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1. INTRODUCTION

In [1,2], Dipper and James studied the representation theory of a
Hecke algebra for the finite general linear group, and derived a close
analogue of the representation theory of the symmetric groups. Their
derivation, however, involves considerable computational difficulties; in
this article we shall present a rather different approach which largely avoids
these. The symmetric group algebra can be considered as a special case
of the Hecke algebra, and this the simplifications can be extended to that
case also. We shall be primarily interested in what may be termed the
ordinary representations, that is the case where the algebra is semisimple;
however, this restriction is not applied until Section 5, until which stage the
treatment is “characteristic-free.”

In order to set the stage, it is useful to review the methods used for the
symmetric group W on n letters over a domain K. The Specht module is
defined, cither as a polynomial module [5] or as a left ideal in the group
algebra [3]; this is a cyclic module generated by a single element, corre-
sponding to a fixed Young tableau, whose annihilator ideal is generated by
the “Garnir elements” [11] together with elements of the form 1 + 7, where
7 is a transposition in the column stabiliser of the tableau. Using this, the
standard basis for the module, indexed by standard Young tableaux, can
be derived. Finally, this basis can be appropriately orthogonalised to give
the “seminormal basis,” with respect to which the matrices representing
transpositions take a particularly simple form (“Young’s seminormal
representation”). In [9, 10], this last step was simplified by the demonstra-
tion that the seminormal basis constitutes a compilete set of eigenfunctions
of a certain set of commuting elements of the group algebra, denoted {L,, };
moreover, the corresponding projection operators comprise a complete set
of primitive idempotents. These idempotents were not new, they coincide
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with those constructed by Thrall (see, for example, [131), and were cast by
Jucys [6-8] into a form equivalent to that of {10].

In [1, 2], this prescription is applied largely unchanged to the Hecke
algebra #. However, the computation is much more difficult, primarily
due to the increased complexity of algebraic operations, and the Garnir
relations take a particularly awkward form. We shall show that these dif-
ficulties can be avoided by working with the algebra itself, rather than with
an ideal; the Specht module only appears at the end of Section 3 and in
Section 6. This has the further advantage that it is not necessary to prove
additionally the completeness of the representations obtained. We rely on
material from [1,2], particularly in the combinatoric properties of per-
mutations and tableaux; this is described in Section 2 and in the final part
of Section 3. In Section 3 we derive a basis for #, indexed by pairs of
standard tableaux; its importance derives from the fact that, suitably
ordered, it defines a sequence of subspaces which constitute a flag of #,
which we shall later show to be stabilised by {L,,}. The Garnir elements
do have an analogue here, in Lemma 3.5, and indeed Lemma 3.8 shows
how they may be constructed. In Section 4 {L,} is introduced, the basis
remodelled in terms of this set, and its action on the basis is demonstrated.
In Sections 5 and 6, a seminormal basis is derived for 3, and its properties
explored; this analysis may be compared to the derivation of the “semi-
normal units” in [13]. Finally, we shall derive expressions for the dimen-
sions of the irreducible representations of #°, the weli-known “Hook
Theorem,” and the corresponding expressions for the dimensions of the
unipotent irreducible representations of GL, (g).

2. Basic COMBINATORICS

Our notation is essentially that of [1,2], with some modifications. Let
n be a positive integer. W is the symmetric group acting on {1,2, .., n} on
the right; W is the subgroup which permutes {i,i+1, ... j}, and leaves all
other elements of {1,2, .., n} fixed. The set of basic transpositions, that is
permutations of the form (i, i+ 1), 1 <i<wn, is denoted by #. Each we W
can be expressed in the form w=uv,v,---v;, v;€ #; if k is minimal, then this
is a reduced expression for w, whose length /(w) is k.

Permutations are partially ordered by the strong Brubat order. Let
v, vy---v; be a reduced form for we W; then for any ue W, u=w if and
only if u=v; v, ---v, for some sequence 1 <i; <i,< --- <i<k, j<k

A composition A of n, written 4 |= n, is a sequence 4,, 4,, .. of non-
negative integers whose sum is #; if the sequence is non-increasing, then
A is a partition, A+—n. We shall think of the sequence as infinite, but if
the last non-zero element is A,, we shall say that 1 has i parts. The result
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of sorting the parts of A into non-increasing order is of course always a
partition, which we shall denote by A.

Let A n; the Young diagram [A] is the set of ordered pairs
{(, )):1<j<A,i=1,2,..}; a A-tableau is a bijection 1:[A]e
{1,2, .., n}. If Ais a partition, then the diagram conjugate to [4]is [1] =
{(i, jy: (J, i)e [A1}; similarly, the conjugate of a A-tableau ¢ is ¢, where
t'(i, ))=1(J, {). Note that [A]'=[A'] is a Young diagram for a partition 1,
the partition conjugate to A, and ¢’ is a A’-tableau. It is possible to define
the conjugate when A is not a partition, but we shall not need this.
A J-tableau ¢ is row-standard if the sequeace (i, t), #(i, 2), ... is strictly
increasing for each i; it is standard if 2 is a partition and both ¢ and ¢’ are
row-standard.

