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All non-equivalent circulant D-optimal designs for n ~- 2 mod 4, n ~< 54 and n = 66 

are given and were found by an exhaustive search. There is a unique non-equivalent 

circulant design for each value of n ~< 18, 3 for n = 26 and n = 30, 8 for n = 38, 31 

for n = 42, 17 for n = 46, 39 for n = 50, 48 for n = 54, and 1025 for n = 66. These are 

presented in tables in the form of the corresponding non-equivalent supplementary 

difference sets. Most of the given designs are new. © 1994 Academic Press, Inc. 

1. INTRODUCTION 

If n - 2 rood 4 and A, B are n/2 × n/2 commuting matrices, with elements 
+ 1, such that 

A A  T + B B  r = (n -- 2) 1./2 + 2J. /2,  (1) 

where J./2 is an n/2 × n/2 matrix of  l's, then the n × n matrix 

R =  - - B  r A r  

has the maximum determinant (see [-4, 61)  among all n ×n,  _ 1 matrices. 
Such matrices are called D-optimal  designs of order n. 

N o w  form the two sets P = {P l ,  P2, ..., Pr} and Q = {ql ,  qe, ..., qs} where 
Pi, qj denote the positions of - l's in the first row of A, B respectively. 

If the matrices A, B are circulant, then they satisfy (1) if and only if 
(see [ 2 ] )  they are supplementary difference sets 2 - { n / 2 ; r , s ; 2 } ,  where 
2 = r + s - (n - 2)/4 and s >~ r t> 0 are found from 

( n / 2 - - 2 r )  2 + ( n / 2 - - 2 s )  2 = 2n- -2 .  (2) 

* On sabbatical at McGill University. 
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Hence the construction of the two circulant matrices A, B satisfying (1) 
is equivalent to the construction of the corresponding supplementary 
difference sets. For  n = 22, 34, 58, D-optimal designs satisfying (1) do not 
exist because n -  1 is not the sum of two squares (see [2]).  

In this paper we construct all non-equivalent circulant D-optimal designs 
for n ~< 54 and n = 66. D-optimal designs for these values of n have been 
given before in the literature (see [2-15]) ,  and Yang [13] published all 
non-equivalent circulant designs for n~<38. Bridges et al. [1]  and Trung 
[-9] have constructed a D-optimal design for n = 82 which is not of cir- 
culant type. Here most of the D-optimal designs we give for n f> 42 are new. 

In Section 2 we define and give some results on non-equivalent circulant 
designs, in Section 3 we describe briefly the algorithm, and in Section 4 we 
present the tables of the non-equivalent circulant designs for n ~< 54. For  
n = 66, there are 1025 such designs and since the space is limited, we give 
only 30 here, the remaining are available on request. 

2. NON-EQUIVALENT DESIGNS 

From now on we assume that A, B are circulant and let a i and bi, 
i = 0, 1 .... , m - 1, where m = n/2, be the element of their first row. 

Define the non-periodic autocorrelation function 

m t - - I  

NA( t )=  ~ aiai+t t = 0 , 1 , . . . , m - - 1 ,  (3) 
i=0 

then (1) is equivalent to 

NA(0) + Ns(0)  = 2m 

NA(t ) + N~(t)  + NA(m -- t) + Ns(m -- t) = 2 

if t = 0  
(4) 

if l <~ t <~ m - 1  

Let 

A ( z ) = a o + a l z +  " ' + a m  l z  m 1 

B(z )=bo  + blz  + . . .  - [ - b m _ l  Z m - 1  

be polynomials associated with A and B, then 

m - - I  

A ( z ) A ( z - I ) = N A ( O ) +  ~ NA( t ) ( z t+z  t) 
t = l  

z ~ O  
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and 

m 1 

A(z) A(z -1)+B(z)B(z  1)=Na(O)+Nn(O)+ ~. (NA(t)+NB(t) 
t = l  

+ z-m(NA(m -- t) + NB(m -- t)))z t 

If A and B satisfy (1) which is equivalent to (4) and z m = 1, then 

A ( z ) A ( z _ l ) + B ( z ) B ( z _ l ) = ~ 4 m - 2  if z = l  
[2m 2 if z m = l ,  z ~ l  

(5) 

Therefore (1), (4), and (5)are  equivalent. 
Now if (A(z), B(z)) is a pair of (m-1) th-degree  polynomials, with 

coefficients ___ 1, satisfying (5), then (5) is also satisfied by the following 
pairs: 

(i) 
(ii) 

(iii) 

(iv) 
(v) 
(vi) 

(vii) 

(-A(z),  B(z)) 
(A(z), -~(z))  
(B(z), A(z)) 
(z m- 1A(z-1), O(z)) 

(A(z),zm-IB(z 1)) 
(z"A(z), zVB(z)) 
(A(zd), B(za)) (d, m)= 1. 

