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Abstract

A polynomial-time computable simple curve is constructed such that its measure in the two-
dimensional plane is positive. This construction is applied to prove the following two results: (1)
there exists a polynomial-time computablie simple closed curve in the two-dimensional plane
such that the measure of its interior region is a nonrecursive real number; (2) there exists
a polynomial-time computable simple curve in the two-dimensional plane such that its length is
finite but is a nonrecursive real number.

1. Introduction

We investigate the problem of measuring the area of the interior of a given simple
closed curve in R? and the problem of measuring the length of a given simple curve in
R2. For the first problem, we recall that the integral of a polynomial-time computable
real function f:[0,1] — R is computable in polynomial time by an oracle machine
using a function ¢ € # P as an oracle [2]. It implies that for any polynomial-time
computable, simple, closed, rectifiable curve I',! the measure of the interior of I is also
computable in polynomial time relative to # P (see [1] for more details). In this paper,
we construct a polynomial-time computable function f: [0, 1] - R? whose image is
a simple, closed, nonrectifiable curve I', such that its interior has a nonrecursive
measure. In other words, the polynomial-time computability of the boundary for
a region does not even imply the computability of the area of the region.

*The main results of this paper has been announced in the abstract “Some Complexity Issues on the Simply
Connected Regions of the Two-Dimensional Plane” in Proc. 25th ACM Symp. on Theory of Computing.
1993.

* E-mail: keriko@sbcs.sunysb.edu Research supported in part by NSF grant CCR 9121472,

' A curve I is called rectifiable if it has a finite length.
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The second problem, the problem of computing the length of a given simple curve,
is called the coastline problem in [6]. It is recognized as a difficult problem since the
length of the given curve could actually be infinite. In this paper, we construct
a polynomial-time computable function f:[0,1] - R? whose image is a simple,
rectifiable curve having a nonrecursive length. This result justifies the difficulty of the
coastline problem: even if the length of the curve is finite, it is not necessarily
computable.

The computational model used in this study is that of Ko and Friedman [4] that is
based on the model of recursive analysis (see also [3] for a complete treatment).
Ref. [1] contains the formal definitions for the notion of polynomial-time computabil-
ity of two-dimensional regions.

The main ingredient of the proofs of the above two results is a modification of the
Peano space-filling curve. That is, we construct a simple curve I' in polynomial time
that has a positive measure in R2. This curve is not exactly the same as the classical
Peano space-filling curve since it is defined by a one-to-one function. Rather, it is very
similar to the curves constructed by Lebesgue [5] and Osgood [7] which have
recently found interesting applications in the construction of fractal sets [6]. Such
a curve is called a Lebesgue—Osgood monster in [6]. Both of the main nonrecursive-
ness results are based on the construction of the Lebesgue-Osgood monster curves
and their variations. Although the idea of the construction is similar to Lebesgue’s and
Osgood’s original construction, we choose to present a precise definition of this
monster curve, since we need to show that such a construction can be done in
polynomial time. Furthermore, we need formal proofs for other properties of the
curve to obtain our main results.

We give a brief review of the computational model for real functions in Section 2.
The complete definition of our version of the Lebesgue—Osgood monster curve is
presented in Section 3, and the various properties of this curve are proved in Section 4.
Sections 5 and 6 contain the main results. The construction used for our first main
result has some other interesting application to the complexity theory of two-dimen-
sional regions developed in [1]. We prove this result in Section 7.

2. Polynomial-time computable real functions

In this paper, we will write z or {x,y) to denote a point in R%. A directed line
segment L from z, to z, is denoted as line (z,, ;). The length of an interval I = [a,b]
is denoted as leng(I) and the length of a line segment L is denoted as leng(L).

The concept of polynomial-time computable real functions used in this paper is that
of Ko and Friedman [4] (see [3] for a complete treatment). The basic representation
system for real numbers is the set D of dyadic rational numbers; that is, the set of all
rationals which have finite binary representations. A real number x € R is represented
by a Cauchy function ¢:N— D that binary converges to x in the sense that
[@(n) — x| < 27" A real number x is recursive if there exists a computable Cauchy
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function ¢ that binary converges to x. It is polynomial-time computable if there exist
a Turing machine M and a polynomial p such that for all inputs n > 0, M (n) outputs
a dyadic rational d in time p(n) such that |d — x| < 27" A sequence {x,} of real
numbers is polynomial-time computable if there exist a Turing machine M and
a polynomial p such that for all inputs n, k > 0, M (n, k) outputs a dyadic rational d in
time p(n + k) such that |d — x| < 27"

Definition 2.1. A function f:[0, 1] —» R? is polynomial-time computable if there exist an
oracle Turing-machine M and a polynomial p such that for any oracle function ¢ that
binary converges to a real number x € [0,1], and any integer n as the input, the
machine M outputs, in time p(n), two dyadic rationals d, and d, such that
[<di,dy) — f(x)| < 27" In other words, the oracle machine computes the operator
that maps a Cauchy function for x to two Cauchy functions for f(x).

An equivalent definition for polynomial-time computable real functions f will be
used in this paper. We say a function f:[0, 1] — R? has a polynomial modulus if there
exists a polynomial p such that | x — y| < 277® implies | f(x) — f(y)| < 27"

Proposition 2.2. A function f:[0,1] — R? is polynomial-time computable if and only if

(i) f has a polynomial modulus and

(ii) there exist a Turing machine M and a polynomial p such that for any dyadic rational
d of length < n, and any integer n, M(d, n) outputs, in time p(n), two dyadic rationals
ey and e, such that | {ey,e,> — f(d)| < 27"

A function f:[0,1] — R? could also be defined as the limit of a polynomial-time
computable sequence of real functions.

Definition 2.3. A sequence {f,} of functions from [0,1] to R? is polynomial-time
computable if there exist a Turing machine M and a polynomial p such that for any
oracle function ¢ that binary converges to a real number x € [0, 1] and for any input
(n, k), M outputs, in time p(n+ k), two dyadic rationals e,,e, such that
[<er, 2> — fulx)| < 27"

Proposition 2.4. A function f:[0, 1] — R? is polynomial-time computable iff there exists
a polynomial-time computable sequence { f,} of functions from [0, 1] to R? such that for
some polynomial p, | fym(x) — f(x)| < 27" for all x [0, 1].

3. The Lebesgue—-Osgood monster

We are going to define a sequence {g,} of one-to-one functions from [0,1] to R*.
The functions g, are defined in such a way that its limit g exists and is also one-to-one.

2The length of a dyadic rational d is the length of its binary representation without trailing zeros.
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Since the construction is very complicated, we first give a brief overview of the
construction.

Basically, each function g, divides [0, 1] onto 6" subintervals and maps each
subinterval into a short line segment in R2. These short line segments are uniformly
distributed in the square [—2,2] x[—2,2] so that they almost “cover” the whole
square. The function g, is then obtained from g, by expanding each line segment
L of g, into up to 6 more shorter line segments surrounding the original line segment
L. Thereby, they “cover” the square [ —2,2] x[—2,2] even more densely. Further-
more, the expansion from g, to g, +; leaves the two functions sufficiently close so that
they eventually converge to a limit function g.

The above is the basic idea of the construction of a space-filling curve. To make the
functions g, and the limit function g to be one-to-one, however, we must modify the
construction to allow extra space between any two nonadjacent line segments of g, so
that the expansion of a line segment of g, to more shorter line segments of g, , for
any k > 0, does not meet other parts of the expanded curves of g, .. This requirement
makes the construction much more complicated, and also makes the resulting limit
function g not able to cover the whole unit square. We will, however, show that it is
possible to guarantee that g still covers a large portion of the square.

We now begin the formal construction. We first define three sequences of rational
numbers, which will be used to define the length of line segments of functions g,.

Definition 3.1. (a) For each n >0, ay,,, =5""+471.572" and ay, = 20,4, =
2.57m 4271572

(b) Foreachn >0, Byps1 = tzpe1 =5""4+ 471572 and Bo,1 2 =27+ Bogs1 =
27t.5Tm gt

(c) Foreachn>0,0,,+, =47 157" Y and §,,,, =2"18,,4:1.

We observe that these numbers satisfy the following properties.

Lemma 3.2. (a) For eachn >0, azp1 =23 5L 41 %2j + 02441
(b) Foreachn>0, 0, > Y7 ., ;.
(c) Foreachn> 1, B =235, 41 B2j+1 + O2n-
(d) Foreachn>0, B, > ¥7.,., b;-
(¢) Foreachn>1,0,< B, <3-5"*and a,-, >5" "1,

Proof. (a)

2- Z a2j=4o Z “2j+1=4' z (5—j+4_1.5—2j)

Jj=n+1 j=n+1 j=n+1
5—(n+1) 5—2(n+1)

= 4.
=5 1t1_52

=5"4+(24) 5 =tt5,41 — Oopi1-
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(b) It is clear that «, > 20,.,. If n is odd then, from (a),

ac a0 ao
Oy > z (20t55) = Z (g5 + tzj41) = 2 ;.
Jj=m+1)/2 j=(nt+1)/2 j=n+1

If n is even then, by above,

a0
an>2an+l > Oy + Z aj-
j=n+2

(©) B2n=2"'a,,-1, and by (a) above, is equal to

Z Upj+ 2710001 = Z 205541 + 02, =2 Z Baj+1 + O2a-
j=n j=n j=n

(d) Similar to (b).