Compositions are partially ordered by the dominance order. For 4 = n,
let ;7 =2, +A,+ --- +4;; then A2y, u = n, if and only if, for each i
AT <pt. It is useful to embed this in a total order; we define 1 < u if, for
some #, A, <y, and for each j<i, A;=pu, We shall extend both orderings to
row-standard tableaux. If ¢ is a row-standard A-tableau, A k= n, then the
restriction of ¢ to {1,2,..,m}, m<n is a row-standard tableau for some
composition z,, of m. We now order tableaux s and 1, of arbitrary shapes,
as follows: s=ar if, for each i, s,<dt,. If 5, t are respectively a A- and a
u-tableau, then s <t if s<at or if A < pu; < is not total here, of course. We
shall extend both orders to pairs of tableaux in a natural way; thus, we set
(s, )= (u,v) if sgu and r<gv, and (5, 2)<(u,v) f s<u and <o It
should be noted that while our definition of <0 accords with that of [1] for
tableaux, it differs for compositions; in that article, 4 <0y means, in our
notation, 4 <1 ji. However, if u is a partition then 1<1ji= 1 <1y, which is
all that we shall need.

The nodes of a Young diagram can be ordered lexicographically, (i, j)
preceding (k, m) if i<k or if i=k and j<m. We shall say that numbers
i, i+1,..,j occur by rows in a tableau ¢ if they are the images of a
lexicographically increasing sequence of nodes. For each 1 | n there is
a unique tableau f* in which 1,2, .., n occur by rows; +* dominates all
J-tableaux.

W acts naturally on tableaux, the action being defined by
(ew)(i, jYy=1(i, /)w, we W. The row-stabiliser of t* is denoted by W; it is
the direct product of the subgroups W,,, where k=1 +1, m=41},
i=1,2,... The element we W such that the elements of t*w are entered by
columns is denoted by w;; thus if 4 is a partition, t*w, is the transpose
of t*. Let ,={we W:r'w is row-standard}; then 2, is a set of coset
representatives of W, in W. If ¢ is row-standard, we shall denote the
element de 2, for which t=r*d by d(r). Lemma (1.5) of [1] is of crucial
importance, since it relates the two partial orders; it may be paraphrased
thus:
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LemMa 2.1. Let Al=n, d,,d,e @;; then t*d, < t’d, < d, < d,.

LemMa 2.2. Let t be a standard A-tableau, A — n, and s an arbitrary row-
standard A-tableau such that t <as; then I(d(s)) i(d(t')~1) < i(w;).

Proof. FEither t=t*w, or there is some ve # such that v is standard
and r<afv, so that any reduced form for d(¢) can be extended by a
sequence of right multiplications to a reduced form for w,; in particular,
dt)d(r') " '=w,, and I(d(¢)) (d(¥')"*)=1I(w;). By the previous lemma,
d(1) <ad(s), whence [(d(s)) < I(d(t)), and the result follows. §

3. THE HECKE ALGEBRA

Let K be a principal ideal domain and ¢ an invertible element of K.
H =H W] is the Hecke algebra defined in [2]. It has K-basis
{T,:we W}; multiplication rules for we W, ve# are given by [2,
Lemma 2.1]]

T,., if f(wo)=Ilw)+1,

T,T,- .
“U {qu- +(g—-1)T, otherwise,

T T _ Tuw lf l(UH«')zl(H’)—F 1,
T gT +(g—1) T, otherwise.

The unit element 7, of # we shall normally write simply as 1. For each
we W, T, is invertible; in particular,

T;'=q YT,—(g—1)) forall ve.

Observe that, for any pair of elements u and v of W, T, T, is a linear com-
bination of elements T,,, we W, such that |/(u)— Kv)| <I(w)<{(u)+ ().
For X < W, define

(Xy=> T, gX)= ) (—gq) "™T,.

we X we X

In particular, :( W) and (W) are the elements x and y of [2]. Let 1 <i<;
then

W,) T, =q""U(W)),
W) T, =(—1)"e(W,), foral weW,,

i W,ij) Tokirm=Tieesr l.....nz)l( W._i,_ 1)

&( I/I/ij) Torstom=Tirs 1.....m)8( W, 1Lj— ) for I<k<i<jsm,

(3.1)

(3.2)
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o
T(ij)zl(Wi,jq) Z T(k.k+1,...,j)
k=i

i1
_l( ij—1 <1+q Z qk—]T(j,k)>’
k=i

; (3.3)
eWy)=eW, ;) Y (=) Turir.n
k=i
—S(ijl <1 Z jTJk)>
T(zl+1....j)T(]jfl.... j l+(‘]_1 Z q iT(j,k)' (34)

Let #* denote the image of he # under the antiautomorphism of #
induced by the map T, +> T,-1, we W. The role of h* is akin to that of a
Hermitian conjugate, and we shall call it the *-conjugate of 4. Note that if
X is a product of subgroups of the form 1 then «(X) and &(X) are self-
conjugate.

Let A |= n; for any pair of row-standard A-tableaux s and ¢ we define
X =Tgo(W;) Ty, and y,=Tf,e(W,) Ty,. Note that x}=x, and
¥& =y, To simplify notation, we adopt the convention that if a subscript
is /* we may replace it by 4; note that a subscript 4’ stands for *, not (¢*).
Our definitions of x,; and y,; coincide with those of x, and y, in [2]. Let
v=_(>i,i+1)e % and let u=1tv; then t <au if { is in an earlier row of ¢ than
i+1 and r>u if it is in a later row. If i— 1 and i are in the same row of
t, and j—1, j occupy the same position in * then (j—1,j)d(t)=
d()(i— 1, i), and clearly I(j, j—1)d(1))=1{d(r))+ 1, since (j— 1, e W,,
so that x,T;_, y=qXu, ¥ T 1.;)= —,. Therefore (cf. [1, Lemma 3.27)
we have

Xy if i belongs to an earlier row of # than i + 1,
X, T,=<gx,, ifiand i+ 1 are in the same row of ¢,

qx,, + (q - 1) Xs; OthefWiSC,

Veu if i belongs to an earlier row of 7 then 7 + 1,

YTy =4 —Va ifiand i+ 1 are in the same row of ¢,
QY+ (g—1) y,, otherwise.

