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1. Introduction

Consider a class of scalar singular boundary value problems

Ly = (py) =p&f(xy), 0<x=<1 (1
y(©0)=0, ay(M+py1) =y, (2)
wherea > 0, B > 0and y is a finite constant. We assume that p(x) satisfies the following conditions

(A)(i) p(x) > 00n (0, 1],
(i) p(®) € C'(0, 1],
(i) p (x) = xPq (x) on [0, 1], by > 0 and for some r > 1
Q(x) = 1/q (x) is analyticin {x : |x| < r}.

Further we assume that
(B) f(x,y) is continuous, df /9y exists, it is continuous and df /dy > 0V 0 < x < 1 and all real y.

The existence-uniqueness of the solution of the boundary value problem (1) and (2) is established in [16,17] for xp’/p
analyticin {x : |x| < r} for some r > 1 and for the more general problem in [8] with nonlinear boundary conditions.
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Table 1
Maximum absolute errors
N/bg 0.25 Order 1.0 Order 2.0 Order 8.0 Order
8 2.99(—3)° 8.21(—4) 6.72(—4) 1.15(-3)
16 1.46(—4) 4.35 3.98(—5) 437 4.30(—5) 3.97 9.81(—5) 3.56
32 7.50(—6) 2.08(—6) 2.68(—6) 6.96(—6)
64 3.95(—7) 4.25 1.16(—7) 4.16 1.66(—7) 4.01 4.61(—7) 3.92
128 2.11(-8) 6.99(—9) 1.04(—8) 2.96(—8)
256 1.13(—9) 423 4.23(—10) 4.05 6.47(—10) 4.00 1.87(—9) 3.98

22.99(—3) = 2.99 x 1073,

The boundary value problem (1) and (2) with by = 0, 1,2 and q (x) = 1 arises in the study of various tumor growth
problems [1-3,9] with linear f (x, y) and also with non-linear f (x, y) of the form

fxy=fy) =0y/y+«), 6>0,«k>0. (3)

The problem with by = 2, g (x) = 1 arises in the study of steady state oxygen-diffusion in a cell with Michaelis-Menten
uptake kinetics and in the study of the distribution of heat sources in the human head [4,14,15], in which

fxy)=f@y)=—-8e% 6>0, 6>0. )

There is a considerable literature on numerical methods for such problems e.g. [5,6,10,11,13,18,19]. Ciarlet et al. [6] and
Jamet [13] discussed numerical methods for q(x) = 1, by € (0, 1). Russel and Shampine [18] discussed numerical methods
for linear case with p (x) = x, by = 1, 2 while in [11] Gustafsson considered a linear problem in (8, 1] instead of (0, 1]
and constructed compact second order, fourth order and non-compact fourth order methods for its solution. In [5,10] fourth
order methods are described for the problem (1) in the case p (x) = x?, by > 1and boundary conditionsy’(0) = 0,y(1) = B.

In the present work, using Chawla’s identity [19], we extend the fourth order finite difference method developed in [5]
for p (x) = xP, by > 1 and boundary conditions y'(0) = 0, y(1) = B to the problem (1) and (2) where the non-negative
function p(x) satisfies the conditions given in A(i)-(iii). In Section 3 we establish the order of accuracy of the method for
a non-negative function p(x) and under quite general conditions on f(x, y). In the case p (x) = x, this work provides a
fourth order method for by > 0, while in most of the work methods are given for by > 1. To illustrate the convergence
and to corroborate the order of accuracy of the method, we apply it to one example. The results are displayed in Table 1.
Two physiological problems, the oxygen diffusion problem in a spherical cell and the nonlinear heat-conduction model of a
human head, have also been solved and the results are in good agreement with those of [4,7].

2. Finite difference method

This section is divided in two parts (i) Description of the method and (ii) Construction of the method. All coefficients not
specified explicitly in this section can be found in the Appendix.

2.1. Description of the method

In this section we first state the method and then its construction process is explained in Section 2.2.