(e) It follows from simple calculations. [

Next, we define an infinite, ordered tree T that is to be used to define the relation
between line segments of g, and line segments of g, ;.

Definition 3.3 (Tree T). There are three type of nodes in T": type A, type B and type C.
Each node in T has one of 8 labels: ru, rd, lu, Id, ur, ul, dr, dl. The root is a type-A node
with label ru. Each type-A node with label xy has 6 children:

(1) the first and sixth children are of type A and have label yx,

(2) the third and fourth children are of type A and have label yXx,

(3) the second child of type B and has label xy, and

(4) the fifth child is of type B and has label xy,
where y is the complement of y in the sense that {y, y} = {u,d} or {y,y} = {I, r}. Each
type-B node with label xy has 3 children:

(1) the first child is of type A and has label xy,

(2) the second child is of type C and has label xy, and

(3) the third child is of type A and has label xy.
Each type-C node with label xy has 3 children:

(1) the first child is of type A and has label yx,

(2) the second child is of type B and has label xy, and

(3) the third child is of type A and has label yx.

The top of the three T is shown in Fig, 1.

The label of a node v in the tree T is denoted by label(v) and its first character is
denoted by label,(v). The character label,(v) is used to denote the direction of
a directed line segment L, associated with v (to be defined later). The label r means that
the line segment L, is horizontal and pointing right; the label | means that the line
segment L, is horizontal and pointing left; the label u means that the line segment L, is
vertical and pointing upward; the label d means that the line segment L, is vertical and
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ru

ur

id Id

d dl

ur d dr dl dr dr

Fig. 1. The top part of tree T. In the above, a-denotes a type-A node, a ® denotes a type-B node and
a * denotes a type-C node.

pointing downward. We say a node v in T'is a horizontal node if label; (v) € {r, I}, and it is
a vertical node if label, (v) € {u, d}. (The second character of label(v) often, but not always,
denotes the direction of the line segment of the right neighbor of v.) The following lemma
shows the pattern of the directions of L, based on the depth of the node v.

Lemma 3.4. Let v be a node of depth n.
(@) If vis of type A or type C, then v is a horizontal node if and only if n is even.
(b) If v is of type B, then v is a horizontal node if and only if n is odd.

Proof. We prove the lemma by induction on n. First, the root is of depth 0 and of type
A and is horizontal.

For the inductive step, let v be a type-A node of depth n > 0. If its parent u is of type
A or type C, then from the definition of the tree T we know that v is a horizontal node
if and only if u is a vertical node. Thus, from the inductive hypothesis, v is horizontal if
and only if n is even. If its parent u is of type B then, from the definition of the three T,
v is horizontal if and only if u is horizontal. Again, by the inductive hypothesis, v is
horizontal if and only if » is even.

Next, assume that v is of type B. Then its present u must be either of type A or of
type C. In either case, u and v must be both horizontal or both vertical. It follows from
the inductive hypothesis that v is horizontal if and only if n is odd.

Finally, assume that v is of type C. Then its parent ¥ must be of type B and u and
v must be both horizontal or both vertical. Again, by the inductive hypothesis, we
conclude that v is horizontal if and only if # is even. O
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For each node v of type B or of type C, let anc(v) denote the lowest ancestor u of
v such that all nodes between node u and node v, including node u, are not of type A.
(Thus, anc(v) are always of type B.) We let k, denote the depth of anc(v). For instance,
assume that wy is of depth n and of type A, and that for each i = 0, w;,, is the second
child of w,, then all nodes w;, i = 1, have anc(w;) = w, and k,,, = n + 1. Note that if
v is of type B or C and its parent u is also of type B or C, then k, = k,,.

Now we will define functions g,. For each n = 0, the function g, is defined in terms
of the nodes of T of depth n. For each node v of the three T of depth n, we are going to
define an interval I, = [a,,b,] and a directed line segment L,. The function g, is the
function that maps each interval I, linearly to the line segment L,. These intervals
I, and line segments L, of any node v of depth n > 0 will satisfy the following
properties.

(1) The direction of the line segment L, is determined by label, (v) as described above.

(2) For any type-A node v, leng(f,) = 67", with a, =i-67" for some i > 0.

(3) For any type-A node v, if v is a horizontal node then leng(L,) = a, and if v is
a vertical node then leng(L,) = f,.

(4) For any type-B or type-C node v, leng(l,) = 6% —2%%_, |, 6 /anda, = i-67"
for some i = 0

(5) For any type-B node v, if v is horizontal then leng(L,) = a, + 6, — ,; and if v is
vertical then leng(L,) = f, + o, — J,.

(6) For any type-C node v, if v is horizontal then leng(L,) = #,+1 + &, — 6,+; and if
v is vertical then leng(L,) = Bn+1 + Oi, — On+1-

(7) For each n = 0, the intervals I, of all nodes v of depth n form a partition of
the interval [0, 1] in the sense that if v, and v, are two neighboring nodes at
depth n, then the end point of I, is identical to the starting point of I,,.
Furthermore, the line segments L, also have this property; that is, if v, and v, are
two neighboring nodes at depth n, then the end point of L,, is identical to the
starting point of L,,.

Definition 3.5. We define I, and L, recursively as follows: First, for n =0, I, = [0, 1]
and L, is the line segment define from { — ay, 0) to {a;,0) (i.e., L, = line({ — ay, 0),
{aty, 0%)). Next, for any depth-n node v, we assume that I, and L, have been defined
and satisfy the above properties. We define I,, and L,, for each child w of v as follows:
Case 1: vis of type A. Then, we have leng(I,) = 6 " and a, = j-6~" for some j > 0.
Let w;, 1 < i< 6, be the 6 children of node ». Divide I, into 6 subintervals each
of length 6 ®*!Y and let I,, be the ith subinterval, 1<i<6; that is,
Lo, = [(6 + i — )67 D, (6] + )6+ ],
We describe the six line segments L,,, 1 <i< 6, by their starting points, their
directions and their lengths:
(i) The line segment L,,, begins at the starting point of L,, and fori = 2, ..., 6, the line
segment L,,, begins at the end point of L,,_,.
(i) Foreachi=1,..., 6, the line segment L, goes toward the direction of label, (w;)
and has length equal to «, . if w; is horizontal and equal to f,+, if w; is vertical.
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For instance, if label(v) = ru, and L, = line({x, y>, {x + «,, y)) for some x, ye R,
then we have

Ly, =line(<x, y3,<{x, y + Bu+17),

Ly, =line(<x, y + B+ 12, {x + #nr1, ¥ + B 1),

Ly, =line({x + 0y 1, ¥y + Brt 12, <X + tai1, YD),

Ly, =line(<x, + @1, ), <X + U1, Y — Bus 1),

Ly, =line(<x + 0ps1, ¥y = Bas10: X + 2041, ¥ — Pas1?)
Ly =line({x + 20,11, ¥ — Brs 1), <X + 2041, YD)

Fig. 2(a) shows the relation between functions g, and g,, which is similar to the
relation between L, and L,s in the above example.

Case 2: vis of type B or type C. Let the three children of v be w;, w, and w;. Assume
that I, = [a,,b,). Then, we let I, =[a,,a,+6 "*V]) I, =[a,+6" """,
b,— 6 "*Y] and I, =[b,— 6" ""1,b,].

The three line segments L,,, i = 1, 2, 3, are defined as follows:

(i) L,, begins at the starting point of L,, and L,,, i = 2, 3, begins at the end point of
L, _,;
(i) L,,,i=1,2,3, goes toward the direction of label; (w;);
(iii) leng(L,,) = leng(L,,,) and it is equal to o, if w, and w; are horizontal, and
equal to B, if they are vertical; and
(iv) Ifvis of type B, then leng(L,,,) = leng(L,) — 2-leng(L,,), and if v is of type C, then
leng(L,,,) = leng(L,).

For instance, Assume that label(v) = ru, and L, = line({x4, y), {x3, ), for some

X1, X2, VER, x; < x,. If v is of type B, then

L,, =line({xy, y7, {X1 + 0ps1, 1),
L, =line({x; + tps1, ¥, (X2 = tps1, D),
Ly, =line({xz — tys1, ¥, (X2, D).

If v is of type C, then
L,, =line({xy, y7, X1, ¥ — B+17),
L,, =line(<{xy,y — Ba+12,<{X2,Y — Bn+17),
Ly, = line(<{xz, y — Bn+17, {x2, ).

The above completes the definition of I, and L,. In the following, we verify the
above 7 properties of the intervals I, and line segments L,. Since we defined them
recursively, we only need to verify that if I, and L, satisfy these properties, then I,,, and
L, of all its children w; also satisfy these properties.
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(1) We define the direction of L, based on label, (v).

(2) and (3) Clear from the definition.

(4) We prove this by induction on the depth n. Assume that v is of depth n > 0 and

is of type B or C. Let u be its parent node.

Case 1: uis of type A. Then, leng(l,) = 6"~V and leng(I,) = 6 ". Note thatk, = n
and so the property (4) holds.

Case 2: uis of type B or C. Then leng(l,) = 6 * — 2 $52,,, 67/, where k = k, = k,.
Thus, leng(l,) = leng(l,) — 2:6™" =6"*—2%"_,, 67/, where k = k, = k,.

(5) and (6) We prove these properties together by induction on the depth n. Assume
that v is of depth n and is of type B. Let u be the parent node of v.

