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Abstract

While many spread footings constructed on clayey soils are designed using consolidation settlement analyses for the serviceability limit state
(SLS), immediate settlement, or undrained displacement, of the footing may also contribute a significant portion of the total and/or differential
settlement. Owing to possible magnitudes in immediate settlement, and with regard to stress history, assessment of the contribution of immediate
settlement comprises an essential task for the understanding of the performance of a foundation system. This study proposes a simple reliability-
based design (RBD) procedure for assessing the allowable immediate displacement of a spread footing supported on clay in consideration of a
desired serviceability limit state. A relationship between the traditional spread footing bearing capacity equation and slope tangent capacity is
established, then incorporated into a bivariate normalized bearing pressure–displacement model to estimate the mobilized resistance associated
with a given displacement. The model was calibrated using a high quality database of full-scale loading tests compiled from various sources. The
loading test data was used to characterize the uncertainty associated with the model and incorporated into an appropriate reliability-based
performance function. Monte Carlo simulations were then used to calibrate a resistance factor with consideration of the uncertainty in the bearing
pressure–displacement model, bearing capacity, applied bearing pressure, allowable displacement, and footing width. An example is provided to
illustrate the application of the proposed procedure to estimate the bearing pressure for an allowable immediate displacement of a footing at the
targeted probability and serviceability limit state.
& 2015 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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1. Introduction

Geotechnical limit state design for spread footings requires
the estimation of the bearing capacity, or the resistance at the
ultimate limit state (ULS), while limiting excessive displacement
to meet serviceability limit state (SLS) requirements. Bearing
capacity models (e.g., Terzaghi, 1943; Hansen, 1970; Vesic,
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1973, among others) for the ULS are well established for a range
of soil types, and generally requires the selection or development
of a limited number of design variables. The analysis for the
SLS is more complicated since footing displacements consist of
one or more components, including initial or immediate settle-
ment (i.e., distortion or undrained displacement), consolidation,
and secondary compression (D’Appolonia and Lambe, 1970).
The contribution from each component depends on various
factors such as the soil plasticity, the hydraulic conductivity, and
loading rates, geometries, and magnitudes.
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It is common for practicing engineers to focus on the
consolidation component of settlement with SLS design for spread
footings resting on plastic, fine-grained soils since it often provides
the largest portion of the total settlement. However, immediate
settlement should also be considered a critical design component
for footings on plastic soils as it may comprise a significant
portion of the total settlement and is essential to understanding the
overall displacement behavior and undrained stability of the
foundation (D’Appolonia and Lambe, 1970; D’Appolonia et al.,
1971; Foye et al. 2008). Consideration of short-term construction
or rapidly applied loads (e.g., live loads or seismic loads) that act
quickly relative to the hydraulic conductivity of the soil are of
particular concern.

Immediate settlement is the expression of shear strains that
develop below and adjacent to a loaded shallow foundation
and is associated with the mobilization of the shear strength of
the soil (e.g., Lambe and Whitman, 1969; D’Appolonia et al.,
1971). Unlike primary consolidation and secondary compres-
sion, there is significant uncertainty associated with available
analytical methods for use with plastic fine-grained soils
(Strahler and Stuedlein, 2013). Although accepted immediate
settlement models often assume an elastic soil response (e.g.,
AASHTO, 2012, Eurocode 7 Orr and Breysse, 2008), the
stress–strain characteristics of soils follow a nonlinear path at
relatively small footing displacements (e.g., D’Appolonia
et al., 1971; Jardine et al., 1986; Foye et al., 2008; Stuedlein
and Holtz, 2010; Strahler and Stuedlein, 2013). The nonlinear
behavior must be incorporated into an appropriate analytical
model to predict the footing response.

Separately, the uncertainty associated with an appropriate
analytical model must be characterized if the transition to a
reliability-based limit state design and harmonization with exist-
ing design codes will be achieved. This requires that the multiple
sources of uncertainty associated with the SLS be characterized
including model uncertainty (e.g., Phoon, 2003, 2008; Li et al.,
2013; Uzielli and Mayne, 2011; Wang, 2011; Huffman and
Stuedlein, 2014), and incorporate the uncertainty within a
probabilistic framework to estimate the displacement of footings
with a pre-determined reliability. Fenton et al. (2005) present a
reliability approach for immediate settlements in consideration of
spatial variability using the random finite element method and
linear elastic constitutive laws, and Wang (2011) presented an
expanded RBD approach for spread foundations that considers
cost-optimization. The benefit of the approach by Fenton et al.
(2005) is that the autocorrelation distance and inherent variability
of the elastic stiffness may be incorporated directly; however, the
true nonlinear behavior of foundations undergoing distortion
settlement is not captured by either Fenton et al. (2005) or
Wang (2011), which could result in significant error for heavily
loaded foundations in plastic fine-grained soils. Roberts and
Misra (2010) present an SLS design methodology for spread
footings, but this approach was limited to elastic–plastic bearing
pressure–displacement response.

Huffman and Stuedlein (2014) described a reliability-based SLS
procedure for shallow foundations resting on aggregate pier (or
stone column) reinforced clayey soils that accounted for soil
nonlinearity. However, such a framework does not presently exist
for unreinforced plastic, fine-grained soils. To address the potential
shortcomings in available methods for the estimation of immediate
settlement for serviceability design of shallow foundations bearing
on saturated, plastic fine-grained soils, this study uses the results
from 30 full-scale loading tests on unreinforced clayey subgrades
and a selected bearing capacity (ULS) model to develop a novel
reliability-based SLS design procedure for nonlinear, inelastic
immediate settlement. First, the loading test database compiled by
Strahler (2012) and characterized by Strahler and Stuedlein (2014)
is described, and the capacity inferred from each loading test, qult,i,
is compared to the capacity calculated using a traditional bearing
capacity model, qult,p, to estimate the model bias and uncertainty
associated with the ULS. A relationship between the ULS and a
new reference capacity is then established to reduce the dispersion
of the bearing pressure–displacement (q–δ) response. Bivariate
hyperbolic and power law models are then investigated for
possible use for simulating the normalized q–δ response over a
range of typical bearing pressures and displacements. Owing to
the multi-dimensional correlation between the normalized q–δ
parameters representing the hyperbolic model and the selected
reference capacity, a computationally efficient vine copula
approach is implemented in the reliability simulations. To improve
the estimate of SLS reliability, a suitable lower bound ULS
capacity to limit unreasonably low values of capacity is imposed
by considering the remolded shear strength of typical fine-grained
soils. Monte Carlo simulations (MCS) are then used to formulate a
procedure to generate the calibrated, lumped load-and-resistance
factor used to estimate the bearing pressure associated with a
given displacement and its probability of exceedance. The MCS
accounts for the uncertainty in the ULS capacity, normalized q–δ
model, applied bearing pressure, allowable displacement, and
footing width. The new procedure developed herein is appropriate
for the reliability-based assessment of nonlinear, inelastic immedi-
ate settlement resulting from rapid loading of rigid footings on
saturated, plastic fine-grained soils.

