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The mathematical modeling for the nonlinear vibration analysis of a pre-stretched hyperelastic annular
membrane under finite deformations is presented. The membrane is initially fixed along the inner bound-
ary and then subjected to a uniform radial traction along its outer circumference and fixed along the
outer boundary. The pre-stretched membrane in then subjected to a transversal harmonic pressure.
The membrane material is assumed to be homogeneous, isotropic, and neo-Hookean. First, the solution
of the radially stretched membrane is obtained analytically and numerically by the shooting method. The
equations of motion of the stretched membrane are then obtained. By analytically and numerically solv-
ing the linearized equations of motion, the vibration modes and frequencies of the hyperelastic mem-
brane are obtained, and these normal modes are used, together with the Galerkin method, to obtain
reduced order models for the nonlinear dynamic analysis. A parametric analysis of the nonlinear fre-
quency-amplitude relations, resonance curves, bifurcation diagrams and basins of attraction show the
influence of the initial stretching ratio and membrane geometry on the type and degree of nonlinearity
of the hyperelastic membrane under large amplitude vibrations. To check the accuracy of the reduced
order models and the influence of the simplifying hypotheses on the results, the same problem is also
analyzed using the finite element method. Excellent agreement is observed.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Membranes have received considerable attention in recent
years due to their use in numerous engineering areas, including
space applications, actuators, sensors, robotics, bioengineering,
biology, aero-space industry and civil engineering structures. A re-
view of the literature on the static and dynamic behavior of mem-
branes, with emphasis in practical applications, can be found in
Jenkins and Leonard (1991) and Jenkins and Korde (2006).

The analysis of membranes is an important research topic in
nonlinear continuum mechanics. In particular, the study of hyper-
elastic membranes under finite deformations, such as elastomeric
membranes and most biological tissues, is a rather challenging
subject, and, in such cases, elasticity in the fully nonlinear range
must be employed. The pioneering works of Rivlin (1948a,b) on
nonlinear elasticity is the basis for the analysis of structures under
large deformations. The first developments in this field are col-
lected in the classical work by Green and Adkins (1960). Recent
advances in finite elasticity and useful historical reviews can be
found in Libai and Simmonds (1998) and Fu and Ogden (2001).
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The reader may refer to the works by Selvadurai (2006) and Sacco-
mandi and Ogden (2004) for critical reviews on constitutive mod-
els for hyperelastic materials.

In a previous paper the authors studied the linear and nonlinear
vibrations of a circular hyperelastic membrane using different con-
stitutive laws with emphasis on some important nonlinear charac-
teristics, such as frequency-amplitude relation, resonance curves,
bifurcations and dynamic integrity (Gonçalves et al., 2009). In the
present paper the analysis of a pre-stretched annular membrane
is conducted.

The static linear and nonlinear analysis of annular membranes
under various loading conditions and subjected to small and large
deformation has been conducted by several researchers in the past.
Na and Kurajian (1976) analyzed the displacements and stresses of
annular membranes under pressure transforming the nonlinear
boundary value problem into an initial value problem. Hite and
Peddieson (1977) analyzed numerically the moderate to large axi-
symmetric displacements of annular membranes with the aid of
Foppl’s equations. Solutions by finite difference method were
obtained for different sets of boundary conditions. Fulton and
Simmonds (1986) studied an initially flat annular membrane
subjected to symmetric transversal loads along the boundaries.
Deformation and load–displacement curves are obtained for mem-
branes fixed at its outer edge and attached to a rigid inclusion in
the inner edge. Four strain energy densities are considered:
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classical, neo-Hookean, Mooney–Rivlin and Saunders. For a point
load, it is observed that the displacement, when the material is a
classic, neo-Hookean or Mooney material, is infinite and when
the material is considered to be of the Rivlin–Saunders type the
displacement is finite to a certain range of parameters. Grabmüller
and Novak (1987) studied the axisymmetric deformations of annu-
lar membranes under uniform distributed loading normal to its
surface using Föppl’s deformation theory. Tezduyar et al. (1987)
analyzed the static transverse deformations caused by a rigid body
attached to the center of an annular membrane made of a Mooney–
Rivlin isotropic and incompressible material. Experimental and
numerical investigation of the large deflections of an annular
membrane subjected to transversal edge loads and torsion was
conducted by Pamplona and Bevilacqua (1992) while the stability
and wrinkling of the membrane described by the Mooney–Rivlin
constitutive model under torsion was studied by Roxburgh et al.
(1995). Redistribution of the stresses due to a circular hole in a
nonlinear anisotropic membrane, a problem found in many clinical
procedures, was investigated by David and Humphrey (2004). The
large elastic deformations of a prestretched right circular annular
cylinder was studied recently by Saravanan (2011).