Case 1: n is even. Then, by Lemma 3.4, v is a vertical node.

Subcase 1.1: u is of type A. Then, we know that u is vertical, leng(L,) = §,-, and
k, = n. It follows from the definition that leng(L,) = B, = B, + 6, — Ja.

Subcase 1.2: u is of type C. Then, by the inductive hypothesis, u is vertical and
leng(L,) = B, + 6i, — 6,. From the definition, leng(L,) = leng(L,) = B, + & — 6, be-
cause k, = k,.

Case 2: n is odd. The proof is similar to Case 1, except that v is a horizontal
node.

Next, assume that v is of depth n and is of type C. Then its parent u must be of type
B. Further assume that n is odd, then both u and v are vertical. From the inductive
hypothesis, leng(L,) = B, + 0;, — 6,-,. By the definition, leng(L,) = leng(L,) —
2, and, by Lemma 3.2(c), it is equal to

Bo-1 — 2B — 041 + 0, =2 Zl Buvzj+ Ok, = Bus1 + 0k, — Ons1,
=
since k, = k,. The case when n is even can be verified in a similar way (by Lemma
3.2(a)).

(7) It suffices to show that for each node v, the end point of L,,, of the last child w; of
v coincides with the end point of L,. This is just a routine check with the definition.
For instance, assume that v is of type A and is horizontal and L, =
line(<{x, y), {x + a,, y>). Then, it is easy to check that the end point of L, is
{x + 20ty+1,y>. From Lemma 3.4, we know that the depth n of v is even, and so
2a,+1 = a,. Thus, the end points of L,,, and L, are identical. We omit the checking of
other cases.

Definition 3.6 (Functions g,). For each node v of depth n, we define g, to be the
function that maps I, linearly to L,. From property (7) above, we can combine all
these g, together to form a continuous, piecewise linear function g, from [0, 1] to R2.
We let I',, be the curve defined by g, on [0, 1]; that is, I', = g,([0, 1]).

We show the functions g,, g, and the first half of g5 in Fig. 2. From this figure, it is
easy to see the pattern of the functions g,,.
Next, we prove that the limit of g, exists.
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T TP TP A

() (b) (<)

Fig. 2. The functions g,, n = 1, 2, 3, where the dot lines indicate the function g,_,. (a) ¢,. (b) g,. (c) The
first half of g;.

Lemma 3.7. Let v be a node of depth n =1 and of type B or type C. Let y, =
6 ®+YD.leng(l,)"!-leng(L,). Then, v, < a,+, if v is horizontal, and y, < B,+, if v is
vertical.

Proof. Assume that v is of type B and k, = n. Further assume that v is horizontal.
Then from properties (4) and (5), leng(l,) = 6" and leng(L,) = a,. It follows that
6-®*D.leng(l,) " -leng(L,) = 6"'-a, < a,4,. Similarly, if k, = n and v is vertical,
then 6~ ®*V.leng(l,) " -leng(L,)=6"'+B, < Bps1-

Now we consider the nodes v with k, < n — 1. In the following, we let k denote k,,
and observe that

leng(I,)=6"%—2. ) 677>3-67%

j=k+1

Now we further assume that v is of type B and is horizontal. Then, we have, from
Property (5), that leng(L,) < &, + &; < &, + 3+-57% Thus,

y,=6"@*D.leng(l,) ' -leng(L,) < 6 "*V.2.6 (a, + 3-57%)
<(18) 1vo, + 6" (9F < (18) ! -a, + 5.

(In the above, we have used the fact that k < n — 1.) It can be verified by a simple
calculation that (18)"!.a, + 57" < &, 4, and so the lemma follows.

The other cases when v is of type B and is vertical, or when v is of type C, can be
proved in a similar way. (Note that if v is of type C then k, must be less than n.) We
omit the details. O

To see that {g,} converges to a continuous function g, we first observe that { g,(t)}
converges for all endpoints ¢ of I, of any node v of depth n.
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Lemma 3.8. Ifvis anode of depthn = 0, and t is an endpoint of L., then g,(t) = g,+«(t)
for all k > 0.

Proof. Immediate from property (7). O
Now we consider the general cases.
Lemma 3.9. For any n =2 0 and any t € [0, 13, | gu(t) — g+ 1(O)| < Uiy + Basy-

Proof. From Lemma 3.8, we may assume that ¢ € [a,, b,) for some node v of depth n.
We consider three cases.

Case 1. v is of type A. Then, from the definition of g,,,, it is clear that
19n(6) — Gn+ 1O < 0tury + Brss

Case 2: vis of type B. Let the three children of v be wy, w, and wj. Since g, is linear
on [a,,b,] and g, ., is linear on [a,,, b, ], i = 1,2, 3, and since g,(x) = g, ,(x) for
x = a, and x = b,, we only need to show that |g,(t) — gs+1(t)| € a4, + Bas1 for
t = b, and t = a,,,. By the symmetricity of the function g, , on I,,, we actually only
need to verify this for t = b,,,.

First assume that v is horizontal. We observe that L, is just the initial segment of
L, of length a,+ 1. Thus, if g,(a,) = ga+1(a,) = {x, ), then g, 1(b,,) = <x + tn+1, Y-
Also, by the linearity of g, on I,, we know that g,(b,)= (x + y,,y), where
7, = leng(l,,)-leng(I,)"!-leng(L,). By Lemma 3.7, 7y,<a,,;, and so
|gn(bwl) - gn+1(wa)l =|otp+1 — Vol < Oty

The case that v is vertical can be proved in a similar way.

Case 3: vis of type C. Let the three children of v be w,;, w, and w;. Again, like Case
2, we only need to show that |g,(t) — gp+1(t)| <ty + Posys fort =b,,.

Assume that v is horizontal, and hence n is even. Also assume that g,(a,) =
gn+1(a,) = {x, y>. Then g+ 1 (by,) = <X,y £ Bp+1),and g,(b,,) = {x + 7, y>. There-
fore, by Lemma 37’ |gn(bW1) - gn+l(bwl)l < Yo + ﬁn+1 < Op+1 + Bn+1~

The case of the vertical nodes v can be proved in a similar way. O

Theorem 3.10. The sequence { g,} converges to a continuous function g such that for all
te[0,1], 1g(t) — gu(t)| < ay + Bp.

Proof. This follows immediately from Lemma 3.9:

ee)

lg(t) — ga(t)| < Z 1958) — g5+ 1O < Y, (@41 + Bje1) < oty + By

Jj=n

(In the above, the last inequality follows from Lemma 3.2(b) and (d).) O

We let I be the curve defined by g on [0, 17; that is, I = g([0, 1]).
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4, Properties of the monster curve

4.1. Polynomial-time computability

We first show that {g,} is a polynomial-time computable sequence of functions, in
the sense of Definition 2.3. It follows then from Lemma 3.9 that g is also polynomial-
time computable.

Lemma 4.1. (a) If a,be[0,1] satisfy la—b|< 6" "-27*% for some n, k >0, then

|gn(a) — ga(b}| < 3B,-27%
(b) If a,be[0, 1] satisfy |a — b| < 67" for some n >0, then | g(a) — g(b}| < 7B,.

Proof. (a) Since g, is linear on the interval [i- 67", (i + 1)6™"],foreach0 < i< 6" — 1,
we only need to show thatif a=i-6™"and b= (i + 1)6 " for some 0 i< 6" — 1,
then [ g,(a) — g.(b)| < 3B,. We consider three cases.

Case 1: [a, b] = I, for some type-A node v of depth n. Then, it is clear from the
definition that | g,(a) — g.(b)| < max{a,, B,} = B..

Case 2: [a, b] < I, for some node v that is of depth n and is of type B or type C.
Then, |g,(a) — gu(b)| = 6 "+leng(I,)”* -leng(L,). By Lemma 3.7, we see that | g,(a) —
gn(b)l < 6-max{a,,+1, ﬂn+1} < 3ﬁn

(b) [g(a) — g(b)| < |g(a) — gu(@)| + |g(b) — gu(b)| + | gnla) — ga(b)| < 48, +
3,=78,. O

Theorem 4.2. (a) {g,} is a polynomial-time computable sequence.
(b) g is polynomial-time computable.

Proof. Part (b) follows from part (a) and Theorem 3.10. For part (a), we note that the
above lemma showed that {g,} has a uniform polynomial modulus. From Proposi-
tion 2.2, and from the linearity of g,, we only need to show that the discrete function
¢ that maps any pair (n, i), 0 < i < 6" — 1, to g,(i- 6~ ") is computable in time p(n) for
some polynomial p. (Note that {i-6™" 0 < i < 6" — 1} includes all endpoints of I, for
all nodes v of depth n.) But this follows directly from the definitions of I, and L,.
Namely, to find g,(r) where r = i- 6" for some i, we recursively determine the node
v, of depth k with rel, and compute I, and L, according to I, _,, L, _, and
label(v, - ;). Apparently, this is a polynomial-time procedure. O

4.2. One-to-oneness

To establish the one-to-oneness of functions g, and function g, we need a more
precise estimation of the distance between two line segments L,, and L,,. For any
horizontal line segment L with the endpoints {a;, b> and {a;, b}, a; < a,, let

box(L,0, 1) ={{x,y):a, —6<x<a,+0,|y—b| <1}
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and for any vertical line segment L with the endpoints {a, b{) and {a, b, >, b; < b,, let

box(L,6,7) = {{x,y>: |x —a|<06,by —1< y< by +1}.

