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Abstract 

We present new graph-theoretical conditions for polyhedra of inscribable type and Delaunay 
triangulations. We establish several sufficient conditions of the following general form: if 
a polyhedron has a sufficiently rich collection of Hamiltonian subgraphs, then it is of inscrib- 
able type. These results have several consequences: 
• All 4-connected polyhedra are of inscribable type. 
• All simplicial polyhedra in which all vertex degrees are between 4 and 6, inclusive, are of 

inscribable type. 
• All triangulations without chords or nonfacial triangles are realizable as combinatorially 

equivalent Delaunay triangulations. 
We also strengthen some earlier results about matchings in polyhedra of inscribable type. 

Specifically, we show that any nonbipartite polyhedron of inscribable type has a perfect 
matching containing any specified edge, and that any bipartite polyhedron of inscribable type 
has a perfect matching containing any two specified disjoint edges. We give examples showing 
that these results are best possible. 

1. Introduction 

Delaunay  triangulations, and the closely related family of polyhedra  of inscribable 

type, are a m o n g  the fundamental  objects of  computa t iona l  and combinator ia l  ge- 

ometry.  1 The problem of providing a graph-theoretical  characterizat ion of these 

structures is a long-standing open problem, dating back to Ren6 Descartes [15] and 

formally posed by J akob  Steiner [27]. A history of the problem and some related 
results can be found in [18]. 

* Corresponding author. The support of a UCI Faculty Research Grant is gratefully acknowledged. 
A polyhedron is of inscribable type if it has a combinatorially equivalent realization as the convex hull of 

a set of points on a sphere. This and other terms used in the introduction are defined in Section 2. 
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Recently, there has been considerable progress on the problem. Jucovi~ and ~evec 
have established necessary and sufficient conditions for inscribability in the special 
case of quadrangular polyhedra satisfying certain constraints on their edge types [21]. 
Dillencourt [9] has shown that all Delaunay triangulations are 1-tough and have 
perfect matchings. He has also shown [8] that any outerplanar triangulation is 
realizable as a Delaunay triangulation or, equivalently, that any pyramid with 
a triangulated base is of inscribable type (the equivalence follows from Lemma 2.2, 
below). Rivin [24] has provided a numerical characterization of polyhedra of in- 
scribable type as those polyhedra that admits a certain type of weighting 
(Theorem 2.1, below). Dillencourt and Smith have provided a graph-theoretical 
characterization of trivialent polyhedra of inscribable type, and a linear-time algo- 
rithm for recognizing them [12]. Nevertheless, a general graph-theoretical character- 
ization has remained elusive. Examples given in [12] illustrate some of the subtleties 
involved. 

In the present paper, we establish graph-theoretical conditions for inscribability 
and Delaunay realizability that considerably narrow the gap between the most 
general sufficient conditions and the strongest necessary conditions. In Section 3 of 
this paper, we establish several sufficient conditions. Our results say, roughly, that if 
a planar, 3-connected graph has a sufficiently rich collection of Hamiltonian sub- 
graphs, then it is of inscribable type. These results imply, in particular, that any 
4-connected planar graph is of inscribable type (Theorem 3.3), and that any triangula- 
tion without chords or nonfacial triangles has a combinatorially equivalent realiza- 
tion as a Delaunay triangulation (Theorem 3.6). In addition, we show that any 
simplicial polyhedron in which all vertices have degrees between 4 and 6, inclusive, is 
of inscribable type (Theorem 3.9). 

In Section 4, we present several necessary conditions for inscribability. In particu- 
lar, we show that a nonbipartite polyhedron ofinscribable type has a perfect matching 
containing any given edge, and a bipartite polyhedron of inscribable type has a perfect 
matching containing any two given disjoint edges. 