The left action of T, is given by *-conjugation, which simply interchanges
s with ¢ or u and replaces x, T, by T,x,,. Thus (x,,:s, t arc row-standard
A-tableaux } spans #'x,; #; if = (1") then this is just #, whence, trivially,
{x,: s and ¢ are row-standard tableaux} spans #. {x,} and {y,} have
similar properties; when we prove a property of the former we shall state
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the corresponding property of the latter, but the proof we shall merely
sketch, since it will be similar, replacing x and : by 3 and &.

LeEMMA 3.5. Let s and t be row-standard A-tableaux, A = n; if either s or
t is nonstandard then x, (resp. y.,) can be expressed as a linear combination
of elements of the form x,, (resp. y,,) such that (s, 1) < (u, v).

Proof. We may consider that 7 is non-standard, since the corresponding
case for s may then be derived simply by =-conjugation. If 4 # /1, then we
may proceed in the manner of [1, Lemma 4.37. There is a d e &; such that
dW,= W3d, so that T ,x,,=x;;T,, from which x,,=7T;'x;,T,. Conse-
quently x,, can be expressed as a linear combination of elements x,,, where
u and v are A-tableaux, and A < 4.

Now suppose that A+ #n; we shall proceed by induction on <a. Assume
that the lemma holds for each pair of tableaux (u,v) such that
(u, v) > (3, t). Since r is non-standard, there is at least one m such that m
occurs in an earlier row of ¢ than m— 1, and t(m—1, m)t; if we can
choose such an m so that #(m—1, m) is non-standard, then the lemma
holds for #(m — 1, m) by the inductive hypothesis, and is easily extended to
t since if t(m—1,m)<av then t<tv and r<sv(m—1, m) by Lemma 2.1.
Otherwise there can only be one m which occurs in an earlier row of ¢
than m—1, and Hm—1,m) is standard; this can only happen if
m=A",+2j—1 for some i>2, j<A, and ¢ is constructed by inserting
1,2, .., m by rows into the subdiagram [A,, 4,,.., 4,_,,j—1, /], then
inserting m+ 1, m+2, .., n by rows into the remaining nodes of [1]. Let
v be the composition obtained from A by replacing the subsequence 4, ,,
L by j—1, Ao —Jj+1, j, A,—j, and let u be the composition obtained
from A by replacing 4,_, 2, by j—1, 4,_, + 1, 4,—J, so that for v we break
two rows into two pieces and for p we recombine two of the fragments. For
example, we might have 1=(6, 5,4, 2), m=12, giving i=3, j=3 and

1 23 4 5 6 1 23 4 56 123 456

7 812 13 14 7 8 7 8
9 10 11 15 910 11 910 11 12 13 14
16 17 12 13 14 15
15 16 17
16 17
1 t *

Let 4, be the subset of %, which fixes all but rows &k and k+1 of ¢,
and A" the set of inverses of 4,;then W, =W, 4, A, =474 W,,

i—170i+1
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so that x,;=x,1(4,_)ud;)=1d,_)*(4;,)*x,,, and similarly
X, = x,,1(4;). Consequently,

xs).l(Ai): T;::)I(Aifl)*l(Ai+l)*xuu'

Note that e * 4, and that t* 4,1, that is, ¢ is the unique least dominant
element. Thus the left side of the above equation is the sum of x, and a
linear combination of elements x, where u is a A-tableau such that r <y,
while the right side can be expressed as a linear combination of {x,,: u, v
are ji-tableaux}. Obviously 1< j, so that the lemma holds for x,,; this

completes the proof. |

Repeated application of th’s lemma will express any element x,, as a
linear combination of standard element, so that {x,:s and ¢ are standard }
spans #. It is well known that there is a one—one correspondence between
pairs of standard tableaux and permutations [12, 14], so that by compar-
ing dimensions we may conclude that we have a basis for »#. However, this
is not quite enough, and we can prove linear independence directly, using
[1, Lemmas 4.1 and 5.1]. Let . and u be partitions and we W; then the
first of these states that x,;wy,, is non-zero only if the double coset
W,wW , has the trivial intersection property, w—'W,wn W, = {1}, which
implies that A <1 y’. In case A=y’ there is only one double coset having the
trivial intersection property, namely W,w, W, of which w, is the unique
element of minimal length, whence x;; wy,.,- =0 whenever /(w) <I(w,). Let
s and ¢ be row-standard JA-tableaux, ¢ standard, with z<as; then by
Lemma 2.2, [(d(s)) ld(t') ") <l(w,), so that x,, v, =%, Tus Tk Vi
=0.