Lemma 4.3. Let v be a node of depth n.

(a) If nis odd and v is horizontal, or if n is even and v is vertical (and so v is of type B),
then g,,,[1,] = box(L,,0,0).

(b} If n is even and v is horizontal, then g, [I,] € box(L,, 0, B,+1)-

(c) If nis odd and v is vertical, then g, . [I,] € box(L,, ®,+1,0).

Proof. Immediate from Lemma 3.4 and the definition of g,,,,. O

Fof each integer n > 0, define

On = z ®2js Tw = Z ﬁ2j+1:

2jzntl 2j+12n+1

and let Box(v) = box(L,, ,, 1,), if v is of depth n.

Lemma 4.4. If n >0 is even, then 26, = ¢y — Op+y and 21, = B, —5,. If n >0 is
odd, then 26, = o, — 0, and 2t, = Bp+1 — Op+1-

Proof. It follows immediately from Lemma 3.2. O

Lemma 4.5. Let v be a node of depth n. Then, g[I,] < Box(v).

Proof. Let 0,k = 3,1 c2jcn+k @2 800 Tu =Y, 41 < 2j+1 < n+k B2j+1. We prove by
induction that for all k > 1, g,+,[1,] € box(L,, 6, ;, T, ). First observe that the case
k = 1 has been proved in Lemma 4.3.

Next, assume that g,.,[I,] < box(L,, 6, x, Ta ), and consider g,.;+, [1,] for all
depth-(n + k) descendants w of v. We consider 3 cases.

(1) If n + k is odd and w is horizontal, or if n + k is even and w is vertical then, from
Lemma 4.3(a), gy+1+1[1w] S box(L,,0,0) = L, = gp+x 1] S box(L,, 0 1> Tux)
S box (Ly, Opk+15 Tkt 1)-

(2) If n + k is even and w is horizontal, then, from Lemma 4.3(b), g,+x+1[Iw] S
box(L,,, 0, B,+x+1) and hence it is contained in box(L,, Op i, Tk + Brtr+1) =
bOX(Ly, Gn k41> Tnyk+1)-

3 If n+k is odd and w is vertical, then, from Lemma 4.3(c), gn+i+1[Iw] &
boxX (L, 0tn+ k+15 0) S bOX(Ly, Gn i + Akt 15 Tu) = (Lo On kv 15 Tae+1) It fol-
lows that g[I,] = Box(v). O

Lemma 4.6. If w is a child of v, then Box(w) < Box(v).

Proof. Again, we check this by 3 cases. Assume that v is of depth n.

(1) If n is odd and v is horizontal, or if n is even and v is vertical, then L, =
box(L,, 0,0) = L,. Furthermore, it is clear that ¢,,, < 6, and 7, < 1,,, and it
follows that Box(w) = Box(v).
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(2) If n is even and v is horizontal, then L, < box(L,,0, f,+,). Furthermore, we
can check that o,.;, =0, and 1,,; =1,— B.+1, and it follows that
Box{w) < Box(v).

(3) Ifnis odd and v is vertical, then L,, < box(L,, &, + 1, 0). Furthermore, we can check
that 6,y =0, — 2,44 and 1,4+, = 17,, and it follows that Box(w) < Box(v) [

Lemma 4.7. Assume that v, and v, are two nodes of depth n.
(a) If v, and v, are not neighbors, then Box(v,) n Box(v;) = .
(b) If vy and v, are neighbors, then Box(v,) n Box(v,) has measure 4a,1,.

Proof. (a) We prove this by induction on n. First, if » = 0, then there is only one node.
Assume that n > 1 and the parents of v, and v, are u; and u,, respectively.

Case 1. u; and u, are not neighbors. Then, by the inductive hypothesis,
Box(u;) " Box(u,) = 0. Since, by Lemma 4.6, Box(v;) < Box(w,), for i = 1, 2, it follows
that Box(v,) n Box(v,) = 0.

Case 2. u, = u,. We consider three more subcases.

Subcase 2.1: u, is of type A. Then, it is clear that L, and L,, have either a horizontal
distance > a, or a vertical distance > f,. We observed from Lemma 4.4 that «, > 2,
and B, > 21, and so the distance between the two line segments L,, and L,, are big
enough to prevent Box(v,) from meeting Box(v,).

Subcase 2.2: u, is of type B. First assume that u, is horizontal, and hence 7 is even.
Then, v, and v, must be both of type A and L,, and L,, must be subsegments of
L, and have distance d =0, + 0y — 0,4+, = 20, + 6, (Lemma 4.4), where
k = k,, < n — 1. Therefore, Box(v;) n Box(v,) = .

The same argument works for the case of the vertical u;. More precisely, the
distance between L, and I,,isd = f,+1 + & — 0,41 = 217, + &;.

Subcase 2.3: u, is of type C. This case is similar to Subcase 2.2. We omit the details
of the verification.

Case 3: uy and u, are neighbors. Then, we claim that the distance between L, and
L,, is, like Subcase 2.1, at least «, in the horizontal direction or f§, in the vertical
direction. From this claim, the lemma can be proved as in Subcase 2.1.

The claim can be verified by inspection in the following subcases:

Subcase 3.1: Both u, and u, are of type A. Then, we can check, from the definition
of the tree T, that u, and u, must have the same label, and hence must lie in the same
horizontal or vertical line. Therefore, the relation between L,, and L,, is like that in
Subcase 2.1.

Subcase 3.2: One of u; or u, is of type B or C. Then, u; and u, must have a common
parent node w. By expanding the subtree of T rooted at w, we can check that the claim
holds for L,, and L,,.

(b) The line segments L, and L,, meet at one endpoint {x,, y,) and are either both
on the same line or are perpendicular to each other. In either case, the intersection of
Box(v,;) and Box(v,) is the rectangle R = {{x, y>: |x — Xo| € Gp, | ¥ — Yo | < Tu}s
whose measure is 40,7,. [0
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Theorem 4.8. Functions g, and function g are one-to-one functions.

Proof. First consider g,,n = 0. Let ¢, # t, be two pointsin [0, 1]. Let v; and v, be the
two depth-n nodes such that ¢, €1, and ¢, € 1,,.

Case 1: v; = v,. Then g, is linear on I, s0 g,(t;) # gn(t2)

Case 2: vy # v, but they are neighbors. Then, g, maps I,, U I,, to two consecutive
line segments L, and L,,. Note from the definition of tree T, label, (v,) and label; (v,)
are never complementary if v; and v, are neighbors. Thus, L,, and L,, meet only at
one endpoint. So, g,(t;) # galty)

Case 3: v, #v, and they are not neighbors. Then, by Lemma 4.7,
Box(vy) " Box(v,) = 0, and so g,(t1) # ga(t2).

Next, we consider function g. Let t; # t, be two points in [0, 1]. For each n > 0, let
Un,1 and v, ; be the depth-n nodes such that ¢, €I,  and t, €1, ,.

Case 1: There exists an integer n such that v, ; and v, , are distinct and are not
neighbors. Then, by Lemma 4.7, Box(v,,,) N Box(v,, ;) = 9, and so g(t,) # g(t,).

Case 2: For every integer n,v,, =v,,. Let d=|t; —t,| and v =v, ,. Then,
leng(l,,) = d for all n > 0. So, for sufficiently large n, v, must be of type B or type C.
Let the highest type-A node containing t, and ¢, be v,. That is, for all n > k + 1,
k,, =k + 1. Then, we can see that leng(l,,) < 6 * and leng(L,,) > 6., for all
n =k + 1. Thus, for each n >k + 1, | g,(t;) — ga(t2)| = d-leng(l,,) '-leng(L,,) >
d+6*-8,., >0. Thus, |g(t,) — g(t;)| = d-6"% 8, >0.

Finally, we claim that the above 2 cases are exhaustive, and hence the theorem is
proven. To prove the claim, we assume, by way of contradiction, that neither case holds.
Then, it must be true that for sufficiently large n, v, | # v, , and they are neighbors. It is
easy to observe that it also must be true that for sufficiently large n, both v, , and v, ,
are of type A, because the two neighboring children of two neighboring nodes must be
of type A. But this is not possible, because then the distance between t; and ¢, is smaller
than leng(l,, ) + leng(I, ,) =2:6""for all n, and must be 0. O

4.3. Length of the curves

Recall that I', is the curve defined by function g, in Section 3. In this subsection, we
show that the sequence {I,} of the length of I', is a polynomial-time computable
sequence. To prove this result, we define the following values about the tree T

a, = the number of type-A nodes v at depth n, n > 0;

b, = the number of type-B nodes v at depth n, n > 1;

¢, = the number of type-C nodes v at depth n, n > 1;

b,,; = the number of type-B nodes v at depth n with k, =i, 1 i< n;

¢p,; = the number of type-C nodes v at depth n with k, =i, 1 <i<n.

Then, we observe from the definition of g, that if n > 1 is even then

ln = Ay 0y + bn(ﬂn - 67‘) + C,,(a,,+1 - 6n—1) + Z (bn,i + Cn,i)‘si’ (1)

i=1



256 K.-I Ko | Theoretical Computer Science 145 (1995) 241-270

and if n > 1 is odd then
L= an'ﬂn + bn(an - 5'1) + Cn(ﬁn+1 - 5»—1 + Z (bn,i + Cn,i)ai- (2
i=1

Therefore, the sequence {I,} is a polynomial-time computable sequence as long as the
sequences {a,}, {b,}, {¢a}, {bn.;} and {c, ;} are polynomial-time computable.
Lemma 4.9, The following holds foralln>1and 1 <i< n

(@ a,=4-5""1

b _ (" =1)/3 if nis even,
®) b= (5" + 1)/3 if n is odd.