2. Preliminaries 

Except as noted, we use the graph-theoretical notation and definitions of [2]. V(G) 
and E(G) denote the set of vertices and edges of a graph G, respectively. If S • V(G), 
I(S) denotes the set of edges incident on some vertex in S, and N(S) denotes the set of 
all vertices adjacent to some vertex in S. If v • V(G), l(v) and N(v) are shorthand for 
I({v}) and N({v}), respectively. ISI denotes the cardinality of a set S, and 
deg(v) = IN(v)l denotes the degree of a vertex v. A graph G is 1-tough [5] if for all 
nonempty S ~_ V(G), c ( G -  S)<~ ISI. (Here c( ') denotes the number of connected 
components.) G is 1-supertough if, for all S ~ V(G) with JSI/> 2, c(G - S) < ISI. 

A Hamiltonian cycle in a graph is a spanning cycle. A graph is Hamihonian if it has 
such a cycle. A graph is said to be k-Hamiltonian if removing any k vertices from it 
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yields a Hamiltonian graph. A k-Hamiltonian graph is (k + 2)-connected. A famous 
theorem of Tutte [32, 33] asserts that any 4-connected planar graph is Hamiltonian, 
and that there is a Hamiltonian cycle passing through any two given edges incident on 
a common face. A refinement due to Nelson (see [30]) says that any 4-connected 
planar graph is 1-Hamiltonian. Recently, Thomas and Yu have extended this result by 
showing that any 4-connected planar graph is 2-Hamiltonian [28]. 

A triangulation is a 2-connected plane graph in which all face except possibly 
the outer face are bounded by triangles. The Delaunay tessellation, DT(S), of a 
planar set of points S is the unique graph with V(G) = S such that the outer face 
is bounded by the convex hull of S, all vertices on the boundary of a common 
interior face are cocircular, the vertices of an interior face are exactly the points of 
S lying on the circumcircle of the face, and no points of S lie in the interior of 
a circumcircle of any interior face. DT(S) is said to be nondegenerate if it is a triangula- 
tion and all convex hull vertices of S are extreme points of S, degenerate otherwise. If 
DT(S) is nondegenerate, it is called the Delaunay triangulation. Elementary 
properties of the Delaunay tessellation/triangulation, and the more conventional 
definition as the dual of the Voronoi diagram, are developed in [1, 13, 23]. We call 
a triangulation Delaunay realizable if it is combinatorially equivalent to a Delaunay 
triangulation. 

A graph G is polyhedral if it can be realized as the edges and vertices of the convex 
hull of a noncoplanar set of points in 3-space (a polyhedron). A famous theorem of 
Steinitz (see [ 16]) asserts that a graph is polyhedral if and only if it is 3-connected and 
planar. A polyhedron is trivalent if all its vertices have degree 3, simplicial if all its faces 
are triangles. A polyhedron is trivalent if and only if its dual is simplicial. A polyhed- 
ron is ofinscribable type if it has a (combinatorially equivalent) realization as the edges 
and vertices of the convex hull of a noncoplanar set of points on the surface of a sphere 
in 3-space. Such a realization is called an inscription. Similarly, a polyhedron is of 
circumscribable type if it has a (combinatorially equivalent) realization as a polyhed- 
ron each of whose faces is tangent to a common sphere, and such a realization is called 
a circumscription. It is shown in [16] that a polyhedron is of circumscribable type if 
and only if its dual is of inscribable type. 

We will say that a graph is of inscribable (respectively, circumscribable) type if it is 
polyhedral and if any polyhedron realizing the graph is of inscribable (respectively, 
circumscribable) type. A cutset in a graph is a minimal set of edges whose removal 
increases the number of components. A cutset is noncoterminous if its edges do not all 
have a common endpoint. 

Theorem 2.1 (Rivin [24]; also see [20, 25, 26]). A graph is ofinscribable type if and 
only if it is polyhedral and weights w can be assigned to its edges such that: 

(Wl) For each edge e, 0 < w(e) < 1/2. 
(W2) For each vertex v, the total weight of all edges incident on v is equal to 1. 
(W3) For each noncoterminous cutset C ~_ E(G), the total weight of all edges in C is 

strictly greater than 1. 



66 M.B. Dillencourt, W.D. Smith~Discrete Mathematics 161 (1996) 63-77 

The following lemma describes the connection between Delaunay tessellations and 
graphs of inscribable type, using a different formulation from that in [.3]. The proof is 
an immediate consequence of basic properties of stereographic projection 1,6]. The 
operation ofstellating a face f in a plane graph G consists of adding a vertex inside the 
face f and then connecting all vertices incident on f to the new vertex. 