On the other hand, the special element

Xl Viw

is not zero; it consists of the sum of 7, and a linear combination of
elements T,, where w runs over the remaining elements of W ,w, W,.. Let
s and ¢’ be row-standard A and A’ tableaux, respectively; then we define
zy=T33Xu Ty ¥ia Tawy Now we have (cf. [1, Lemma 5.1])

LemMMa 3.6. Let Av—un; if t is a standard A-tableau then z,, is linearly
independent of

{z,,:8' =1, s a row-standard )'-tableau’}
and z,; is linearly independent of

{z,: s>1, 5 a row-standard A-tableau}.
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Proof. Since ¢ is standard, w, d(t')=d(t) and T, Ty,,=q""'Ty,+a
linear combination of elements T, with /(w)>/(d(¢)). Since for we W,
Iowd(t))=1lw)+1(d(1)), z,, has the same form. Now let st ¢'; then
{(s'y < !(¢'). Consider the expansion of T, T, T, where we W,; this con-
sists of a linear combination of {T;:we W, (W)= Uw)+I(w;)—I(s")}. so
that the coefficient of T, in z,; is zero. This proves the lemma for z,,; z,;
is treated in the same way. ||

LemMma 3.7. Let s, 1 be standard A-tableaux; then x, (resp. y,,) is linearly
independent of {x,,:(s,1)<(u,v)} (resp. {y.:(s,t)<(u,v)}), so that,
letting A run over all partitions of n, we have {x: s and t are standard
A-tableaux, Av—n} (resp. {y,:s,t are standard )-tableaux, A+—n}) is a
linearly independent set.

Proof. Obviously the second statement follows from the first. Suppose
that the first is false; then we have elements a,, € K such that

ut

Xse = Z Ay X s
(0, 2) > (s.1)

the sum running over all pairs of row-standard (not necessarily standard)
tableaux of the same shape. We may annihilate all the terms with v#1: by
multiplying on the right by y,.,., and obtain

25 = z s Zyis

{u:u <15,uisai-tableau }

which contradicts the last lemma. |}

LemMma 3.8. If ¢ is a row-standard A'-tableau, A+ n, but not standard,
then z,, can be expressed as a linear combination of {z,,:s'e>1t, s’ a row-
standard }'-tableau}.

Proof. Apply Lemma 3.5 to y,., and multiply on the left by x,, T, ; the
result is immediate. |

THEOREM 3.9. Each of {x,: s and t are standard A-tableaux, i.—n} and
{ys: s and t are standard A-tableaux, Av—n} is a basis for H#, and {z;,: t
is a standard A-tableau)} is a basis for the right ideal S* =z, # (the Specht
module of [1]).

Proof. The first part follows immediately from Lemma 3.5 and 3.7, the
second from Lemmas 3.6 and 3.8. ||
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4. THE ACTION OF {L,,} ON H#
Define elements L,, € # by
Lo=9 '"To 1yt 9 Tom_om+ - +q4 Ty Jor 1<m<n

These are the same as in [2], except that L, =0; the following commuta-
tion relations are easily checked. Let 2<i<n, 2<m<n; then

T 1 yLlmn=L,T; 1, if i—1#ms#i,
T 1mLlm=1+L, Ty, 1 my+(q—1)L,, (4.1)
LT 1my=1+T4 1L 1+(q—1)L,,.
If we set (m— 1, m)=v, the last pair of equations can be rewritten as

qu—le = 1 + Lm— 1 Tv:

(4.2)
TULm,1=quTLT1—1.
It follows that T, _, ,, commutes with L, ,+L, and with m,_,L,,
and so with any polynomial in {L;} which is symmetric in L,,_, and L,,.
From (3.3) we see that

(W) = 1‘[ (1+4L,), e(W)= H (1—L,). (4.3)

For any integer k, define [k],= (1 —g")/(1 — q); for positive k we have
[Kl,=1+q+ - +q ", [—k],= —¢~'—q >~ -~ —q * and [0],=0.
For g=1 we take the natural limit, so that [k],=k. The residue or
content of the node (i, j) of a Young diagram is j—i; in [2] this is
generalised to [j—i],. We denote the generalised residue of the node
occupied by m in a tableau ¢ (not necessarily row-standard) by r,(m).
A diagonal of [1] is a set of nodes of constant residue; a A-tableau whose
elements increase strictly from left to right along the diagonals we shall call
a regular tableau. Obviously a regular tableau is uniquely determined by its
residues. Let a(4)=3"72 , il;; for ¢ a A-tableau, let a(r) = a(4).

LemMa 4.4. Let k>0 and p |=n— 1 such that u has k <k parts, and let
s be a row-standard p-tableau. Let o, T be the tableaux obtained by adjoining
n to respectively the first and the kth rows of s; then

Y gty (L [ —k],) g oy
i n q 55

{rt=r=0s}

Ly, = q([k],— L) ¢y,

(=<0}
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Proof. Let t be obtained by attaching » to the ith row of 5, and let v
be the corresponding composition of n. Suppose that # = md(r) so that m
occupies the same position in * as » in 1; then d(t)={n, n— m) d(s).
Therefore, the left side of each identity has a common left- factor T *s) and
a common right-factor T,,; x,, and y have, of course, the same factors.
Since L, commutes with #% [W,,_,], these factors may be cancelled
throughout, so that it is enough to prove the lemma in the case that s =¥,
which we now assume. Let the ith row of " be j, j+ 1, ..., m; we now have

—_ *
Xy = Td Xyy Td7

where d=d(t)=(n,n—1, .., m). Let the entries in some row of # be
a, a+1,.., b; then this row supplies a factor 1(W,,) to x,,. The corre-
sponding row supplies the same factor to x,, if it is not later than the ith,
in which case the factor commutes with T,; otherwise it supplies a factor
W, pp)and W, 1) Ty=T,(W,,) by (3.2). The ith row supplies
an extra factor to x,,, which by (3.3) is

m—1

1+ Z q(‘—m+11"(c,m)7

c=j

whence, since /(d)=n-—m and i=a(v) —a(u), we have, for i<k,
—1

m
q—uc(l)——[(d(t))x”:qm—n~iTﬁ;k <l+ Z qc—m+1T'C-m)> qu—ot(u)x”#

c=j

n—1
_i<1+ Z qc—n+1T(am>q~az(u)xuu
e=J

n—1

—i—1 c—n+1 —o(p)
q Z q T(c,nlq xp/,t
c=m

If ik then d is the identity, and we have

n—1
q—rx(v)xwzq—i<1+ Z qc_”_lT(c_n)>qM”)xmy

c=j

Observe that when i is decreased by 1, the previous j becomes the new m,
so that summing over { from 1 to k leads to partial cancellation between
alternate terms and gives.