2. Load test database and ULS bearing capacity model

Reliability analyses using a high quality loading test
database allows the assessment of design model bias and
uncertainty across a range of differing geologic conditions,
construction techniques, and other relevant design variables
(Stuedlein et al., 2012). The new and original database
compiled by Strahler (2012) and Strahler and Stuedlein
(2014) included 30 loading tests of various-sized spread
footings supported on soft to very stiff, plastic, fine-grained
soil at 12 different sites located throughout Asia, Europe and
North America. The criteria for the selection of cases for the
database included: (1) a relatively uniform soil profile to at
least 2B below the base of the footing (where B is the footing
width or diameter) consisting of plastic, fine-grained soil acting
in an undrained manner during loading, (2) adequate in-situ
and/or laboratory data to determine representative soil condi-
tions (e.g., undrained shear strength, su), (3) sufficient descrip-
tion of the load test setup and loading protocol, (4) footing
embedment depth less than 4B to ensure a shallow failure
mechanism, (5) a rigid footing response, and (6) sufficient



Table 1
Summary of load test database.

Source Test Footing shape B (m)a B0 (m)b Df (m)c Dw (m)d su (kPa)e γm (kN/m3)f

Andersen and Stenhamar (1982) HA-1 Square 1.00 1.13 0.0 10.0 48 22.0
HA-2 Square 1.00 1.13 0.0 10.0 48 22.0

Bauer et al. (1976) OB-1 Circle 0.46 0.46 2.60 1.75 74 17.9
OB-2 Square 3.10 3.50 0.66 1.75 108 17.9

Bergado et al. (1984) RB-1 Circle 0.30 0.30 0.0 1.00 37 14.9
Brand et al. (1972) BB-1 Square 1.05 1.18 1.60 0.90 20 19.5

BB-2 Square 0.90 1.02 1.60 0.90 20 19.5
BB-3 Square 0.75 0.85 1.60 0.90 20 19.5
BB-4 Square 0.67 0.76 1.60 0.90 21 19.5
BB-5 Square 0.60 0.68 1.60 0.90 21 19.5

Deshmukh and Ganpule (1994) BD-1 Square 0.60 0.68 0.60 0.60 20 17.7
BD-2 Square 0.60 0.68 0.60 0.60 20 17.7

Greenwood (1975) GG-1 Square 0.91 1.03 0.61 410.0 44 18.5
Jardine et al. (1995) BH-1 Square 2.20 2.48 0.78 0.90 21 16.0
Lehane (2003) BL-1 Square 2.00 2.26 1.60 1.40 20 17.0
Marsland and Powell (1980) CM-1 Circle 0.87 0.87 0.0 410.0 139 19.5
Newton (1975) ON-1 Circle 0.60 0.60 0.38 0.31 20 18.5

ON-2 Circle 0.49 0.49 0.38 0.31 20 18.5
ON-3 Circle 0.34 0.34 0.38 0.31 20 18.5

Stuedlein and Holtz (2010) TS-1 Circle 0.76 0.76 0.61 2.40 70 19.7
TS-2 Circle 0.76 0.76 0.61 2.40 70 19.7
TS-3 Square 2.74 3.09 0.0 2.40 85 19.7

Tand et al. (1986) TT-1 Circle 0.58 0.58 1.50 0.90 44 20.0
TT-2 Circle 0.58 0.58 1.50 0.90 44 20.0
TT-3 Circle 0.58 0.58 1.50 0.90 44 20.0
TT-4 Circle 0.58 0.58 1.50 0.90 45 20.0
TT-5 Circle 0.58 0.58 1.50 0.90 45 20.0
TT-6 Circle 0.58 0.58 1.50 1.10 67 20.0
TT-7 Circle 0.58 0.58 1.50 1.10 67 20.0
TT-8 Circle 0.58 0.58 1.50 1.10 67 20.0

aFooting width or diameter.
bEquivalent footing width.
cFooting embedment depth.
dGround water depth.
eSoil undrained shear strength.
fSoil unit weight.
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footing displacement to estimate the non-linear response of the
soil (Strahler and Stuedlein, 2014). The new load test database
is summarized in Table 1.

Importantly, the database assembled for this study consisted
of footing loading tests with various kinds of instrumentation,
and not all case histories were characterized with sufficient
instrumentation to confirm that the subgrade acted in an
undrained manner. However, several well-instrumented load-
ing tests provided evidence of undrained displacements and
were used as a basis for comparison of cases and evaluation of
admissibility to the database. For example, the pore pressure
response exhibited by the saturated, medium stiff clay sub-
grade (su¼48 kPa) reported by Andersen and Stenhamar
(1982) and saturated, soft clay subgrade (su¼21 kPa) reported
by Jardine et al. (1995) indicated undrained responses.
Stuedlein and Holtz (2010) compared the vertical and lateral
displacements measured to the theoretical displacements
assuming zero volume change, and showed that an undrained
response was achieved at large displacements (Stuedlein and
Holtz, 2010). Such responses are anticipated for footing
loading tests conducted rapidly in plastic, fine-grained deposits
owing to their low hydraulic conductivities and coefficients of
consolidation. The database did not include those high quality
case histories with layered soil conditions (e.g., Consoli et al.,
1998), with possible drainage paths within 2B of the footing
base. Additionally, each test admitted to the database was
conducted over a period of minutes or hours, rather than
months. Thus, the footing subgrades admitted into the loading
test database may be assumed to respond in a relatively
undrained manner, and are representative of typical immediate
settlement scenarios.
Bearing pressure–displacement (q–δ) data were compiled

from the individual tests and the ultimate resistance (i.e.,
bearing capacity) was determined by extrapolation of the q–δ
data using fitted hyperbolic curves. The interpreted capacity,
qult;i, was set equal to the estimated asymptote resulting from
the fitted hyperbolic relationship. A predicted capacity, qult;p,
was calculated for each test using the general bearing capacity
equation (e.g., Terzaghi, 1943) with Meyerhof (1963) bearing
capacity factors, and shape and depth factors proposed by
Hansen (1970). Assuming undrained loading conditions, the
bearing capacity equation for a general shear failure for the
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footings in the database considered equals:

qult;p ¼ suNcλcsλcdþγDfNqλqsλqd ð1Þ

where su is the undrained shear strength, γ is the unit weight, Df

is the footing embedment depth, Nc and Nq represent bearing
capacity factors (assumed equal to 5.14 and 1.0, respectively,
for the ϕ¼0 condition), and λcs, λqs, λcd and λqd are Hansen
(1970) shape and depth factors, respectively. The factors λqs and
λqd were assumed to be 1.0 for ϕ¼0 soil, and shape factors
were computed in accordance with the relevant geometry (i.e.,
circular or square). The interpreted and predicted bearing
capacities for each loading test are summarized in Table 2.
The bias for each test, defined as the ratio of the interpreted and
predicted bearing capacity, is also summarized Table 2. The
mean bias was equal to Mult¼1.25, indicating Eq. (1) under-
predicted the interpreted capacity by 25 percent on average. The
coefficient of variation (COV) in bias was equal to 37 percent,
indicating moderate-to significant variability. The capacity
model error is typical in geotechnical applications, and under-
scores the need to appropriately characterize model uncertainty
for reliability-based limit state design.
Table 2
Comparison of interpreted, calculated, and slope tangent capacities with correspon

Test Interpreted capacity, qult,i (kPa) Calculated capacity, qult,p (kPa)

