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Abstract 

The problem of finished surface being not first-order continuous commonly exists in machining sculptured surfaces with a to-
rus cutter and some other types of cutters. To solve this problem, a dual drive curve tool path planning method is proposed in this 
article. First, the maximum machining strip width of a whole tool path can be obtained through optimizing each tool position 
with multi-point machining (MPM) method. Second, two drive curves are then determined according to the obtained maximum 
machining strip width. Finally, the tool is positioned once more along the dual drive curve under the condition of tool path 
smoothness. A computer simulation and cutting experiments are carried out to testify the performance of the new method. The 
machined surface is measured with a coordinate measuring machine (CMM) to examine the machining quality. The results ob-
tained show that this method can effectively eliminate sharp scallops between adjacent tool paths, keep tool paths smooth, and 
improve the surface machining quality as well as machining efficiency.  

Keywords: dual drive curve; tool path planning; multi-point machining; 5-axis; sculptured surfaces; numerical control (NC); 
machining 

1. Introduction1 

Machining of sculptured surfaces with a torus cutter 
or barrel cutter can dramatically increase the machin-
ing strip width and decrease the scallop height, which 
has actually been attracting much attention in recent 
years. H. Damsohn[1] primarily analyzed the relation-
ship of cutter types and tool positions within a given 
tolerance. H. Zhang[2] suggested that increasing the 
strip width and decreasing the scallop height would be 
the developing trend of sculptured surface machining. 
Then he proposed the concept of strip-width maximi-
zation machining which is a method to obtain the 
maximum machining strip width through optimizing 
the tool position, tool path, tool geometry etc. The 
shortest distance curve pair was published by Y. R. Ni, 
et al.[3-4] to obtain the error distribution between the 
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cutter and workpiece surface. J. Kruth, et al.[5] pre-
sented a tool positioning method which varies the tool 
inclination during the tool path generation to achieve 
the best combination of scallop height, workpiece ac-
curacy, surface accuracy, surface roughness and ma-
chining time. A. Warkentin, et al.[6-9] pointed out that at 
least two contact points are available between the tool 
and workpiece surface and developed a multi-point 
machining (MPM) method, which actually broke 
through the limitation of tool positioning using only a 
single contact point and local surface curvatures. M. 
Engeli, et al.[10] pointed out that the relative movement 
of the torus cutter and the workpiece surface is ap-
proximately equivalent to that of the torus central cir-
cle and the parallel surface, and proposed three tool 
positioning methods, i.e. a Hermite method, a Her-
mite-Chebyshev method and a Taylor method. Besides, 
they fitted the error distribution curve between the tool 
and the design surface into Hermite polynomial, and 
described the “W” shape of the error distribution curve 
by the Hermite-Chebyshev method. R. Q. Wang, et 
al.[11-14] investigated both the MPM method and Her-
mite method. The theory frame of multi-point tangent 
contact machining was thus put forward. All the meth-
ods above have effectively promoted the progress of 
strip-width maximization machining technology.  Open access under CC BY-NC-ND license.
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Tool path planning methods of sculptured surfaces 
machining generally include iso-parametric meth-
ods[15-17], iso-planar methods[18-20], iso-scallop meth-
ods[20-26] and so on. Y. S. Lee[23] proposed a non- 
isoparametric tool path planning method (i.e. an 
iso-scallop method), which uses all right side end 
points of the previous tool path as the left side end 
points of the current one. The two adjacent tool paths 
are hence closely joined together. Yet this method of 
tool path planning easily leads to serious malformation 
of the subsequent tool paths, which actually not only 
results in the high acceleration of the cutter that often 
brings harm to the machine tool, but also decreases the 
effective machining strip width of the subsequent tool 
paths. As a result, this method actually does not pro-
vide satisfying machining efficiency and quality, and 
proves to be of no practical value. M. Jin, et al.[27] pre-
sented end-points error controlling (EPEC) method for 
5-axis sculptured surfaces machining, which increases 
the machining strip width effectively. If the scallops at 
the juncture between two adjacent tool paths are not 
taken into consideration, this method does provide 
higher machining efficiency. However, the inevitably 
produced sharp scallops seriously lower the surface 
machining quality and thus result in more operations 
of manual grinding and polishing. M. Engeli, et al.[10] 
developed a Hermite method for the cylindrical cutter 
machining sculptured surfaces. However, they did not 
provide an effective tool path planning method for the 
circumstance when the separation distances between 
the pairs of contact points on a single tool path vary 
largely. According to MPM method and Hermite 
method, if all tool positions on a single tool path are 
thoroughly optimized for a given tolerance, the maxi-
mum machining errors between the pairs of contact 
points are definitely equal. Thus, if the tool paths are 
planned by using traditional iso-scallop methods, seri-
ous malformation of the subsequent tool paths will 
happen, as illustrated in Fig.1; if the tool paths are 
planned in terms of the narrowest machining strip 
width of each tool path by using traditional iso-para-
metric method, the problem of exceeding the allowable 
tolerance between two adjacent tool paths may have 
been well avoided, but sharp scallops still exist at other 
positions, which are still required to be removed by 
manual polishing as shown in Fig.2. Besides, many 
researchers[28-30] investigated the effect of tool path 
optimization on the cutting forces from the viewpoint 
of process mechanics. They presented tool path 
selection based on the minimum cutting forces. In this 
way, an improvement on the accuracy of machined 
surfaces is achieved. 