All powers of z are taken rood m. 
This is because (i) and (iv) leave A(z) A(z -1) invariant, (ii) and (v) leave 

B(z) B(z -1) invariant, (iii), (vi), and (vii) leave A(z) A(z -1) + B(z) B(z -1) 
invariant. 

The designs produced from A, B by applying operations (i)-(vii) are 
called equivalent. In the tables in Section 4, we give one design from every 
equivalent class. 

3.  T H E  A L G O R I T H M  

Here we describe briefly the algorithm. 
Let 

m - - 1  

x=A(1)= ~ ai, 
i = 0  

rn--1 

y=~(1)= Z 6. 
i ~ 0  
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then x, y are odd, found from (5), i.e., 

X 2 .+. y 2  = 4m - 2, 

and we can always take x ~>y > 0 by applying (i), (ii), and (iii) of Section 2. 
Let 

m 1 r n - - 1  

xie= • a,, yik= • bj / = 0  ..... k - I ,  
j=--imodk j=--imodk 

then 

k 1 k 1 

2 Xik=X' 2 Yik=Y 
i = 0  i = 0  

IXikl, lYekl <. [ ( m -  1 - i ) / k ]  + 1 

x~k, Yek -= ( [m - 1 - i)/k] + 1) mod  2. 

(6) 

We applied two different algorithms depending on m being prime or  not. 

3.1. m Prime 

(i) Take k = 2, find Xo2, x12, Yo2, Y12 satisfying (6), i.e., 

X02 ~ X12  = X,  

Yo2 + Y12 = Y, 

IX02 - -  X121 = 1, 

[YO2 - -  Y121 =- 1; 

this is always possible by applying (vi). 

(ii) Find xi4 , Yi4, i = 0, 1, 2, 3, f rom 

X 0 4  -}- X 2 4  ~ X 0 2 ,  

Y04  + Y24  = YO2,  

X14  -~- X34  ~ X12  , 

Y14 -4- Y34  = Y12"  

By applying (iv), (v) we can take 

x34 ~ x14, .1:34 ~< Y14 when m -= 1 m o d  4 

x04 ~ x24, Y04 ~< Y24 when m - 3 mod  4. 

(iii) Set k = 8, find xis, Yis, i =  0, ..., 7, from xi4 . Yi4 and continue 
until k>~m. 

582a/65/1-3 
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(iv) Examine the sequences 

xik, Yik i = 0 ..... m - 1 

and keep the sequences satisfying (4). 

(v) Divide these sequences into non-equivalence classes and take 
one from every equivalence class. 

As m increases, the number of generated sequences increases and for 
m~<23 we examined all of them. For  mi>31, m prime, the situation 
becomes more difficult to handle. 

3.2. m N o t  a P r i m e  

Let m = pq,  1 < q < m,  q prime, then 

(i) Take k = q  and find xik,  Yik, i = 0  ..... k - 1 ,  satisfying (6). By 
applying (vi) take 

Xok = max(xik), Yok = max(yik) 

and by applying (vii) take Xl~ to be the second largest among xik. Also by 
applying (v) and (vi) take 

Y(k--1)/2. k ~ Y(k + D/2. k" 

The number of sequences we examine can be reduced further if we take 

X(k -- 1 )/2, k ~ X(k + 3)/2, k 

Y(k-- 3)/2, k ~ Y(k + 3)/2, k 

whenever Xok = X l k  

whenever y(~ 1)/2, k ~ -  Y ( k  + l ) /2 ,  k . 

This can be done by applying (v) and (vi) of Section 2. 

(ii) Set zk= 1, then z m =  1 and 

k- -1  k - - 1  

A(z)  = 2 xikzi, 0(7-) = Z Y ikZi 
i = 0  i = 0  

satisfy (5). 
Knowing xik,  Yik, compute from (3), N x ( t  ), N r ( t ) ,  t = 0 ,  ..., k - 1 .  

(iii) Examine if 

N x ( O  ) + N r ( O )  = 2m + 2 ( m / k  - 1 ) 

N x ( t ) + N r ( t ) + N x ( k - t ) + N r ( k - t ) = 2 ( m / k )  if l<<. t<~(k-1) /2  



NON-EQUIVALENT DESIGNS FOR n = 2 mod  4 31 

If the answer is yes, continue. 

(iv) Find xi, 2k, Yi, 2k from (6) and go to (iii). 

(v) Stop when k = m and keep the sequences Xim, Yim satisfying (6). 

(iv) Divide the sequences into non-equivalence classes and keep one 
from every equivalence class. 

This algorithm was applied for rn = 25, 27, 33. 