HA-1 343 298
HA-2 378 298
OB-1 560 746
OB-2 515 735
RB-1 180 231
BB-1 177 191
BB-2 213 196
BB-3 228 204
BB-4 227 209
BB-5 271 211
BD-1 262 175
BD-2 365 175
GG-1 313 347
BH-1 205 160
BL-1 120 186
CM-1 539 858
ON-1 415 162
ON-2 221 169
ON-3 342 172
TS-1 754 582
TS-2 774 582
TS-3 568 527
TT-1 750 429
TT-2 734 429
TT-3 684 429
TT-4 382 436
TT-5 225 436
TT-6 1021 640
TT-7 963 640
TT-8 844 640

Note: Values of qSTC are reported only for load tests taken to a footing displaceme
3. Bearing pressure–displacement model

Serviceability limit state design of spread footings is
controlled by the allowable displacement. The undrained
loading of plastic fine-grained soils follow a nonlinear path
even at relatively small foundation displacements. Akbas and
Kulhawy (2009) and Uzielli and Mayne (2011), among others,
showed that nonlinear q–δ behavior for spread footings, with
applied pressure normalized by a reference capacity or in-situ
measurement, qref, respectively, and displacement normalized
by footing size, can be represented using a hyperbolic model:

q � ¼ qmob
qref

¼ η

k1þk2 Uη
ð2Þ

or power law:

q � ¼ qmob
qref

¼ k3 Uηk4 ð3Þ

respectively, where qmob is the mobilized resistance at a given
displacement, δ, η¼δ/B0 is the normalized displacement, and
B0 is the equivalent footing diameter, defined as the diameter
that produces the same area as that of a square footing (e.g.,
Mayne and Poulos, 1999).
ding ratios.

Bias qult,i/qult,p Slope tangent capacity, qSTC (kPa) qSTC/qult,i

1.15 342 1.00
1.27 – –

0.75 305 0.54
0.70 – –

0.78 125 0.69
0.93 – –

1.09 171 0.80
1.12 177 0.78
1.09 – –

1.28 – –

1.50 – –

2.09 – –

0.90 217 0.69
1.28 118 0.58
0.64 91 0.76
0.63 – –

2.56 187 0.45
1.31 125 0.57
1.99 – –

1.29 477 0.63
1.33 458 0.59
1.08 384 0.68
1.75 426 0.57
1.71 414 0.56
1.59 443 0.65
0.88 176 0.46
0.52 158 0.70
1.59 607 0.59
1.50 599 0.62
1.32 494 0.59

Mean¼1.25 Mean¼0.643
COV¼0.367 COV¼0.187

nt of at least 0.03B0.



Fig. 1. Variation of bearing pressure with displacement for footings in the load
test database: (a) observed q–δ response, (b) normalized q–δ response using
qult,i and (c) normalized q–δ response using qSTC.

Table 3
Summary of bearing pressure–displacement model coefficients and goodness-
of-fit parameters.

Hyperbolic model Power law model

Test k1 k2 RMSE R2 Mean
bias

k3 k4 RMSE R2 Mean
bias

HA-1 0.003 0.958 20.49 0.97 1.00 2.68 0.29 37.68 0.83 0.95
HA-2 0.007 0.763 12.02 0.99 1.00 4.69 0.43 28.17 0.91 0.97
OB-1 0.030 0.544 7.86 1.00 0.99 2.51 0.36 30.91 0.93 0.98
OB-2 0.005 0.851 3.57 1.00 0.93 14.11 0.62 6.78 0.99 0.98
RB-1 0.013 0.682 2.03 1.00 0.98 4.62 0.49 7.88 0.93 0.96
BB-1 0.005 0.855 2.59 1.00 1.04 4.42 0.41 5.97 0.96 0.96
BB-2 0.007 0.808 1.19 1.00 1.01 4.60 0.44 8.48 0.95 0.96
BB-3 0.009 0.771 0.97 1.00 1.00 4.83 0.47 8.28 0.96 0.97
BB-4 0.007 0.822 3.00 1.00 1.01 4.49 0.43 5.78 0.97 0.98
BB-5 0.011 0.730 1.88 1.00 0.98 5.93 0.53 9.58 0.94 0.96
BD-1 0.008 0.783 3.56 1.00 1.01 5.61 0.50 10.26 0.96 0.95
BD-2 0.019 0.614 4.23 0.99 0.99 8.77 0.68 5.05 0.89 0.98
GG-1 0.011 0.688 5.62 1.00 0.98 3.24 0.39 19.38 0.93 0.96
BH-1 0.012 0.721 5.54 0.98 1.02 4.04 0.45 4.00 0.98 0.99
BL-1 0.006 0.845 5.38 0.97 1.10 3.53 0.37 2.81 0.96 0.98
CM-1 0.005 0.852 10.25 0.99 1.01 4.99 0.43 8.65 0.99 0.99
ON-1 0.017 0.596 11.40 0.98 1.11 4.98 0.52 2.69 1.00 1.00
ON-2 0.011 0.647 9.83 0.98 1.39 3.70 0.40 2.53 0.99 1.00
ON-3 0.014 0.652 3.71 1.00 1.04 6.75 0.58 4.95 0.99 0.98
TS-1 0.011 0.658 27.03 0.99 1.07 2.57 0.32 31.01 0.93 0.97
TS-2 0.013 0.614 39.21 0.98 1.27 2.74 0.33 18.94 0.95 0.97
TS-3 0.010 0.792 17.76 0.98 1.17 4.84 0.49 4.16 1.00 0.99
TT-1 0.025 0.540 7.54 1.00 1.04 4.94 0.56 14.30 0.99 0.96
TT-2 0.025 0.565 10.01 0.99 1.06 6.31 0.63 5.26 0.99 0.99
TT-3 0.015 0.634 12.07 1.00 1.05 3.90 0.45 21.88 0.97 0.95
TT-4 0.014 0.574 16.15 0.96 1.05 3.07 0.35 3.73 0.98 1.00
TT-5 0.011 0.707 4.95 0.99 1.01 4.44 0.46 8.76 0.96 0.98
TT-6 0.024 0.532 14.41 0.99 0.98 6.69 0.64 30.25 0.90 0.95
TT-7 0.017 0.627 4.90 1.00 1.00 5.86 0.57 23.54 0.97 0.96
TT-8 0.016 0.618 11.97 1.00 1.03 4.28 0.48 20.45 0.98 0.97
Mean 0.013 0.701 9.37 0.99 1.04 4.94 0.47 13.07 0.96 0.97
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The reference capacity, qref, is used as a means to both
normalize the resistance and reduce scatter inherent with load
test data. The reference capacity does not necessarily represent
a true “capacity”, rather, it should provide a replicable means
to produce a known capacity, and preferably linked to a
predetermined deflection criterion. For example, Akbas and
Kulhawy (2009) used the failure load interpreted from load
tests to represent qref, whereas Uzielli and Mayne (2011) used
the cone tip resistance to represent qref. For this study, both the
interpreted capacity, qult,i, and slope tangent capacity, qSTC (e.
g., Phoon and Kulhawy, 2008), were investigated for potential
use as a reference capacity. The slope tangent capacity with a
displacement offset equal to 0.03B0 was ultimately selected to
represent the reference capacity because it significantly
reduced the dispersion of the q*–η curves compared to the
interpreted capacity, qult,i, it could be readily estimated as a
function of qult,i, and it is linked to a well-characterized
magnitude of displacement. Fig. 1 shows the bearing pres-
sure–displacement curves for all footings in the load test
database (Fig. 1a) along with the normalized (i.e., q*–η)
curves, where q* was established using qref¼qult,i (Fig. 1b)
and qref¼qSTC (Fig. 1c). The scatter in the q*–η curves
associated with qSTC (Fig. 1c) is significantly reduced in
comparison to the other bearing pressure–displacement curves,
providing a more suitable approach for simulating continuous
nonlinear q*–η behavior in the reliability analyses,
described below.
The coefficients k1, k2, k3 and k4 in Eqs. (2) and (3) were