Lemma 2.2. A plane graph G is realizable as DT(S)for  some set S, with f as 
the unbounded face, if and only if the graph G' obtained from G by stellatin9 f is of 
inscribable type. 

The following theorem, which is proved in [11], characterizes the circumstances in 
which adding edges to graphs of inscribable type preserves inscribability. Here and 
throughout the paper, we assume that all bipartite graphs are 2-colored red and blue. 

Theorem 2.3 (Dillencourt and Smith 1-11]). Let G be a graph of inscribable type. 
Suppose that H is obtained from G by performing any of the following transformations in 
such a way that H remains planar. 

(T1) I f  G is nonbipartite, adding an edge to G. 
(T2) I f  G is bipartite, adding a red-blue edge to G. 
(T3) I f  G is bipartite, adding a red-red edge and a blue-blue edge to G. 

Then H is of inscribable type. Moreover, given any inscription of G, there is an 
inscription of H that can be realized through an arbitrarily small perturbation of the 
vertices of the inscription G. 

3. Sufficient conditions 

In this section, we establish several sufficient conditions for a polyhedral graph to 
be of inscribable type. Essentially, our results say that if a planar graph has the 
property that all the subgraphs obtained in a certain way are Hamiltonian, then the 
graph is of inscribable type. 

We first show that any 1-Hamiltonian planar graph is of inscribable type (Theorem 
3.1). This implies, among other things, that any 4-connected planar graph is of 
inscribable type (Theorem 3.3). Next we show that if a 1-Hamiltonian planar graph 
satisfies an additional technical restriction then it is Delaunay realizable (Theorem 
3.4). This implies that any 4-connected planar graph can be realized as a Delaunay 
tessellation (Theorem 3.5), and that any triangulation without chords or nonfacial 
triangles can be realized as a Delaunay triangulation (Theorem 3.6). We then establish 
a variant of the 1-Hamiltonian sufficiency theorem (Theorem 3.7), which implies an 
analogous sufficient condition for bipartite graphs (Theorem 3.8). Finally, we show 
that if a simplicial polyhedron satisfies certain 'near regularity' constraints on its 
vertex degrees, then it is of inscribable type (Theorem 3.9). 
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Theorem 3.1. Any 1-Hamiltonian, planar graph is of inscribable type. 

Proof. Let G be 1-Hamiltonian and planar. Since G is 3-connected, it is polyhedral. 
Let Vl . . . . .  v, be the vertices of G. For  i ~ {1 . . . .  , n}, let Zi be a Hamiltonian cycle 
through G - {vi}. For  each e ~ E(G), let x~(e) = 1 if Zi passes through e, 0 otherwise, 
and let 

n 

Ei= , xi(e) 
w(e) - 

2 ( n -  1) 

Let H be the subgraph of G consisting of those edges e for which w(e) > 0. By 
construction, H is 1-Hamiltonian, hence polyhedral. We claim that the function 
w, when restricted to E(H), satisfies conditions (W1)-(W3) of Theorem 2.1. Indeed, 
since each edge e is on at least one and at most n - 2  of the Zi, 
O" < w(e) < (n - 2)/(2(n - 1)), so (W1) is satisfied. Since each vertex of H is on exactly 
n - 1 cycles, (W2) holds. Finally, every Zi crosses each noncoterminous cutset at least 
twice, so the total weight across each cutset is at least n/(n - 1) > 1. Hence H is of 
inscribable type, by Theorem 2.1. 

Since H is 1-Hamiltonian, it cannot be bipartite, so adding the edges of G - H to 
H preserves inscribability by Theorem 2.3. Hence G is of inscribable type. []  

Corollary 3.2. I f  k > 0, any k-Hamiltonian planar graph is of inscribable type. 