For a positive integer N > 2, we consider a uniform mesh w, = {xk}ﬁ’:O over [0, 1], where x, = kh, h = 1/N. Let
g(x) = f(x, y(x)) (y(x) is the solution), g, = g(xx), yx = y(xx) etc. Now we approximate the differential operator Ly on the
grid wy, by the difference operator

L'V = =Y/l + 52/,

LV = Vi1 [l = AT+ D0V + e [ k=2(DN = 1),

LUVIn =Tn-1/In-1 = (1 fIn-1 + /(BTN + v/ (BQ)
where L"y is an approximation for a locally integrated version of (py’)’/p (defined in Section 2.2.1), j = (J;) denotes the
approximate solution, i A y; and Q; = Q (x;),

Xk+1
Jk= (p(r))~'dr

Xk
then the difference scheme for the boundary value problem (1) and (2) is given by Egs. (5)-(7)
(L"V)1 = bo.181 + b1,182 + b_1,1%. (5)
(L"V)k = b_148—1 + boi8k + b1i8+1, k= 2(DH(N — 1), (6)
(L"V)n = a_1 n8v—1 + GonEN + (54/9)01,N§N,% (7)
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where
1

- . - - -~ . o~
= Xk, s = X0, s = _ —X .
& = f Xk, Vi) 8o = f (X0, Yo) Yo=J1—3 Bot 1) 181

- 30
g3 =f <XN - gh, yN_%),
?N_% = [9Yn-1 + (55 + 15ha/B)yn — 15hy /B1/64

and the coefficients a; , b; j are given in the Appendix.

2.2. Construction of the method

In this section we first describe the derivation of (6) and then using this, the construction of discretization (7) at x = 1
and (5) at x = 0 are given and estimates for truncation errors are given in Section 3 (without proof).

2.2.1. Derivation of the discretization (6)

By taking z (x) = p (x) y'(x), the differential equation (1) can be written as z’ = p (x) f (x, y(x)). Then an approximation
for the differential operator Ly on the uniform mesh wy, is obtained as follows:

We integrate 2’ = p (x) f (x, y(x)) twice, first from x, to T and then from x, to X, ; and change the order of integration to
get the following

Xk+1 Xk+1
Vit — Vi = 2 + / ( / ) dr) p(Dg (b, )
t

Xk

where z; = z(x¢) and J = fx’:‘“ (p(r))~'dr. In an analogous way, we get

X
Yk — Vi1 = Zik—1 — /
Xk—1

Eliminating z; from (8) and (9) we obtain Chawla’s identity:

t
/ )" dr) p(Dg (). (©)

k—1

— ¢ — Vi [ S
Yir1 =Yk Vi }’kl=L+L, k=1(1)N—1 (10)
Jr Ji—1 Jo o Tk
where I, and I, are as follows
+ Xie+1 Xie+1 1
i= ( [ ewr dr) PO, (1)
Xk t
X t
I,::f f (p (1)~ dr | p(H)g(t)de. (12)
Xk—1 Xk—1

Now using Taylor’s expansion for Q (as defined by condition A(iii) in Section 1) and g about x in Iki, the approximation (6)
is obtained for a smooth solution y(x) as

(L"Y) = b-1k8k—1 + boxgk + b1agr1 + b,  k=2(D(N—1) (13)
where ¢y is the truncation error and the coefficients can be found in the Appendix.

2.2.2. Derivation of the discretization (7)
For this, we use the Eq. (9) for k = N, the boundary condition at x = 1 and

4

1 h2
g = — [55g~ +9gn—1 — 64gN_%] PR 0. s < <,

15h
“ 7‘16 11h mo. s ’
8= T5p2 [Se0 + 301 =823 | + 28 () v <y <,
to get
h 64
(L"y)n = a_1.NgN—-1 + GoNEN + 5 By +ty (14)

where g _ 3= glxy — %h), ty is the truncation error and the coefficients can be found in the Appendix.
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Now discretization (14) involves the unknown y,, _ 3 which we approximate in the following way:

= 15h° 7
Yn-3 =In-3 F o2a"W
where
_ 1 15ha 15hy
I3 = 9yn-1 + 55+7 YN_T .