determined using linear least squares optimization and allow
the simulation of continuous q*–η curves. The best-fit coeffi-
cients for each loading test are summarized in Table 3. In nine
of the 30 cases where the loading test was not taken to a
displacement of at least 0.03B0, the fitting coefficients were
determined with a qSTC value estimated by extrapolating the
nonlinear bearing pressure–displacement response. Although
the results suggest that both the hyperbolic and power law
models can be used to accurately predict immediate undrained



Fig. 2. Variation of the reference slope tangent capacity with the interpreted
bearing capacity.
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displacement, goodness-of-fit measures including the sum of
the root mean square error (RMSE), coefficient of determina-
tion (R2), and mean bias indicate that the hyperbolic model
produced a slightly better overall fit to the q*–η behavior.
Therefore, the hyperbolic model (Eq. (2)) was selected for use
in the subsequent reliability calibrations.

The reference capacity, qSTC, used with the bearing pres-
sure–displacement model is specific to a given footing loading
test. Thus qSTC must be estimated for the typical case where a
site-specific loading test has not been performed. Fig. 2 shows
that a linear relationship between qSTC and qult,i exists,
suggesting that qSTC can be readily estimated as a function
of the interpreted capacity; a similar correlation was noted in
separate SLS simulations reported by Stuedlein and Uzielli
(2014). The ratios of qSTC to qult,i for the loading tests are
summarized in Table 2, and exhibit a mean ratio of 0.643. In
turn, qult,i must also be estimated in the absence of site-specific
loading tests, which is accomplished using the bearing capacity
equation (Eq. (1)). The mobilized resistance may be estimated
as a function of displacement using the predicted bearing
capacity, qult,p:

qmob ¼
η

k1þk2η
qSTC ¼ η

k1þk2η
MSTCqult;p ¼MηMSTCqult;p

ð4Þ
where qult,p is calculated from Eq. (1), MSTC is the model factor
used to scale the predicted ultimate resistance to the slope
tangent resistance and equals the mean of qSTC/qult,i (i.e.,
0.643, see Fig. 2), and Mη is the hyperbolic model factor used
to scale to the mobilized resistance based on the allowable
normalized undrained footing displacement, η. In order to
ensure that the reliability-based SLS calibrations are accurate,
the model uncertainty associated with the bearing capacity
estimate qult,p (Eq. (1)), as well as the uncertainty associated
with the normalized bearing pressure–displacement model (Eq.
(2)), and the parameters k1 and k2, and qSTC must be
incorporated in a systematic basis. The framework used to
accomplish this is described in the following section.

4. Application of bearing pressure–displacement model to
reliability-based design

Reliability-based limit state design requires calibration of
appropriate load and resistance factors that are based on the
uncertainty associated with the design input parameters. Input
parameters associated with estimating the serviceability-level
resistance for spread footings on clay were described pre-
viously (i.e., qult,p, MSTC, k1 and k2). Additional sources of
uncertainty include the load and structural response para-
meters, such as the design bearing pressure, the allowable
settlement, and footing size.

Incorporating this uncertainty into the limit state design may
be efficiently accomplished using probabilistic methods and an
appropriate performance function, P. The margin of safety,
defined as the difference between the resistance, R, and load, Q,
represents an appropriate performance function with a corre-
sponding joint probability distribution function. In consideration
of the various sources of uncertainty contributing to the system
reliability, the probability of failure, pf, may be defined using the
margin of safety and represented by Baecher and Christian
(2003), Allen et al. (2005), Phoon (2008):

pf ¼ Pr R�Qo0ð Þ ¼ Pr Po0ð ÞrpT ð5Þ
where pT is the acceptable target probability that the load will be
greater than the resistance, typically in the range of 1 to 0.1
percent for geotechnical ultimate limit state applications and 20
to 1 percent for geotechnical serviceability limit state applica-
tions. The performance function may be reformulated in terms
of the allowable mobilized bearing resistance, qmob, and an
applied bearing pressure, qapp, by incorporating the selected
bearing pressure–displacement model (Eq. (4)):

pf ¼ PrðMSTCMηqult;p�qappo0Þ ¼ Pr MSTCMηo
qapp
qult;p

 !
rpT

ð6Þ
The characteristic distributions of each random variable can

be incorporated into the performance function by defining the
ultimate and applied bearing pressures in terms of a determi-
nistic nominal value (i.e., qapp,n and qult,n) and the correspond-
ing normalized random variables (i.e., q*app and q*ult), with Eq.
(6) rewritten as (Uzielli and Mayne, 2011)

pf ¼ Pr MSTCMηo
qapp;n Uq

�
app

qult;n Uq
�
ult

� �
¼ Pr MSTCMηo

1
ψq

q�app
q�ult

 !
rpT

ð7Þ
where ψq is the combined (i.e., lumped) load and resistance
factor assigned to provide an acceptable probability of failure.
The lumped load and resistance factor is preferred to partial
factors as current design codes (e.g., AASHTO, 2012 or
Eurocode 7) recommend partial factors equal to 1.0 for SLS
design of spread footings without the consideration of
uncertainty.
For this study, pf, and the associated reliability index,

β¼�Φ�1(pf), where Φ�1 represents the inverse standard
normal cumulative function, were estimated based on a pre-
scribed interval of ψq that ranged from one (i.e., no reduction in



Table 4
Summary of AIC and BIC values for selected distributions fit to normalized
resistance model parameters (bold values represent lowest AIC and BIC).

Parameter Distribution AIC BIC

qnult Lognormal 42.41 45.69
Gamma 42.08 45.36
Inverse Gaussian 42.33 45.61
Beta (general) 44.11 48.12

MSTC Lognormal �24.94 �23.23
Gamma �19.80 �18.07
Inverse Gaussian �24.90 �23.18
Beta (general) n/a n/a

k1 Lognormal �214.54 �211.26
Gamma �215.05 �211.77
Inverse Gaussian �214.71 �211.43
Beta (general) �212.91 �208.91

k2 Lognormal �41.06 �37.78
Gamma �41.26 �37.98
Inverse Gaussian �41.85 �38.57
Beta (general) n/a n/a

Table 5
Summary of fitted normalized resistance model parameters.

Parameter Mean COV (%) Model distribution

qnult 1.25 37.3 Gamma
MSTC 0.643 18.7 Lognormal
k 0.013 53.0 Gamma
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applied bearing pressure) to 20, and determined using Monte
Carlo simulations (MCS) seeded with distributions for each of
the varied parameters. The results of the simulations were used
to investigate possible relationships between the parameters in
the performance function and to provide a simplified procedure
for SLS design.