{(5"_1 —1)/3 ifnis odd,

(©) = (5" '+ 1)/3 if nis even.

0 if n—iis odd,
d b= {2ai—l if n—iis even.

0 if n—1iis even,
(C) Cni = {2ai—l lf n—iis odd.

Proof. We can prove these relations together by induction on n. First, we observe that
a=1 a =4, a,=20;
by=by,1=2 by=by,=8, by,=0
ci=¢1,1=0, ¢c=¢3,=2, ¢3,=0.

Thus the above relations (a)—(e) hold forn=1,2 and i = 1, 2.

Now let k > 2 and assume that the relations (a)—(e} hold foralln < kand 1 € i €k,
and consider the case n =k + 1.

(a) We observe that each depth-k, type-A node has 4 type-A children and each
depth-k, type-B or type-C node has 2 type-A children, and there is no other way to
produce type-A nodes at depth k+ 1. Therefore, we have a,.q=
4eaq, + 2(by + ) = 4+ 5%

(b) We observe that each depth-k, type-A node has 2 type-B children and each
depth-k, type-C node has 1 type-B child, and there is no other way to produce
type-B nodes at depth k + 1. Thus, byy; = 2-a + ¢y =2-4-5"1 + (51 + 1)/3
=(5**!1 + 1)/3, where +is + ifkisevenand + is — if k is odd.

(c) We observe that each depth-k, type-B node has 1 type-C child, and there is no
other way to produce type-C nodes at depth k + 1. Thus, ¢,y = b, = (5* + 1)/3,
where + is + ifkis odd and + is — if k is even.

(d) Assume that i < k + 1. Then, each depth-(k + 1), type-B node v with k, =i is
a child of depth-k, type-C node u with k, = i. Therefore by .y ;=¢,;=0if k—iis
even, and by, ;= ¢ ; = 2a;_ if k — i is odd.
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If i = k + 1, then each depth-(k + 1), type-B node v with k, = k 4+ 1 is a child of
a depth-k, type-A node. There are 2 such children for each depth-k, type-A node.
Therefore, by 41 5+1 = 2a;.

(e) Similar to (d). O

The exact length I, of the curve I', can now be computed from the above lemma.
The following calculation is to be used in the next section.

Let H, be the set of all horizontal nodes v in T that have depth n, and V, be the set of
all vertical nodes v in T that have depth n. Also let I be the total length of all line
segments L, with v € H, and I{” be the total length of all line segments L, with v € V.

Lemma 4.10. (a) For any even n >0, I = $5"2 4+ n/6 + O(1), and I = 5" +
5n/12 + O(1).

(b) For any odd n>0, I®=450+12 4 ni6 4+ O(1) and I =§s50+Vi2 4
5n/12 + O(1).

Proof. (a) From Lemma 3.4 and formula (1), we know that
lv(lh) = Ap2y + c,,(oz,,+1 - 5n+1) + Z cn,iai

i=1

= Qplty + CplOn+1 — Ops1) + 2 2a;_,0;

1<i<n,iodd
n—1
— 45152 4 g5y 4 3+ L2 44577 — 5577

+ Y 8.Slg.sem
1<igniodd

=852+ 3+ 45" +c,+%n
=357 4 4n + o),

where 0 < ¢, < 4 and 0 < ¢, < 1. Also,

B =ba(Bs— 0+ 3 baibi=ba(Ba— 8} + ¥ 2448
i=1 1gign,ieven
5" -1
3

(55—(71/2—1) + &5—(71——2) - 119'5—("-3))

+ Y 8572570

1gignieven
=52+ &4n+d,,

where 0 < d, < 1.
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(b) The calculation is similar, we omit the details. Or, alternatively, we notice that
19 =), if nis odd, and IP = I, if n is even. For instance, we observe that each
horizontal node v of type A has exactly two horizontal child nodes w,, w, of type
B with leng(L,,,) = leng(L,,,) = leng(L,)/2. Also, each horizontal node v of type C has
exactly one horizontal child node w of type B such that leng(L,,) = leng(L,). There-
fore, for each even n > 0, the total length of horizontal line segments at depth n + 1 is
equal to that at depth n. Similar observations show that for each odd n > 1, the total
length of vertical line segments at depth n + 1 is equal to that of depth n. [

Corollary 4.11. Let n>1 and let 1, be the length of the curve I',. Then,
M2 < ], < 5M2T,

Proof. We note that, for even n > 0, the term O(1) in Lemma 4.10(a) is actually
bounded by 1. Thus, I, = I + I{” is very close to 3 5" and it is easy to check that the
above inequality holds even for small n. O

Corollary 4.12. The sequence {l,} of the lengths of the curve I', is a polynomial-time
computable sequence.

4.4. Measure of the monster curve

For any set S = R?, we let u*(S) denote its outer measure in R2, and let u(S) denote
its Lebesgue measure if S is measurable. Recall that I' is the curve computed by
function g in Section 3. Since I is a closed set in R?, it is measurable. In this sub-
section, we show that u(I') = 5. We first introduce the following notion of Minkowski
measure. For any point z € R? and any ¢ > 0, we let N(z; ¢) be the open neighborhood
of center z and radius &. For any set $ < R? and any ¢ >0, we let N(S;¢) =
U,es N(z; €) (called a Minkowski sausage in [6]). Note that for any set S < R?,
N(S; &) € N(S; &) € N(S; &5) if &4 < &,.

Definition 4.13. For any set S < R? the Minkowski measure of S is m(S) =
inf;5 o u*(N(S; £)).

The Minkowski measure m(S) of a set S is at least as large as the outer measure
1*(S), but it is not necessarily equal to u*(S). However, the two quantities are equal if
S is bounded and closed.

Proposition 4.14. If S = R? is bounded and closed, then m(S) = u(S).

Proof. It is clear from the definition that m(S) = u(S). Assume, by way of contradic-
tion, that m(S) > u(S). Let 6 = m(S) — u(S). Choose an open set Q that contains S and
has u(Q) < u(S) + §/2. Then, for each z € S, there is an ¢, > 0 such that N(z; ¢,) < Q.
The collection {N(z;¢,)},s forms an open covering for S. Since S is bounded
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and closed, there is a finite subcovering of S:{N(z;e¢,)}f-;. Note that
p(Uf= N &) < u(Q) < u(S) + 6/2.

Note that each N(z;; ¢,,) has a finite boundary. Let ¢ be the sum of the length of the
boundaries of these neighborhoods. Choose an ¢ > 0 such that £-¢ < §/2 and ¢ < ¢,
for all i, 1 < i < k. Then, consider the set T = | )*_,N(z; ¢,, + £). We observe that for
any z€ S,ze N(z;; ¢,,) for some i, 1 < i<k, and so N(z; ¢) = N(z;; ¢,, + ¢) S T. Thus,
w(T) = m(S).

On the other hand, we see that ¢-£ < §/2 implies that

k
wT) < u(.U N(z; &, > +tef < ud) +g+g= m(S).

i=1

This is a contradiction. [

Recall that H, (and V,) denotes the set of all horizontal (and, respectively, vertical)
nodes in tree T that are of depth n. We consider the sets B, = | _ H.ov, Box(v). We
note that each B, is a closed set and so is measurable. From Lemmas 4.6 and 4.5, we
know that B; 2 B, 2 --- 2 I'. Therefore, { u(B,)} is a nondecreasing sequence of real
numbers each greater than u(I'). It implies that lim,,_, ., u(B,) exists and is = p(I'). The
following lemma shows that this limit is actually equal to u(I'), and it allows us to
calculate u(I') easily.

Lemma 4.15. lim, ., u(B,) = w(I').

Proof. Let b = lim,, , u(B,). We have already seen that b > u(I'). Assume, by way of
contradiction, that u(I')=b—0 for some § >0. Then, by Proposition 4.14,
m(I') = b — 6. That is, there exists an ¢ > 0 such that u(N(I'; ¢)) < b — 8/2. Choose an
integer n > 0 such that a, + f, + g, + 7, < & Note that for each point z € B,, there is
a point g,(t)in I', such that {z — g,(¢)| < o, + 1,. It follows that there is a point g(¢) in
I’ such that

|Z“g(t)| < lz_gn(t” + |g(t)_gn(t)| <0, +T,+a,+ ﬁns g,

where the second inequality follows from Theorem 3.10. This implies that
B, = N(I'; ¢) and so leads to a contradiction: u(B,) < b — 8/2. Therefore, we may
conclude that u(I')=b. O

Theorem 4.16. u(I') = 5.