Now, letgy s =f (xN — 2h, yN_%), then replacing gy _»

smooth solution y(x) atk = N

3 by gy 3 in Eq. (14) we obtain the following discretization for a

64 _ _
(L"y)n = a_1ngn—1 + GongN + ?a],NgN_% + it (15)

where

_ 5h3 of 3

tn=t —anye— | xy — =h, y* ,
N =In+ 23 TNIN 3y ( N3 nyé)
k

Vg € (min oy Fug ) max g i)

and coefficients can be found in the Appendix.

2.2.3. Derivation of the discretization (5)

We first consider the Eq. (8) for k = 1. This involves z; which is obtained by integrating z’(x) = p(x)f (x, y(x)) from 0 to
x1 and using the boundary condition y’ (0) = 0 and is given by

71 = / p(t)g(t)dt.
0

Now replacing z; in Eq. (8) we obtain the following identity

— I+
Y2 Y1 =I1 + 1
J1 J1
where l; = foxl p(t)g(t)de.
Now using Taylor’s expansion for Q(x) and g about x; in I; and I]Jr in the above equation, we get the following
discretization for a smooth solution y(x)

(L"y)1 = bo 181 + b1.182 + b_118 + t (16)

where t; is truncation error and coefficients can be found in the Appendix. Since the discretization (16) involves the unknown
value yo which we approximate in the following way:

Yo=Jo+To
where
- X2
Yo=Y1— mgl
and 7 = " {(bo +ag 6 - ZQ‘/gl}, 0<& <.
6 (bo + 1) (bo +2) Q

Now, let g, = f (x0, Yo), then replacing gy by g, in Eq. (16) we obtain the following discretization for k = 1:
(L"y)1 = bo1g1 + b1,182 + b_1180 + b (17)
where t; = t; + b_mro% (x0. ¥3). ¥ € (min{yo, Yo} , max {yo, yo}).

2.2.4. Computation of yo

To compute yo, we integrate z’ = pf twice, first from 0 to  and then from 0 to x;, and using boundary conditiony’ (0) = 0
we obtain the following
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Yi—Yo= / (/ (p(r))*dr)p(t)g(t)dt.
0 t

Now using Taylor’s expansion for Q and g about x; it is easy to establish the following
Yo = Y1+ Go.081 + a_1,080 + a1.08 + 0 (I°)

where

1 1
At10 = T |:Z|ZA10,0 + EAzo,o F (A0 — A]l,O)Ql//Ql:| ,

1
Ggo = — |:Aoo,o — —A.0 + (—A10,0 + A01.00Q;/Q1 + (Az0.0 — A11,0)(Q]/Q1)? + (—Az.0 +A02,0)Q{//(2Ql)i| ,

h2
1 (bo +4) bo + 3) 1
Aoo,0 = 77& 10,0 = — 0 X?; 11,0 = G X‘f; 01,0 = —7X?;
2¢ (1) 6y (2) 124 (2) 6y (1)
(b3 + 7bo + 18) 1 o .
Ao = xl Ano 1 with g (i) = [ Jebo +1.

= 7}{]
120 (3) 129 (1) 11

3. Convergence of the method

In this section we establish the fogrth order accuracy of the method developed in the previous section for the boulldary
value problems (1) and (2). Let G(Y) = (&1,..., 80 Y = (1,....y3) Q = (0,0,...,0, ﬁ)T and H(Y) =
(b_1.180,0,...,0, (64/9a; n EN_%)T, then the difference scheme (5)-(7) can be expressed in matrix form as