Proof. For  k > 0, any (k + 1)-Hamiltonian planar graph is necessarily k-Hamil- 
tonian. Indeed, if G is (k + 1)-Hamiltonian and planar, then G is (k + 3)-connected, so 
removing k - 1 vertices from G leaves a 4-connected graph. Since any 4-connected 
planar graph is 1-Hamiltonian, it follows that G is k-Hamiltonian. By induction, G is 
1-Hamiltonian, hence of inscribable type by Theorem 3.1. [] 

Notice that the only feasible values of k in Corollary 3.2 are 1, 2 and 3, since no 
planar graph can be 6-connected. Corollary 3.2 is false for k = 0, as there exist 
Hamiltonian polyhedra that are not of inscribable type, such as the stellated tetrahed- 
ron shown in Fig. l(a) 2. Thomassen has shown that there exist 1-Hamiltonian, planar 
graphs that are not Hamiltonian [29]. 

Theorem 3.3. Any 4-connected planar graph, and any 4-connected planar graph with 
1 vertex removed, is of inscribable type. 

Proof. The first assertion follows immediately from Theorem 3.1 and Nelson's the- 
orem that all 4-connected planar graphs are 1-Hamiltonian. The second assertion 

z The fact that the stellated tetrahedron is not  of inscribable type follows immediately from Theorem 3, 
p. 286 of [16] or from Theorem 4.1 below. 
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(a) (b) 

Fig. 1. (a) The stellated tetrahedron is Hamiltonian, but not of inscribable type. (b) This graph is 
1-Hamiltonian and has a Hamiltonian cycle passing through every edge, but it is not Delaunay realizable. 

follows from Theorem 3.1 and the Thomas-Yu result that all 4-connected planar 
graphs are 2-Hamiltonian. [] 

We note that a 4-connected graph need not be of circumscribable type. Examples 
are given in [12]. 

Our next goal is to show that any triangulation without chords or separating 
triangles is realizable as a Delaunay triangulation (Theorem 3.6). (A chord is an edge 
connecting two nonconsecutive vertices on the outer face, and a separating triangle is 
a nonfacial triangle.) We first establish a more general theorem (Theorem 3.4). Before 
stating this theorem, we remark that it is best possible in the following sense: there 
exist graphs that are 1-Hamiltonian and have a Hamiltonian cycle passing through 
every edge but which are not realizable as Delaunay tessellations. One such example is 
the graph of Fig. l(b), which is not realizable as a Delaunay tessellation because the 
graph of Fig. 1 (a) is not of inscribable type. 

Theorem 3.4. I f  G is planar and 1-Hamiltonian, F is a face of G, and there is 
a Hamiltonian cycle of G passing through any two consecutive edges on the boundary of 
F, then G is realizable as a Delaunay tessellation (with outer face F). 

Proof. Let G and F be as in the statement of the theorem. Let vi, i = 0 . . . .  , k - 1, be 
the vertices of G on the boundary of F, listed consecutively about the boundary of F. 
Let G' be the graph obtained by stellating face F, with v the stellating vertex. By 
Lemma 2.2, it suffices to prove that G' is of inscribable type. We construct a weighting 
of G' satisfying Theorem 2.1 in three steps. 

Step 1: Let w be a weighting for G, satisfying conditions (W1)-(W3) of Theorem 2.1. 
Such a weighting exists by Theorem 3.1. 

Step 2: For  each i E {0, . . . ,  k - 1}, let Z i be a Hamiltonian cycle of G using the 
edges vi-lv~ and v~v~+l, where the subscripts are taken modulo k. For  each 
i E {0 . . . . .  k - 1} and each e e E(G), let yi(e) = 1/2 if Zi passes through e, 0 otherwise. 
Each function Yd') satisfies (W2), and it also satisfies (Wl) and (W3) except that the 
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inequalities are not strict. Let 

k ~ k - 1  
y(e) = w(e) + Li=o yg(e) (3.1) 

1 + k  2 

Since y is a convex combination of w and the yi's, y satisfies conditions (W1)-(W3). 
Also each edge e incident on F satisfies the inequality 

y(e) >~ k/(k 2 + 1) > 1/(2k). 

Step 3: Define a new weighting function x on E(G') by 

(3.2) 

i y(e) if e e E ( G )  and e is not part of the boundary of F, 

x ( e ) = l y ( e ) - l / ( 2 k )  if e e E ( G )  and e is part of the boundary of F, 

I1/k if e = vvi for some i. 