4. TABLES 

In this section we give the tables. The numbers inside the parentheses 
denote the position of - 1' in the first row of A and B, respectively. These 
sequences give also the non-equivalent supplementary difference sets 

2-{n/2;r,s;2}, where 2=r+s-(n-2)/4.  

For  n ~< 54, we give representatives of all the non-equivalence classes of 
D-optimal circulant designs. 

For  n = 66, we give only 30 representatives, because there are 1025 such 
non-equivalence classes of D-optimal designs and the space here is limited; 
the remaining are available on request. 

All non-equivalence classes of circulant designs for n ~< 38 have appeared 
before in [ 13 ]. 

For  n = 4 2 ,  a representative of the following equivalence classes of 
designs, as listed in our tables, has appeared before: 1, 2, 4, 6, 8, 10, 17, 20, 
and 21 appeared in [15] and class 29 appeared in [-14]; the remaining 21 
classes of our list are new. 

For  n = 46, class 11 of our list appeared in [14];  the remaining 16 classes 
of our list are new. 

For  n = 50, class 36 of our list appeared in [14]; the remaining 38 classes 
of our list are new. 

For  n = 54, classes 25, 40 of our list appeared in [14];  the remaining 46 
clases of our list are new. 

For  n = 6 6 ,  2 - ( 3 3 ;  12, 13; 9), there are 509 non-equivalence classes, 
class 425 of our list appeared in [15], and class 431 of our list appeared 
in [4] ;  the remaining 507 classes of our list are new. 

For  n = 66, 2 -  (33; 11, 15; 10), there are 516 non-equivalence classes; all 
of them are new. 
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TABLE I 
All Non-equivalent Circulant D-Optimal Designs for n -= 2 rood 4, n ~< 54, n = 66 

n = 6 ;  2 - ( 3 ; 0 , 1 ; 0 )  

A , = {  } B I = { 1 }  

n = 1 0 ;  2 . ( 5 ; 1 , 1 ; 0 )  

A ~ = { 4 }  B ~ = { 4 }  

n = 1 4 ;  2- (7 ;1 ,3 ;1)  

A , = { 6 }  B1={3,5,6} 

n = 1 8 ;  2 - ( 9 ; 2 , 3 ; 1 )  

A, = { 7 , 8 }  B,  = { 3 , S , S }  

n = 2 6 ;  2 - ( 1 3 ; 3 , 6 ; 3 )  

A , = { 8 , 1 1 , 1 2 }  B 1 = { 3 , 4 , 5 , 7 , 1 0 , 1 2 }  
A2 -- {8,11,12, } B2 = {4,5,7,9,11,12} 

n=26; 2-(13;4,4;2) 

A1 = {5,7,8,12} B1 = {5,7,8,12} 

n=30; 2-(15;4,6;3) 

A, = {6,9,12,14} 
A2 = {8,9,12,14} 
,43 = {8,9,12,14} 

BI = {3,7,8,9,10,14} 
B2 = {4,5,7,8,12,14} 
B 3 =  {5,6,9,11,13,14} 

n = 3 8 ;  2 - ( 1 9 ; 6 , 7 ; 4 )  

A1 = {6,7,8,10,13,18} 
A2 = { 6,7,8,10,13, 18} 
A3 -- { 7, 8, 9,11,13,18 } 
A4 = { 7,10,13,14,16,18 } 
A5 = {7,8,9,12,15,18} 
As = {8,10,11,15,16,18} 
A,  = {8,10,11,!5,16,18} 
As = { 9,10,13,15,17,18 } 

n = 42; 2 

A, = {5,6,8,12,15,20} 
A2 = {6,9,12,13,18,20} 
As = {6,11,13,16,19,20} 
A, = {7,13,17,18,19,20} 
A5 = { 7, 9, i0,14,16, 20 } 
As = {7,9,10,14,16,20} 

B, = {4,5,7,8,12,14,18} 
B2 = {5,6,10,12,14,15,18} 
B3 = { 4,5,9,12,15,16,18 } 
B4={6,7,8,11,13,17,18} 
B5 = {6,7,11,12,14,16,18} 
Be = {4,5,7,8,12,14,18 } 
B7 = { 5, 6,10,12,14,15,18 } 
Bs = { 4,5, 7,11,13,14,18 } 

- (21; 6, I0; 6) 

BI = {4,8,9,12,14,16,17,18,19,20} 
B2 = {4,8,9,12,14,16,17,18,19,20} 
Ba = {6,7,8,11,12,14,16,17,18,20} 
B4 = {3,4,7,10,11,13,15,16,18,20} 
B5 = {4,5,8,12,13,14,15,17,18,20 } 
Bs = {4,5,6,7,8,11,12,15,17,20} 
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TABLE I--Continued 