All the analyses above show that the tool path plan-
ning method using contact points as the juncture of 
adjacent tool paths can produce smoother surface than 
the EPEC method can, yet it still cannot avoid the 
malformation of the subsequent tool paths. Based on 
the MPM method, this article proposes a new tool path 
planning method, which can effectively get rid of 

sharp scallops between the adjacent tool paths, im-
prove the surface machining quality, and reduce the 
time of manual polishing. 

 
Fig.1  Malformation of subsequent tool paths. 

 
Fig.2  Sharp scallops produced by iso-parametric methods. 

2. Principle of Tool Path Planning Method 

Through experimentation A. Warkentin, et al.[7] 
found that in general two cutter contact (CC) points 
exist between the tool and the surface to be machined, 
and that these points are approximated symmetrical 
about the direction of surface minimum curvature. The 
distance between a pair of contact points can be maxi-
mized through optimization of tool position, when the 
tool geometry closely matches the part surface. For a 
given programming tolerance, this method can largely 
increase the machining strip width and thus greatly 
improve the machining efficiency. However, when the 
surface curvature varies greatly, the maximum ma-
chining strip width of each tool position can be sig-
nificantly diverse. If constant maximum machining 
error or scallop height is set as the constraint condition 
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and all right side end points along one tool path will be 
taken as the left side end points of the next path, seri-
ous malformation of the subsequent tool paths will 
then be produced, as shown in Fig.1. Therefore, the 
smoothness of tool paths and the maximization of ma-
chining strip width must be considered together. The 
dual drive curve tool path planning method can meet 
the above requirement. Its principle is described as 
follows. 

The first step is to find the optimal tool position and 
the corresponding maximum machining strip width at 
each CC point on the left drive curve, which is initially 
specified by iso-parametric or iso-planar method. At 
this stage, a set of the right CC points on the surface, 
forming the right CC path, is also obtained. The sec-
ond step is to plan a new curve (i.e. the right drive 
curve) from the left drive curve with the narrowest 
strip width among the above maximum machining 
strip width at each CC point. Then, the tool is reposi-
tioned by a pair of CC points along the two drive 
curves, and smooth tool paths without gouging and 
excess are also generated. The right drive curve is then 
set as the left drive curve of the following tool path. In 
this way, the tool paths are arranged sequentially one 
after another until the workpiece surface is completely 
machined. Undoubtedly, the region between two adja-
cent tool paths is smooth and its machining errors are 
equal to zero. Meanwhile, sharp scallops can be 
avoided and at least first-order tangent contact joining 
between two tool paths is realized. Fig.3 shows the 
tool path generation on the part surface using a dual 
drive curve tool path planning method. The distribu-
tion rule of the right CC point and the determination of 
dual drive curve will be discussed in detail as follows. 

 
Fig.3  Surface machined by the proposed method. 