It is clear that x( . )  satisfies (W1) and (W2). Let C be any cutset in G'. If C contains 

only edges of G that are not part of the boundary of F, then Ee~cX(e) = Ee~cY(e). 
Otherwise, C contains at least one edge incident on v for every pair of edges on the 

boundary of F, so Ke~cX(e)>7 Ze~cY(e). Hence x ( . )  satisfies (W3), and the proof is 
complete. []  

Theorem 3.5. Any 4-connected planar graph is realizable as a Delaunay tessellation, 
with an arbitrary face as its outer face. 

Proof. This is immediate from Theorem 3.4, Nelson's theorem, and Tutte's 
theorem. []  

Theorem 3.6. Any triangulation T without chords or nonfacial triangles is realizable as 
a Delaunay triangulation, with the nontriangularface as the outer face. 

Proof. If the outer face has valence 4 or more, then steUating the outer face yields 
a 4-connected graph, so the result follows from Theorem 3.3 and Lemma 2.2. If 
the outer face is a triangle, then T is 4-connected, so the result follows from 
Theorem 3.5. []  

We now turn to bipartite polyhedra. Since no bipartite graph can be 1-Hamil- 
tonian, the preceding theorems do not apply in the bipartite case. Nevertheless, we 
establish an analog of Theorem 3.1 (Theorem 3.8, below), which is an immediate 
consequence of the following more general theorem. 

Theorem 3.7. I f  a planar graph G has the property that removing any pair of adjacent 
vertices yields a Hamiltonian graph, then G is of inscribable type. 
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Proof. Let m and n denote the number of edges and vertices of G, respectively. For  

each edge e = uv, let Ze be a Hamiltonian cycle through G - {u, v}. Assume, for the 
moment, that every edge of G lies on at least one of the cycles Ze. This assumption will 
be removed at the end of the proof. 

For any edges e and e', define Se(e') = 1 i fZe  passes through e', 0 otherwise. We first 
note that for any vertex v e V(G), 

~ Se(e') = 2(m - deg(v)). (3.3) 
e' ~I(v) evE(G) 

To see that (3.3) holds, reverse the order of summation, and observe that for fixed e, 
~e'~1,v) Se(e') = 0 if e e I(v), 2 otherwise. 

Next, we note that G is regularizable with sum m; that is, there is an assignment r(. ) 
of positive values to edges such that for every v e V(G), 

r ( e ' )  = m .  (3.4) 
e' ~l(v) 

Indeed, a regularizing function is given by 

r(e') = 1 + ± 2 ~ Se(e'). (3.5) 
eEE(G) 

This can be seen by summing the right-hand side of(3.5) over all e' e l(v) and applying 
(3.3). Observe also that 

r(e) = nm/2. (3.6) 
eeE(G) 

Now, define a weighting function w on E(G) by 

w(e ' )=  E r(e)se(e') 

We claim that w(.) satisfies conditions (W1)-(W3) of Theorem 2.1. An argument 
similar to that used to establish (3.3) shows that for any fixed vertex v, 

~, Z r(e)se(e') = Z 2r(e) = (n-- 2)m. (3.7) 
e' ¢l(v) eEE(G) eel(v) 

By (3.7), the total sum of the weights at a vertex v is 1, so (W2) holds. 
Ife '  = (u, v) is an edge, then e' is missed by every cycle Ze such that either u or v is an 

endpoint of e. Hence by (3.4) and (3.6), 

nm/2 - 2m + r(e') nm/2 -- m 
w(e') ~< < - 1/2, 

(n -- 2)m (n -- 2)m 

so (W1) holds. 
To show that (W3) holds, let C be a noncoterminous cutset. There are two cases. 