Ar = {7,9,11,14,19,20} 
As = {8,13,16,18,19,20} 
As = {8,10,11,16,18,20 } 
Ato = {8,9,14,16,17,20} 
An = {8,12,14,15,18,20} 
At2 -- {8,10,11,14,18,20} 
A,a = { 9, I0, ii, 15,18, 20} 
AI4 = { 9,13,16,18,19,20} 
A,5 = { 9,12,13,17, 18,.20} 
A16 -- { 9, I I, 12,15,16, 20 } 
Aar = {9,12,15,16,18,20} 
A,s = { 9, II, 12,15,16, 20 } 
A,9 -- { 9, i0, 14,17,19, 20} 
A~o = {9,12,13,16,18,20} 
A2t = { 9, I0, 14,17,19, 20} 
A22 = { I0,12,13,15,19, 20} 
A~ = { 10,11,13,14,19,20} 
A24 = { I0,13, 14,18,19, 20} 
A2s = { 10, 11,13, 14,19, 20} 
A28 = { I0, II, 13, 17,18, 20} 
A2, = { I0, II, 14, 15,18, 20} 
A2s -- { i0, ii, 13, 15,19, 20} 
A29 = { i0, ii, 13, 15,19, 20} 
A3o = { 10,11,13, 14,19, 20} 
Aat = { 10,13,14, 18,19, 20} 

n = 46; 

At = {8,11,15,16,17,19, 22} 
A2 = {8,12,16,17,19,20,22} 
A3 = {9,13,15, 18, 20, 21, 22} 
A4 = {9,11,12,13,17,19,22} 
A5 = {9,10,12, 14,16,19,22} 
Ae = {9,12,14, 16,18, 21, 22} 
Ar = {9,12,13,14, 19, 21, 22} 
As = {10,12,14,17,20,21,22} 
As = {10, I1, 12,14,17,21,22} 
Ato = {10,13,14,16, 20, 21, 22} 
A~t = {10,11,12,15,19,20,22} 
At2 = {10,11,13,15,19,21,22} 
At3 = {10,12,13,14,16,21,22} 
A14 -- {10,11,12,16,19,20, 22} 
Ats = {11,12,13,15,19,21, 22} 
A16 -- {11,12,14,17,20,21,22} 
Air = { 11,12,13,14,18, 21,22} 

B7 = {5,7,8,9,11,12,14,15,19,20} 
Ba = {3,4,6, 10,11,12,14, 15, 18,20 } 
B9 = { 4, 7, 8, II ,  12,13,14,17,18, 20 } 
B1o = {4, 5, 6, 8, I0, 12,13,15,16, 20 } 
Bn : {4, 5, 6, I0,13,14,15,17,18, 20} 
Bl2 = {5, 6,10, 11,13,15,16,18,19, 20} 
B]3 = {3, 6, 7,10,12,13,14,15,18, 20} 
B14 = {3,4, 5, 9, 12, 13,15,17,18, 20} 
Bt5 = {3,4,6,10,12,13,14,15,18,20} 
BI6 = {4, 5, 7, 9, I0,12,16, 18,19, 20} 
B~r -- {4,6,8,9,12,13,17,18,19,20} 
BIa -- {4,5,6,8, I0,13,16,18,19,20} 
B19 = {4, 6, 8, i0, Ii, 12,13,16, 19, 20} 
B2o -- {4, 5, 6, 7, ii, 12,14,16,17, 20} 
B2, = {5, 6, 8, I0,12, 13,14,17, 18, 20} 
B~2 = {3,5,6,9,11,15,16,18,19,20} 
B23 = {3,6,7,8,11,13,14,16,18,20} 
B24 = {3,5,6,8,12,13,15,16,18,20} 
B2s = {3, 4, 5, 7, 8, ii, 13,15,18, 20} 
B2e = {3, 7, 8, I0; 12,13,16,18,19, 20} 
B2r = {4, 5, 7, 9, 10,12,16,18,19, 20} 
B2s = {4, 6, 7, I0,13,14, 15,17,19, 20} 
/329 = {4, 6, 7, 8, 11,12,14,17,18, 20} 
B~o = {4,6,8,9, 12,13,15,17,19,20} 
B3, = {4, 5, 7, 8, 1 I, 13,15,17,18,20} 

2 -  (23; 7, 10; 6). 

