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In this paper, we introduce “approximate solutions” to solve the following problem:
given a polynomial F(Z,y) over @, where Z represents an n-tuple of variables, can we
find all the polynomials G(Z) such that F(z,G(Z)) is identically equal to a constant
¢ in Q? We have the following: let F(Z,y) be a polynomial over @ and the degree of
y in F(Z,y) be n. Either there is a unique polynomial ¢g(Z) € Q[Z], with its constant
term equal to 0, such that F(z,y) = Z?:o ¢;j(y — g(Z))7 for some rational numbers c;,
hence, F(Z,9(Z) + a) € Q for all a € Q, or there are at most ¢ distinct polynomials
91(Z),...,9:(Z), t < n, such that F(z,g;()) € Q for 1 < i < t. Suppose that F(z,y) is
a polynomial of two variables. The polynomial g(z) for the first case, or g1(z), ..., g:(x)
for the second case, are approximate solutions of F(z,y), respectively. There is also
a polynomial time algorithm to find all of these approximate solutions. We then use
Kronecker’s substitution to solve the case of F(Z,y).

© 2002 Academic Press

1. Introduction

Finding factors of a polynomial is an interesting and important problem. However, in
applications, there are cases where we may not have complete information on the poly-
nomial we want to factor. Given a polynomial f(x,y) over ) with its constant term
not known, do we have an algorithm to find all the possible polynomials g(x) such that
f(x,g(z)) = 0?7 This is equivalent to the problem of whether, given a polynomial f(z,y),
we have an algorithm to find all the polynomials g(x) such that y — g(z) is a factor of
flz,y) —c, or f(x,g(x)) = ¢, for some ¢ € Q. In a certain sense, this problem is not well
posed, since given a polynomial f(z,y) there may exist infinitely many distinct polyno-
mials g(z) such that f(z,g(x)) € Q. If f(z,y) = 37 oci(y — g(x))’ for some ¢; € Q
and a polynomial g(z) € Q[z], then for any a € @, f(x,g(z) + a) € Q. However, it will
be shown that given a polynomial f(z,y) this is the only case where there are infinitely
many distinct polynomials g(z) such that f(z,g(z)) € Q. Hence, if for this case g(z) is
required with its constant term equal to 0, then such g(z) is unique. Moreover, if there
is no polynomial g(x) such that f(z,y) = Z?:o ci(y — g(x))?, for some ¢; € @, then the
number of polynomials h(z) such that f(x,h(x)) € @Q is less than or equal to the degree
of y in f(x,y). We then may wonder whether there is a polynomial time algorithm to
find all of these polynomials. The main result of this paper is showing that there is a
polynomial time algorithm to find the unique g(z), with its constant term equal to 0, for
the first case, or all the polynomials h(x) for the second case. The existing polynomial
time algorithms for factoring multivariate polynomials apparently do not apply to this
situation (Lenstra et al., 1982; Kaltofen, 1985; Chistov, 1986; Lenstra, 1987, 1984). An
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alternative method is needed. For this purpose, we introduce the concept of “approxi-
mate solutions” to solve this problem. Using iteration to find approximate solutions is
common in numerical analysis. A similar idea is used here. Q[z] is an Euclidean domain
and its size function is the degree of polynomial (Dean, 1990). The size function of Q[x]
plays the role of the usual Euclidean norm of R™. However, the “discreteness” of the size
function here guarantees that we shall get all the possible factors. Whether we can have
an algorithm which directly finds all such factors is an interesting problem.

To study this problem is motivated by the decision problem of diophantine equations

with parameters. Given a polynomial f(x1,...,2Zn,y1,.-.,Ym), diophantine equations
with parameters ask whether for any numbers aq,...,a, the equation
flar, ... an,y1,-..,ym) = 0 is solvable. This is equivalent to asking whether

Vxl"'vxnayl'"Hymf(‘r17"'7xn7y17"'7ym) =0

is true or not. The quantified variables range over N, Z or ) depending on whether the
solvability of the equation is being asked over N, Z or @, respectively. Schinzel (1982)
gave a review of this topic. The computational complexities of various known decidable
cases of diophantine equations with parameters are given in Tung (1987). In particular,
it is shown that the decision problem of deciding whether

