4¢c};°).

Let i be Lebesgue measure and note a(j) = j. Let p; be the density of the absolutely
continuous part of S;. If xe J, by (4.1),

2 ;5
J

P*(Ssij€ A) <P (a(j)>cij)+ ¥ P*(S;€ A)

i=j

L‘fj5

<5+ 2 “ ~p) dy+(46?j5)"]

i=j

ijs
<5+ X pi(y) dy+s. (4.2)
i=j JA-x
Since|[A—x|=|A|foreachxand p;,i =}, ..., cij’is afinite collection of L' functions,
then provided & <} is taken small enough, |, _ p,(y) dy will be less than (4c7;°) "
whenever |A| < e. Substituting in (4.2),

P*(S,j e A)<i<l-—¢,

or (b) holds. [

Remarks. (1) Since Doeblin’s condition holds, the P* law of Y; converges to some
probability measure v on J exponentially fast, uniformly over xeJ ([7]). Let
F(x)=E*4,, x =, F(x)v(dx). By Section 2, F is bounded on J.

(2) If the distribution of X; is purely atomic but nonlattice, it is not hard to see
that the random walk is not strongly nonlattice nor do the Y; satisfy Doeblin’s
conditions with u equal to Lebesgue measure.

Lemma 4.3. If ¢, is large enough,

j
Y F(S,u)—«j| > ci(mlog m)‘“) =cm '

i=0

sup P"(sup

xel Jjsm
Proof. We follows a standard argument; see [2], for example. Let

G(x)=E" E [F(S,))—«].

j=0

By Remark 1 immediately preceding, the sum is absolutely convergent and G is
bounded. If

M; = G(S,;) — G(S,) — 'io [F(Swi)—«],
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then M, is a martingale with bounded jumps; hence [M, M];<¢j. So by the
martingale version of Bernstein’s inequality (cf. [9]), for each K,

Px<sup|M,| = c(m log m)’“) <cem™ X
jsm

Since G is bounded, this proves the lemma. [

Lemma 4.4, For each € >0, if ¢, is large enough.

J
sup P"(sup Y A, —«kj|>c(mlog m)l/z) < em/2Her®)
xed jsmii=1
Proof. Write
Ai—K:(Ai_F(Sa(i)))'}'(F(Su-(,'))*K). (4.3)

Lemma 4.3 takes care of the partial sums of the second term on the right of (4.3). Since
E* (4 | Sottys - s Sai) = IES"“’Al =F(S,1)),

then Y [A;,,— F(S,»)] is a martingale. So for the first term on the right of
(4.3), we proceed as in Lemma 3.1, using the martingale version of Bernstein’s
inequality and subtracting off the conditional expectations of the truncated random
variables. (0

Theorem 4.5.
sup |n(x,[nt])— L(x, nt)|=0(r,) a.s.

xeR,t=1

Proof. Using Lemma 4.4, we proceed exactly as in Section 3 to obtain, if vy is
sufficiently small,

. <l|17(x,[nt])—L(x,[nt])]=O(r,,) a.s. (4.4)

Ix|<n'/?"Y xez/n t

Let
n(x,n)=3% Lixoi/2.x+1/2)(S)-
i—0

These are the local times considered in [1]. Since 7(x, j)— n(x, j) = ZLO L1208,
using Proposition 4.4(b) of [1] it is easy to see that

sup [9(x, j)—n(x, j)l=0o(r,) as.

jsnxeR

If |[x—y|<1, x <y, then

J
0% )= )= Y Qx-S + 12, v01/21(S0).
i=0
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So using Proposition 4.4(b) of [1] with 8, =n""/*"? we get

sup In(x, ))=n(y, Hl=o(r,) as. (4.5)

‘x—y‘sni(l/‘H’stn

Standard estimates on the modulus of continuity of Brownian local time yield

sup [L(x, /)= L(y, j)l=o(r,) as. (4.6)
[x—ylsn Y i<
and
sup  |L(x,s+h)—L(x, s)|=0(n"*) as. (4.7)

xeR,s<n h=<1

Now (4.4), (4.5) and (4.6) together give
sup In(x, [nt]) — L(x, [nt])|=O(r,) as. (4.8)

x|/ 1<

The result now follows similarly to Section 3 by using Lemma 3.2, (4.7) and (4.8). [
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