5. Simulation-based serviceability limit state design
calibrations

To calibrate the lumped load and resistance factor using an
appropriate performance function distribution, the MCS incor-
porated uncertainty in the bearing capacity model, the normal-
ized bearing pressure–displacement model, the relationship
between slope tangent and ultimate bearing capacities, the
allowable displacement, the footing width, and the applied
loading. Tables 4 and 5 summarize the statistical parameters of
all of the random variables in the reliability simulations.
Selection of the nominal values and model distribution of the
load and resistance variables are discussed below.

6. Characterization of resistance parameters

The nominal values and characteristic distributions for the
resistance variables were estimated from the loading test
database and normalized bearing pressure–displacement model
as follows:
1

k2 0.701 16.1 Inverse Gaussian
�
 The nominal bearing capacity, q*ult, was set equal to the
mean bias between the calculated and interpreted capacities
(qult,p and qult,i, respectively), from the loading test data-
base, and the distribution estimated by fitting to the sample
biases summarized in Table 2.
�
 The nominal slope tangent capacity scaling factor, MSTC,
was set equal to the mean ratio of qult,i to qSTC, and the
distribution estimated by fitting to the sample ratios
summarized in Table 2.
�
 The nominal value of the hyperbolic model parameters, k1
and k2, were estimated as the mean k1 and k2 values
indicated in Table 3, and distributions were estimated by
fitting to the sample values in Table 3.

The selected model distributions resulted from fitting to
several possible distributions and evaluated using the Akaike
Information Criteria (AIC; Akaike, 1974) and Bayesian Infor-
mation Criterion (BIC; Schwarz, 1978) goodness-of-fit tests.
The AIC and BIC are defined as

AIC¼ �2
XN
i ¼ 1

ln f pdf xið Þþ2k ð8Þ

BIC¼ �2
XN
i ¼ 1

ln f pdf ðxiÞþk ln N ð9Þ

respectively, where fpdf is the probability density function (pdf)
of a selected distribution, N is the sample size with xi
representing a sample value from the dataset, and k is the
number of parameters associated with the given pdf. The best-
fit model distributions were selected by choosing the distribu-
tion that resulted in the lowest AIC and BIC values, shown in
Table 4. The lognormal, gamma, inverse Gaussian, and beta
distributions were assessed for suitability of sampling in the
MCS. Normal distributions were not included to avoid the
potential for negative values leading to inaccurate and/or
inappropriate results in the reliability simulations. Note that
because the distributions were fit to data available, their
robustness should be investigated as new high quality data
becomes available. The normalized resistance model para-
meters selected for use in the reliability simulations based on
the best-fit distributions is summarized in Table 5.

7. Resistance parameter dependence and Copula analyses

The potential dependence between random variables must
be incorporated in reliability simulations to avoid hidden
biases that may skew the resulting calibrations (e.g., Phoon
and Kulhawy, 2008; Uzielli and Mayne, 2011, 2012; Stuedlein
et al., 2012; Tang et al., 2013, Huffman and Stuedlein, 2014).
The q*–η model parameters (MSTC, k1 and k2) showed no
apparent correlation to the bearing capacity parameters (su, γ0

and Df), as indicated in Fig. 3. However, each of the q*–η



Fig. 3. Variation of normalized bearing pressure–displacement model parameters k1 and k2, and model factor MSTC with geometric and soil properties influencing
bearing capacity.

Fig. 4. Comparison of observed and simulated (n¼1000) normalized bearing
pressure–displacement model parameters k1 and k2, and model factor MSTC.
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model parameters showed moderate to strong correlation to
each other as shown in Fig. 4. Kendal’s rank tau correlations,
ρτ, of �0.80, �0.59 and 0.62 were calculated for the k1�k2,
k1�MSTC and k2�MSTC pairs, respectively. Such correlations
are common for bivariate load–displacement models used in
geotechnical applications (e.g., Phoon and Kulhawy, 2008;
Stuedlein and Reddy, 2013; Huffman and Stuedlein, 2014).

Copula functions were used to account for the multivariate
dependence (i.e., joint distribution) in the reliability simula-
tions. A copula function describes the probability of values in a
dataset, similar to the fitted distributions for the individual
variables. However, instead of describing the probability
distribution of a single variable, the copula function describes
the probable values of one variable given the values of the
other, correlated variables. These results can then be coupled
with the marginal distributions of the individual variables to
provide a full description of the probable values (e.g., Nelson,
2006). Bivariate copula functions have been used in other
recent geotechnical-related studies to account for the depen-
dence between load and displacement model parameters (e.g.,
Uzielli and Mayne, 2011, 2012; Li et al., 2013; Huffman and
Stuedlein, 2014) and between soil strength parameters (e.g.,
Tang et al., 2013, 2015; Wu, 2013, 2015).

Many copula types are available to account for trends in
correlations, including linear or nonlinear correlations, ellip-
tical correlations, and tail-dependent correlations, among
others. Most copula functions can be calibrated using a single
copula parameter, θ, to define the dependence structure
between variables. The copula parameter may be calculated
based on a relationship to ρτ that is specific to the copula type.



Table 6
Summary of best-fit copula functions representing bivariate dependence in the vine copula

Dependent pair Best-fit Copula Copula parameter, θ Copula probability function, C(u, v) General copula density function, c(u, v)

k1�k2 Clayton (rotated 2701) �7.054 u� u�θþ 1�vð Þ�θ�u�θ 1�vð Þ� θ� �� 1
θ

∂
∂u∂v Cðu; vÞ

k1�MSTC Clayton (rotated 2701) �3.143 u� u�θþ 1�vð Þ�θ�u�θ 1�vð Þ� θ
� �� 1

θ

k2–MSTC Joe (rotated 1801) 1.398 uþv�1� 1� 1�uð Þ�θþ 1�vð Þ� θ�1
� �1

θ

� �

Note: Coefficients u and v represent the rank values of the dependent pairs transposed to [0,1] space (e.g., u1 and u2 for the k1�k2 pairs).
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Copula functions assume uniformly distributed marginal
distributions in rank [0,1] space. Therefore, the rank values of
the hyperbolic model parameters and model factor (k1, k2 and
MSTC), referred to herein as u1, u2 and uSTC, were used with ρτ
to establish θ and the copula probability function. A relation-
ship between two variables (e.g., k1 and k2) and a two-
parameter copula probability function, Ck1,k2, is determined
by fitting to ρτ using (e.g., Nelson, 2006; Li et al., 2013):

ρτ k1; k2ð Þ ¼ 4
Z 1

0

Z 1

0
Ck1;k2 u1; u2ð ÞdCk1;k2 u1; u2ð Þ�1 ð10Þ

Dependence between three or more variables can be
accounted for using one multivariate copula, or a string of
bivariate copulas, known as a vine copula (e.g., Joe, 1996; Aas
et al., 2009; Brechmann and Schepsmeier, 2013). The vine
copula approach was selected to represent the dependence
between k1, k2 and MSTC because it is not limited to a single
dependence structure and therefore may provide better repre-
sentation of the correlation between individual variables relative
to a single multivariate copula (Brechmann and Schepsmeier,
2013). The selection of the bivariate copulas included in the
vine, as well as selection of the copula parameters, θ, required
multiple iterations to determine the best-fit copulas. A canonical
(i.e., C-vine) approach (Aas et al., 2009; Brechmann and
Schepsmeier, 2013) was selected for the simulations herein,
which establishes the best-fit bivariate copulas using sequential
maximum likelihood estimation (e.g., Lipster and Shiryaev,
2001). The order of the variables for this analysis was arbitrarily
taken as: (1) k1, (2) k2, and (3) MSTC, because initial studies
showed that the reliability simulations were not sensitive to the
order of simulation.