The first case occurs when one of the components determined by removing C consists 
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of a pair of adjacent vertices. In this case, since (W 1) holds, the edge joining them must 
have weight < 1/2. Since (W2) also holds, it follows that C has total weight exceeding 
1. In the remaining case, each cycle Ze must cross C at least twice. Hence, by (3.6) the 
total weight of the edges in C satisfies 

~ w(e ' ,= ~ r(e, ~-~ s~(e',>>, ~'~ 2r(e, = _n > 1. 
e ' ~ C ~ e ' ~ G e  ) (n ~ ) m  e'EC~ eel~tt~ (n -- 2)m n 2 

To complete the proof, we show that the assumption that all edges of G lie on some 
Ze is unnecessary. Let H be the subgraph consisting of all edges lying on at least one 
Ze. We have just shown that H is of inscribable type. By Theorem 2.3, the only way 
G could fail to be ofinscribable type would be if H were bipartite, G were nonbipartite, 
and G were obtained from H by adding red-red edges (and possibly red-blue edges) 
but no blue-blue edges (with respect to an appropriate 2-coloring of H). But in this 
case, removing two adjacent red vertices from G would create a non-Hamiltonian 
graph, a contradiction. Hence G is of inscribable type and the proof is complete. []  

Define a bipartite graph to be red-blue-Hamiltonian if whenever a red vertex and 
a blue vertex are removed, the graph is Hamiltonian. 

Theorem 3.8. I f  a planar bipartite graph is red-blue Hamiltonian, then it is of 
inscribable type. 

Proof. Immediate from Theorem 3.7. [] 

We conclude this section by showing that if a polyhedron is 'almost regular' in 
a certain sense, then it is of inscribable type. 

Theorem 3.9. Every simplicial polyhedron in which every vertex has degree 4, 5, or 6 is 
1-Hamiltonian and hence, by Theorem 3.1, of inscribable type. 

Proof. Let G be a simplicial polyhedron in which every vertex has degree 4, 5 or 6. If 
G is 4-connected, the result follows from Theorem 3.3. So we may assume G is not 
4-connected, and hence has a nonfacial triangle, T. 

Now consider the possible triplets of numbers of neighbors that the three vertices of 
T may have inside T, listed in descending order. The possible triplets are: (1, 1, 1), 
(2, 2, 1), (2, 1, 1), (2, 2, 2), (3, 1, 1), (3, 2, 1), (3, 2, 2), (3, 3, 1), (3, 3, 2), and (3, 3, 3). We may 
eliminate (1, 1, 1), as a possibility because it would imply the existence of a vertex 
inside T of degree 3. It is easy to see that (2, 1, 1) and (3, 1, 1) are impossible in a 
simplicial graph G. It follows (by considering the inside and outside of T simulta- 
neously) that the 'complementary' pairs (3, 3, 3), (3, 3, 2), and (3, 3, 1) are also impossible. 

Fig. 2(a) shows the only way of realizing the triplet (2, 2, 1); it is not permissible, 
since there is a vertex of degree 3. This allows us to eliminate the 'complementary pair' 
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2 1 2 1 

(a) (b) 

Fig. 2. Two nonrealizable degree labelings of triangles. 

Fig. 3. A 'string of pearls' graph. 

(3, 2, 2) as well. Finally, we claim that (3, 2, 1) cannot be realized. If it were, we would 
have the configuration shown in Fig. 2(b). This configuration has a degree-3 vertex at 
A, so something must be added inside triangle ABC. Since C already has 5 incident 
edges, and all triplets containing a 1 except (3, 2, 1) have already been ruled out, the 
triangle ABC must have inside it a realization of a (3, 2, 1) triplet. Repeating the above 
argument shows that there must be a descending chain of triangles realizing (3, 2, 1) 
triplets. Moreover, the chain must continue forever, since if it stops there will be 
a degree-3 vertex. Since G is a finite graph, this is impossible. 

Thus we have shown that there is only one possibility: each vertex of T must have 
exactly two neighbors inside T and (by a symmetric argument) two outside. By 
repeating the argument, it follows that G must be a 'string of pearls', a nested sequence 
of triangles as shown in Fig. 3. Such a graph is easily seen to be 1-Hamiltonian. [] 

The 'string-of-pearls' graphs introduced in the proof of Theorem 3.9 are not 
4-connected, but their duals are bipartite and trivalent. It follows from [12, Theorem 
3.1] that they are not of circumscribable type. So Theorem 3.9 is false if we replace 
'inscribable' with 'circumscribable'. However, we have: 
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Corollary 3.10. Every simplicial polyhedron in which every vertex has degree 5 or 6 is of 
both inscribable and circumscribable type. 