Vor s ey s 2y) 0

is true over Z is co-NP-complete if n > 1. We then may ask whether, given a polynomial
f(x1,...,x,,y) over Z, there is a decision procedure to determine whether or not

vy -V, Jy flar, ..., 20,y) = 2
is true over Z. Let f(z1,...,2n,y) € Q[1,..., 2y, y], then
A2V - - Vanly f(l'lg ce axnay) =z

is true over Z if and only if there is an @ € Z, and for any integer ay,...,a, there is a
g(x1,...,2n) € Qlay, ..., xy] such that y—g(xy, ..., 2,) is a factor of f(z1,...,2n,y)—a
in Qz1,...,2n,y] and g(as,...,a,) € Z (Tung, 1985). Since the number « in the above
formula is not known in advance, we need to find linear factors of f(x1,...,2,,y) over
@; assume that the constant term is not known. This paper shows that we can do it and
in polynomial time. From this result, it is shown in Tung (unpublished) that, given a
polynomial f(z1,...,z,,y) over Z, the decision problem of determining whether

Vg -V, Jy far,...,20,y) = 2

is true over Z is co-NP-complete. Various other related NP-complete number theoretic
decision problems are also shown in Tung (unpublished).

All the results in this paper are stated over Q). It should be easy to see that these results
also hold in more general fields. In fact, all the results in Section 2 are true for polynomials
over an arbitrary field. A fact used repeatedly is deg(f(z)-g(z)) = deg(f(x))+deg(g(x)).
That polynomial time algorithms for factoring polynomials are available is another fact
used repeatedly in Section 3.

2. Approximate Solutions

In this section, we shall define approximate solutions of a polynomial equation. We first
give some properties concerning linear factors of a polynomial. These properties then are
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used to show that the number of approximate solutions of a polynomial equation has a
natural bound.

We fix some notation. We use Z to represent an n-tuple of variables (z1, ..., x,). If f(x)
is a polynomial of one variable, then deg(f(z)) is the degree of f(x). For a multivariate
polynomial F(xy,...,x,), deg, (F(z1,...,7,)) denotes the degree of x;, 1 <i < n, in
F(zy,...,z,).

Let F(Z,y) be a polynomial over ) where F(Z, g(Z)) = by, F(Z,h(Z)) = by for some
polynomials ¢(Z), h(Z) and some rational numbers by, bs, respectively. Thus,

F(z,y) = (y — 9(2))G(Z,y) + by = (y — h(Z))H(Z,y) + b>.
If by = by, then there are two possible cases. First, if ¢(z) = h(Z) then G(z,y) = H(z,y).
If g(z) # h(z), then
F(z,y) = (y — 9(2))(y — h(2)) f(Z,y) + br

for an f(Z,y) € Q[Z,y]. What happens if by # by? This is answered in the following
proposition. Moreover, we combine the cases where by = by and by # by with one formula.

PROPOSITION 2.1. Let F(Z,y), g(Z) and h(Z) be polynomials over Q. Let by and by be
elements of Q. Suppose also that if by = by, then g(T) # h(z). Then F(Z,g(Z)) = by and
F(z,h(Z)) = by if and only if there exists a d in @ and a polynomial f(Z,y) in Q[T,y]
such that

F(z,y) =y —g(@)] - [(y — () f(Z,y) + (b2 — b1)/d] + by
and if by # ba, then also such that h(Z) = g(T) + d with d # 0.

PRroOOF. Clearly, if by = by, then

F(z,y) =y —g(@)] [(y — M@)) f(Z,y) + (b2 — b1)/d] + by
implies that
F(z,y) =y —g(@)] - [(y — M) f(Z,y)] + b1.