The best-fit copulas were selected from several copula types
based on the AIC criteria similar to that used for the marginal
distributions (i.e., Eq. (8)). For each set of dependent variables
(i.e., k1�k2, k1�MSTC and k2�MSTC,), the AIC test was used
to estimate the relative likelihood of a two-parameter copula
density function, c. Based on these test criteria, the multi-
dimensional vine copula was constructed using the bivariate
Clayton copula (rotated 270 degrees) to represent the depen-
dence between k1�k2 and k1�MSTC, and the bivariate Joe
copula (rotated 180 degrees) was selected to represent the
dependence of k2�MSTC. A summary of the selected copula
types with the respective copula probability functions and θ
values is shown in Table 6. Fig. 4 shows the fitted k1�k2,
k1�MSTC and k2�MSTC pairs from the load test database
compared against 1000 simulated pairs using the distributions
indicated in Table 5 and variable dependence with vine copula
components indicated in Table 6. The ρτ values for the actual
and simulated data pairs shown in Fig. 4 indicate close
agreement between observed and simulated data pairs, and
indicate that the simulated values adequately represent the
distribution and dependence of the q*–η model parameters
extrapolated from the load test database.

8. Assessment of lower-bound resistance

Najjar and Gilbert (2009) describe the impact of physically
meaningful lower-bound soil strength on the reliability of
geotechnical performance of driven pile foundations. The
lower-bound soil strength is best determined using site-
specific soil investigations, with particular attention to stress
history, mineralogy, and secondary soil structure. Najjar
(2005) suggests that the lower-bound capacities for founda-
tions on fine-grained soils is limited by the remolded undrained
shear strength, sur. Therefore, to estimate and characterize the
lower-bound capacity reflected in the database considered
herein, the bearing capacity was recalculated for each case
history using the general bearing capacity equation (Eq. (1))
with sur instead of su. Residual shear strength with depth
measurements were report by Bauer et al. (1976), and soil
sensitivity (su/sur) was either reported or inferred from labora-
tory test results by Brand et al. (1972), Jardine et al. (1995),
and Stuedlein and Holtz (2010). For the remaining portion of
the database, sur was estimated based on a correlation to the
liquidity index, LI, following Najjar (2005), based on Wroth
and Wood (1978):

sur ¼ 170e� 4:6LIð Þ ð11Þ
where sur is in kPa. Najjar (2005) suggests the correlation is
appropriate for soils with a sensitivity in the range of 2 to 5.
Therefore, where Eq. (11) predicted residual soil shear
strengths with corresponding sensitivity falling outside of a
range of 2 to 5, the assumed residual shear strength was
revised to limit the minimum sensitivity value equal to 2 and
maximum value equal to 5. Note, application of the reliability-
based SLS design procedures described subsequently is not
recommended for use with extremely sensitive soils (i.e., soils
with sensitivity greater than five).
The ratio of bearing capacity calculated using sur (i.e., the

lower-bound capacity) to those calculated using su was
computed and produced a mean lower-bound bearing capacity
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ratio of 0.47 and standard deviation of 0.18. Therefore, a
normalized bearing capacity, q*ult, min, of 0.29, representing the
mean ratio minus one standard deviation, was selected to
truncate the q*ult distribution in the MCS. The inclusion of the
lower-bound capacity reduced the number of simulations by
approximately 0.1 percent; although not representing a large
number of simulations, inclusion of the truncated capacity
distribution improves the accuracy of reliability calibrations
and removes unnecessary conservatism.

9. Characterization of applied bearing pressure

The load and resistance factor calibrated herein for SLS
design considered uncertainty in the applied bearing pressure
in order to maintain consistency with widely-accepted loading
scenarios. The loading was modeled using a unit mean
normalized applied bearing pressure, q*app, equal to 1.00 and
COV(q*app) equal to 10 and 20 percent for dead and live loads,
respectively (Table 6). These values suggest that, on average,
structure loads can be estimated with relatively close accuracy,
but the design accounts for some potential deviation. The unit
mean normalized applied bearing pressure was modeled using
a lognormal distribution, consistent with national codes (e.g.,
AASHTO, 2012) and reliability analyses performed by others
(e.g., Phoon and Kulhawy, 2008; Uzielli and Mayne, 2011; Li
et al., 2013).

10. Characterization of allowable displacement

Considering the end-user of a calibrated SLS design
procedure, an appropriate load and resistance factor should
be selected based on a structures’ ability to accept deforma-
tions arising from foundation movements. This is a function of
the structure type and its intended use, and requires close
collaboration with the entire design team. To provide a
generalized framework, this study explicitly incorporated a
continuous range in the allowable immediate displacements,
δa, in the estimate of the mobilized resistance using the
relevant performance function (Eq. (7)). Table 7 summarizes
the selected normalized allowable displacements, ηa, which
ranged from 0.005 to 0.20, based on an assumed range of
mean δa of 2.5 mm to 600 mm and equivalent footing
diameters, B0, ranging from 0.5 m to 3 m. The dispersion in
B0 was modeled using a COV of 2 percent and a normal
distribution. It should be noted that the upper values of δa were
included to provide the selected range of η, and δa may
Table 7
Summary of assumed normalized bearing pressure and displacement parameters

Parameter Nominal value

qnapp 1.00

δa (mm) 2.5, 5, 7.5, 10, 12.5, 15, 20, 25, 30, 37.5, 50, 75, 100, 112.5, 125, 150
B0 (m) 0.5, 1.0, 1.5, 2.0, 2.5, 3.0
η 0.005, 0.01, 0.025, 0.05, 0.075, 0.10, 0.20
approach unrealistic magnitudes as a result.
Unlike the selection of a representative magnitude of uncer-

tainty in loading, there is not yet a consensus on the suitable
design-level dispersion in the allowable immediate or total
displacement largely owing to the lack of available data. Phoon
and Kulhawy (2008) assumed a COV of 60 percent for δa based
on research by Zhang and Ng (2005) for structures supported on
deep foundations. However, they concede that it is unclear
whether available data for allowable displacement typically refers
to mean or lower-bound values, which may also affect its
dispersion. Uzielli and Mayne (2011) assumed a COV of 60
percent for δa and lognormal distribution when analyzing the SLS
for spread footings on sand. For this study, δa was modeled using
a lognormal distribution and COV of 0, 20, 40 and 60 percent to
represent a range of COV, in order to allow professional judgment
in the selection of the appropriate lumped load and resistance
factor for the corresponding COV(δa).
11. Reliability simulations and lumped factor calibration