The linear vibration analysis of homogeneous elastic annular
membrane is a classical problem in mechanics and in the theory
of partial differential equations, where this problem is modeled
by a bi-dimensional wave equation in polar coordinates (Asmar,
2005). Several aspects of this problem have been analyzed in the
past (Laura et al., 1998; Gutierrez et al., 1998 and Buchanan,
2005). The natural frequencies and vibration modes of circular
and annular membranes with a varying density along the radial
direction were studied by Jabareen and Eisenberger (2001), Bala
Subrahmanyam and Sujith (2001) and Willatzen (2002). Later,
the linear dynamic behavior of an annular membrane with a rigid
inclusion was examined by Wang (2003). An analytical and exper-
imental investigation on a vibrating annular membrane attached to
a central, rigid core was conducted by Pinto (2006). Noga (2010)
studied the linear free transversal vibrations of a system of two
annular and circular membranes connected by a Winkler elastic
layer using analytical methods and numerical simulation. The
works by Jiang (1996), Chakravarty and Albertani (2010) and
Chang-Jiang et al. (2010), among others, shed some light on the
nonlinear vibrations of membrane structures. Wang and Steig-
mann (1997) studied the small oscillations of finitely deformed
elastic networks considering a non-uniform underlying equilib-
rium state of the membrane in the modal analysis of the linearized
equations.

However little is known on the linear and particularly nonlinear
vibrations of hyperelastic membranes. Zhu et al. (2010) studied the
resonant behavior of a prestretched membrane of a dielectric elas-
tomer using the large deflection membrane theory. This problem
had been previously analyzed by Goulbourne et al. (2004, 2005)
and Fox and Goulbourne (2008, 2009). Recently, Zhu et al. (2010)
also analyzed the nonlinear oscillations of an elastomeric balloon.

The aim of this work is to conduct a detailed parametric analy-
sis of the linear and nonlinear free and forced vibrations of an
annular hyperelastic membrane. The mathematical modeling for
the nonlinear vibration analysis of a pre-stretched hyperelastic
annular membrane under finite deformations is presented. The
membrane is initially fixed along the inner boundary and then sub-
jected to a uniform radial traction along its outer circumference,
then fixed along the outer boundary and subjected to a transversal
harmonic pressure. The membrane material is assumed to be
homogeneous, isotropic, and neo-Hookean. First, the solution of
the stretched membrane is obtained analytically and numerically.
The results shows that the solution is a function of the material
constant, the stretching ratio in the radial direction (deformed
external radius/ undeformed external radius) and the ratio of the
inner to the outer radius. The equations of motion of the stretched
membrane are then obtained. By analytically and numerically solv-
ing the linearized equations of motion, the vibration modes and
frequencies of the hyperelastic membrane are obtained, and these
normal modes are used, together with the Galerkin method, to ob-
tain reduced order approximations of the nonlinear dynamic re-
sponse. The same problem is also analyzed using the finite
element software Abaqus� (Abaqus, 2001). The development of
low order models in nonlinear dynamics enables the efficient use
of several numerical algorithms and geometric tools, being in re-
cent years an important research area (Rega and Troger, 2005
and Nayfeh and Balashandran, 1995). The results show that a mod-
el with a small number of degrees of freedom can give accurate re-
sults up to very large deflections. The accuracy of this low order
model is verified via comparisons with the higher order modal
approximations, and the numerical values computed by the finite
element method, which compare well with the theoretical results.
The results highlight the influence of the stretching ratio and annu-
lar membrane geometry on the vibration frequencies, nonlinear
frequency-amplitude relation, and bifurcation diagrams.

The knowledge of the large deformations and vibration charac-
teristics of annular and circular membranes is of importance in
many practical applications, including musical instruments (Ros-
sing, 2000) and microphone diaphragms (Lavergne et al., 2010;
Pinto, 2006). Also there are many biomedical problems where
the knowledge of the annular membrane vibrations is important.
These include the problem of tympanic membrane perforation
and related surgical procedures as the insertion of grafts or venti-
lation tubes (Prendergast et al., 1999; Tobis et al., 2009; Volandri
et al., 2011) and ophthalmology (David, 2005). In addition poly-
meric hyperelastic membranes such as expanded membranes have
been used in some surgical procedures (Lladó et al., 1999). In the
field of biology, for example sound production systems and modi-
fication of vibrations in various animals (animal resonators) is
based on forced flow through an orifice and/or past a thin
membrane (Decraemer et al., 1989; Recio et al., 1998). Another
interesting problem involving the large deformations of annular
membrane is in the field of cell mechanobiology (Balestrini et al.,
2010). Also, in recent years, intensive research has been conducted
on the development of new membrane materials, including shape
memory polymers and dielectric elastomers, which are of interest
for use in sensors and vibration control, bioengineering and thin-
films used in compliant micro devices (Pelrine et al., 2000;
Goulbourne et al., 2004, 2005; Fox and Goulbourne, 2008, 2009;
Zhu et al., 2010).
2. Theoretical framework

Consider an undeformed homogeneous, isotropic hyperelastic
circular membrane of thickness h and mass per unit area C with
an outer radius Re and having a central hole of radius Ro. The mem-
brane is initially fixed along the inner circular boundary and then
subjected to a uniform radial traction along its outer circumfer-
ence, reaching a deformed external radius Rf. The stretched mem-
brane is then fixed along the outer boundary and subjected to a
time-dependent lateral pressure p(q,h, t).

The mechanical behavior of many rubber-like materials can be
described via the neo-Hookean energy density function (Foster,
1967b; Wong and Shield, 1969; Treloar, 1975; Chou-Wang and
Horgan, 1989; Wineman, 2005).