B~ = {4,5,6,8,9,14,16,18,21,22} 
B2 = {4, 5, 7, 9,14,15,18, 20, 21, 22} 
/?3 = {4,6,7,10,11,12,16,19,20,22} 
B4 = {4,7,8,11,13,14,18,19,20,22} 
Bs = {4,5,6,10,13,17,18,19,21,22} 
B8 = {4,5,7,8,9,14,15,16,19,22} 
Br = {4, 7,10,11,12,14,16,18, 21,22} 
Bs = {3,6,7,8,9,13,14,17,20,22} 
/39 = {3,6,7,8,11,13,14,16,20,22} 
Blo = {3, 6, 7, 8,12,14,16,17,19, 22} 
Bu = {4, 5, 7, 9,10,13,14,16, 20, 22} 
B12 -- {4, 7, 9,13,14,16,17, 20, 21, 22} 
B13 = {4, 5, 7,10,12,14,17,18, 21,22} 
B~4 = {4, 7, 8,10,13,14,15,18, 20, 22} 
Bts = {3, 5, 8,10,13,16,17, 20, 21, 22} 
B~6 = {3, 4, 7, 9, ii, 14,18, 20, 21, 22} 
B~r = {3,4, 7,9,10,13,15,18, 20, 22} 

n = 5 0 ;  2 - ( 2 5 ; 9 , 9 ; 6 )  

A, = {6,8,10,13,14,15,16,20,24} B1 = {6,9,10,11,15,18,21,23,24} 
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TABLE l--Continued 

A2 = {6,9,11,12,13,14,18,22,24} 
A3 = {7,8,15,16,18,20,21,22,24} 
.44= {7,8,9,10,12,13,17,20,24} 
As = {7,8,11,12,13,14,16,23,24} 
A~= {7,11,14,15,19,20,21,22,24} 
Ar = {7,9,!3,16,17,18,19,21,24 } 
As = {7,8,12,14,15,16,18,21,24} 
A9 = {7,9,10,11,13,16,17,23,24} 
Am = {7,9,12,13,15,17,18,22,24} 
All = 
A12 = 
A13 = 
A14 = 
Als = 
A16 

Alv = 
A1s = 
A19 = 
a 2 o  - 

A21 = 
A22 = 
A23 -- 
A24 = 
A25 = 
A26 = 
A2~ = 

A28 = 
A~ = 
.43o-- 
Ast = 
As2 = 
A3z = 
A34 = 

A35 = 
A36 = 
A3r = 

A39 = 

{7,8,9,12,13,15,17,22,24} 
{7,8,9,11,12,16,18,23,24} 
{7,9,13,14,16,18,21,22,24} 
{7,8,11,12,14,16,18,21,24} 
{8,10, Ii,12,14,16,17,23,24} 
{8,12,13,14,16,17,21,23,24} 
{8,10,14,17,19,20,22,23,24} 
{8,11,14,16,17,18,22,23,24} 
{8,10,14,17,19,20,22,23,24} 
{8,12,13,16,19,21,22,23,24} 
{8,9,12,14,16,18,21,23,24} 
{8,9,12,13,14,17,19,21,24} 
{8,9,11,16,17,19,20,23,24} 
{8,9,11,12,13,16,18,22,24} 
{8,9,14,15,17,18,20,22,24} 
{8,9,11,12,14,17,19,23,24} 
{8,10,14,15,17,20,22,23,24} 
{8,9,12,13,16,19,21,22,24} 
{9,10,12,17,18,19,20,23,24} 
{9,10,13,16,18,20,21,22,24} 
{9,11,12,13,16,17,21,23,24} 
{9,12,13,16,18,21,22,23,24} 
{9,10,11,13,15,18,20,21,24} 
{9,11,12,14,16,18,22,23,24} 
{9,12,13,14,17,19,21,23,24} 
{9,10,13,14,16,18,22,23,24} 
{9410,12,13,17,18,20,22,24} 
{9,10,12,13,15,17,19,23,24} 
{9,10,13,15,17,20,22,23,24} 