Monte Carlo simulations were used to generate samples
from each of the random variable distributions as a means to
populate the performance function (Eq. (7)) and calibrate the
lumped load and resistance factor, ψq, to the probability of
exceeding the SLS (and corresponding β value). Each random
variable (i.e., k1, k2, MSTC, δa, B0, q*ult and q*app) was randomly
sampled using their source distribution and 1.5� 106 simula-
tions for each ψq, which ranged from 1 to 20. The final number
of simulations (i.e., the basis for computing pf and β) was
slightly smaller than 1.5� 106, as simulations associated with
q*ult,min less than 0.29 were rejected to enforce the truncated
bearing capacity distribution as described previously. The
reliability calibrations required approximately 2500 indepen-
dent simulation scenarios in order to estimate β and pf for
different combinations of ψq, B0, δa, COV(δa), and COV(q*app),
and are associated with a confidence level of 99 percent or
greater for simulations corresponding to β less than or equal to
four, sufficiently accurate for reliability levels corresponding to
the SLS.
The results of the simulations indicated strong non-linear

relationships between ψq and β at any given ηa. Consistent with
the service limit displacements of footings on sand reported by
Uzielli and Mayne (2011, 2012) and on aggregate pier
reinforced clay (Huffman and Stuedlein, 2014), the relation-
ships of β and ψq were nearly identical regardless of the δa and
B0 values used to define ηa. Fig. 5 shows the ψq calibration for
COV (%) Model
distribution

10, 20 Lognormal

, 187.5, 200, 225, 250, 300, 400, 500, 600 0, 20, 40, 60 Lognormal
2 Normal
– –



Fig. 5. Load and resistance factor, ψq, and reliability index, β, varying with
normalized displacement, η, for COV(qapp)¼0.10 and (a and e) COV(δa)¼0,
(b and f) COV(δa)¼20 percent, (c and g) COV(δa)¼40 percent, and (d and h)
COV(δa)¼60 percent. Note, logarithmic-fitted curves shown in (e) through (h)
are limited to β40.
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Fig. 6. Variation of regressed coefficients (a) p1 and (b) p2 with normalized
displacement. Curves shown for COV(qapp)¼10 percent and COV(δa)¼0.
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COV(q*app) of 10 percent, and COV(δa) ranging from 0 to 60
percent from the MCS. Fig. 5(a) through (d) includes the
results of the entire simulation, whereas Fig. 5(e) through (h)
includes only β values greater than 0, in order to improve the
fit of logarithmic trendlines over ψq–β pairs that may be
suitable for design.

The MCS showed that low reliability indices (i.e., high
probability of exceeding the selected magnitude of displace-
ment) logically correspond to low values of ψq. Further, the
reliability indices increased sharply with moderate increases in
ψq. For example, considering an unfactored loading case (i.e.,
ψq¼1.0) in Fig. 5(a), at a normalized allowable immediate
displacement, ηa, of 0.025, β is equal to �0.98, which
corresponds to a probability of exceeding ηa of approximately
84 percent. At the same ηa, but considering ψq equal to 3, β
rises to 1.26 and a corresponding 10 percent probability of
exceeding ηa. As shown in Fig. 5, similar trends in the
variation of ψq with β were noted for the reliability simulations
corresponding to the range in COV(q*app) and COV(δa)
investigated.

Uzielli and Mayne (2011) suggested the ψq vs. β relationship
could be characterized with the functional form:

β¼ p1 ln ψq

� �þp2 ð12Þ
for their reliability simulations, where p1 and p2 are best fit
coefficients. Uzielli and Mayne (2011) also found the coeffi-
cient p1 and constant p2 varied with the normalized allowable
displacement, ηa, in a linear and logarithmic trend, respec-
tively. For this study, p1 was found to correlate with a three-
parameter exponential function of the form:

p1 ¼ a 1�exp �ηa=b
� �� �þc ð13Þ

and p2 was found to correlate well with a three-parameter log-
polynomial function:

p2 ¼ d ln ηð Þþe ln ηð Þþ f ð14Þ
where a, b and c in Eq. (13) and d, e and f in Eq. (14) are
estimated using least squares optimization. Fig. 6 shows an
example of the regressed, best-fit curves for p1 and p2 for the
case of COV(q*app)¼10 percent and COV(δa)¼0. Combining
the models used to predict p1 and p2 with Eq. (12) yields the
closed-form model to estimate the reliability index:

β¼ a 1�exp
�ηa
b

� �� �
þc

� �
ln ψq

� �þd ln ηa
� �2þe ln ηð Þþ f

ð15Þ
which is associated with a confidence level of 99 percent or
better for βo4. Table 8 provides a summary of the best-fit
coefficients a, b, c, d, e and f to estimate the reliability index
associated with any ηa and ψq for Eq. (15). Note the
coefficients will vary depending on the anticipated dispersion
of the allowable immediate footing settlement and applied
bearing pressure. Alternatively, the load and resistance factor
associated with any β and ηa may be computed by inverting



Table 8
Summary of best-fit coeff. for Eqs. (15) and (16) and multiplying factor, Mψ,95.

COV
(δa) (%)

COV
( qnapp)
(%)

a b c d e f Mψ,95

0 10 0.997 0.044 1.477 �0.124 �0.294 �0.300 1.08
20 10 0.974 0.045 1.412 �0.121 �0.285 �0.245 1.06
40 10 1.099 0.073 1.299 �0.136 �0.429 �0.444 1.05
60 10 1.164 0.114 1.176 �0.103 �0.181 0.096 1.09
0 20 0.733 0.033 1.417 �0.122 �0.277 �0.159 1.05
20 20 0.778 0.037 1.359 �0.116 �0.252 �0.126 1.06
40 20 0.869 0.063 1.273 �0.128 �0.369 �0.278 1.05
60 20 1.049 0.114 1.163 �0.096 �0.135 0.193 1.10

Fig. 7. Comparison of MCS-based load and resistance factor, ψq and predicted
load and resistance factor, ψq,p using Eq. (16), along with 95 percent prediction
interval. Comparisons in (a) through (d) represent COV(qnapp)¼10 percent,
whereas comparisons in (e) through (h) represent COV(qnapp)¼20 percent.
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Eq. (15):

ψq ¼ exp
β�d ln ηa

� �2�e ln ηa
� �� f

a 1�exp � ηa
b

� �� �þc

" #
ð16Þ

such that the required load and resistance factor can be
obtained for a desired level of reliability.

12. Comparison of MCS results and closed-form model

The closed-form model used to predict the load and resistance
factor for the given normalized displacement and reliability index
introduces variability owing to the errors associated with the
fitting to the reliability simulations (i.e., Eqs. (12)–(14)). To
quantify the error, the β values produced by the fitting to the
MCS were substituted into Eq. (16) to calculate ψq and compare
to the actual MCS. The results of the comparison are plotted in
Fig. 7 for the range of COV(q*app) and the range of COV(δa)
investigated and for β resulting from the prescribed interval of ψq
ranging from 1 to 20. A mean bias of 1.0 was calculated for each
combination of COV(q*app) and COV(δa), with COV in the bias
ranging from 2.2 to 5 percent, indicating relatively small error.
The error typically becomes greater at the largest values of ψq,
which is attributed primarily to the larger dispersion of pf and β
estimated from the MCS for large ψq values (Fig. 5) and error in
the hyperbolic q*–η model at small displacements.