Proof. Inscribability is a special case of Theorem 3.9. It follows from the proof of 
Theorem 3.9 that if G is a simplicial polyhedron in which every vertex has degree 5 or 
6, then G is 4-connected. It is observed in [12] that any trivalent polyhedron with 
a 4-connected dual is of inscribable type (proof: assign each edge a weight of 1/3). This 
observation implies that G has a dual of inscribable type, so G is of circumscribable 
type. [] 

4. Necessary conditions 

The following theorem is proved in [12]. 

Theorem 4.1. Any nonbipartite graph of inscribable type is 1-supertough. 

The remaining results in this section assert the existence of perfect matchings in 
polyhedra of inscribable type. A perfect matching in an n-vertex graph is a set of Ln/2_] 
disjoint edges, where L • / denotes the 'floor' function. We first state without proof the 
following lemma, taken from [9], which is an immediate consequence of Tutte's 
famous characterization of a 1-factor [31]: 

Lemma 4.2. Let G be a graph, and suppose that for each P c_ V(G), 

co(G - P) <~ [PI + 1 (4.1) 

where co(G - P) is the number of components of G - P that have odd cardinality. Then 
G has a perfect matching. 

Theorem 4.3. Any nonbipartite graph of inscribable type has a perfect matching contain- 
ing any given edge. 

Proof. Remove an edge (and attached vertices) from a nonbipartite graph of inscrib- 
able type, and let G be the remaining graph. By Theorem 4.1, (4.1) holds for any subset 
P ~_ V(G). Hence G has a perfect matching by Lemma 4.2. [] 

Theorem 4.3 is the best possible, in the sense that we cannot always obtain a perfect 
matching containing two given disjoint edges (or, in the case of a graph with an odd 
number of vertices, a perfect matching containing a given edge and having a given 
third vertex as the unmatched vertex). Indeed, consider any graph of inscribable type 
with an even number of vertices and a nonfacial triangle abc that contains an odd 
number of vertices in its interior. There is no perfect matching in which a is matched 
with b and c is matched with a vertex outside triangle abc. 
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Theorem 4.3 is false if we replace 'nonbipartite graph of inscribable type' with 
'Delaunay triangulation'. Indeed, consider any 4 points such that all 4 points are on 
the convex hull; the (unique) diagonal edge in the Delaunay triangulation cannot 
participate in a perfect matching. 

A stronger version of Theorem 4.3 holds for bipartite graphs of inscribable type: 

Theorem 4.4. Any bipartite graph of inscribable type has a perfect matching containing 
any two given disjoint edges. 

Proof. Suppose that G is bipartite and of inscribable type with 2n vertices. Two-color 
G red and blue. Since all graphs of inscribable type are 1-tough, G has n red vertices 
and n blue vertices. We claim that any collection ofj  ~< n - 2 blue vertices has at least 
j + 2 neighbors. This claim implies the theorem. Indeed, let G' be any graph obtained 
from G by deleting two disjoint edges, the four endpoints of the two edges, and all 
edges incident on these four endpoints. The claim implies that any collection ofj  blue 
vertices in G' has at least j neighbors, so G' has a perfect matching by the Frobenius 
matching theorem [22, p. 6]. 

To prove the claim, let w(-) be a weighting of the edges of G satisfying conditions 
(Wl)-(W3) of Theorem 2.1, and let j  ~< n - 2. Let S be any set of j  blue vertices, T its 
set of neighbors. I f j  = 1, I TI /> 3 since G is 3-connected, so assumej I> 2. The set of 
edges incident on T but not on S is a cutset. The total weight of this cutset is I T I - I S I, 
an integer. If it is 0, then since G is connected, IT I = ISI  = n, contradicting the 
assumption that ISI  ~ n -  2. If IT I - I S I  = 1, then (W3) implies that the cutset is 
coterminous, so I TI = n, ISI  = n - l ,  and the asssumption is once again violated. So 
I T I - ISI ~> 2, proving the claim and hence the theorem. [] 

Theorem 4.4 is again best possible, as it is not always possible to find a perfect 
matching containing three given edges. For example, consider the cube: it is easy to 
select three disjoint edges so that the two unmatched vertices are diametrically 
opposite vertices. Clearly, these three edges cannot all participate in a perfect 
matching. 

