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Abstract—In this paper, some existence theorems of equilibria for qualitative games and gener-
alized games with an infinite number of agents with noncompact strategy sets and with ¢U-majorized
preference correspondences are proved. Our theorems improve some recent results in the literatures.
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1. INTRODUCTION

Ding and Tan [1-3], Ding et al. [4,5], Im et al. [6], Tan and Yuan [7], and Tian [8,9] have proved
some existence theorems of equilibria for generalized games with an infinite number of agents,
with noncompact strategy sets and with the preference correspondences which have open lower
sections or are majorized by the correspondences with open lower sections. Tan and Yuan [10]
proved some new existence theorems for qualitative games and generalized games with compact
strategy sets and with the preference correspondences which are majorized by upper semicontin-
uous correspondences.

In this paper, some existence theorems of equilibria for noncompact qualitative games and
for noncompact generalized games with an infinite number of agents, with noncompact strat-
egy sets and with the preference correspondences which are majorized by upper semicontinuous
correspondences, are proved. These theorems generalize the corresponding results of Tan and
Yuan [10].

2. PRELIMINARIES

Let A be a nonempty subset of a topological space X. We shall denote by 24 the family of
all subsets of A and by clx A the closure of A in X. If A is a nonempty subset of a vector
space E, we shall denote by coA the convex hull of A. If S, T : A—2F are correspondences, then
(8NT): A— 2F is a correspondence defined by (SN T)(zx) = T(x) N S(z) for each z € A. If X
and Y are topological spaces and T : X — 2Y is a correspondence, then

(1) T is said to be upper semicontinuous on X if for each z € X and for each open set U of Y

containing T'(z), the set {z € X : T(2) C U} is an open neighborhood of z in X;
(2) the graph of T, denoted by Gr (T'), is the set {(x,y) € X x Y : y € T(z)};
(3) the correspondence T : X — 2Y is defined by T(z) = {y € Y : (z,3) € dxxy G (T)}.

Let X be a topological space, Y be a nonempty subset of a vector space E, 8 : X — E be a
map, and ¢ : X — 2Y be a correspondence. Then,

This project was supported by the Natural Science Foundation of Sichuan Educational Commission, P.R. China.

115



116 X. P. DInG

(1) ¢ is said to be of class Uy if
(a) for each z € X, 6(z) ¢ ¢(x), and
(b) ¢ is upper semicontinuous with closed convex values in Y;
(2) ¢, is a Up-majorant of ¢ at z if there exist an open neighborhood N(z) of z in X and
¢z : N(z) — 2Y such that
(a) for each z € N(z), #(2) C $(2), 8(2) & ¢a(2), and
(b) ¢, is upper semicontinuous with closed convex values;
(3) ¢ is said to be Ug-majorized if for each x € X with ¢(z) # 0, there exists a Up-majorant
¢z of ¢ at x.
In this paper, we shall deal with either the case
(A) X =Y is a nonempty convex subset of a topological vector space E and 6
identity map on X, or the case
(B) X = [lie; Xi and 8 = m; : X — Xj is the projection of X onto X; and Y = X is a
nonempty convex subset of a topological vector space.
In both cases (A) and (B), we shall write U in place of Us.

Let I be a (finite or infinite) set of agents. A generalized game is a family of quadruples
I = (X;, Ai, B;, P,)ic1, where X; is a nonempty subset of a topological vector space, A;, B; : X =
I1 jer Xj — 2X: are constraint correspondences, and P; : X — 2%: is a preference correspondence.
An equilibrium of " is a point £ € X such that for each i € I, #; € B;(&) and A4;(%) N P;(z) = 0.
Following [11], a qualitative game is a collection I' = (X;, P;);es, where P, : X — 2%Xi is a
preference correspondence. A point £ € X is said to be an equilibrium of I if P;(£) = 0 for all
iel

The following result is Theorem 2.2 of [10].