This has been discussed in the above. Hence, we prove only the case where by # bs.
We first prove the direction (<). Suppose that

F(z,y) =y —9(@)] - [(y = M@)) f(Z,y) + (b2 — b1) /d] + by
forad#0in Q and h(Z) = g(Z) + d. Then,

F(z,9(7)) = [9(z) — 9(2)] - [(9(2) — h(2)) f (2, 9(T)) + (b2 — b1)/d] + b
F(z,n(z)) = [M7) — 9(2)] - [(h(Z) — h(2)) f (7, h(Z)) + (b2 — b1)/d] + by
= [M(Z) = h(Z) +d] - [0- f(Z, h(Z)) + (b2 — b1)/d] + b

=d-[(ba —b1)/d] + b

Next, we prove the other direction (=). From the assumptions, there exist G(Z) and
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H(Z) in Q[Z] such that
F(z,y) = (y = 9(2)) - G(2,y) + b1 = (y = (z)) - H(Z,y) + ba.
Substituting y = h(Z) in F(Z,y) we obtain that
(h(z) — 9(2)) - G(Z, h(T)) = bz — b1 # 0.
This implies that the degree of h(Z) — ¢g(Z) must be zero; hence, h(z) — g(Z) = d for

a rational number d # 0, and d - G(Z,h(Z)) = by — by. This implies that G(z,y) =
(y - h(f))f(i'vy) + (b2 - bl)/da and

F(z,y) =y —g(@)] - [(y = h(2)) f(Z,y) + (b2 — b1)/d] + by
for an f(z,y) € Q[z,y]. O

This fact is the key of the algorithm in the next section. It means that whether b; = b
or not, one formula suffices. Hence, one algorithm suffices. This fact needs to be extended
to the cases where the number of those polynomials g(Z) where F(Z,¢(Z)) € @ is more
than two. This is what we do below.

LEMMA 2.2. Let F(Z,y) and g;(Z), 1 < i < m, be polynomials over Q, where g;(Z) are
all distinct, and there exist 1 < p < ¢ < m such that g,(Z) # g4(Z) + a for any a € Q.
Then, F(%,g;(%)) € Q for every i, 1 < i < m, if and only if F(Z,y) = [[]\~,(y—g:())] -
G(Z,y)+c for ace Q and a G(Z,y) € Q[T,y].

PROOF. («) Clearly, if F(z,y) = [[I'2,(y — 9:(2))] - G(Z,y) + c for a ¢ € Q and a
G(z,y) € Q[z,y], then F(z,9;(x)) = c€ Q for every i, 1 <i <m.

Now, we prove the direction (=). Assume that ¢,(Z) # g4(Z) + @ for any a € Q. From
Proposition 2.1, we obtain that

F(z,y) = (y = 9p(2))Gp(2,y) + ¢ = (y = 94(2))Gy(7,9) + ¢

for some ¢ € Q. Then F(z,y) = (y — g,(Z))(y — 94(Z))1(Z,y) + ¢ for some polynomial
h(Z,y) over Q because y — g,(Z) and y — g4(Z) are relatively prime over Q[Z,y] and both
are factors of F'(z,y) — ¢. Now for any other polynomial g,(Z), with » # p and r # ¢,
either ¢,(%) # g,(Z) + b or ¢,(T) # g4(%) + b for all b in Q. Without loss of generality,
we may assume that g,(Z) # ¢,(%) + b for any b in @, then with the same arguments
as above we obtain that F\(Z,y) = (y — ¢,(2))(y — ¢.(Z))H(Z,y) + d for a polynomial
H(z,y) over  and a d in Q. Since

F(z,y) = (y — gp(@))(y — 94(2)h(Z,y) + c = (y — 9p(T))(y — 9:(2))H (Z,y) + d,

we obtain that d = ¢ by substituting g, (Z) for y. Then, y—g,(Z) is a factor of F(z,y)—c.
This argument shows that every y — ¢;(z), 1 <14 < m, is a factor of F(Z,y) — ¢. Hence,

F(z,y) = [II",(y — 9:(®))] - G(z,y) + ¢ for a G(Z,y) € Q[z,y]. O
Now, we are ready to extend the results in Proposition 2.1 to more general cases. For
simplicity, we do not state the results in all the detail which is done in Proposition 2.1.

As we said previously, “one formula suffices”.

THEOREM 2.3. Let F(Z,y) and ¢;(Z), 1 <1i < m, be polynomials over Q, and ¢;(Z) are
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all distinct. Then, F(z,g;,(Z)) € Q for every i, 1 <i <m, if and only if

F(z,y) = (y — q1(@){(y — 92(2))[(y — 93(2))(- - (G(z,y) - *) + d5] + do} + d1,
where G(Z,y) € Q[Z,y] and d; € Q for 1 <i<m.