Proof. Recall that I" =Y . leng(L,) and I’ =7, ., leng(L,). We claim that
u(B,) = 211" + 26,1 + 40,1,. The proof of the claim is as follows: For each v € H,,
u(Box(v)) = 21,-leng(L,) + 40,7, and for each v e V,, u(Box(v)) = 20,-leng(L,) +
40,t,. Note from Lemma 4.7 that two neighboring boxes Box(u) and Box(v) have
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an intersection of size exactly 44,7,, and two nonneighboring boxes have an empty
intersection. Thus,

WB,) = ) uBox(®)+ } nBox(v))—4o,t.(|Hal+ |V, 1)

veHp veVy,

= Y 2t,-leng(L,)+ Y 2a,-leng(L,) + 40,7,

veH, veV,
= 27,1 + 20,1® + do,1,,

where | H,| and | V| denote the sizes of H, and V,, respectively.
Thus, from Lemmas 4.10 and 4.4, we have, for each even n > 0,

H(B.) = (By — S ) + (@ns1 — Fps 1) I + 41,
=35+ HS5TNE +4n+ O(1)
+ (57" 4+ £ 5TES + fyn+ O(1))
=54 0®m-5""2)

If follows that u(I'y = lim,-, , u(B,) =5. O

5. The area problem

In this section, we construct a polynomial-time computable function f’; [0, 1] - R?
defining a simple, closed curve I'; such that the measure of the interior S of I', is
nonrecursive. We first give an overview of the idea of the construction. Let I',, be
the boundary of the square [0,1]x[ —1,0]. The curve I, is to be obtained
from I'y; by substituting a simple curve A, for a line segment L, < [0, 1] x {0},
where L,’s are pairwisely disjoint. Pick a recursively enumerable but nonrecursive
set K. The curves A, are defined in such a way that if n € K, then A, is of measure 0
and is symmetric with respect to its center and so its substitution for L, does not
change the measure of the interior of I',;. On the other hand, if n¢ K, then A4, is
a scaled-down image of the monster curve I' that has a measure c-27 2" for some
rational constant ¢ > 0. Since I" and hence A, is symmetric with respect to its center,
its substitution for L, decreases the measure of I'y, by (3)-c-272" Together, the
change from I'y, to I'; then decreases the measure by c¢:¥ ,,27?"*1 which is
a nonrecursive real number.

We first extend the functions g, and g to the domain [ —4, $]: g, and g map [ 4%, 0]
linearly to the line segment L, = line({ —2, 0), { —a,, 0), and they map [1, 3] linearly
to the line segment L, = line({ay, 0D, (2, 0)). We keep the names I', and I for the
curves defined by g, and g, respectively, on [ —4, 3]. We observe that these extended
curves are still one-to-one.

n¢ K
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Theorem 5.1. (a) Functions g,, n > 1, and g are one-to-one on [ —%, 3].
(b) The ranges of functions g, and g on domain ( —%, 3) are contained in the interior of
the square [—2,2] x[—-2,2].

Proof. (a) It is easy to verify that g, is one-to-one on [ —3, 3]. For n > 2, consider
a node v of depth n. If v is not the leftmost node of depth n, then L, and Ly have either
a horizontal distance > a, or a vertical distance > f,. Thus, by the same argument as
in Lemma 4.7, Box(v)n Ly = @, and hence g, on I, does not meet L,. If v is the
leftmost node of depth n, we can show, by a simple induction, that g, on I, meets
L, only at the point { —a;, 0). The relation between g, and L, is similar. This shows
that g, is one-to-one on [—4, 3].

For the function g, we have just proved that for any k > 2, Box(v) n Lo = 9 for all
but the first node v of depth k. It follows that if ¢ € (0, 1] then g(t) ¢ L,. The relation
between g and L, is similar. We conclude that g is one-to-one on [ —4, 3].

(b) The curves defined by g, and g on [0, 1] are contained in Box(v,), where v, is
the root of the tree 7. We observe that o, = ):;'; (02, <3=2-0a,, and
Ty, = X ;=1 B2j+1 < 2. Thus, Box(vo) is contained in the interior of the square
[-2,2]x[-2,2]. O

Now we are ready to define the function f. Let K be a recursively enumerable but
nonrecursive set of integers. Let M be a Turing machine that recognizes set K; that is,
M (n) halts if and only if n € K. For each n € K, let T(n) be the number of moves made
by M before it halts on input n. Without loss of generality, assume that 0 ¢ K and that
Tnyzn+2foralnek.

For each n > 1, we define two linear mappings G,:R— R and F,:R? - R? as
follows:

G"(t) = 2n+2t —%7
Fa({x, p)) = Q2 ¥ 3x 4 3.27(0%2) 2=(43) g

Note that G, maps the interval [27®* 1, 27" to the interval [ —}, 3] and F, maps the
square [ —2,2] x[—2, 2] to the square [27®*1, 27" x [—2~ "+ 2=+ 2]

Definition 5.2 (Function f on [0, 1]). (1) On [4, 1], f maps [4, ] linearly to the line
segment line({3, 0>, (1,0)); f maps [%, 7] linearly to the line segment line({1, 0,
{1, —1)); f maps [2, §] linearly to the line segment line(<1, —1), <0, —1>); and
f maps [, 1] linearly to the line segment line(<0, —1), €0, 0)).

(2) £(0) = <0,0).

(3) For each n¢ K, n > 1, f(t) = F.(g(Ga(t))) if t € 270V, 27",

(4) For each neK, f(t) = Fo(grm(Ga(t))) if te [27®+D, 277,

We prove that this function f satisfies our needs.
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Theorem 5.3. This function f'is one-to-one except f (0) = f(1), and hence defines a simple
closed curve I

Proof. Immediate from Lemma 5.1. O
Theorem 5.4. The function f is polynomial-time computable.

Proof. First we prove that f has a polynomial modulus. That is, we need to find
a polynomial p such that |t; —t,] < 277® implies | f(t;) —f(t2)] < 27*. Since [ is
piecewise linear on [4, 1], we only need to show this on [0, 4].

We let p(k) = 5k + 15. Fix an integer k >0 and assume that t,,¢, € [0,4] and
lt; —tp| <277,

Case 1: t,,t,€[0,27%*27, Then, both f(t;) and f(t,) are in the rectangle
[0,27** D] x [ —27**4 27644 and so | f(t,) — f(t2)| < 27** D

Case 2: t1,t,e[27®*D,27"] for some n< k+ 1, n¢ K. In Theorem 4.1(b), we
proved that if ja — b| < 6 ¥ then |g(a) — g(b)| < 7 <27 * 5. So |t; — 1,1 < 277®
implies | G,(t;) — G,(t2)] < 6~ %*%), and hence

1£(t1) = f(e2)] = 27241 g(Go(t1)) — g(Gilt))| < 270D 2767 D < 270F 2,

Case 3: t1,t,e[2°®*D, 2 "] for some n < k + 1, ne K, with T(n) < k. In Lemma
4.1(a), we have shown that if |a—b|< 6 T™.27K then |grm(a@) — grm®)| <
327 < 3(3-57T™2). 27k < 2 6+TW=4 Thys |z, —¢,| < 2-7* implies that
| Gu(ty) — Glty)| < 274 £ 6-T™.27% and hence

1f(21) = ft2)] = 27 D g1 (Ga(tr)) — Grem(Galt2))
< 2—(n+3).2—(k+T(n)—-4) < 2—(k+1).

Case 4: ty,t,e[27"*1 27" for some n< k+ 1, neK, with T(n) > k. From
Theorem 3.10, we know that |grm(x) — g(x}| < 27 Therefore, by Lemma 4.1(b),
la— bl <67 implies |g7((a) — gru®)| < |9(@) — gb)| + 4w < 115 < 27479
So, this case can be proved similar to Case 2.

Case 5: None of the above, Assume that t; < t, and t, €[27"* 1 27"] for some
n < k + 1. Then, we must have t; e [27®*2), 27"+ 17, Thus, both pairs (¢;,2"*")
and (27 ™* Y, t,) must satisfy conditions of Cases 1-4. It follows that | f(t;) — f(¢,)| <
[f) =fQTO) + [ fQ7" D) = fe)) < 27EFD 4270+ D =27k

The above completes the proof that f has a polynomial modulus on [0, 1]. From
Proposition 2.2, we only need to show that fis polynomial-time computable on dyadic
rational points ¢t € [0, 1]. This can be done by the following algorithm.

Algorithm for f. On an dyadic rational input ¢, to compute f(¢) within an error 2%
we perform the following steps:
(1) If t € [0, 27 %* 1] then output 0, 0).
(2) If t € [4, 1], then compute f(¢) from the definition of f directly.
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(3) If te[27™*Y 27" for some n, 1 < n < k, then simulate M(n) for k + 2 moves.
(3.1) If M(n) does not halt in k + 2 moves, then output a point z such that
|z — Fu(g(Gu®))l < 27¢* 1.
(3.2) Otherwise, if M (n) halts in j < k + 2 moves, then output a point z such that
lz — Fo(gj(Gat))| < 27%7 1.
End of Algorithm

The above algorithm is correct within an error 2~** 1 in case (3.2), and in the case
(3.1) when n ¢ K. The only place where possible extra errors may occur is in case (3.1)
when ne K. In this case, we must have T(n) > k + 2 and hence, by Case 4 above,
19(Ga(t)) — 97w (Galt)| < 2Br@my < 2Px+2- Therefore,

|z — () <1z = Fa(g(Ga(®))| + | Fa(g(Ga(®))) — Fulgrem(Ga))]
L27KFD £ 204N g <=kt D) 4 9-(43), 6. 5K+ 212

<2—-(k+1)+2—(k+1)=2—k_ 0O
Lemma 5.5. The real number r =Y, , 272" is nonrecursive.