Ix, the

LEMMA 2.1. Let X be a nonempty subset of a locally convex Hausdorff topological vector space
and D be a nonempty compact subset of X. Let P : X — 2P be U-majorized. Then there exists
a point £ € coD such that P(%) = 0.

3. EXISTENCE OF EQUILIBRIA

Now we shall prove some new existence theorems of equilibria for noncompact qualitative games
and noncompact generalized games with any (countable or uncountable) number of agents and
with noncompact strategy sets of agents in locally convex Hausdorff topological vector spaces in
which either the preference correspondences are Y-majorized or the intersection of constraint and
preference correspondences are U-majorized.

THEOREM 3.1. Let I = (X}, P,)iec1 be a qualitative game such that for eachi € I,
(a) X; is a nonempty convex subset of a locally convex Hausdorff topological vector space and
D; is a nonempty compact subset of X;,
(b) Pi: X = [I;e; X; — 27 is U-majorized,
(c) the set E* = {z € X : Pi(z) # 0} is open in X,
(d) there exists a nonempty closed convex subset F; of D; such that F;n\P;(z) # 0 for allz € E*.
Then there exists a point £ € coD = co ([];¢; Ds) such that Pi(z) =0 foralli€l.

PROOF. Let D = [];¢; Dj. Then D is a compact subset of X = [];c; X;. For each z € X, let
I(x) = {i € I : Py(z) # 0}. Define a correspondence P : X — 20 by

_ ] Niery Fi(2), £ 1(z) # 0,
Pl ‘{ 0 if I(z) = 0,

where F;(z) = [];4; Fj X Pi(z) for each z € X. Then for each z € X with I(z) # 0, P(z) # 0
and hence P}(z) # 0 for each i € I(x). For any fixed i € I(z), we have P;(z) # 0. By (b), there
exist an open neighborhood N(z) of z in X and an U-majorant ¢; of P; at z such that
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(1) for each z € N(z), Pi(z) C ¢i(z) and 2; ¢ ¢i(2);
(2) ¢, is upper semicontinuous with closed convex values in D;.

By the assumption, we may assume N(z) C E* so that P;(z) # 0 for each z € N(z). Now define
the correspondence &, : N(z) — 22 by

o.(2) = [ Fi x ¢i(2)
J#i
for each z in N(x). We claim that &, is an U-majorant of P at z. Indeed, for each z € N(zx),
by (1),
P(z)= [] Pj(2) c Pi(z) = [[ F; x Pi(z) C [[ Fj x ¢:(2) = ®2(2)
JEI(2) J#i J#i

and z ¢ ®,(z), since z; ¢ ¢i(z). By (b), (2), and Lemma 3 of [12], ®, : N(z) — 2P is upper
semicontinuous with nonempty closed convex values in D. Therefore ®, is a U-majorant of P
at x. This shows that P is U{-majorized. By Lemma 2.1, there exists a point & € coD such that
P(£) = 0 so that I(2) = 0. Hence, P;(£) =0 for all i € I.

REMARK 3.1. If for each ¢ € I, X; is compact convex, the condition (d) is satisfied trivially.
Hence Theorem 3.1 generalizes Theorem 3.2 of [10] in the following ways:

(1) X; may not be compact,
(2) the set E* = {z € X : P,(z) # 0} may not be paracompact.

COROLLARY 3.1. Let I' = (X;, P,);er be a qualitative game such that for each i € I,

(a) X, is a nonempty compact convex subset of a locally convex Hausdorff topological vector
space,
(b) Pi: X =[];c; Xi — 2% is U-majorized,
(c) the set E* = {z € X : Pi(z) # 0} is open in X.
Then I" has an equilibrium point € X.

REMARK 3.2. Corollary 3.1 improves Theorem 3.2 of [10], the set E* may not be paracompact.