PROOF. Suppose that there exist 1 < p < ¢ < m such that ¢,(Z) # ¢4(Z) + a for
any a € Q. From Lemma 2.2, F(Z,g;(Z)) € Q for every i, 1 < i < m, if and only if
F(z,y) = [T (y — 9:(z))] - G(Z,y) + c for a c € Q and a G(Z,y) € Q[z,y]. Thus, we
take d; =0 for 2 <7 <m, and di = c.

Assume that these m polynomials g;(z) all differ only by a constant, i.e. there is a
polynomial ¢(Z) over @ and rational numbers a;, 1 < i <m, such that g;(z) = ¢(Z) + a;.
We prove the direction (=) first. From Proposition 2.1, if

F(z,y) = (y — 9(2) —a1)G1(Z,y) + b1 = (y — 9(Z) — a2)G2(Z,y) + bz,
for some by, bs € @, then

F(z,y) = (y —9(2) —a1)((y — 9(T) — a2) f1(Z,y) + (b2 — b1) /(a2 — a1)) + b1

for an f1(Z,y) € Q[z,y]. With the same argument and substituting y with ¢(z) — as, we
obtain that f1(z,y) = (v — 9(Z) — as3) f2(Z,y) + d with some d € Q. By induction,

F(z,y) = (y—9(2) —a){(y — 9(&) —a2)[(y — 9(%) —a3)(--- (G(z,y) - - -) + d3] +da} +du,

where G(z,y) € Q[Z,y] and d; € Q for 1 <i < m.
Now, we prove the other direction (<) and assume that

F(z,y) = (y — (@) {(y — 92(@)[(y — 93(2))(- -- (G(Z,9) -+ ) + ds] + do} + dy.

Since ¢;(Z) = ¢g(Z) +a; for some rational numbers a;, with a similar calculation as is done
in the proof of Proposition 2.1 we obtain that F(z,¢;(z)) € @ for every i, 1 <i <m. O

From Theorem 2.3, we also have the following lemma. This lemma gives us a case
where for a given polynomial F(Z,y) over @ there may exist infinitely many distinct
polynomials ¢(Z) € Q[z], such that F(z,g(Z)) € Q. As will be shown, this is the only
case where there are so many such polynomials.

LEMMA 2.4. Let F(z,y) be a polynomial over Q and deg, (F(z,y)) =n. Let g(z) € Q[z]
and ay, ..., ant1 be distinct rational numbers. Then, F(z,g(Z)+a;) € Q for1 <i <n+1,
if and only if F(z,y) = Z?:O cj(y — g(&))? for some rational numbers co, ..., cp.

PRrOOF. First we prove the direction («=). Suppose that F(z,y) = 3_7_;¢;(y — g(z))?
where ¢; are rational numbers and ¢(z) € Q[z]. Put b; = Y_"'_,¢j(a;)?, (i=1,...,n+1).
Substitute y = g(Z) + a;, 1 <i <n+1, F(Z,9(Z) +a;) = >, ¢i(ai)? = b;.

Now we prove the direction (=). From Theorem 2.3, if ¢(Z) € Q[z] and a4, ..., a, are
distinct rational numbers, and F(Z,g(Z) + a;) € Q for 1 < i < n, then

F(z,y) = (y—9(@) —a){(y — 9(Z) —a2)[(y — 9(z) —a3)(- - (M(Z,y) - ) + da] + d2} + d,

where h(Z,y) € Q[Z,y] and d; € Q for 1 < i < n. In fact, h(Z,y) has no variable y, i.e.
h(z,y) = h(Z) € Q[Z] since deg, (F(z,y)) = n. Moreover, h(Z) must be a number in @,
otherwise, F(Z,g(Z) + an+1) cannot be a number in Q. Therefore,

F(z,y) = (y = 9(7) — a)){(y — 9(¥) — a2)[(y — 9(¥) —as)(---(¢) ---) + ds] + da} + du,
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for some ¢ € ). We may rewrite the term and obtain that

F(z,y) = cly = 9(z) — a){(y — 9(z) — a2)[(y — 9(Z) — az)(---) + es] + ea} +eu,

with all a;, e;, and ¢ in Q and F(Z,y) = >.7_,¢;(y — g(Z))? for some rational number
COy.vvyCp. O

THEOREM 2.5. Let F(Z,y) be a polynomial over Q and deg, (F'(Z,y)) = n. Either there is
a unique polynomial g(T) € Q[T], with its constant term equal to 0, such that F(Z,y) =
Z?:o ci(y — g(z))? for some rational numbers cj, hence F(z,g(Z) + a) € Q for all
a € Q, or there are at most n distinct polynomials g1(Z),...,q:(Z), t < n, such that
F(z,9:(7)) € Q for 1 <i<t.