Proof. Assume by way of contradiction that r is recursive. Then, consider the
following procedure to determine for each n > 1 whether n € K.

We will decide whether n € K recursively. Suppose that we have already decided
whether k € K for all k < n. Then, we form the number r, =¥, ., ;. x 2~ > Then, we
compute an approximation value s to r such that |[s—r|<27@*d If
s<r,+ 273 then we decide that n e K, and otherwise n ¢ K.

Note that if n¢ K, then r,+ 272" <r, and so s>r—2 "3 5p 42720 _
27Gn*3) 5y 427+ and the decision of the above procedure is correct.
If nekK, then r<r,+3%,;2,.,2 %*=r,+(1/3)-27%"<r, +3.:27@*3 Thus,
SEr+ 2"V cp 4 4.27@N o 4 2722+ and the decision of the above
procedure is again correct.

Therefore the above procedure correctly decides whether ne€ K or n¢ K. This
contradicts our assumption that K is nonrecursive. [

Theorem 5.6. The interior of the curve I'; defined by f on [0, 1] has a nonrecursive
measure.

Proof. The square I',, = [0, 1] x[ — 1, 0] has measure 1. For each n € K, the curve
defined by fon [27"*Y, 27" is of measure 0 and is symmetric with respect to the
point {3-:27®*2 (>, and so this part of the curve does not change the measure of the
interior of I';.

For each n ¢ K, the curve defined by fon [2-®* Y, 27" is the image of the curve
I under the linear transformation F,; let us call it 4,. The measure of the curve A4, is
27203 (') = 5-27@"*6 Notice that the curve A, is also symmetric with respect
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to the point {3-27¢*2, 0). Therefore, half of the curve A, lies inside the square I',,
and that contributes to a decrease of the measure of the interior of I'y. That is, the
effect of f on [27®*YD, 27"] is a decrease of the interior by a measure of
$:5.27@*6) = 5.27(@"*7 Thus the area of the region inside I'; is

1-— 5.2° 2n+7) _ 1_______ 2- 2n
ngK 128 ngK

which is nonrecursive by Lemma 5.5. O

6. The length problem

In this section, we construct a polynomial-time computable, simple curve which is
of finite length but whose length is a nonrecursive real number. As in Section 5, we let
K be a recursively enumerable but nonrecursive set of nonnegative integers. We also
let M be a Turing machine accepting K, and for each n € K, let T(n) be the number of
moves for M(n) to halt. Without loss of generality, we assume that 0, 1, 2 ¢ K and
Tn)zn+2forallnek.

For each n > 2, let I, be the length of the curve I', defined by function g, on [0, 1].
Note that we proved in Corollary 4.12 that {I,} is a polynomial-time computable
sequence. For each n € K, define

An = 2_2"’(%"1T(n) - 1)-1-

From Corollary 4.11, we know that 57®/? < I ., < 5T®/2+1 Therefore, 5T™2~1 <
(2/5)lpm — 1 < 5T@2*1 and hence

2—2n.5—(1‘(n)/2+1)< /1,,< 2—2n.5—(T(n)/2—1)_

Next we define, for each neK, two linear mappings G,:R— R and
Fo:[ —2,2]1x[ —2,2] = R? as follows:
1 t-27"

Go=2+—21

Ry = (Sex s 2on 2y,

For each neK, let J,=[2""~ 1,,27" + A,]. We observe that for each ne K, G,
maps the interval J, to the interval [0, 1], and F, maps the square [ — 2, 2] x[ — 2,2]
to the square @, = [27" — 84,/5,27" + 84,/5] x[— 84,/5,84,/5]. By Theorem 5.1(b),
we see that F, maps all curves I and I',,, m > 0, into square Q,. Since, for ne K,
Ay 272,57 T0N2-1) £ 2=+ (note that ne K implies that n > 3), the square
Q, does not overlap with any other square Q,, for all n, m € K. In addition, F, maps the
line segment line({— a;,0),{o;,0)) to the line segment line({(27"— J,,0D,
277+ A, 0)).
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Now we define the function f on [0, 1] as follows:
(1) If t ¢ J,, for any n € K, then let f(t) = {t, 0).
(2) If t e J, for some n e K, then let f(t) = Fy(grm(Galt))).

Lemma 6.1. The function f defined above is polynomial-time computable.

Proof. We first show that fhas a polynomial modulus on [0, 1]. We are going to show
that if [t; — 5| < 279, then | f(t,) — f(t2)| < 27%, where g(k) = 8(k + 2). Let us fix
an integer k > 0. Assume that |t; — t;]| < 27®, and consider the following cases:

Case 1: Both t, an t, are not in J, for any ne K. Then, |f(t,) —f(t;) ]| =
[ty — | 27¢*2,

Case 2: Both ¢, and ¢, are not in J, for some n € K with T(n) = k + 3. Then both
f(¢;) and f(t) are in the square Q, Thus, |f(t)—f(t2)| <(PH4,<
2—(2n—5)_5—T(n)/2 S 2—T(n) S 2—-(k+2).

Case 3: Botht, and ¢, are in J, for some n € K with T(n) < k + 2. In Lemma 4.1(a),
we have shown that if |a — b| < 6" T™.27% then | gru (@) — grw®)| < 3Brm 27
Thus, |£; — £,| < 27% implies
—qk)

24,

< 2—6(k+2).41‘(n) < 6-—T(n).2—k'

|Galt1) = Gy(t2)] € o € 2780 ¥ D221 5TON2 41

It follows that

4], 42, _ o+
|f(t) —ft)| < 3 |gTm(Gn(t1)) — grm(Ga(t)} < ?’3.310.)'2 kg 2Tk,

Case 4: t, € J,for some ne K and t, € I, for some m € K with m > n. Let t; be the
right endpoint of J, and t, be the left endpoint of J,,. Then, all | t; — t3|,|t3 — t4} and
|4 — t; | are bounded by 279* and the pairs (t,, t3) and (¢4, t,) satisfy the condition of
either Case 2 or Case 3, the pair (3, ¢,) satisfies the condition of Case 1. Thus, we have

Lf @) —fE <F@) — @) + 1 (t3) = fta)| + 1 f () — 1 (ta)]
322 <27k

Case 5: t,isin J,for some ne K, and t, is not in J,, for any m € K. This case can be
proved similar to Case 4.

The above completes the proof that f has a polynomial modulus. To see that fis
polynomial-time computable on dyadic rationals, we consider the following algo-
rithm for f:

Algorithm for f. On the dyadic rational input ¢, to compute f(¢) within an error 2%,
we perform the following steps:
(1) Ifte[0,27®*D 4 2=®+3)7 then output (¢, 0).
@ Iftg[27"—2"®*2 27n 4 27+27 for any n < k, then output (¢, 0).
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B)If te[27"—=2"®*D 27n 4 270+ for some n < k, then simulate M(n) for

k moves.

(3.1) If M(n) does not halt in k moves, then output {t, 0).

(3.2) Otherwise, if M(n) halts in k moves, then we have found 7(n) < k. We
determine whether ¢ € J,. (a) If t ¢ J(n), then output (¢, 0). (b) Otherwise, we
output a point z such that |z — F,(grm(G.(t))| < 27F

End of Algorithm

To see that the above algorithm for f is correct, we verify the following cases:

(@) If te[0,27%*D 4 27*+37 then f(¢) is either {t,0) or is in Q, for some nekK,
n >k + 1. In either case, | f(t) — {t, 0> | < ()L, < (3P 27+ L 27k

(b) If t ¢ J, for any n e K, then the above algorithm must output the correct point
{t,0) (in Case (1), {2), (3.1) or (a) of (3.2).

(c) Ifte J, for some ne K, n < k and T(n) < k, then the above algorithm must enter
Case (3.2.b) and the output is correct within an error 27X

(d) If t e J, for some ne K, n < k and T(n) > k, then the above algorithm outputs
{t,0) in Case (3.1). Note that both f(t) and <t, 0) are in Q, and so

() — <8, 05| < 324,/5 < 27@n=9.5- T2  9=Ttn < 3~k

Finally, we verify that the above algorithm can be implemented in polynomial time.
We note that steps (1), (2) and (3.1) can all be done in time polynomial in k. In Case
(3.2), we have already found T'(n) < k, and so we can compute I, and hence 4,, and
also gy in polynomial time. This completes the proof of the lemma. (0

Lemma 6.2. The length of the curve I'; defined by function f on [0, 1] is not a recursive
real number.

Proof. Suppose that n € K. Then, the curve defined by fon the interval J, is the image
of the curve I'y(,, under the linear transformation F,. The length of the curve I'y, is
Ir, and the function F, shrinks it by the factor 44,/5. Thus, the length of the curve
I';between2™" — 1, and 27" + 4,is 42, lym/5. Therefore, the total length of the curve
Iis

1- 3 2+ Z e ha=14 ) Zin(glm, —~ 1): 14 Y 27Gnb,

nek neK nek nek

which is not recursive (Lemma 5.5). O
Thus, the following theorem is proven.

Theorem 6.3. There exists a polynomial-time computable, one-to-one function
£:[0, 1] - R? that defines a simple curve I' ; such that I'; has a finite length but its length
is a nonrecursive real number.
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7. The membership problem

In Section 5, we proved that the interior S of the curve I'; has a nonrecursive
measure; thus, the membership problem for set S is, intuitively, not recursive either, for
otherwise we could compute its measure by a sampling technique. In this section we
prove, however, that the membership problem for § is still polynomial-time solvable, if
we relax our requirement on the membership algorithm on points close to the
boundary. That is, we prove that the set S is polynomial-time recognizable in the
following sense.