2.1. Distribution rule of right CC point 

As shown in Fig.4(a), a torus cutter T machines the 
part surface S: r(u,v) (u∈[0,1], v∈[0,1]), h is a given 
tolerance, δ a maximum machining error, Si the ith tool 
path (i=1, 2,…,Npath, where Npath is the number of the 

total tool path), tpi the left drive curve of tool path Si, 
tpi+1 the right drive curve of tool path Si. ci,j−1 and ci,j 
are the left CC points on tpi, ci+1,j−1 and ci+1,j are the 
right CC points calculated by using the MPM method 
when δ = h, 1,i jc +′ and 1,i jc +′′  are also the right CC 
points calculated by using the MPM method when 
δ≠h, K, K′and K″ denote the simplified form of the 
torus cutter T. Analysis from a computational example 
shows that the right CC points can be located on a 
continuous curve 1,i jc +′ ci+1,j 1,i jc +′′ , and the distance 
between a pair of CC points reduces as the maximum 
machining error δ decreases (Fig.4(b)). M. Engeli, et 
al.[10] and R. Q. Wang, et al.[11,14] sought for the optimal 
tool position and the maximum machining strip width 
at each CC point by using the same principle. 

 

Fig.4  Relationship between the right CC point and maxi-
mum machining error. 

2.2. Determination of dual drive curve 

For a given part surface S, the feed direction and 
pattern of tool paths need to be specified according to 
the surface property. Suppose the left drive curve tpi is 
discretized into 5 sampling CC points ci,j (j=1,2,…,5), 
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as shown in Fig.5. For every CC point on tpi, one can 
obtain the corresponding right CC point cri+1,j, which is 
calculated by using MPM method in terms of the given 
tolerance. The curve linking these contact points cri+1,j 
is called the right CC path tpri. Meanwhile, the corre-
sponding machining strip width wi,j at the CC point ci,j 
can also be obtained. Among these machining strip 
widths wi, j, the optimal machining strip width, W(Si) = 
min{wi,j}=wi,3, can thus be obtained as the path interval 
of Si (Fig.5). Furthermore, the right drive curve tpi+1 
(i.e. the left drive curve of the next tool path Si+1) can 
be derived from tpi and W(Si). Accordingly, two drive 
curves tpi and tpi+1 are determined on the part surface 
S. 

 

Fig.5  Scheme of determination of dual drive curve. 

3. Tool Path Planning Method 

3.1. Mathematical model of tool path optimization 

Suppose r(u,v) (u∈[0,1], v∈[0,1]) is the equation 
of design surface S, which is machined on a 5-axis 
machine tool, and tool geometry is also given. If the 
total length of tool path is shorter, machining effi-
ciency will be higher. The total length of tool path is 
thus a target function of tool path optimization. It 
must satisfy the following four constraint conditions. 
First, the summation of all machining strip widths of 
tool path is just equal to the surface machining limi-
tation. Second, the intersection of effective machined 
surfaces of any two adjacent tool paths is just a drive 
curve between them, i.e. scallop height between any 
two adjacent tool paths is zero. Third, the machined 
surface errors are less than or equal to the given tol-
erance. Fourth, keep each tool path smooth. Hence, a 
mathematical model of tool path optimization can be 
expressed as 
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where f(Si) is the length of tool path Si, Ω (Si) the ef-
fective machined surface of Si, tpi+1 the right drive 
curve of Si, i.e. the left drive curve of Si+1, PΩ any point 
on the machined surface Ω (Si), dist (PΩ , S) the mini-
mum distance between point PΩ and surface S, D0 the 
constraint condition of smoothness of tool path Si. 

The tool path length along parameter u or v direc-
tion for given design surface changes slightly for 
most sculptured surfaces, the total length of tool path 
is thus dependent on the number of tool paths. In 
other words, if the number of tool paths is smaller, 
the total tool path length becomes shorter. Likewise, 
if the machining strip width of each tool path is 
wider, the number of tool paths also becomes smaller. 
Consequently, the mathematical model of tool path 
optimization in Eq.(1) can be transformed into how 
to solve the optimal machining strip width of tool 
path Si and how to generate optimal tool positions 
along tool path Si. 