PRrOOF. Let g;(Z), 1 <14 <, be distinct polynomials and F(z, g;(Z)) € Q. Assume that
there exist 1 < p < ¢ < ¢ such that ¢,(Z) # g4(Z) +a for any a € Q. Then, by Lemma 2.2

t
H(y - gi(7))
i=1

forace @QandaG(7,y) € Q[7,y]. This implies that deg, (F'(7,y)) = n > t. On the other
hand, if these ¢ polynomials g;(Z) all differ only by a constant, then there is a polynomial
9(Z) € Q[z] with its constant term equal to 0, and rational numbers b;, 1 < ¢ < ¢, such
that g;(Z) = g(&) +b;. If t > n, then by Lemma 2.4, F(7,y) = Y7 ¢;(y — g(%))’ where
¢j € Q. Thus, for all a in Q,

F(z,y) = -G(z,y) +c

F(,9(@) +a) = > e)(9(@) +a—g@) =3 e’

0

J
is in Q. Now, let h(Z) be an arbitrary polynomial over @ but h(Z) — g(Z) is not a number
in Q. Then,

F(z,h(z) =) ¢;(h(z) - g())
§=0

is a polynomial but not a number in @. This implies that polynomial g(z) is unique if
its constant term is required to be 0. O

The situation we have now is similar to the case of equations over Q. If an equation
f(z) =0 of degree n has n + 1 solutions, then f(z) = 0. This implies that every a € Q
is a solution of f(z) = 0. From Theorem 2.5, we can see that if the degree of y in
F(z,y) is n and there are n + 1 distinct polynomials {¢1(Z),...,gn+1(Z)} such that
F(z,9i(T)) — b; = 0 for some b; in @, then for every a € Q, F(z,¢1(Z) +a)) —b=0 for
some b € Q.

Now, we define “approximate solutions” which extends the meaning of “solutions” of
equations in @Q[x]. Here, we use the convention that a zero polynomial is of degree —oc.

DEFINITION. Let F(z,y) € Q[z,y] and z be an indeterminate.

1. Let @ € Q and a # 0. If deg(F(z,az®)) < deg,(F(x,zz®)), then az® is called an
approximate solution of F(z,y) = 0 of order s.

2. If H(z) = Y7, ez’ € Q[z] is an approximate solution of F(z,y) = 0 of order
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m+1, and G(z) = H(z) + ba™ € Q[z] with deg(F(z, G(z)) < deg, (F(z, H(x) 4+ zz™)),
then G(z) is an approximate solution of F'(z,y) of order m.

Note that the coefficient b in G(x) may equal zero. G(x) is then written as H (z)+0z™.
Thus, H(x) equals G(z) mathematically. However, like significant figures in scientific
measurements, they have different orders of accurracy. In this case, we shall view G(x) and
H(x) as two approximate solutions of F'(x,y) of different orders. Let F'(z,y) € Q[x,y],
we may view F(z,y) = F(y) as a polynomial of one variable 3 over the ring Q[z], and we
may require the root of the equation F(y) = 0 in Q[z]. From our definition of approximate
solution, we can see that every solution of the polynomial equation F(y) = 0 in Qx] is
an approximate solution of F(z,y) = 0 too.