W ¼ C1ðI1 � 3Þ ð1Þ

where C1 is an empirically determined material constant and I1 is
the first invariant of the deformation tensor, which can be written
in terms of the principal stretches as



Fig. 1. Undeformed and deformed configurations: geometry and coordinate
systems.
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I1 ¼ J�2=3I1; I1 ¼ k2
1 þ k2

2 þ k2
3 ð2Þ

where, for an incompressible material, J = k1k2k3 = 1.
The deformed and undeformed geometry are shown in Fig. 1.

Using the usual cylindrical coordinate system, the position of a
material point Po on the undeformed mid-surface reference plane
originally at (q,h,0) is mapped into a deformed position P defined
by the quantities r, b and z, as shown in Fig. 1, following the applica-
tion of the loads. The coordinates of point Po, in a coordinate system
with the origin at the center of the annular membrane, are given by:

X1 ¼ q cos h

X2 ¼ q sin h

X3 ¼ 0
ð3Þ

where q and h are the radial and circumferential coordinates,
respectively.

The coordinates of the same point P, at a given instant t, in a de-
formed configuration, are given by:

x1 ¼ rðq; h; tÞ cos bðq; h; tÞ
x2 ¼ rðq; h; tÞ sin bðq; h; tÞ
x3 ¼ zðq; h; tÞ

ð4Þ

where r, b, and z are the radial, circumferential, and transversal
coordinates of the deformed membrane, respectively. The polar
coordinates q and h and time t are taken as independent variables.

The displacement field can be written as the sum of the axi-
symmetric field due to the uniform radial pre-stress state plus a
dynamic field due to the applied time-dependent load, that is

rðq; h; tÞ ¼ roðq; hÞ þ uðq; h; tÞ
bðq; h; tÞ ¼ hþ vðq; h; tÞ
zðq; h; tÞ ¼ wðq; h; tÞ

ð5Þ

where w(q,h, t), u(q,h, t) and v(q,h, t) are the perturbation compo-
nents in the radial, transversal and circumferential directions,
respectively, and ro(q,h) describes the initial deformed static state.

Defining the principal strains as ki = dSi/dsi, where dSi and dsi,
are the deformed and undeformed lengths, respectively, of an
infinitesimal element in the principal directions, the following
expressions are obtained for in-plane principal strains:

k1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
;q þ r2b2

;q þ z2
;q

q
ð6Þ

k2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2
;h þ r2b2

;h þ z2
;h

q
ð7Þ

where @( )/@q = (),q and @( )/@h = (),h.
Taking into account the incompressibility condition, the princi-

pal strain in the normal direction is k3 = 1/k1k2, or, physically,
k3 = H/h, where H is the deformed membrane thickness. This term
generates the nonlinear terms in the equations of motion.
Thus, the first invariant I1 is given by:

I1 ¼
X3

i¼1

k2
i

¼ r2
;q þ r2b2

;q þ z2
;q þ

r2
;h þ r2b2

;h þ z2
;h

q2

þ q2

ðr2
;q þ r2b2

;q þ z2
;qÞðr2

;h þ r2b2
;h þ z2

;hÞ � ðr;qr;h þ r2b;qb;h þ z;qz;hÞ2

ð8Þ

The elastic strain energy U is the volume integral of W in the unde-
formed configuration, which in the present case becomes:

U ¼
Z Re

Ro

Z 2p

0

Z h

0
qWðq; r; r;q; r;h; z;q; z;h; b;q;b;h;q; hÞdzdhdq ð9Þ

The work term We, considering a radial stretch due to a uniform dis-
tributed force f along the circular boundary, and a uniform pressure
ph(t), is (Tielking and Feng, 1974):

We ¼ 2pqf ðro � qÞjq¼Re
þ phðtÞDV ð10Þ

where DV = Vf � V0 is the variation of the volume enclosed by the
structure due to the pressure, Vf is the volume enclosed by the de-
formed membrane, and V0 = 0 is the volume enclosed by the unde-
formed, initially flat, membrane.

The kinetic energy is written as:

T ¼
Z Re

Ro

Z 2p

0

Z h

0
C
ð_r2 þ _b2 þ _z2Þ

2
qdzdhdq ð11Þ

where ð Þ
�
¼ @ð Þ=@t.

3. Static analysis

For the membrane under uniform radial traction the principal
strains reduces to

k1 ¼
dro

dq
k2 ¼

ro

q
k3 ¼

q
roro;q

ð12Þ

and the first invariant I1 to:

I1 ¼ r2
o;q þ

r2
o

q2 þ
q2

r2
or2

o;q

ð13Þ

So, the strain energy of the neo-Hookean membrane is given by:

U ¼
Z Re

Ro

Z 2p

0
C1h r2

o;q þ
r2

o

q2 þ
q2

r2
or2

o;q

� 3

" #
qdhdq ð14Þ

Using the stationary energy principle, the equilibrium equation in
the radial direction is obtained:

ro

q
� 3q3

r3
oðro;q Þ

2 � ro;q þ
3q2

r2
oðro;q Þ

3 �
3q3

r2
oðro;q Þ

4 þ q

 !
ro;qq ¼ 0 ð15Þ

Two boundary conditions are necessary to obtain the solution of the
boundary value problem. In the inner edge, ro(Ro) = Ro. In the outer
edge, the boundary condition can be written in terms of the traction
force per unit boundary length, f, or as an imposed displacement,
that is:

f ¼ 2hC1

Rer2
or3

o;q

r2
oðro;q Þ

4q� q3
� �

; or roðReÞ ¼ Rf ð16Þ



Fig. 2. Variation of the deformed radius for selected values of the stretching ratio d. FEM: finite element method, NI: numerical integration, AN: analytical results (Eq. (21)).
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The nonlinear Eq. (15) is converted into a system of first-order dif-
ferential equations

yðqÞ ¼ dro

dq
ð17:aÞ

dyðqÞ
dq

¼ �
r4

oðro;q Þ
4 � 3q4ro;q � qr3

oðro;q Þ
5 þ 3q3r3

oro;q

q2roð3q2 þ r2
oðro;q Þ

4Þ

 !
ð17:bÞ

and solved numerically by the shooting method, which converts the
boundary value problem into an initial value problem. Being the in-
ner radius prescribed, ro(Ro) = Ro, the derivative ro;q ðRoÞ is varied un-
til the boundary condition ro(Re) = Rf is satisfied within a desired
tolerance. The first order differential equations are integrated by
the Runge–Kutta method and convergence of the initial condition
ro;q ðRoÞ is achieved by the use of the Newton–Raphson method.

In Soares (2009), the displacement field obtained through the
numerical integration is approximated, as:

roðqÞ ¼ A1 logðqÞ þ A2q2 log qþ A3q2 þ A4qþ A5 ð18Þ
and the coefficients Ai are determined using the least square
method.

Alternatively, linearizing the equilibrium Eq. (15), the following
Euler–Cauchy differential equation is obtained:

ro � qro;q � q2ro;qq ¼ 0 ð19Þ
By applying the boundary conditions and considering the non-
dimensional parameters

�ro ¼ ro=Re; d ¼ Rf =Re; do ¼ Ro=Re; �q ¼ q=Re ð20Þ

the following analytical solution is obtained in terms of the two
deformation parameters

�roðqÞ ¼
1

ð1� d2
oÞ

d� d2
o

� �
�qþ d2

oð1� dÞ�q�1� �
ð21Þ

leading to the following non-dimensional stress distributions in the
radial and circumferential direction, respectively

�r1 ¼ 2
½ d� d2

o

� �
�q2� d2

oð1� dÞ�2

1� d2
o

� �2

1
�q4

8<
:
� �q8 1� d2

o

� �4

d� d2
o

� �
�q2þ d2

oð1� dÞ
� �2

d� d2
o

� �
�q2� d2

oð1� dÞ
� �2

9=
;

�r2 ¼ 2
d� d2

o

� �
�q2þ d2

oð1� dÞ
� �2

1� d2
o

� �2

1
�q4

8<
:
� �q8 1� d2

o

� �4

d� d2
o

� �
�q2þ d2

oð1� dÞ
� �2

d� d2
o

� �
�q2� d2

oð1� dÞ
� �2

9=
; ð22Þ

where �ri ¼ ri=C1 are the non-dimensional principal stresses.
An annular membrane with initial radius Re = 1 m (which is
equivalent to scaling all length variables by Re), thickness
h = 0.001 m, and mass density C = 2200 kg/m3 is considered for
the numerical analysis. The constant of the neo-Hookean material
is C1 = 0.17 MPa. The adopted stress–strain relation and material
constant were obtained experimentally and are given in Selvadurai
(2006) and Gonçalves et al. (2009). Two values of the internal ra-
dius, do = 0.2 m and do = 0.3 m, are adopted in the parametric
analysis.

To help in the derivation of an accurate low dimensional model
for the free and forced finite amplitude nonlinear vibration analysis
of the membrane, the results here obtained are compared with
those obtained using the finite element software Abaqus 6.5�

(Abaqus, 2001).
Convergence of all static results can be obtained using the

membrane elements M3D4 or M3D3 and a mesh of 9789 elements
for do = 0.2 m and a mesh of 7070 elements for do = 0.3 m. The
stretched configuration is accomplished by imposing an initial uni-
form radial displacement along the outer boundary (Rf = dRe) in the
FE program.

Fig. 2 shows the variation of the stretched radius as a func-
tion of the radial co-ordinate for three values of the stretching
ratio, d. The results obtained by numerical integration (NI) of
the nonlinear equilibrium equation compare quite well with
the finite element results (FEM) and those given by the analyti-
cal solution (AN), Eq. (21). The corresponding results for the
principal stresses r1 and r2 are favorably compared in Fig. 3.
The nonlinearity is restricted to the region close to the internal
edge and increases with d. As q approaches the outer edge the
variation of the radial displacement and principal stresses
become practically linear, with r1 decreasing and r2 increasing
with q.