Y g x,=(q g+ - +q '+ L)g “Mx,,

{tt=t=0}

=(L,—[—kJ) g *"'x,,.

481'152°2-16
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For y we have
m—1
q\x(t)—l(d(t))y” = qm—n+th;k (1 - z qCWMT(c,m)> quu(myuu
e=j

n—1
=q’<1— Y ¢ T (c,n)) 7"y
e=j

n—1

—4" Y T T @Y

for i<k, and
n—1
q:x(\')yvv — ql (l _ z qch(c,n)> qﬂl(ll)y;m
e=j
otherwise. Collecting terms now gives

Y, OOy =(g"+g" '+ - +q—qL,) ¢"x,,

{rt=at=0}
= ‘I( [k]q—Ln) qa(u)ymz' l

For A |=n, let p,(m) be the number of the row occupied by m in %
1 <m<n We define

5u=qa(“ H (Lm’"[—ﬂa(m)]q),

m=1
nu=q "D ] a(lpsm)],—L,),
m=1

and &, =TJf $uTuny Na= T g5 N1 Ty for any row-standard A-tableaux
s and ¢. A simple induction on the last lemma gives

THEOREM 4.5. For any A = n,

2(d) —a(r) — Hd(2)) . ,
e

—a(d — ld(«
W= Z q o(4) + a(2) (())ym

r=13]
where the sum runs over row-standard tableaux.

If s and ¢ are standard, then by Lemma 3.7, £, is the sum of x,, and a
linear combination of {x,:(u, v)e=(s, )}, and similarly for #,,; conse-
quently, {&,,:s, ¢ standard} and {n,,:s, ¢ standard} are both bases for #,
being derived by linear transformations of unit moduli from known bases.
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THEOREM 4.6. Let s, t be row-standard A-tableaux; then, for
1 sm< n, each Of 6xt(Lm - rt(’"))’ (Lm - rs(m)) é:t (resp' ”sr(Lm _rt’(m))s
(L, —ry(m))n,) is a linear combination of elemenis &, (resp. n,.) such that
o and T are row-standard tableaux with (s, t) <i1 (o, 1), or, equivalently, o and
T are standard tableaux with (s, t) < (0, 1).

Proof. Note that ¢,(L,, —r{(m)) is the x-conjugate of (L, —r(m)) ¢,
so that we need only consider the former case; similarly for 5,,. Moreover,
we need only consider the case where s =, since the general result is then
obtained by multiplying on the left by T%,,. Observe also that we might
have written x instead of ¢£; indeed, these are interchangeable throughout,
since x,, and &, differ only in terms &, (or x,.) with (4, v)= (s,¢), and
similarly for y, 5. Since

é()l)(ll)= l(W)v W(n)(;z)=5( W)’

and
F(m)=[m—1], Fam(m)=[1-m],,
we have
i L =T (1)) = 0= 1 (yn)( Ly — 7 (1my(111))

by (3.1), so the theorem holds trivially in this case. Let us suppose that it
holds for every &, with (o, )= (s, ) for all m, and for &,, for all m <k for
some k <n. Now, either =t or there is some j> | in an earlier row of ¢
than j—1, in which case if v=(j— 1, j) then u= w1t is row-standard,
and so ¢,, satisfies the inductive hypothesis. Set w= (k— 1, k); there are
five cases to consider. :

(i) r=t"and k is the first element of a row (the ith say) of r*; then
rak)=[1—i1,, and i = (A, Aoy s i A1+ 1, di— L A1y ys ) 0
that ues A, then

CulLe—r (k)= j-W(Lk_ [—i]q)‘

(i) r=¢" and k is in the same row of 1* as k—1; then
x,;, T, '=q 'x,, and

ruk)=14+gqr,(k—1).
Therefore,

XLy —r(k))=gx,, T,:l(Lk_”A(k))zxu(qu_r,i(k— ) T,.
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(i) 757, j— 1k here r (k) =r.(k) and
EilLy—rdk)) =T (L —r (k)= (Le—r1,(K) T,
(iv) t#1t, j=k; here r(k)=r (k—1) and
SlLi—rdk)) =& T (L —r,(k—1))
=CpulLi_y—rk—=1) T+ &4+ (g—1) & Ly
(v) t#tY j=k+1; here r(k)=r,(k+1) and
L —r k)= Tl L —r,(k+ 1))
=Cpl L1 =1k + 1) T, — &5 — (g—1) &Ly

In each case, it follows from the inductive hypothesis, together with
Lemma 2.1 in cases (iii)—(v), that the right-hand side is a sum of elements
&, with (s, 1) <a (o, 7); these may be replaced by standard tableaux by
application of Lemma 3.5. |