(1) Searching for the optimal machining strip width 
of a tool path 

Section 2.2 presents an approach of dual drive 
curve to calculate the optimal machining strip width 
of tool path Si. Through discretizing the left drive 
curve into some sampling CC points, the tool posi-
tions without gouging and excess and the corre-
sponding maximum machining strip widths at these 
CC points can be obtained. The minimum strip width 
among these machining strip widths is referred as the 
optimal machining strip width of the current tool 
path. Therefore, a mathematical model of calculating 
the optimal machining strip width of tool path is ex-
pressed as 

*
, , sam( ) min{ max ( , ) | 1,2, , }i i j i jW S w w j Mρ φ= = =  

1 2s.t. ( , ) D Dρ φ ∈ ∩           (2) 

where wi,j(ρ,φ) the machining strip width at CC point 
ci,j on the drive curve tpi, Msam the number of sampling 
CC points on tpi, ρ the distance between two CC 
points in parametric fields, φ an angle between the line 
joining two CC points and u or v direction in paramet-
ric fields. Besides, ρ and φ must also meet the con-
straint conditions of D1 and D2.  

D1 and D2 may be defined respectively by 

{ }1 f f( , ) | min ( , ) 0,max ( , )D E E hρ φ ρ φ ρ φ= ≥ ≤  (3) 

{ }2 f b( , ) | min ( , ) 0,min ( , ) 0D E Eρ φ ρ φ ρ φ= ≥ ≥  (4) 

where Ef (ρ,φ) is a set of machining errors between the 
front cutting portion of the cutter and the design sur-
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face, Eb(ρ,φ) a set of machining errors between the 
back cutting portion of the cutter and the design sur-
face. 

(2) Calculating the optimal tool position 
The right drive curve tpi+1 can be determined based 

on the above optimal machining width W(Si). Then, the 
tool can move along the dual drive curve, and be repo-
sitioned. Meanwhile, the tool must tangentially contact 
the design surface on the dual drive curve without 
gouging the surface. It can be concluded that the tilt 
angle at each CC point has an important impact on the 
tool path quality from the actual computation of tool 
path generation. As the value of parameter u or v on 
the left drive curve changes, the tilt angle must vary 
continuously and smoothly. Only in this way, the gen-
erated tool path becomes smooth. A cubic spline 
function, φ =S(t), is constructed by using the sam-
pling CC points ci,j on the left drive curve of tool 
path Si as an interpolation point and its correspond-
ing tilt angle φi,j as a function value, where t is the 
value of parameter u or v. Assuming the tool moves 
along the parameter v direction, there is a corre-
sponding tilt angle φi,k for ∀ ci,k (ui,vi,k) (k =1,2,…,Mcc, 
where Mcc is the number of CC points on tpi according 
to step length tolerance) on the drive curve tpi. Hence, 
the right CC point ci+1,k (ui+1, vi+1,k) on tpi+1 can be de-
termined in terms of the above angle φi,k and W(Si). 

  1

1, , ,
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( ) tan
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        (5) 

Finally, the optimal tool position can be calculated 
by using the MPM method for a pair of ci,k  and ci+1,k 
on two drive curves. 

3.2. Detailed process of tool path planning 

First of all, the optimal feed direction can be speci-
fied by analyzing the property of the part surface S: 
r(u,v) (u∈[0,1],v∈[0,1]). As shown in Fig.6, the proc-
ess of generating tool paths is described in the para- 
metric domains. Suppose the tool machines the sur-
face S along the direction of parameter v, and the 
machining parametric region needs to satisfy u∈[umin, 
umax] and v∈[vmin, vmax], where umin and umax are the 
left and right boundaries of machining region, vmin 
and vmax the front and back boundaries of machining 
region. In Fig.6, ρ is the parametric distance between 
two CC points, i.e. the radius of the parametric circle 
π. Fig.7 shows the flowchart of tool path planning, 
and the detailed process of tool path planning is de-
scribed as follows. 

Step 1  Set the machining range of the part surface 
S, u∈[umin, umax] and v∈[vmin, vmax], and a given pro-
gramming tolerance h. 

Step 2  Assume the parametric equation of the left 
drive curve tpi is u=ui (see Fig.6). 

 
Fig.6  Tool path distribution in parametric domains. 