5. Remarks 

Theorems 3.1 and 4.1 provide a pair of sufficient and necessary conditions that 
bracket the class of graphs of inscribable type. Specifically, Theorem 3.1 says that if 
G is planar and removing any vertex from G yields a Hamiltonian graph, then G is of 
inscribable type. Theorem 4.1 says that if G is of inscribable type, removing any vertex 
from G yields a 1-tough graph. It is well known that any Hamiltonian graph is 
1-tough [5]. 

Lemma 2.2 suggests an alternative formulation of these two theorems. Let G be any 
triangulation with n vertices, and let G' be the simplicial planar graph obtained by 
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stellating the outer face of G. Consider the family ~ of n + 1 triangulations that can 
be obtained by deleting a vertex of G. Theorem 3.1 says that if every one of the 
triangulations in f f  is Hamiltonian, then G' is of inscribable type and hence every 
triangulation in f f  (including G) is Delaunay realizable. Theorem 4.1 says that if G is 
Delaunay realizable, then every triangulation in JY is 1-tough. 

In view of the reformulation in the preceding paragraph, it is tempting to conjecture 
that there is some graph-theoretical property 2,  between Hamiltonicity and 1-tough- 
ness, such that a nonbipartite polyhedral graph is of inscribable type if and only if 
removing any vertex produces a graph with property ~. A proof of some instantiation 
of this statement would totally solve Steiner's problem, at least in the nonbipartite 
case. However, it is not clear what property ~ might be. 

The existence of a relationship between Hamiltonicity and inscribability has been 
previously noted. For example, the graphs used to establish an upper bound for log3 2 
on the shortness exponent of simplicial polyhedra in [19] are exactly the same as the 
graphs used to establish the same upper bound on the noninscribability exponent of 
simplicial polyhedra in [17]. It was observed in [7] that any Hamiltonian polyhedral 
graph can be inscribed in a certain highly degenerate fashion: the graph can be 
realized as a polyhedron, 'flattened' to a disk, with all the vertices lying on a common 
circle in an order determined by the Hamiltonian cycle. The results of Section 
3 indicate that this relationship is rather strong. Nevertheless, there are limits to the 
extent of the relationship. In particular, it is an NP-complete problem to determine 
whether a polyhedron of inscribable type (or a Delaunay triangulation) is 
Hamiltonian [10]. 

We close with three open problems: 

1. The methods of Section 3 are, in principle, constructive. In particular, a weight- 
ing of a 4-connected polyhedron satisfying conditions (Wl)-(W3) can be found in 
quadratic time by repeatedly using algorithms from [4]. Once such a weighting is 
known, an inscription can be found in polynomial time [24]. Nevertheless, it would be 
useful to have faster methods for directly constructing inscriptions and Delaunay 
realizations of these polyhedra. 

2. Does removing any pair of adjacent vertices from a bipartite graph of inscribable 
type leave a 1-tough graph? If so, this would provide a necessary condition for 
bipartite graphs to be of inscribable type. Such a condition would complement the 
sufficient condition of Theorem 3.8, analogous to the complementary relation be- 
tween Theorems 3.1 and 4.1. 

3. Can Theorem 3.9 be extended to include all simplicial polyhedra with 9 or more 
vertices in which all vertices have degree ~< 6? The stellated tetrahedron of Fig. l(a), 
which has 8 vertices, is an example of a simplicial polyhedron with maximum degree 
6 that fails to be 1-Hamiltonian. We conjecture that this is the only such example. We 
have verified this conjecture for all simplicial polyhedra with up to 15 vertices. 
Ewald has shown that any simplicial polyhedron with maximum degree ~< 6 is 
Hamiltonian [14]. 
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