EXAMPLE. Let f(z,y) = 2y — 2% — 22 + 3z + 1)(2y — 2 — 22 + = + 2) + 5. Then,
G(r) = 23/2 is an approximate solution of f(x,y) of order 3, since

flr,22®) = (22— 1)2® =2 + 32+ 1)((2z — D)a® —2? +x +2) +5

is a polynomial with its = degree equal to 6 and deg(f(z,z3/2)) = 4. Similarly, (2% +
2?)/2 is an approximate solution of order 2. Since deg, (f(x, (2% + 22)/2 + 22)) = 2,
deg(f (@, (a® + 2% — 32)/2)) = 1, and deg(f(z, (25 + 27 — 2)/2)) = 1, (2 + 2 — 32)2
and (2® + 2% — 2)/2 are approximate solutions of order 1, respectively. Polynomials
(23 +22 —32—1)/2 and (2° + 2% — x — 2) /2 are approximate solutions with order 0, and
the only two approximate solutions of order 0.

Let F'(x,y) be a polynomial over @ and deg, (F(z,y)) = n. If there is a polynomial
g(x) = YL aie’ € Qa] such that F(z,y) = >37_;cj(y — g(x))? for some rational
numbers ¢;, then g(x) is an approximate solution of F'(z,y) of order 1. Then, « is a root
of the equation f(z) = Z?:o ¢;z? =0 in Q if and only if g(z) + « is an approximate
solution of F(z,y) of order 0. If F'(x,y) is not in this case, by Theorem 2.5, there are
at most n distinct polynomials ¢1(z),...,g:(x), t < n, such that F(x,g;(x)) € Q for
1 < ¢ < t. These polynomials g1(x),...,g:(x) are the only approximate solutions of
order 0 of F(x,y). Therefore, in either case there are at most n distinct approximate
solutions of order 0. This is true for other orders by Theorem 2.7 below.

We may also discuss the approximate solutions from another point of view. Let F(z,y)
be a polynomial over ) and Q(z) an approximate solution of F(x,y) as defined above.
We say Q(z) is an approximate solution of rank s if deg(F(z,Q(z)) = s. Previously,
people focused on solving equations. Thus, we may say that given a polynomial F(x,y)
we want to find approximate solution G(z) of rank —oo, i.e. F(z,g(z)) = 0. There are
cases where such solutions do not exist, like the polynomial f(z,y) in the above example.
But, f(z,y) has approximate solution of rank 0. We may say that for a given polynomial
F(x,y), in this paper, we wish to find all approximate solutions g(z) of F(z,y) of rank 0,
ie. F(z,g(x)) = c for some ¢ in Q.

We next give two facts concerning approximate solutions, which will be needed to
show the correctness and polynomial time complexity of the algorithm given in the next
section.

PROPOSITION 2.6. Let F(z,y) = > _ fue(z)y" = 35 _o (3150 brua’)y* be a polynomial
with its degree of y equal to s. Let m be a positive integer such that sm + ts > km + g
for 0 < k < s. Then, the degree of every approximate solution of F(x,y) is less than or
equal to m. In particular, the maximum of tx, 0 < k < s, suffices.
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PROOF. Let F(z,y) = Y p_o fu(@)y® = S5 o)k braz!)y®, and m satisfy the as-
. d
sumption. Let r(z) = >i_ )
deg(fi(@) - (r(x))*) = deg(f(2)) + deg((r(2))*) = ty + dk.
By our choice of d and m, sd + ts > kd + t; for 0 < k < s. Thus,
deg(F(z,r(x)) = deg(fu(x) - (r(2))*) = sd + ts.

It is easy to see that with z an indeterminate deg,(F(z,2x%)) = sd + t,. Thus, r(z)
cannot be an approximate solution.
Clearly, if m >t for 0 < k < s, then (s —k)m > (tx —ts); hence, sm—+ts > km+tg. O

a;z’, where ag # 0 and d > m, then for every k,

This proposition gives us the upper bound on the degree of each approximate solution.
Thus, if F(x,g(x)) € @, then deg(g(x)) < m. The next theorem gives us the upper bound
on the number of approximate solutions at each order.

THEOREM 2.7. Let F(x,y) be a polynomial with its degree in y equal to n, then at each
order there are at most n distinct approximate solutions.

ProOF. We prove this theorem by induction on the degree of y in F(z,y). Let deg,
(F(z,y)) = 1 and F(x,y) = fi(z)y + fo(z) where fi(z) and fo(x) are in Qx]. If
deg(fi(x)) > deg(fo(z)), then F(z,y) has no approximate solutions since

deg, (F(z, 22°)) = deg(F(z, a2*)) = deg(f1(z)) +5
for any a € @, a # 0, and any s > 0. Now, assume that deg(fi(x)) < deg(fo(x)). By
the division algorithm, fo(z) = ¢(z)fi(z) + r(z) where ¢(z) = Y1  a;2", a,, # 0, and
deg(r(x)) < deg(fi(x)). Then,

deg(F(z, —ana™)) < deg(fo(x)) = deg, (F(z,za™)).