5. THE SEMINORMAL BAasis

We now assume that [2],, [3],, .., [#], are invertible clements of K.
Note that this ensures that any regular tableau is precisely determined by
its generalised residues. Let Z(m) be the set of possible generalised residues
r,(m) for standard tableaux ¢, ie.,

R(m)={[k],: —m<k<m} it m=4,
A(m)={[k],: —-m<k<m\{0} it m=2,3.
For any tableau ¢, we define
" L

E, = H l_[

m=1 ce®BnN\{r(m)}

(4

m

r{m)—c¢

Let s and ¢ be standard tableaux, and u an arbitrary regular tableau; note
that either r=u or there is a k such that r,(k)#r,(k). Therefore, from
Theorem 4.6 we have

éstEuzéluésl-'_ z ao‘ria‘” aO‘TGK’ (51)
{o, t: 0,7 standard. {6.7) > (s, 1)}

where J,, is the Kronecker delta, one if its arguments are identical, zero
otherwise. Thus F,#0 by Lemma 3.7, since 7 is standard. Since there are
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finitely many standard tableaux, it follows that there is some power of E,,
the jth say, which annihilates each ¢, with ¢t <u; thus by Theorem 4.6,

¢ ENL,, —r(m))=¢(L,,—r(m)) El=0, m=1,2, ., n

Clearly {¢ El:s, t standard} is a basis for #, since it is obtained from
{&,.:s,t standard} by a unimodular linear transformation; consequently,
any polynomial over K in the elements {L,,: 1 <m<n} is zero if for each
standard ¢ it contains a factor L,,—r,(m) for some m (not necessarily the
same m for-each ¢, of course), since it then annihilates . In particular,
E, =0 if u is regular but not standard, and

[T L,—c)=0, m=23,..n (52)

ce R(m)

Note that we cannot remove any if the factors and still retain zero, since
the result is a factor of some E,, where 7 is standard, so that (5.2) is the
minimum polynomial for L. Define

L,—c
k—c’

Em k)= ]

ceR(m) {k}

ke R(m).

Note that E(m, k)#0, since it is a factor of E,; (5.2) now shows that
{E(m, k). ke Z(m)} is a set of orthogonal idempotents of #. Let u be
indeterminate; a variant of a well-known polynomial identity gives

I

ke A(m) ceR(m) [k}

this is most easily proved by noting that the left side is a polynomial of
maximum degree |#(m)| — 1, which takes the value 1 at each ue %(m).
Substituting L,, for u shows that the set of idempotents is complete.

It follows that {E,:t is standard} is also a set of mutually orthogonal
idempotents. In fact, some factors cancel, giving

Summing over regular tableaux gives

E= ) E,=f[ Y E(mk)=1,

{z standard } { regular} m=2 keR(m)

so that this set also is complete. From (5.1) we see that # has K-basis

{E,¢,E,: s, tare standard},
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(bear in mind that E, is self #-conjugate) whence E,#E, is a linear
K-module and so E, is primitive. We set

(u=EE;
{{s} we shall call the seminormal basis for #. From (5.1) we have

{o=Eut > boilorr Do €K, (5.3)

{o,7: @, t standard, (a,7) > (s,1)}
which may be solved to give

éslzgst-i_ Z CG’TCO"L" CO'TEK' (5'4)

{o,7: 6,7 standard, (5, 7) > (s,1)}

The orthogonality relations for the idempotents now give

ELE, =0 unless t=<au (5.5)

for any standard tableaux s, ¢, u
Let

E‘= y E, = y E,.

{r: r a standard A-tableau} {: r a regular A-tableau}

E* is explicitly symmetric in {L,: m=2,3,..,n}, and so commutes with
each T,, ved, and therefore each element of #; it is thus a central
idempotent. If s and ¢ are standard A-tableaux, then E ¢, E,+#0, so that E,
and E, belong to the same block; E* is therefore a central primitive, or
block, idempotent. It follows that if s and ¢ are respectively standard 4- and
y-tableaux, A +—n, ur—mn, A # p, then for any he #

E.hE,=E,E*hE,= E,hE*E,=0.

If he # commutes with E,, ¢ standard, then hE,= E,hE,=h,E, for some
h,e K since E, is primitive. Therefore if & commutes with each of the
primitive idempotents then it can be expressed as a linear combination of
them, so that the primitive idempotents span a maximal commutative
subalgebra of #°. This is, of course, the subalgebra generated over K by
{L,:m=2,3,..,n}; indeed

L,= Y r(m)E,.

{standard ¢}
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6. THE DIMENSIONS OF THE IRREDUCIBLE REPRESENTATIONS

Let us remind ourselves of hooks and various products and quotients
derived from them [9,1]. Let A+ n; the (i, j)-hook of [A] is the set of
nodes {(i, k):k=j,j+ 1, ., L, U {(k, j)k=ii+1,., 4} its length A, is
the number of these nodes. The hook-product /4, = 4,(q) is defined by

h= 11 [k,

() el2]
The hook-length is related to the residues of the extreme nodes; note that
hy—1=(4,—D—(—4)

Let ¢ be a A-tableau; if n is in the ith row of ¢ then we define the hook-
quotient y,, to be

A, h.
V= H [ thq ;

j=1 [hij_l:lq,

hooks of length one are excluded. For m <n we define v, similarly, except
that the hooks are computed in the tableau obtained by removing the
nodes m+1,m+2, .., nfrom ¢. Let