THEOREM 3.2. Let T’ = (X, Ai, B;, P.)ier be a generalized game (= abstract economy) such that
for eachie l,

(a) X; is a nonempty convex subset of a locally convex Hausdorff topological vector space E;
and D; is a nonempty compact subset of X;,

(b) for each z € X = [];c; Xi, Ai(x) is nonempty, A;(z) C Bi(x) C D;, and B;(z) is convex,
(c) the set E* = {z € X : A;(z) N Py(x) # 0} is open in X,
(d) A;N P; : X — 2D+ is U-majorized,
(e) there exists a nonempty closed convex set K; C D; such that for each z € E* N F;, (A; N
P)(x) N K; # 0 and for each x € X \ F;, Bi(x) N K; # 0, where F; = {zx € X : z € Bi(x)}.
Then T has an equilibrium point & € coD = co ([1;c; Ds), i.e., & € Bi(£) and A;(£) N Pi(&) =0
foreachi€ I.

PROOF. For each i € I, by the definition of B;, B; has closed graph and hence F; is closed in X.
Define a correspondence Q; : X — 2D: by

_ | Ai(z) N Pi(z), ifzekF,
Qi(z) = { Bi(z), if z ¢ F;.

We shall prove that the qualitative game I’ = (X, Q;)icr satisfies all hypotheses of Theorem 3.1.
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For each i € I, we have

{x € X:Qi(x) # 0} = {X \ F;: Qi(z) # 0} U {z € F; : Qi(z) # 0}
=(X\F;)U{z € Fi: (A4 N P)(z) # 0}
=(X\ F)U(FinEY)
=(X\F)UE'.

Hence the set {z € X : Q;(z) # 0} is open in X. For any fixed i € I, let € X be such that
Qi(z) #0. If z ¢ F;, then z € N(z) = X \ F; and N(z) is an open neighborhood of z. Define a
correspondence ¢, : N(z) — 20 by

#z(2) = Bi(z),  for each z € N(z).

Then we have Q;(z) = Bi(z) and z; ¢ Qi(2) for each z € N(z) by the definition of F;. By
Proposition 3.1.9 of [13], ¢, = B, is upper semicontinuous with closed convex values. Therefore
¢5 = B; is a U-majorant of Q; at z. If z € F}, then Qi(x) = Ai(z) N Pi(z) # 0. By condition (d),
there exist an open neighborhood Ny(z) of z in X and a U/-majorant ¥, : N;(z) — 2P such that
Qi(2) = Ai(2) N Pi(2z) C ¥5(2) and 2; ¢ ¢z (2) for each z € Ny(z), and 9, : Ny(x) — 2P is upper
semicontinuous with closed convex values. Hence 1, is a U-majorant of Q; at x. Therefore Q;
is a U-majorized correspondence. Now let z € X with Q;(z) # 0, thenz € (X \ F,)U{z € F; :
(4i N B)(z) # 0}. 1t follows from assumption (e) that Q;(z) N K; # 0. Hence all hypotheses of
Theorem 3.1 are satisfied so that there exists a point £ € coD such that Q;(Z£) =@ for all i € I.
By condition (b), this implies that for each i € I, &; € B,(z) and 4;(z) N Py(z)=0.

REMARK 3.3. If X; is compact convex for each i € I, then condition (e) of Theorem 3.2 is
satisfied by letting X; = D; = K for each i € I. Hence Theorem 3.2 generalizes Theorem 3.1
of [10] in the following ways:

(1) X; may not be compact,
(2) the set E* = {z € X : A;(z) N P,(z) # 0} may not be paracompact.

COROLLARY 3.2. Let I' = (X;, A;, B;, P,)ic1 be a generalized game such that for each i € I,
(a) X; is a nonempty compact convex subset of a locally convex Hausdorff topological vector
space E;,
(b) for each x € X = [[,; Xi, Ai(z) is nonempty, A;(z) C B;(z), and B;(x) is convex,
(¢) A; N P;: X — 2% js U-majorized.
Then I' has an equilibrium point, i.e., there exists a point £ € X such that for each i € I,
#; € B(£) and Ai(z) N Piy(z) = 0.

REMARK 3.4. Corollary 3.2 improves Theorem 3.1 of [10].
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