DY + PG(Y) + H(Y) = Q (18)

where D = (djj) and P = (p;j) are (N x N) tridiagonal matrices with

dykyr = —1/Jk, k= 1N — 1); e = (/e +1/Jk1) . k=2(1)(N - 1)
dyy = (1/]n—1 +a/(BQn)), di1 = -1/, dee1=—1/Jke1, k=2()N

and

Pr.k = Do,k Pir1 =b1k, k=1(1)(N—1), Pkk—1 =b_1x, k=2(1)(N-1),

DN.N = QoN, PN.N—1 = A_1,N-
LetY = (1, ...,y T = (E1, by oo tyeto ) LE=Y — Y = (eq, ..., ey)", then the Egs. (14)-(16) can be written as
DY +PG(Y) + H(Y) + T = Q. (19)

We may write
EO_EO =UOGO_}_/O)5 EN,% _§N73 =UN,% (yN,% _)—/N,%)
for some U, L_JNfg and then from Eqs. (18) and (19) we get the error equation

(D+PM+W)E=T (20)
where
G(Y) —G(Y) =ME, M =diag{U, ..., Uy} (U = dfi/dyx > 0);
H(Y) —H (Y) = WE,
where W = (wj;) is a matrix with
__ ¥
2(bp + 1)

and all its other entries are zeros.
Now for fixed x; and for h — 0, J; is asymptotically equal (written as -~) to hx,:bOQk and is written by Jj - hx,:bOQk.

oolw

w11 =b1,100{1 3

- 5 3ha \ -
, WNN—1 = a1,NUN,%, wyn = —a;n | 11+ B Uy_
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Similarly
Boo,1 3hxl170/(2Q1), Bio,1 » —hlelzo/(3Q1), Bao,1 - 5h3X?0/(12Q1),
Booj « 4% /Qu.  Bioj -~ —bol®® 7' /(12Q).  Baos ~ %/ (6Q).
Botk ~ —boh*xp® ' /(4Qu),  Boak —~ h3X/QQu),  Buik —~ hPx/(4Q).
Ay = 1P/2, Ay~ —h/6,  Ajy——h/3, Ay - ht/12,
Apy - h*/4,  Afy - hY/8.
Since

>0,

=2,3,...,(N—=1)
> 0, =1,

N .

i

diji+1 <0,dii—1 <0 and X;di,j { i N
=

the matrix D is irreducible and monotonic (from the corollary of Theorems 7.2 and 7.4 of [ 12]). Similarly it is easy to see that

D+ PM + W is also irreducible and monotonic as PM + W > 0. Now from Theorem 7.1 of [12], D", and (D + PM + W)~!

exist and are nonnegative, and from theorem 7.5 of [ 12] we get
D+PM+wW) <D™

LetZ =(1,...,1D"and S = (51, ..., Sy)" = DZ, denote the vector of row-sums of D, and let V = (Vi, ..., Vy)T where
Vi=(@B/a) +2— 3(x+ 1)?andR= (Ry, ..., Ry)" = DV.Since Ry > 0 and for sufficiently small h
Ry > h™/qQ,
bo—1

Ry > (boh/(2Qu) %" . k=21 N —1)
then from D™!R = V we get

d; ) /Q < @B/@) +(3/2), i=1()N (21)
and
N-1 1
(boh/2) Z(d{kl/Qk)XkO_ <Vi<(@B/a)+(3/2), i=T1(1)N. (22)
k=2
Let g® fori = 0(1)3, xg™ and y"” be bounded on (0, 1] then for sufficiently small h
|tr] < Ch**P0/1Qu] . (23)
el < Ch*x '/ 1Qel, k=1()(N—1) (24)
and
|tn| < Ch*/1Qul (25)

for suitable constants C ,CandC.
Now since Sy = a/(8Qy) then from D~'S = Z we obtain

diy = gqN, i=1(1)N (26)
and thus from Eqs. (20)-(26) we get
N
leil < di |ta] + D diy) Il + dpy |En| < C*h*
k=1

where C* = [(6/2 + C/bo)(4B/a + 3) + f(,B/oc)] and hence it follows that
IElloo = O (h*).