To account for the error in Eq. (16) and the increased
dispersion at the largest values of ψq, a factor Mψ,95 may be
multiplied by ψq such that a lumped load and resistance factor,
ψq,95¼ψq*Mψ,95 represents the 95 percent confidence level in the
simulation-based ψq. Adjustment factors ranging from Mψ,95¼
1.05 to 1.10 were computed for the various combinations of COV
(q*app) and COV(δa), and are provided in Table 8.

13. Application of the reliability calibrations

13.1. Design example

Upon loading, a spread footing on clay will experience
immediate displacement in addition to consolidation settlement
and possibly secondary compression. Therefore, the foundation
designer will need to establish the total tolerable displacement,
and then perform the required analyses to determine whether
one component of displacement or a combination of these
components is likely to exceed the target probability associated
with exceeding the tolerable displacement. Settlement analysis
associated with consolidation is well established and not
addressed herein. Instead the focus is on immediate displace-
ment only. The following steps (Fig. 8) are required to estimate
the corresponding allowable bearing pressure associated with a
1 percent probability of exceedance (β¼2.33) for a typical
equivalent footing diameter of 1 m and nominal allowable
immediate footing displacement of 25 mm:
1.
 Estimate the bearing capacity of the spread footing using
Eq. (1). That is, calculate qult,p.
2.
 Establish the mobilized resistance, qmob, using Eq. (4) with
the allowable immediate displacement and estimated slope
tangent capacity, qSTC. For this example, the normalized
allowable immediate displacement, ηa, is 0.025. The
coefficients k1 and k2 provided in Table 5 are 0.013 and
0.701, respectively, resulting in a hyperbolic model factor,
Mη, of 0.819. The slope tangent model factor, MSTC, is
0.643 (Table 5). Therefore, the mobilized resistance is
(0.819)(0.643)qult,p¼0.527qult,p.
3.
 The resistance factor, ψq, is applied to qult,p based on the



Fig. 8. Procedure for implementation of the proposed reliability-based
serviceability limit state methodology for immediate settlements of spread
footings on plastic, fine-grained soils.
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selected target probability of exceeding the service level
displacement. Estimate ψq using Eq. (16) based on the
allowable immediate displacement and coefficients a, b, c,
d, e and f (Table 8). A COV(δa) and COV(q*app) of 0 and 10
percent were assumed, respectively, for this example. For a
pf of 1 percent (β¼2.33), ψq equals approximately 5.4 using
Eq. (16). The adjustment factor, Mψ,95¼1.08 (Table 8) is
recommended for the prescribed COV(δa) and COV(q*app)
values, resulting in a ψq,95 value of approximately 5.8.
4.
 The allowable bearing pressure that limits immediate
displacement to 25 mm or less with probability of exceed-
ing the allowable immediate displacement of 1 percent may
then be computed by combining the results from steps 1
through 3, resulting in (1/ψq,95)(Mη)(MSTC)(qult,p), or
0.09qult,p.

14. Discussion

An interesting result of the example provided above is to note
that the selected probability of 1 percent of exceeding the
immediate displacement produced a relatively low bearing
pressure value (i.e., 0.09qult). Allowable stress design (ASD)
factors of safety for spread footings typically range between 3 to
4 (i.e., 0.25qult to 0.33qult). For the design example included
above, this range of ASD factors of safety results in an
equivalent ψq factor ranging from 1.32 to 1.57, and a probability
of exceeding the allowable immediate displacement ranging
from 50 to 64 percent. This suggests that evaluating a spread
footing on clay using traditional formulas to determine bearing
capacity (i.e., ULS) and applying a typical ASD factor of safety
in the range of 3 to 4 could result in a relatively high probability
of exceeding the target immediate displacement. On the other
hand, Eurocode 7 (e.g., Orr and Breysse, 2008) includes SLS
provisions of β¼1.5 (or pf¼6.7 percent) over a 50 year service
life. For these less stringent conditions, ψq,95¼3.80 and
q¼0.14qult,p, representing an increase in bearing pressure of
more than 50 percent. Thus, the designer’s judgment can be
readily incorporated into the proposed RBD procedure based on
the quality of information and the requirements of the structure.
Note that for the given examples, where δa¼25 mm, the margin
of immediate displacement exceeding the target magnitude
could range from an insignificant amount (i.e., on the order of
1 mm) or a significant amount (10 mm). Obviously, efforts to
improve the understanding of the spatial variability of pertinent
design parameters at a particular site to reduce the overall risk of
exceeding a given limit state remain warranted.
Immediate displacement may comprise just a portion of the

total settlement under a given foundation and separate analyses
must be conducted to estimate consolidation settlements if the
possibility for triggering primary consolidation exists. Addition-
ally, the practitioner must estimate the total differential settle-
ment possible, and the procedure proposed herein can be used to
help judge the likelihood of exceeding a target immediate
differential settlement. This can be useful where staged con-
struction is required, or where footings of significantly different
bearing pressures or bearing loads are to be supported. In
practice, when the duration between successive construction
loads is long, and where strength gain occurs, the procedure
described herein may be updated to reflect the increased
capacity and refine the estimate of immediate and differential
settlement. Additionally, it is recommended that practitioners
perform separate analyses for the assessment of construction,
using dead loads and dead load statistics, and for live loading
events that may occur over the life of the structure. The gain in
strength resulting from possible consolidation should be incor-
porated into the evaluation of immediate settlement for long-
term live loading events. Finally, when justified, the procedure
described herein can be used to plan and execute footing loading
tests conducted to support design recommendations.

15. Summary

This paper describes the development of a reliability-based
SLS procedure for the estimation of the allowable bearing
pressure at a given immediate displacement and its corresponding
probability of exceeding this value for spread footings on plastic,
fine-grained soils. The framework developed herein was based on
a new loading test database to characterize and simulate the
nonlinear, inelastic bearing pressure–displacement response. First,
the normalized bearing pressure–displacement (q*–η) response
was estimated based on a novel reference slope-tangent capacity
and hyperbolic resistance-mobilized displacement model. The
probability of exceeding the estimated immediate displacement
was then established using a performance function and Monte
Carlo simulations in combination with the dispersion of the
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various controlling loading and resistance parameters. Correlation
in the resistance parameters was accounted for using appropriate
vine copulas, and truncation of the lower-bound resistance was
accomplished using methods proposed by Najjar and Gilbert
(2009).

Evaluation of the Monte Carlo simulations indicated a
nonlinear relationship between the load and resistance factor,
ψq, and the reliability index, β, used to reference a target
probability of exceeding the SLS design. A new and con-
venient set of equations were proposed to provide ψq given a
target β value based on an acceptable probability of exceeding
the allowable immediate displacement. In order to illustrate the
use of the proposed procedure, an example of its application
was provided. The results of the example suggested that the
probability of exceeding the allowable immediate settlement
can be relatively high using traditional factors of safety,
although the magnitude of the settlement exceeding SLS
may range from insignificant to significant.

The analysis and procedure presented herein is appropriate
for estimating immediate undrained settlement of rigid footings
on plastic fine-grained soil with undrained shear strengths in
the relative range of soft to stiff, and for evaluating the
reliability of the settlement calculation. Because the spatial
variability and measurement errors were not explicitly treated
in this study, the results of this study should not be
extrapolated to foundation or soil conditions that are outside
the range included in the database.
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