Y= H Vim-

m=2

Let [u] be the diagram obtained from [A] by removing the node n from
t. Consider the product y,,y,,; the numerator corresponds to those hooks
of [ 4] which are not hooks of [ 1], the denominator to those hooks of [ u]
which are not also hooks of [1]. A simple induction on n now gives

VeV = hi-

In the case of ¢*, the hooks which contribute to v, lie entirely within the
rows, and

A
Yi= n H L]

i>0 j=1

empty products taken as unity.
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LEMMA 6.1. Let A+—n, and let t=t'w,; then

éj.A:y}.El—i— Z a:Esa asEK’

{s: 5= 1}

r’l'i'=qnimu)’yl'Et+ Z bsEs: bSEK'

{s:s<at}

Proof. Let s be a standard tableau; then either s= t* or there is some
m in a later row of s than of #*. The first such m will be the first node in
a row, and r,(m)=[—p;(m)],, whence ¢;, E_=0. On the other hand, if m
occupies node (i, j) in %, so that i = p,(m), then

(Lm - [—pi(m)]q) E/l = (ri(m) - [_pl(rn)]q) E/l = q_i[j]qE/la

so that

CuE,=v,E,.

Therefore, postmultiplying £,, by 1 in the form of the sum of primitive
idempotents gives the required identity. In the second case we have factors
of the form q([p;m],— L)t which will annihilate E, if there is some
m in a later column of s than of ¢, which means unless 7 =s. Acting on E,
this gives ¢[p,(m)],—r(m)); if m occupies the node (i, j) in ¢ then
pr(m)=[j]l,, so that we have

q([pr(m)],—r(m)=q([j1,~ [i—il)=¢""""'Li],.
Observe that [/], is the length of a partial column in [1], and so a partial
row in [A']. Taking product over all (i, j)e A gives g**)~ =W+ ag
required. ||
LEMMA 6.2. Let t be a standard I-tableau, v=(m—1,m) for some

m<n. Let s=1v, and let a and b be the residues of the nodes occupied by
mand m—1in t; let h=b—a. Then

(TL,+[_;h]q)E,=EJ<T,,+[%]q>,

and if s is standard, s, then

1 1
VrEt=qys<Tv+[h_]q> Es <Tu+ [h]q>
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Proof. Let E=E,+E,; since E is symmetric in L,_, and L,, it
commutes with T',. Since r(m)=r,(m—1) and r(m)=r (m—1), we have

_ Lm_rs(’n) __Lm—l -."s(n1)
“rim)y—rim)” S m)—r(m)
Therefore, using (4.2) we have

Lm-l_rs(,n)ET 1+(q_1)rs(m)E

7"“1 = .
b= —rm) = T = rm)
But
1+(qg—)rm) ¢"(¢g—1) q—1 1
r(m)—r(m) ¢“—q° q"-1 [n1/
so that
(T—l— ! )E—E (T +—1—)
q v [h]q r s v [h]q :
Now
L1 q—1 g—1 1
T‘l_ =Tv_ —1)— =Tp— B o T ’
I, e e T e,
whence
<T+ L )E—E(T—f— ! )
v [_h]q t s v [h]q .
Now

1 L\ _al¢" ' =1)g" -1
(qT" [h],,)<T”+[h]q> @1y

qlh+11,[h—1],
B [A1; ’

which is non-zero if 4| > 1, ie., if s is standard; if st then A > 0. In this
case, the factors of y, and y, are identical, except that the former has a
factor [#],/[h— 1], where the latter has [+ 11,/[A],, so that

_ [h+11,0R—1],
Ye=7s [h]':;
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and

1 1
WE =gy, T,,+——)ES<TU+ )
Vs q)( o], o, |

We can iterate Lemma 6.2 to obtain clements ¥, and @, of # such that

gy
Y,E,=E;®.,  where cD;“Y/t:T_"
A
and so

gy E =¥y, E;P,.
The elements @, and ¥, are, in general, not uniquely determined, since
they are constructed essentially from a reduced form for d(r), each trans-
position ve % being replaced by an appropriate factor T,+[+4]*, and
generally different reduced forms give different expressions. However, we
shall assume some uniform construction. Note that @, and ¥ * both differ

from T,,, by a linear combination of terms T, for which wr> d(), so that,
using (5.5) and Lemma 2.1 we have

‘:sl = Eséerl = Es !ps*éli !ptEl = dj_:kEA:M.Eldst = ¢jYAEAd§t’ (6'3)

and in particular
Co= ql(d(l))'ytEr-
Also

Cst = ')'Acb.:k Y.E,
from which we can derive the multiplication rule

Hdl
CsuCut =Vudq ¢ (u))Cst

for any standard tableaux s, ¢, u of the same shape. It is now easy to
construct the matrices representing transpositions with respect to the semi-
normal basis.