4. Dynamic analysis

Substituting (5) into the energy terms (9)–(11), the Lagrangian
L = T � U + We is obtained. By the use of Hamilton’s principle, the
set of three partial nonlinear equations of motion are obtained in
terms of u, v and w:

@L
@r
� @

@q
@L
@r;q

	 

� @

@h
@L
@r;h

	 

þ @

@t
@L
@r;t

	 

¼ 0 ð23:aÞ

@L
@b
� @

@q
@L
@b;q

 !
� @

@h
@L
@b;h

	 

þ @

@t
@L
@b;t

	 

¼ 0 ð23:bÞ

@L
@z
� @

@q
@L
@z;q

	 

� @

@h
@L
@z;h

	 

þ @

@t
@L
@z;t

	 

¼ 0 ð23:cÞ



Fig. 3. Variation of the principal stresses (r1 and r2 – N/m2) for the annular membrane, considering two values of the internal radius and three stretching ratios. FEM: finite
element method, NI: numerical integration, AN: analytical results (Eq. (22)).

Table 1
Comparison of the lowest natural frequencies (rad/s).

d do = 0.20 do = 0.30

FEM AN App.1 App.2 FEM AN App.1 App.2

1.1 32.512 32.307 32.497 32.499 38.827 38.200 38.608 38.591
1.5 45.716 45.561 45.768 45.686 53.465 53.390 53.132 53.129
2.0 47.431 47.113 47.149 47.150 54.926 54.423 54.585 54.585

Re = 1.0; m = 1; n = 0; natural frequencies – rad/s.
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The uniform transversal pressure is given by:

PðtÞ ¼ Po cosðXtÞ ð24Þ

where Po is the forcing magnitude and X is the forcing frequency.

4.1. Linear vibration analysis

Linearizing the equation of motion in the transversal direction
and substituting the solution for the deformed radius, either
Eq. (18) or (21), the following equation is obtained

@2wðq;h; tÞ
@t2 ¼ 2C1

C
½1þ L1ðqÞ�

@2wðq;h; tÞ
@q2 þ 1

q
þ L2ðqÞ

� �
@wðq;h; tÞ

@q

(

þ 1
q2 þ L3ðqÞ
� �

@2wðq;h; tÞ
@h2

)
ð25Þ

where the coefficients Li are nonlinear functions of q and are given
in the Appendix A and B considering, respectively, Eqs. (18) and
(21). The complexity of the variable coefficients precludes the der-
ivation of closed form analytic solution for this problem.

Neglecting the coefficients Li in (25), Eq. (25) reduces to the
classical two-dimensional wave equation in polar coordinates
(Asmar, 2005). For an annular membrane fixed on both boundaries
the displacement w(q,h, t) is given by

wðq; h; tÞ ¼ Amn CJn
Kmnq

Re

	 

� Yn

Kmnq
Re

	 
� �
cosðnhÞ cosðxtÞ ð26Þ

where C = Yn(Kmn)/Jn(Kmn), Amn is the modal amplitude; Jn is the
Bessel function of the first kind and order n; Yn is the Bessel function
of the second kind and order n; n is the number of waves in the cir-
cumferential direction and m denotes the m-th positive root, Kmn,
of

WðKmnÞ ¼ Jn
Ro

Re
Kmn

	 

YnðKmnÞ � JnðKmnÞYn

Ro

Re
Kmn

	 

¼ 0 ð27Þ

The solution of Eq. (25) can be accomplished by: (i) substituting a
series of modal functions described by (26) into (25) and by applying
the Galerkin method; or (ii) substituting (26) into (25) and retaining
the relevant terms in (25). The latter procedure leads to the follow-
ing approximation for the eigen frequencies (Soares, 2009):

xmn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2K2

mnC1

R2
eC

1� 1

d2 r0oðReÞ
� �4

 !vuut ð28Þ

where r0oðReÞ is the derivative of r0o at q = Re.
As d increases, each frequency approaches from below an upper

bound given by:



Table 2
Comparison of the natural frequencies (rad/s).

m n d = 1.1 d = 1.5 d = 2.0

AN FEM AN FEM AN FEM

do = 0.20
1 1 34.751 35.725 50.293 50.788 52.244 52.513
1 2 42.840 43.491 62.000 62.349 64.406 64.615

do = 0.30
1 1 40.607 40.984 55.873 56.795 58.042 58.440
1 2 46.879 46.796 64.950 65.629 67.471 67.725

Re = 1.0; natural frequencies – rad/s.
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xnmðd!1Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2K2

nmC1

R2
eC

s
ð29Þ

Table 1 shows the lowest natural frequencies (m = 1;n = 0) for se-
lected values of do and d evaluated by: (i) the finite element method
(FEM), (ii) the analytical approximation (28), and (iii) solving the Eq.
(25) by the Galerkin method, considering the full variable coeffi-
cients, being these coefficients calculated by the use of (18) (Appen-
dix A) or (21) (Appendix B). These procedures lead only to minor
variations in the lowest natural frequencies, and can be considered
as acceptable alternative solutions for this problem. Table 2 com-
pare favorably the higher natural frequencies obtained by the
approximate analytical solution (28) and the FE results.

Fig. 4 shows the variation of the natural frequencies with the
modal wave-number m and n, considering two values of the
stretching ratio d and do = 0.2. The variation of xmn with m is prac-
Fig. 4. Frequency spectrum (rad/s) for th
tically linear, while the variation of xmn with n is slightly nonlinear
and the lowest frequency always occurs for m = 1 and n = 0.