B2= {6,9,10,15,16,18,20,23,24} 
B3 = {4,8,9,11,14,17,18,22,24} 
/34 = {4,6,10,12,15,16,21,22,24} 
Bs = {4,6,10,13,16,18,20,23,24} 
/36= {5,6,10,12,16,19,21,22,24} 
BT= {5,7,8,12,14,19,20,23,24} 
B s =  {6,8,10,13,18,19,20,23,24} 
/39= {6,8,10,11,15,16,19,21,24} 
Blo = {6,10,11,13,14,17,22,23,24} 
Bll = {6,7,10,13,16,18,19,20,24} 
BI2= {7,10,12,14,17,18,20,23,24} 
B13 = {7,10,12,13,14,19,20,23,24} 
B~4 = {8,9,11,13,16, t7,22,23,24} 
B~s = {4,6,7,10,14,15,19,21,24} 
B16 = {5,7,9,12,17,18,20,23,24} 
B,r = {5,6,10,13,14,16,18,23,24} 
B18 = {5, 8, 9,10,13,17, 20, 22, 24} 
B19 = {5, 7,12,13,15,19, 20, 23, 24} 
B~o = {5, 6,11,14,16,18, 20, 23, 24} 
/321 = {5,6,11,16,19,20,22,23,24} 
B~2 = {5,6,7,13,16,19,20,22,24} 
B2z = {6,8,11,12,13,16,18,22,24} 
B2~ = {6,7,9,11,14,17,18,23,24} 
B25={6,7,8,11,14,18,19,22,24} 
B26= {6,7,10,11,13,15,17,23,24} 
B2r={7,9,12,13,15,19,20,23,24} 
B2s = {7,9,11,13,16,17,18,23,24} 
B29 = {3,7,9,11,12,16,18,21,24} 
B~ = {4,6,11,12,15,16,21,22,24} 
B3t = {5,7,9,12,14,15,18,23,24} 
B32 = {5,6,10,14,16,18,21,23,24} 
B~= {5,6,7,11,12,15,19,22,24} 
B~ = {5,6,10,13,14,15,18,21,24} 
B~ = {5,6,10,12,13,18,21,22,24} 
B~= {6,7,8,11,13,15,18,21,24} 
Bsr = {6,8,11,14,17,18,22,23,24} 
B~s= {6,7,8, II,14,17,19,23,24} 
B39 = {7,8,11,13,16,17,19,23,24} 

n=54; 2-(27;9,11;7) 

AI = {5,6,10,14,16,18,19,21,26} 
A2 = {5,10,11,15,18,19,22,24,26} 
A3 = {6,8,11,16,17,19,20,21,26} 
,44 = {6,8,9,11,16,17,22,23,26} 
As = {6,8,10,12,13,18,22,23,26} 
Ae= {6,10,14,15,16,18,21,24,26} 
Ar = {6,9,11,12,13,15,18,23,26} 

BI = {5, 6, 7, 8, 10,12,13,16, 22, 25, 26} 
B2 = {6, 8,11,12,13,14,16,17, 23, 24, 26} 
/33 = {5, 9, 12,13,15,16,18, 20,24, 25, 26} 
/34 = {5, 10, 11, 13,14, 15, 17, 18, 22, 24, 26} 
B5 --- {6, 7,12,13,14,15,17,18, 21, 24, 26} 
B6 -- {6, 9, I0,12,17, 18, 19, 22, 23, 24, 26} 
B7 = {6, 8,12,13,14,17,18, 22, 24, 25, 26} 
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A s =  {6,10,12,13,18,19,21,22,26} 
A9 = {6,9,10,12,14,18,19,24,26} 
A1o = {6,7,11,15,17,20,23,24,26} 
A~ = {7,10,11,13,14,15,20,23,26} 
A~2 = {7, 9,16,18, 19, 21, 22, 25, 26} 
A13 = {7,10,15,17, 20, 21, 22, 24, 26} 
AI4 = {7, 8,12,17,19, 20, 23, 25, 26} 
A15 = {7,10,12,14,18,19,23,24,26} 
A18 = {7,9,14,17,18,20,23,24,26} 
A17 = {7,8,11,13,18,19,20,22,26} 
A18 = {7,8,9,14,16,19,22,23,26} 
A19 = {7,9,12,15,16,18,21,22,26} 
A2o = {8,13,14,15,17,19,23,25,26} 
A21 = {8, 9,14,17,19, 22, 23, 24, 26} 
A22 = {8, 9,14,16,17,19, 22, 23, 26} 
A23 = {8,10,11,16,17, 21,23, 24, 26} 
A24 = {8,10,12, 16,17, 20, 23, 24, 26} 
Ass = {8,9,13,17,18,20,23,24,26} 
A2~; = 

A s ?  = 

A2s = 
A29 = 

A3o= 
Azl = 
A~2 = 
A33 = 
A3,  = 

A3s -- 
A36 = 

A37 = 

Az8 = 
A39 = 

-440 = 
A41 = 
A42 = 
A43 = 
A44 = 
A4s = 
A46 = 
A47 = 
A4s = 

{8,13,14,15,16,19,22,25,26} 
{8,12,13,18,19,21,23,25,26} 
{8,9,11,12,15,16,21,24,26} 
{8,12,14,17,19,22,23,25,26} 
{8,13,14,15,17,20,22,25,26} 
{9,10,11,13,14,17, 20, 22, 26} 
{9,10,11,15,16,18,19, 23, 26} 
{9,11,13,14,16,17,20,25,26} 
{9,12,13,17,19,20,22,24,26} 
{9,11,12,14,18,20,21,25,26} 