In the case of by = 1, 2, 3 the convergence of the method can be established by taking the limits by — 1%, 2, 3 respectively.
Thus we have established the following result:

Theorem 1. Assume that f (x, y) satisfies (B) and p(x) satisfies the conditions in (A).Then, the finite difference method (5)-(7)
based on a uniform mesh applied to the boundary value problem (1) and (2) with by > 0 s of fourth order accuracy for sufficiently
small h provided g® for i = 0(1)3, xg™ and y"” are bounded on (0, 1], where g(x) := f(x, y(x)).

Remark 1. Estimates for truncation errors (as given in (23)-(25)) are not proved but can be established on the basis of
explicit specification of coefficients given in the Appendix and under the assumptions that g® for i = 0(1)3, xg®™ and y"”’
are bounded on (0, 1].
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Table 2
Numerical solution of physiological problems
X First problem Second problem

Numerical solution Numerical solution Numerical solution

a=8=1 a=018=1

Fourth order Solution in [4] Fourth order Solution in [4] Fourth order Solution in [7]
0.0 0.82848 0.82848 0.36752 0.36734 1.14704 1.14700
0.5 0.85906 0.85906 0.33841 0.33828 1.13375 1.13373
1.0 0.95095 0.95094 0.24793 0.24783 1.09325 1.09323

4. Numerical illustration

To illustrate the convergence and to corroborate the order of convergence of the method we consider the following

singular two point boundary value problem

(xP0e*y’) = 5e*xP03(5x°¢¥ — (by + 4) — x) /(4 + x°)

y(©0)=0, y(1)+5y(1)=In(1/5 -5
with exact solution y(x) = In(1/(4 + x°)). Maximum absolute errors and order of convergence (accuracy) for this problem
have been displayed in Table 1 which show that the method works well for all finite values of by and is of fourth order
accuracy.

Two physiological problems are solved using this fourth order method. The first problem is an example of oxygen
diffusion corresponding to (1) and (2) with f(x, y) given in (3) and p (x) = x>,0 = 0.76129, «x = 0.03119, 8 = 1 and
o = y =5 and the results are displayed in Table 2 (First Problem).

The second problem is an example of a non-linear heat conduction model of the human head, which corresponds to (1)

and (2) with f(x, y) givenin (4)and p (x) = x>, = 1,6 = 1 and y = 0. We have performed calculations for the following
two cases

MHa=p=1
(i)  =0.1,8 = 1

for comparison purposes and display the results in Table 2 (Second Problem). These results are in good agreement with
those of [4,7].

Remark 2. For physiological problems the true solution is not available.
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Appendix

The coefficients a;;, b; j used in the Eqs. (5)-(7) are given as follows:

l /
bi11 = ——[%B1o,1 + Bo,1/h F (Bao,1 —ATl,l/]l)Ql/Ql],

2h

bo.1 = Boo,1 — Bao.1/h* + (—Bio1 +A(T1,1/]1)Q1//Q1 + (Bo,1 _ATL]/]])(Q]//Ql)Z + (=B2o,1 +A8L2,1/]1)Q1///(2Q1),
1

biiyx = ﬁ[iBlo,k + Baok/h F (Baox — B11,k)(Qr/Qu)],

bo.xk = Boox — Bao,x/h* + (Bo1k — B10.k)(Q4/Qu) + (Baok — Bi1,1) (Qu/Q)* + (Bozk — Bao,i)(Qr /(2Qx))

3 - (11F5) - - /
ariN = :F5h]N ; Apnt+ 6h Apn + (A y + AT NDQ/Qv |
1 _ 11 _ 8 _ _ 11 _ 11 _ ,
GoNn = ]Nj Aoo,N + ?ThAm,N + ﬁAzo,N + _Alo,N +A01,N - ?ThAzo,N + 37hA11,N QN/QN