The influence of the two geometric parameters, namely the
stretching ratio d = Rf/Re and the normalized internal radius,
do = Ro/Re, is illustrated in Figs. 5 and 6. The linear frequencies are
independent of the initial membrane thickness h. For the un-
stretched membrane (d = 1), xmn = 0. As shown in Fig. 5 for the
three lowest natural frequencies and two values of do, as d in-
creases from one, the frequency increases quickly from zero and
approaches a constant upper bound given for each pair of wave-
numbers (m,n) by Eq. (29). This upper bound value increases as
m and n increases, in agreement with the results shown in Fig. 4.
Fig. 6(a) shows that, for a fixed pair (m,n), this upper bound in-
creases with the geometric parameter do = Ro/Re in a nonlinear
manner, as illustrated in Fig. 6(b). For d > 2 the natural frequency
is practically constant. The tree lowest vibration modes are illus-
trated in Fig. 7. The sequence of modes is independent of the geo-
metric parameters do = Ro/Re and d = Rf/Re.

4.2. Nonlinear free vibration analysis

An extensive parametric finite element analysis involving mod-
erate to large amplitude vibrations under free and forced condi-
tions has shown that the in-plane displacements u and v are
negligible when compared with the transversal displacement w
during nonlinear vibrations of the membrane even when moderate
to large amplitudes are considered, as illustrated in Fig. 8 where
the displacement field related to a large amplitude vibration is
illustrated for a given time t together with a comparison of the
e annular membrane with do = 0.20.



Fig. 5. Influence of the stretching ratio d = Rf/Re on the natural frequencies (rad/s).

Fig. 6. Influence of the membrane geometric parameter do = Ro/Re on the natural frequencies (rad/s). (m = 1 and n = 0).
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time response at point (q,h) = (0.55,0) where the maximum dis-
placements occur.

Thus, for the derivation of a low dimensional model for the
nonlinear transversal vibrations of the membrane, the in-plane
displacements u and v are neglected and Eq. (23.c) reduces to:

� @

@q
q
@W
@z;q

	 

� @

@h
q
@W
@z;h

	 

þ qC

@2w
@t2 ¼ 0 ð30Þ

The accuracy of this hypothesis is corroborated in the following
analysis by comparing the present results with those obtained by
the FEM where in-plane displacements and inertia forces are
considered.

To obtain the nonlinear response of the stretched membrane,
the transversal displacement field is approximated by a sum of
MxN natural modes:

wðq; h; tÞ ¼
XM

m¼1

XN

n¼0

AmnðtÞ CJn
Kmnq

Re

	 

� Yn

Kmnq
Re

	 
� �
cosðnhÞ

ð31Þ

where Amn(t) are the time-dependent modal amplitudes and the
Galerkin method is applied so that the nonlinear partial differential
equation of motion in the transversal direction, Eq. (30), is
transformed into a system of MxN ordinary differential equations
of motion in the time domain. These equations are solved by
numerical integration and using continuation techniques (Allgower
and Georg, 1990).

The expansion of Eq. (30) in Taylor series leads to a nonlinear
differential equation with only odd non-linear terms. By applying
a perturbation procedure to this equation, as described in Gonçal-
ves et al. (2008b), and assuming as seed mode the linear vibration
mode, a modal expansion similar to (31) is obtained, thus justifying
the choice of (31) as a valid approximation for the nonlinear dis-
placement field.

Fig. 9 shows for m = 1 and n = 0 the variation of each modal
amplitude in Eq. (31) considering an increasing number of terms
in the Galerkin approximation (N = 0 and M = 1,2,3) for a stretched
membrane with d = 1.10. The equations of motion are solved using
continuation techniques, and the frequency-amplitude relation is
obtained. The amplitudes A20 and A30 are rather small when com-
pared to A10. These results indicate that a reduced model with
three degrees of freedom can describe with high precision the large
amplitude vibrations of the membrane and reliable results can be
obtained even when a one degree of freedom model (M = 1) is
considered.

To evaluate the accuracy of the reduced order models, the
amplitude-frequency relation is obtained using the finite element
software Abaqus�. To do this, a mesh of 576 shell elements S4R,
which is able to handle both the geometric and material nonlinear-
ities, is used, and the response is obtained for a node on the unde-
formed membrane with the coordinates (q,h) = (0.5,0). A total of



Fig. 7. Vibration modes of the annular membrane (do = 0.20).