THEOREM 6.4 (Young’s Seminormal Form). Let s, u be standard
tableaux of the same shape, v=(i—1,i)e B, t =sv. Let (a, b) and (a’, b’') be
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the nodes occupied by i— 1 and i respectively in s, and let h=b—b"—a+a’;
then

f 1
[h] CMS lf |h|=17
q .
1
CMSTU=< mgus"}—gu[ lf h>1,
q
L, gqlh+1],[A=1],, .
us T wt h< —1.
\[41,° A

Proof. 1f|h|=1 then i— 1 and 7 are in the same row or column, so that
t is regular but not standard, whence E,=0; the first case now follows from
Lemma 6.1. The other two cases follow directly from (6.3). §

It follows from Theorem 4.5 that

Z5= T}‘E;)fu T, 1. Tdu')-
As in Lemma 6.1, let ¢ =t*w,; then

Z=24y Twm;u;.'-

Lemma 6.1 shows that E, and E, are the only idempotents in the respective
expansions of £,; and n,.;- which belong to the same block. Therefore

zy=q""" Y,y E, T, E,
= ‘]”_aw}'A'Ezfu_ T,E
=q" """, E; ¢, E,
= qn—a(i).),lych’

whence

2 PE=q"" "y, E, B P}

Hd
=q"""yy.q""E;
= g D=ty

n—a(l)

It is useful to determine the coefficient of T, in the primitive idempotents.
As we know, the coefficient of T, in z,, is unity, as it is in ¥,; in the
former, w, is the unique element of minimal length corresponding to a
non-zero coefficient, in the latter, the unique element of maximal length.

Al
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Therefore, the coefficient of T, in z;,,P¥ is ¢/ =¢g"“") so that the
coefficient of T, in E, is

A)— —1
q* PR

THEOREM 6.5. Let M be a left #'-module with K-basis m,, m,, ..., my.
Suppose that, for each we W\{1} and each i <k, the coefficient of m; in the
expansion of T, m; is 0; then

dimg(E, M) =kq* =" L.

Proof. Consider the matrix representing the action of 7,, on M. With
respect to the basis {m,}, each diagonal element is 1/k;,. However,
M=E,M®,(1—E,)M; with respect to a basis reflecting this decom-
position, we have 1 occurring dimg(E; M) times, otherwise 0. Equating
characters gives

dimg(E,M)=kq* "~ "h; " 1

THEOREM 6.6 (Hook Theorem). Ouwer any domain the Specht module S*
has dimension n!/h,(1).

Proof. Clearly, the dimension depends neither on the ground-ring nor
on g. We therefore take K to be a field of characteristic zero and g= 1. If
we now set M =3 and take {m,} to be {T,:we W} then the conditions
of Theorem 6.5 are clearly satisfied, so that, since dim () =n!,

dim ¢ (S*) = dim c (E, #) =nVh,(1). 1

THEOREM 6.7. Let G=GL,(q), the general linear group over a field of
characteristic q; the dimension of the ordinary irreducible unipotent repre-
sentation of G corresponding to the partition A of n is [n] [n—1],--

[11,4°"/hu(q).

Proof. We take K to be a field of characteristic zero. Let B be the set
of lower triangular matrices in G, a Borel subgroup; we take m= B, and
M the right KG-module generated by B. Thus the distinct right cosets of
B in G furnish a K-basis for the permutation module M, which affords
the unipotent representations of G. The orders of G and B are
IGl=(¢"—1)(¢g"~¢*)---(¢"—q"" ') and |B|=q"""1(g—1)" respec-
tively, so that dim (M) =|G|/|B| = [n],[n—1],---[1],.

It is well known [4] that s is isomorphic to the KG-endomorphism
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algebra of M, and may be embedded in KG as follows. Let us identify W
with the subgroup of permutation matrices in G; then we may set

T,=1B™" Y u, weW,

ue BwB

and consider the left action on M. Clearly BwB B= (f unless w is the

id

entity. Since M is a cyclic module generated by B, the conditions of

Theorem 6.5 are satisfied, and the required result follows immediately. §

o

10.

ACKNOWLEDGMENT

I am indebted to Professor G. D. James for very helpful suggestions on this work.

REFERENCES

. R. Dipper AND G. D. JaMmes, Representations of Hecke algebras of general linear groups,
Proc. London Math. Soc. 52, No. 3 (1986), 20-52.

. R. Drpper aND G. D. JaMES, Blocks and idempotents of Hecke algebras of general linear
groups, Proc. London Math. Soc. 54, No. 3 (1987), 57-82.

. H. K. FArRAHAT anD M. H. PeeL, On the representation theory of the symmetric groups.
J. Algebra 67 (1980), 280-304.

. N. IwaHORI, On the structure of the Hecke ring of a Chevalley group over a finite field,
J. Fac. Sci. Univ. Tokyo Sect. IA Marth. 10, No. 2 (1964}, 215-236.

. G. D. Jamzs, The representation theory of the symmetric groups, in “Lecture Notes in
Mathematics,” Vol. 682, Springer-Verlag, Berlin, 1978.

. A. A. Jucys, On the Young operators of symmetric groups, Litovsk. Fiz. Sh. 6 (1966),
163-180.

. A. A. Jucys, Factorisation of Young's projection operators of symmetric groups, Litovsk.
Fiz, Sb. 11 (1971), 1-10.

. A. A. Jucys, Symmetric polynomials and the centre of the symmetric group ring,
Rep. Mar. Phys. 5 (1974), 107-112.

. G. E. MurprHY, A new construction of Young’s seminormal representation of the

symmetric groups, J. Algebra 69 (1981), 287-297.

G. E. MuUrpHY, On the idempotents of the symmetric group and Nakayama’s conjecture.

J. Algebra 81 (1983), 258-264.

11. M. H. PeEL, Specht modules and the symmetric groups, J. Algebra 36 (1975), 88-97.

13.
14.

. G. DE B. ROBINSON, On the representations of the symmetric groups, Amer. J. Math. 70
(1948), 277-294.

D. E. RUTHERFORD, “Substitutional Analysis,” Hafner, New York, 1968.

C. ScHENSTED, Longest increasing and decreasing subsequences, Canad. J. Math. 13
(1961), 179-191.