{9,10,11,14,17,18,20,24,26} 
{9,10,11,14,16,18,20,23,26} 
{9,11,13,16,17,20,23,25,26} 
{9,11,13,14,18,19,20,23,26} 
{9,11,14,16,17,20,24,25,26} 
{9,11,12,17,18,21,22,24,26} 
{9,11,14,17,18,20,21,25,26} 
{9,12,14,15,18,22,23,24,26} 
{9,10,11,15,16,19,23,24,26} 
{10,11,13,14,16,19,21,25,26} 
{10,12,13,15,16,19,21,25,26} 
{11,12,13,15,18,20,22,25,26} 
{11,12,14,17,18,21,23,25,26} 

B8 = {6,8,9, 10,11,14, 16,19,20, 24,26} 
B9 = {7, 8, 9, 10,12,14,15,18, 21,25, 26} 
Blo = {7,11,13,14,18,19, 21, 23, 24, 25, 26} 
Bll = {4, 6,11,12, 13,17,19, 21, 22, 23, 26} 
B~2 = {4, 7, 8,10, t2,14,15, 20, 21,22, 26} 
Blz = {5,6,9,10,12,14,15,18,24,25,26} 
B14 = {5,7,9,14,15,16,18,19,21,22,26} 
Bls = {5,6,7,8,10,12,13,16,22,25,26} 
B,6 = {6,8,10,11,12,13,17,18,22,25,26} 
B17 = {7,9,10,13,14,16,18,19,23,24,26} 
B,8 = {7,9,11,12,16,17,18,20,22,23,26} 
B,9 = {7,9,11,14,15,16,21,22,23,25,26} 
B~o = {4,9,11,12,14,18,19,22,23,25,26} 
B2~ = {5,9,12,13,15,16,18,20,24,25,26} 
B22={5,6 ,7 ,9 ,10 ,14 ,16 ,18 ,20 ,21 ,26}  
B2z = {5,7,9,10,14,15,16,18,19,22,26} 
B24 = {5,6,7,8,11,12,13,16,21,23,26} 
B2s = {5,7,9,10,12,13,17,19,20,21,26} 
B2~ = {6,7,9,11,14,15,19,20,22,24,26} 
B~ = {6,8,11,14,15,17,21,22,23,25,26} 
B~s = {6,8,12,14,17,18,19,22,24,25,26} 
B29 = {6,7,11,13,17,18,21,23,24,25,26} 
Bzo = {6,7,8,10,12,15,16,20,22,23,26} 
B3~ = {4,5,6,7,11,13,16,20,21,24,26} 
Bz2 = {4,5,6,8,10,12,17,20,22,23,26} 
B~ = {4,6,8,9,10,15,16,18,22,23,26} 
B~ = {4, 5,10,12,13,16, 21,22, 24, 25, 26} 
B~ = {4, 8, 9,11,12,14,18,19, 20, 22, 26} 
B~ = {4,6,7,9,11,12,13,18,22,23,26} 
B3v = {5,7,8,12,15,16,20,21,22,23,26} 
Bzs={5,6,11,13,16,20,21,22,24,25,26} 
Bz9={5,8 ,9 ,10 ,12 ,16 ,18 ,21 ,24 ,25 ,26}  
B4o = {5,7,8,9,11,13,14,18,21,25,26} 
B4~ ={6,8,9,14,15,17,19,21,22,25,26} 
B42 = {6,7,8,10,14,16,19,20,21,24,26} 
B43 = {6,7,10,12,14,17,18,19,23,24,26} 

,B44 = {7,9,10,13,15,16,18,20,22,25,26} 
B4s = {4,5,8,12,15,16,17,18,22,24,26} 
B46 = {5,6,7,11,14,15,19,21,22,24,26} 
B47 = {4,5,7,8,11,15,16,17,21,23,26} 
B4s = {4,5,6,8,10,15,16,18,22,23,26} 

n = 6 6 ;  2 - ( 3 3 ; 1 2 , 1 3 ; 9 )  

A1 = {5,8,9,10,11,16,18,20,23,27,28,32} 
B I =  {5,7,11,15,18,23,24,25,26,28,29,31,32} 

A2 = {5,11,12,13,16,17,!8,20,21,27,30,32} 
B 2 =  {5,7,8,9,11,14,15,19,22,27,29,31,32} 
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A3 = {5,7,10,11,15,17,18,21,26,30,31,32} 
B3= {6,11,12,14,15,16,18,19,21,23,29,30,32} 

A4 = {5,6,8,9,10,11,12,18,23,27,31,32} 
B4= {6,8,10,13,15,16,19,21,24,25,29,31,32} 

A5 = {5,10,12,17,18,22,24,25,26,27,28,32 } 
Bs=  {6,7,8,10,11,15,16,19,22,25,28,30,32} 

A6 = {5,9,11,16,19,20,21,23,27,28,29,32} 
Be= {6,12,13,14,15,17,19,22,25,27,28,31,32} 