Fig. 8. (a) Variation of the in-plane radial and circumferential displacements and of
the transversal displacement of the pre-stretched membrane for a given time t
(m = 1,n = 0) during its free vibration response along the radial direction. (b) Time
response of the three displacements at point (q,h) = (0.55,0). do = 0.2; d = 1.1.
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1731 nonlinear equations of motion are numerically integrated,
and the frequency-amplitude relation is obtained using the meth-
odology proposed by Nandakumar and Chatterjee (2005), as fol-
lows: an initial displacement field in the form of the first
nonlinear mode for a given amplitude is adopted and the time re-
sponse of the lightly damped system is obtained for the chosen
node, and the maximum amplitude and corresponding period be-
tween two consecutive positive peaks are computed at each cycle.
Consider two successive peaks at times T1 and T2. Let their average
Fig. 9. Variation of the modal amplitudes Ai as a function of the frequency (rad/s),
(d = 1.10,do = 0.20).
value be A1. Let the trough between these two positive peaks be A2.
The nonlinear frequency and corresponding amplitude are defined,
respectively, as x = 1/(T1 � T2) and A = (A1 � A2)/2. The finite ele-
ment formulation naturally takes into account the influence of
the in-plane displacements and inertia forces, which are neglected
in the theoretical model. The FE results are compared with the re-
sults of the reduced order models obtained for the same set of
coordinates in Fig. 10. An excellent agreement between the two
models is observed up to very large deflections, corroborating the
accuracy of the present model. For small vibration amplitudes,
the response shows a strong increase in the natural frequency. As
the vibration amplitude increases, the hardening effect decreases,
and the curve veers upward tending to a constant frequency value
for large vibration amplitudes. For a lightly stretched membrane a
high degree of nonlinearity is expected with a strong increase of
the vibration frequency with the vibration amplitude.

Fig. 11 shows the influence of the initial stretching ratio d on the
nonlinear frequency-amplitude relation. For any membrane geom-
etry, as d increases, the nonlinearity of the backbone curve de-
creases and approaches a linear behavior for d > 2. So, for a
membrane under large radial strains, the nonlinear problem can
be reduced to a linear one. All curves converge asymptotically to
the same value of x as the vibration amplitude increases. Both
the natural frequency and the frequency-amplitude relation con-
verge to same value of x as d increases (compare with results in
Fig. 5). This value is given by Eq. (29). All frequencies depict the
same nonlinear behavior observed here for m = 1 and n = 0.

The influence of the normalized internal radius do is illustrated
in Fig. 12. The nonlinearity increases as the internal radius ap-
proaches the external radius (do = Ro/Re ? 1). For each geometry,
a specific upper bound for the nonlinear frequency is obtained.

4.3. Forced nonlinear response

In the following the forced nonlinear vibrations of the annular
membrane under a spatially uniform harmonic pressure is ana-
lyzed. The results of the axisymmetric vibrations of the membrane
are shown in Figs. 13–19.

The nonlinear resonance curves for increasing values of
the stretching ratio d and do = 0.20 are shown in Fig. 13(a) where
the transversal displacement of the steady-state response at
considering an increasing number of modes in Eq. (31). (a) A10; (b) A20; (c) A30



Fig. 10. Frequency-amplitude relation (d = 1.10). Transversal displacement w at a point (q,h) = (0.5,0).

Fig. 11. Influence of the stretching ratio d on the frequency-amplitude relation (m = 1,n = 0).

Fig. 12. Influence of the inner radius (do = Ro/Re) on the frequency-amplitude
relation (d = 1.10,m = 1,n = 0).
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(q,h) = (0.5,0) is plotted as a function of the forcing frequency. All
curves converge to the linear resonance curve as the vibration
amplitude increases. As d increases, the nonlinearity decreases,
and the response is nearly linear for d = 2.0 and higher. The influ-
ence of the internal radius is shown in Fig. 13(b). The nonlinearity
increases as the inner radius increases and approaches the outer
boundary (do = Ro/Re ? 1), particularly in the initial stage of the
response.

The bifurcation diagrams of the Poincaré map, obtained by con-
tinuation techniques, for three selected values of the stretching ra-
tio d, Po = 1 and do = 0.20, is shown in Fig. 14 where the co-ordinate
A10 is plotted as a function of the forcing frequency X. Fig. 15
shows, for selected values of the excitation frequency and d, the
bifurcation diagrams as a function of the forcing magnitude Po.
Here and henceforth, dashed lines represent unstable responses,
while continuous lines represent stable responses. The stable and
unstable branches are separated by saddle-node bifurcations
(SN), as usually happens in nonlinear resonance curves. Depending
on the value of Po and X, the membrane may display either one or
three coexisting responses, two stable and one unstable. So, under
a continuously varying dynamic loading the membrane may dis-
play sudden changes in phase and vibration amplitudes due to
these dynamic bifurcations. Also, in some investigations consider-
able increase in frequency is sometimes observed with vibration
amplitudes as in the present analysis (Decraemer et al., 1989;
Recio et al., 1998).

Fig. 16 presents bifurcation diagrams as a function of the
excitation magnitude for increasing values of the damping



Fig. 13. Nonlinear resonance curves for (a) increasing values of the stretching ratio d and do = 0.20 and (b) increasing values of the internal radius ratio do and d = 1.1.

Fig. 14. Bifurcation diagrams for increasing pre-stretching ratios. Coordinate A10 as a function of the excitation frequency X (Po=1; c = 0.05). (a) d = 1.10; (b) d = 1.50; (c)
d = 2.0.