 
Fig.7  Flowchart of tool path planning. 
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Step 3  The left drive curve tpi is evenly discretized 
into Msam sampling CC points ci,j (j=1,2,…,Msam). For 
∀ci,j on tpi, we can obtain its parametric coordinates 
(ui,vj), where vj =vmin+( j−1)(vmax−vmin)/(Msam−1). 

Step 4  For ∀ci,j on the curve tpi, one can obtain 
the second CC point cri+1,j which are calculated by us-
ing the MPM method when the maximum machining 
error δ is equal to a given tolerance h. Likewise, the 
maximum machining strip width * * *

, , ,( , )i j i j i jw ρ φ =   
max ( , )w ρ φ  at the sampling points ci,j and the cor-

responding tilt angle *
,i jφ are also calculated.  

Step 5  If j < Msam, j = j+1, go to Step 4; else go to 
Step 6. 

Step 6  The optimal machining strip width W(Si) of 
tool path Si can be calculated according to Eq.(2). 
Then, the right drive curve tpi+1 of Si (i.e. the left drive 
curve of Si+1) can be calculated from the equation 
u=ui+1=ui+W(Si). If ui+1 > umax, then ui+1 = umax. 

Step 7  A cubic spline function, φ =S(t), is con-
structed by using the sampling CC points ci,j on the 
curve tpi of Si as an interpolation point and the corre-
sponding tilt angle *

,i jφ as a function value, where t is 
the value of parameter v of the curve tpi. 

Step 8  According to a given step length tolerance 
h, the curve tpi is evenly discretized again into Mcc CC 
points ci,k (k=1,2,…,Mcc). 

Step 9  For ∀ci,k on the curve tpi, we can obtain 
its parametric coordinates (ui,vi,k), where vi,k =vmin+ 
(k−1)(vmax−vmin)/(Mcc−1), and its corresponding tilt 
angle φi,k=S(vi,k). According to Eq.(3), we can then 
obtain parametric coordinate (ui+1,vi+1,k) of the right 
CC point ci+1,k, where ui+1=ui+W(Si), vi+1,k = vi,k+ 
W(Si)tan φi,k. 

Step 10  For a pair of ci,k and ci+1,k on two drive 
curves, the optimal tool position, i.e. the tool axis vec-
tor axis

,i kT  and the tool position vector pos
,i kT , can be cal-

culated by using the MPM method. 
Step 11  If k< Mcc, k=k+1, go to Step 9; else go to 

Step 12. 
Step 12  If i<Npath, go to Step 13; else the proce-

dure ends. 
Step 13  If ui+1 < umax, i.e. the right drive curve tpi+1 

of Si does not exceed the right boundary umax of ma-
chining region, i=i+1, go to Step 2; else the part sur-
face has been machined completely and the procedure 
ends. 

4. Machining Test 

To verify the new tool path planning method dis-
cussed above, we selected an open form surface[9] 
(see Fig.8) which is commonly found in the die in-
dustry as an example surface. The surface is defined 
as follows: 

2

2

1 2
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( , ) 131.3 28.1

v v

u v u u
a a
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where a1 = 5.9(u2v2+u2v)−3.9v2u+76.2u2; a2 =6.7v2− 
27.3uv−50.8u+25.0v+12.1. 

 
Fig.8  Example surface. 

A torus tool with a torus radius of 5 mm and an in-
sert radius of 3 mm was used for simulations and cut-
ting tests. The given programming tolerance h was set 
as 0.01 mm. Because the minimum principal direction 
of the part surface is approximately along the direction 
of parameter v, the tool machines the part surface 
along the direction of parameter v. The surface ma-
chining range satisfies the condition of u∈[0,1] and 
v∈[0,1] in parametric domains. Assume each left drive 
is evenly discretized into 10 sampling CC points (it is 
mainly dependent on the surface property), and each 
left drive is evenly discretized into 150 CC points ac-
cording to a step length tolerance. The calculating 
procedure of tool path optimization is programmed 
according to the developed method in Section 3, based 
on UG/OPEN API and C programming language. Tool 
paths can be generated by using the developed method 
in the software UG environment (see Fig.9). 