+ (Apn — A1) (Qy/Q)* + Ay —A;o.m%’/(zQN)] ,
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where
Bnoa = (Ao /1 + A1 /Q), m=0(1)2;
Bomk = (Agmi/Jk + Agm i/ Je1), m=0(1)2;
Bimk = Al i /Jk + Apni/Ji—1), m=0,1;
Byo.k = (Adg i /Jk + Ao i/ Ji-1)

741

and
Ago ke = = (5ey = X0 /2 + pigo /¢ (1)
N h? h
AL = _ig — S Xt 70 (1)x§i1 - ;ﬁo.k} /¢>(1),
Th* R h? 2h
Azio k= _E + ?inl + " (UXiﬂ + v (2)X;zi‘1 + Mzig,k:| /¢ M,
+ [ 0w + 1 5 3 +
Ay = ig - *Xk:tl =+ hitgo k ¢ )+ *(Xk:u = X) — Kotk ¢ (2),
. h* R h*  2n
AOZ,k = 12 + 3 —Xk+1 + h Moo k ¢ (]) + :F 7Xk:t] + h de:l + 2h,u()1 k ¢ (2)
+ |:_*(xki1 - Xk) + Moz,k] /d’ 3,
+ h4 h3 4 h3 h2
Al = [12 F o Xkx1 + v (])in1 F h#m k] /¢ M+ |:12 3 X1 + Xk:l:l F v (1)in1 + Ui ki| /4’ 2,
0.1 = x’i"“/vf M. A= @, Ay, =20y 3),
with

1-b, bo+1+i b 1
u§k=u>é,;1 O — XY Jy (1 4-0),

¢() =]]G—bo) and ¥ Zl_[(b0+f)-

j=1 j=1

A.1. Coefficients in the case by = 1

The difference scheme for by = 1 can be obtained by taking limit by — 17 and the coefficients for this case are same as

given above except for the following which are obtained by taking the limit by — 17.
1
Ao = Z[(Xij:l —x0) — 2x; In(Xjez1 /1),
+ 1 2 2 3
Ay = E[ih@xki] — SXpx1Xk — 5X;) + 6x; In(Xeae1 /X1 1,
+ 1 2 2 3
Agi = —[ih(Zxki] — Xgt1Xk — 7xk) =+ 6x;, In(Xex1 /X101,

1
A%”‘ -7 |:18h2xii1 F 20hx}, + (Xk:tl Xp) — 6x; lﬂ(inl/Xk)} ,

1
At = ==[=30* £ 12°x1 — W2 (12x0,1 + 41X + 5x;) £ 6hx,; — 6x¢ In(Xiee1 /x0)],

36

1
Appr = ﬂ[_4h4 + 16h%x41 — 24h°x2,, £ 3h(5x0,, — 3%, % — X1 Xe + 5%0) — 12X In(Xpwr /X0 ],
Ago1 = Exl; A1 = _6"1? 201 = T 1

A.2. Coefficients in the cases by = 2 and by = 3

In a similar fashion the difference scheme for by = 2 can be obtained by taking the limit by — 2 and the coefficients

different from the general case are as follows:
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1
+ 3 2 2 3 3 3 3
Ak = 718[¢3h + 9h" X1 F 6h(Xiyq — X /Xux1) + 2Ky — X)) — 6x In(xpee1/X0) 1,

1 7
A= = |:—6h4 + 2441 — 240X, £ 2h(Tx} ., — 3% /X)) — 5(x;‘i1 — X) + 6x; In(Xpeq /xk):| ,

1
As = g[—Bh“ + 12h3x0 — 1202 (1, — X} /Xer) £ 8h(G L, — 3%0) — 2(Xpyy — X) + 24 In(Xpew1 /%0)]-

Similarly for by = 3 only the coefficient A(fz’ « is different from the general case and is given as:

1
Ay = &[Zh“ F 8h3xp1 + 6h2(3x,, + X0 /X0, ) F 12h(xG o, — X4 /X)) + 3(Xpey — X0) + 12X In(Xpee1 /X10) ]
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