Fig. 15. Bifurcation diagrams for selected values of the excitation frequency, X and stretching ratio d. Co-ordinate A10 as a function of the forcing amplitude Po. c = 0.05. (a)
X = 33.5; d = 1.10; (b) X = 46.1; d = 1.50; (c) X = 47.35; d = 2.00.
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parameter c. For d = 1.1 and X = 33.5, Fig. 16(a), the range where
three coexisting solutions appears decreases as the damping
parameter increases and disappears at c = 3. As d increases, the re-
gion where multi-stability exists decreases, as shown in Fig. 16(b)
for d = 2.0 and X = 47.35. The variation of the load coordinates of
the two saddle points with the damping parameter c for d = 1.1
and X = 33.5 is show in Fig. 17, illustrating the decreasing range
where unstable solutions occur. The same decrease in complexity
occurs as the forcing frequency departs from the resonance region.
The results in Fig. 18 illustrate the influence of the damping on the
resonance curves.
The influence of the system and force parameters on the degree
of nonlinearity of the membrane response can also be observed in
the topological complexity of the basins of attraction. Fig. 19 illus-
trates the basins of attraction of the membrane for three sets of
parameters and c = 0.05, do = 0.2 and Po = 1: (a) d = 1.1; X = 33.5;
(b) d = 1.5; X = 46.1 and (c) d = 2.0; X = 47.35. The dark grey area
is the basin of attraction of the resonant large amplitude oscilla-
tion, while the light grey area corresponds to the basin of attraction
of the small amplitude oscillation. The black crosses in each figure
are fixed point of the Poincaré Map (attractor) of each stable solu-
tion. The size of the continuous basin of attraction can be used as a



Fig. 16. Influence on the damping coefficient c on the non-linear behavior and stability of the membrane. Po = 1.

Fig. 17. Influence of the damping on the saddles.
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measure of the integrity and robustness of a dynamic solution un-
der external perturbations or uncertainties in the systems param-
eters as shown in Gonçalves and Santee (2008a) and Gonçalves
et al. (2011). So, neighboring initial conditions far from the attrac-
tors may lead to different steady-state solutions and complex tran-
sients due to the topological complexity of the basins in this
region. It is interesting to notice that most initial conditions lead
to the large amplitude resonant response.
Fig. 18. Influence on the damping coefficient c on the no
5. Conclusions

The mathematical modeling for the nonlinear vibration analysis
of a radially pre-stretched hyperelastic annular membrane under
finite deformations was presented. Alternative solutions for the
static and dynamic analysis were presented and compared with
the results obtained by the finite element method. The static solu-
tion is a function of the material constant, the stretching ratio in
the radial direction (deformed outer radius/ undeformed outer ra-
dius) and the ratio of the inner to the outer radius. The natural fre-
quency associated with each vibration mode increases from zero as
the initial radial stretch increases and approaches an upper bound,
being practically constant for a stretching ratio equal or higher
then two. This upper bound increases as the ratio of the inner to
the outer radius increases and approaches the physical limit of
one. The results show that, for the nonlinear vibration analysis, a
single degree-of-freedom model can give accurate results up to
very large deflections. The accuracy of this low order model is ver-
ified via comparisons with the higher order modal approximations,
and the numerical values computed by the finite element method,
which compare well with the theoretical results up to very large
deflections. The results highlight the influence of the stretching ra-
tio and annular membrane geometry on the nonlinear frequency-
amplitude relation, and bifurcation diagrams. It is shown that a
lightly stretched membrane displays a highly nonlinear hardening
response, that the nonlinearity decreases as the stretching ratio
increases, and the response becomes practically linear for a
deformed radius of twice the initial value or higher. Both the fre-
quency-amplitude relation and the corresponding linear frequency
n-linear resonance curves of the membrane. Po = 1.



Fig. 19. Basins of attraction for selected values of the control parameters. (c = 0.05; do = 0.2; Po = 1). (a) d = 1.1; X = 33.5; (b) d = 1.5; X = 46.1; (c) d = 2.0; X = 47.35. Dark grey:
basin of attraction of the resonant large amplitude oscillation. Light grey: Basin of attraction of the small amplitude oscillation. Black cross: fixed point of the Poincaré map
(attractor).
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converge to the same frequency upper bound as the radial stretch
and/or vibration amplitude increases. This explains the accuracy of
the low order models for large finite amplitude oscillations of the
hyperelastic membrane. In the main resonance region multiplicity
of solutions is observed due to both material and geometric nonlin-
earities. This may lead to sudden jumps in vibration amplitude and
complex transients which are a function of the load control param-
eters and damping. The complexity of the nonlinear oscillations in
this region is illustrated by several bifurcations diagrams and ba-
sins of attraction. The present methodology for the nonlinear dy-
namic analysis of hyperelastic membranes and for the derivation
of reduced order models can be applied to other membrane geom-
etries and constitutive laws, leading to a better understanding of
the dynamics of this class of structures and to new technological
applications of thin membranes.
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Appendix A

Coefficients Li(q) in Eq. (25) derived from Eq. (18):

L1 ¼
�q2

ðA1=qþ 2A2q log qþ A2qþ 2A3qþ A4Þ4

� 1

ðA1 log qþ A2q2 log qþ A3q2 þ A4qþ A5Þ2
ð32:aÞ
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4q2
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þ� 3q
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L3 ¼
�q2

ðA1=qþ 2A2q log qþ A2qþ 2A3qþ A4Þ2

� 1

ðA1 log qþ A2q2 log qþ A3q2 þ A4qþ A5Þ4
ð32:cÞ
Appendix B

Coefficients Li(q) in Eq. (25) derived from Eq. (21):
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