 

Fig.9  Tool paths generated by using the developed method. 
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4.1. Simulation results 

The surface machining process was simulated in the 
software VERICUT with the cutter location resource 
file (CLSF) from UG. Results of computer simulation 
are shown in Fig.10. The thick solid lines denote the 
actual cutting tool paths, and the dashed ones denote 
the traverse tool paths. The dark regions on the ma-
chined surface denote actual areas with error varying 
from 0.005 mm to 0.010 mm, while the white regions 
denote areas with error less than 0.005 mm or even 
with no excess. There is also no gouging on the whole 
machined surface. As shown in Fig.10, there is no ex-
cess between two adjacent tool paths, i.e. machined 
surface errors at the juncture between each two adja-
cent tool paths are all approximately zero. 

 

Fig.10  Simulation results in software VERICUT. 

Therefore, areas between two adjacent tool paths are 
connected smoothly and without sharp scallops. Be-
sides, machined surface errors only exist near the thick 
solid lines (i.e. the cutting tool paths). In other words, 
excess only exists in the middle of each tool path. The 
error distribution curve between the tool and the part 
surface is first-order continuous, so sharp scallops do 
not exist. 

4.2. Experimental results 

A machining test was conducted on a FIDIA’s 
G996RT 5-axis machining center with a tilt-rotary ta-
ble by using the proposed tool path planning method. 
The cutting conditions for the 5-axis machining were 
as follows: the spindle speed was 16 000 r/min, the 
feed rate 5 000 mm/min, and depth of cut 0.5 mm, 
respectively. The total time of surface machining was 
about 1 min. Fig.11 presents a photo of the machined 
surface. A CMM (Hexagonmetrology Global Advantage 
153010) was used to measure three selected sections of 
the machined surface with measuring step length of 

0.5 mm. 
Fig.12 shows the surface deviation E along the 

normal vectors between the actual machined surface 
and design surface in the three sections. The three sec-
tions are selected in the OYZ plane at X = −5 mm, 
X =−30 mm, and X =−60 mm, respectively. In Fig.12, 
“*” denotes the error between the actual machined 
surface and design surface, and the three traces joining 
the mark “*” approximately reflect the error distribu-
tion in the resulting profile. From Fig.12, it can be 
observed that the machining errors vary from 
−0.05 mm to 0.04 mm as the Y coordinates increase. 
This type of error is called form error caused by fix-
ture, tool deflections, the CMM measurements, the 
inconsistency of the workpiece coordinate system and 
the measured coordinate system as well as the machine 
coordinate system, etc. If the form error is disregarded, 
the scallop heights are approximately within 0.01 mm. 
Regions of large scallops mainly distribute in the range 
from −65 mm to −95 mm, which corresponds with the 
simulation results (see Fig.10). At the junctures be-
tween adjacent tool paths, which are shown as the val-
leys in Fig.12, no sharp scallops exist, and the traces 
are also continuous and smooth; while in the regions 
between two adjacent contact points, which are shown 
as the peaks in the figure, large rounded scallops exist, 
but these scallops are generally smooth connections  

 

Fig.11  Photo of machined surface. 

 
Fig.12  Measured results of the machined surface. 
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without sharp ones. From the good consistency of 
measured and simulated results, we can come to the 
conclusion that the finish surface is first-order con-
tinuous, and the proposed tool path planning method 
can eliminate sharp scallops, keep tool paths smooth, 
and improve the surface machining quality as well as 
machining efficiency. 

5. Conclusions 

(1) The problem of finished surface being not 
first-order continuous commonly exist in machining 
sculptured surfaces with a torus cutter and some other 
types of cutters. To solve this problem, a dual drive 
curve tool path planning method is proposed, and a 
mathematical model of tool path optimization is also 
established. 

(2) The methods of determining dual drive curve 
and calculating the tilt angle using the cubic spline 
interpolating approach are presented in the article. The 
tool can be repositioned along two drive curves. Tool 
paths without gouging and excess are thus generated. 

(3) The proposed method of tool path optimization 
is verified through computer simulation and machining 
test. The results obtained show that scallop heights 
between adjacent tool paths are zero, and the measured 
section curve is first-order continuous. This method 
can thus effectively eliminate sharp scallops, keep tool 
paths smooth, and improve the surface machining 
quality as well as machining efficiency. 
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