Foranyset S = R?,let xs(z) = 1ifz € S and y5(z) = 0ifz ¢ S, and let I's be the set of
all points z in R? such that for all ¢ > 0, the neighborhood N(z; ¢) intersects with both
S and the complement of S.

Definition 7.1 (Chou and Ko [1]). A set S = R? is polynomial-time recognizable if
there exist a two-oracle Turing machine M and a polynomiat p such that for any
oracles ¢, y that binary converge to x and y, respectively, and for any input n, M%¥(n)
outputs ys({x, y>) correctly whenever {x, y> has a distance > 27" to [.

The notion of polynomial-time recognizability, and its relation to other notions of
polynomial-time computability of sets in R?, as well as their applications, are dis-
cussed in [1]. (For instance, from [1], we can conclude that the interior S of I'; is not
polynomial-time approximable.)

Before we prove our main result, we first consider a simpler region. We extend
the curve I defined by function g on [ — 4, 3] to a simple closed curve by adding the
curve Ay to it, where A, is the boundary of the square [ — 2,2] x [ — 2, 0] with the
top line segment removed. We still call this new curve I'. Similarly, we extend I',, to
include A,.

Lemma 7.2. The interior S of the curve I is polynomial-time recognizable.

Proof. In the following we present a recursive algorithm to determine whether a point
z belongs to the set S. It suffices to consider the points z = {x, y) for some dyadic
rationals x and y in D, since for each point z,, we can find such a dyadic point z close
to it such that if z, has a distance > 27* to I then z has a distance > 2" %*Vto I
(The following algorithm follows the notations of Sections 4.2 and 5.)

Algorithm for S. Assume that the input consists of a dyadic point z and an integer
k > 0. (The algorithm is expected to compute ys(z) if z has a distance greater than 2%
to the curve I' ) Initially, we construct the box Box(v,) where v, is the root of the tree
T. Then we determine whether z is in Box(v). If not, then we can easily determine
whether z is in § or not in S. (More precisely, z is in § iff z is in the square
[—2,2]x[—2,0].) Next, for each n, 1 < n< k + 4, we recursively do one of the
following:
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(1) Find three neighboring nodes v;, i = 1, 2, 3, of depth n (where v; is the left neighbor
of v;.,, i = 1, 2) such that z € Box{v,) — Box(v,) U Box(v;); or
(2) Find four neighboring nodes v;, i= 1, 2, 3, 4, of depth n (where v; is the
left neighbor of vy, i=12,3) such that ze[Box(v;)nBox(v;)]—
[Box(v,) L Box(v,)]; or
(3) Determine that z ¢ Box(u) for any node u of depth n; then determine whether zis in
the interior of I', and halt.
(In the above, by finding a node v; we mean to find the node type of v,, the endpoints
of the line segment L,,, and label(v,).)
Assume that after k + 4 steps, we are in either case (1) or case (2); then we output
that ze S.
End of Algorithm.

We first show that the above recursive steps can be done in polynomial time, We
first assume that we have already found four neighboring nodes v;, i = 1, 2, 3, 4, of
depth n such that z € [Box(v,) n Box(v3)] — [Box(vs) v Box(v,)], and we want to do
either (1), (2) or (3) with respect to depth n + 1. To do so, we first generate all children
u of the nodes v, and v3, and determine whether z is in the box Box(u). Note that for
each node u, the size of the box Box(u) is easily computable from its definition, as long
as the node type, the endpoints of L, and label(x) are known. By Lemmas 4.6 and 4.7,
we know that there are at most two nodes u of depth n + 1 such that z € Box(u).
Furthermore, if there are two such nodes, then these two nodes must be neighbors. So,
if such nodes exist, we can determine either case (1) or case (2).

Assume that z ¢ Box(u) for all children nodes u of v; and v5. Then we have reached
case (3). Let uy, ..., u; be the children nodes of nodes v, and v;. Then, the line segments
Ly,, ..., L,, form a section of the curve I',, that cuts through Box(v;) n Box(v;) and
divides it into 2 regions. (By Lemma 4.7, there is no other line segment of I',,,, in
Box(v,) n Box(vs).) This curve is a directed curve such that the “right-hand side” of
the curve is the interior of the curve I', ., and the “left-hand side” is the exterior. So,
we just determine whether z is in the “right-hand” region of Box(v,) n Box(v;) or is in
the “left-hand” region, and output accordingly.

The above gave a polynomial-time implementation of the step n + 1 of the above
algorithm, assuming we were in case (2) at step n. The case when we were in case (1) in
step # can be implemented in a similar way. We omit the details.

It is left to show that the above alborithm is correct. First we show that if we reach
case (3) within k + 4 steps, then the decision must be correct (i.e., if we halt at step
n + 1,then zis in S iff z is in the interior of I', . ). This is actually quite obvious: if we
were in case (1) at step n, then the curve I' within the area Box(v,) n Box(vs) must lie
within the union of Box(u) over all children nodes u of v, and v5. Therefore, z is not on
the curve I'. Furthermore, the orientation of the curve I' and I, ( are identical, and so
z is in the interior of I' iff it is in the interior of I', ;.

Next we claim that if z has a distance d > 27 * to the curve I then z ¢ Box(u) for any
node u in tree T of depth k + 4. This claim implies that we must reach case (3) before
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the step k + 4, and so the algorithm must be correct as long as the distance between
z and I' is greater than 27 To see this, we assume, for the sake of contradiction, that
z is in Box(u) for some node u of depth m = k + 4. Then, there is a point z, on the line
segment L, such that

|2 — 2,| < Op + T S O + B < 27*HD,

Furthermore, from Theorem 3.10, there is a point z, on the curve I such that
|20 — Z,| € 0 + B < 27 ** D, Together, we conclude that the distance between z and
Zo, and hence the distance between z and the curve I, is less than 2 7. This contradicts
our assumption, and so the claim is proven.

Corollary 7.3. The interior S,, of the curve I, is polynomial-time recognizable.

Proof. We make the following simple modification to the algorithm of Lemma 7.2: If
m < k + 4 and the original algorithm does not halt in m — 1 steps, then in step m,
compute I',, within the relevent boxes (Box(v,) in case (1) and Box(v,) » Box(vs) in
case (2)) and determine precisely whether z is in I',,.

Note that if the original algorithm halts in case (3) at step n < m, then the decision is
correct, since the difference between I',, and I', only affect points z in Box(v) for some
nodes v of depth n. Also, if m < k + 4 and the original algorithm does not halt by step
m — 1, then our modification recognizes z precisely. Finally, if m > k + 4 and the
original algorithm does not halt in case (3) by step k + 4, then we can see, by an
analysis similar to that in Lemma 7.2, that there is a point z, in I',, such that
|z —Zy] < 27* and so z has a distance less than 27* to I',, and the correctness of the
algorithm is irrelevant. [

Now we consider the curve I'; defined by function f on [0, 1] of Section 5.

Theorem 7.4. The interior S of the curve I'; defined in Section S is polynomial-time
recognizable.

Proof. For any dyadic point z € R? and any integer k, we determine whether z is in the

interior of I'; as follows:

(1) Ifze[0,27*+9] x [~ 27**+® 2-*+6)] then the distance between zand I', is less
than 27**3) and we output 1.

(2) If z is not in the square E,=[27®+D 27" x[—2"0*+D 2-C+D] for any
n < k + 3, then determine z is in S iff z is in the square [0,1]x[—1,0].

(3) If zis in E, for some n < k + 3, then simulate Turing machine M on input n for
k + 4 moves. Define z, = F, !(z), where F, is the linear transformation defined in
Section 5; ie., if z = (x, y), then z; = (2"*3(x — 3.27®*+2) n+3. 45
(3.1) If M(n) halts in k + 4 moves, then we know k + 4 = T(n). We apply the

algorithm of Corollary 7.3 to determine whether z, is in the interior of
It With respect to the error parameter k.
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(3.2) If M(n) does not halt in k + 4 moves, then we apply the algorithm of Lemma
7.2 to determine whether z, is in the interior of I with respect to the error
parameter k.

Assume that z has a distance > 27 to I';. Then, in case (3.1), it is easy to see that z;
has a distance >27%-2"*3 > 27*"V tg the curve I'r,. Furthermore, z, is in the
interior of I'r, iff z is in the interior of I',. So the algorithm works correctly when the
distance between z and I', is greater than 2%, Similarly, the algorithm works correctly
in the subcase of (3.2) when n¢ K.

Finally, in the subcase of (3.2) when n € K, we have T(n) > k + 4. We claim that if
z has a distance > 27* to I'; then z, is in the interior of I'r(, iff z, is the interior of I.
The correctness of the algorithm then follows.

To see that the claim is true, we note that I'1, and I' has the relation that

IgT(n)(t) - g(t)l S z'ﬂT(n) < 6_5—T(n)/2 < 2‘k.

Thus, a point z, in the interior of one curve but in the exterior of the other curve must
ave a distance < 27* to both curves. Since z has a distance =2 *to I' r» 21 has
a distance >27%~""3 to I'y,. This implies that z; must be in the interior of both
curves or in the exterior of both curves. [
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