Ar = {5,10,14,18,19,20,2i,24,26,28,31,32} 
BT= {7,10,11,12,14,15,20,21,23,27,29,30,32} 

A8 = {5,7,13,14,15,17,18,19,24,28,31,32} 
Bs= {7,11,12,14,18,19,21,23,24,27,29,30,32} 

A9 = {5,6,9,10, ii, 12,18,19,21,23,27,32} 
B9 = {7, 8, II, 15,17, 21,22, 24, 25, 27, 29, 30, 32} 

A~o = {5,6,8,9,11,13,17,18,21,23,28,32} 
B~o = {8,11,12,13,14,19,20,21,24,27,28,30,32} 

A11 = {5,6,7,10, II, 15,17, 23, 24,25, 27, 32} 
Btl --- {8,10,12,13,17,18, 20, 21, 23, 24, 27, 30, 32} 

A~2 = {5,6,9,10,11,16,19,23,27,29,31,32} 
B,2={8,11,13,15,16,17,18,23,24,26,27,30,32} 

A,z = {5, 6, I0,14,19,21, 24, 26, 29, 30, 31, 32} 
B13 = {9,11,12,13,15,19, 20, 23, 24, 26, 29, 30, 32} 

A,4 = {6,12,13,17,18,19, 2i, 22, 23, 29, 31,32} 
B~4 = {3, 7, I0,12,15,17, 21,24, 27, 28, 29, 30, 32} 

A15 = {6, 7, 9,13,14,15,17,19, 26, 29, 31, 32} 
B15 = {4, 6, i0,15,18,19, 20, 21,24, 25, 27, 28, 32} 

n=66 ;  2- (33;11,15;10)  

AI = {5,11,13,14,15,16, 20, 23, 27, 31,32} 
BI = {4, 7, 9,10,1 I, 12,13,17,18, 20, 22, 23, 26, 30, 32} 

A2 = {5, 7, 8,1 I, 15,17, 22, 27, 30, 31, 32} 
B2 = {5, 7,10,11,13,14,18, 20, 21,22, 23, 25, 26, 27, 32} 

A3 = {5, 8,13,14,15,18, 20, 25, 28, 29, 32} 
B3 = {5, 7, 8, 9, I0,13,14,15,16,17, 21,25, 27, 29, 32} 
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A4 = {5, 7,11,12,14,15,18, 23, 26, 28, 32} 
B4 = {6, 7, 8, 12,13,17,19, 20, 21, 22, 23, 24, 27, 30, 32} 

A5 = {5, 7, I0, 11, 14, 17, 21,26, 30, 31,32} 
Bs = {6,8,9,10, II,12,14, 16,17,21,22,24,25,30,32} 

A6 = {5, 1 i, 15,16,17, 20, 23, 24, 25, 27, 32} 
B6 = {6,8, 10,11, 12,14,17,21,22,24,25,27,30,31,32} 

A7 = {5, 6, 7,10, 14,17, 20, 21, 26, 30, 32} 
B7 = {8, 9, 11,13,17, 18,19, 22, 24, 25, 26, 27, 29, 30, 32} 

As = {6, 9,11,12, 13, 18, 22, 24, 29, 30, 32} 
Bs = {4, 5, 9,12, 13,16, 17,18,19, 20, 21,23, 27, 29, 32} 

A~ = {6,13,14,16,17, 21, 22, 23, 26, 28, 32} 
B9 = {4, 7, 8, 9, i0,13,16, 2O, 22, 24, 27, 28, 29, 30, 32} 

A1o = {6, I I ,  15,17, 21, 23, 24, 25, 27, 28, 32} 
B1o = {4, 6, 9, I I ,  12, 13,14,19, 22, 23, 24, 25, 28, 31, 32} 

An = {6, I0,13,17, 22, 23, 25, 26, 27, 28, 32} 
B~x = {4, 5, 9,1 I, 13,17,18, 19, 20, 21,24, 27, 29, 30, 32} 

A12 = {6, I0,1 I, 12,16,18, 21,27, 30, 31,32} 
B12 = {4, 5, 7,12,15,19, 21, 22, 24, 25, 26, 28, 29, 30, 32} 

A13 = {6, i i ,  14,16,17, 23, 24, 25, 26, 28, 32} 
Bx3 = {4, 5, 8, I0,12,14,17,18, 21,22, 24, 25, 26, 27, 32} 

A14 = {6,8,9,10,14,15,19,26,27,29,32} 
B14 = {5, 7, 9,12,15,16,17, 18,19, 21, 23, 24, 27, 31,32} 

Ats = {6, 8,11,12,16, 20, 26, 2"/, 29, 31, 32} 
B15 = {5, 7, I0,14, 15,16,17,18,19, 21,24, 25, 27, 31, 32} 
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