Hence, a,z™ is an approximate solution of order n, and the only approximate solution
of order n. Also, gj(x) = Y 1" y a;z' is the only approximate solution of order j for each

n

1=

j, m > j > 0. This proves the case deg, (F(z,y)) = 1.

Assume that our hypothesis is true for any polynomial with its degree in y equal to
n. Now, let F(x,y) be a polynomial with its degree of y equal to n + 1. Let S be an
arbitrary set of approximate solutions of F(x,y) and all are of order s. We need to show
that the number of elements of S is at most n + 1. Let G(x) be an approximate solution
of F(x,y) in S for which the degree of F(x,G(x)) is minimal, i.e. if H(z) € S, then
deg(F(z,G(2))) < deg(F(x,H(x))). Assume that deg(F(z,G(z))) = t. By the factor
theorem,

F(z,y) = (y = G) Fi(z,y) — F(z,G(x))
for an Fy(z,y) in Q[r,y] and deg, (Fi(x,y)) = n. We want to show that every approxi-
mate solution H(z) in S, except G(z), is an approximate solution of F(z,y) of the order
s too.

Let H(x) = Hy(x) + bsx® where Hy(x) = 1" .| bz, s <m, and b, € Q. Since G(x)
and H(x) are different and both of order s, deg(H (x) — G(z)) > s. Thus,

deg(H(x) — G(x)) = deg, (F(x) + 22° — G(x).
Since G(z) is chosen such that deg(F(z,G(x))) = ¢ is minimal, deg(F(z, H(z))) > t.
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Hence,
t < deg(F(z,H(x))) < deg, (F(x, Hi(z) + zz*)).

This implies that

deg, (F(z, Hy () + z2%)) = deg, (Fi(x, Hi(z) + z2°)) + deg, (Hi(x) + zz° — G(z)),
and

t —deg, (Hy(z) 4+ z2° — G(x)) < deg,, (Fi(z, Hy(x) + z27)).

Now, we have two possible cases.

Case 1: deg((H(x) — G(x)) + deg(Fi(x, H(x))) < t. Then

deg(Fi(x, H(z))) <t —deg(H(z) — G(z)) =t — deg, (H1(x) + z2° — G(x))
< degm(Fl(xa Hl(m) + sz))

Thus, H(zx) is an approximate solution of Fy(x,y).
Case 2: deg((H(x) — G(x)) + deg(Fi(x, H(x))) > t. Then
deg(F'(z, H(x)) = deg(H (x) — G(x)) + deg(Fi(z, H(x)))
< deg, (F(x, Hy () + z2%))
=deg,(Hy(z) + z2° — G(x)) + deg, (F1(z, Hy () + z27%)).

Then, deg(Fi(z, H(z))) < deg, (Fi(x, Hi(z)+z22°)) and H(z) is an approximate solution
of Fi(x,y) too.

By the induction hypothesis, F(z,y) has at most n different approximate solutions of
order s. Therefore, the number of elements of S is at most n + 1. O

3. Algorithm

In this section we shall present a polynomial time algorithm called FACTOR. which
finds the unique polynomial ¢(Z) for the first case, or all ¢;(Z) for the second case of
Theorem 2.5. Hence, given a polynomial F(Z,y) over @, FACTOR finds all possible
polynomials ¢(Z) such that F(z,g(Z)) € Q, even if the constant term of F(Z,y) is not
known. This is so formulated since the constant term is allowed here to vary. This happens
while studying the decision problem of determining whether

V-V, Jy flar, ..., 20,y) = 2

is true over Z for an arbitrary polynomial f(x1,...,x,,y) over @ (Tung, unpublished).

In our algorithm, a polynomial g(z) = Z?:o a;x" is represented by a sequence of
numbers {(a,, ap_1,...,ap). This implies we input or output a polynomial in dense form.
If a polynomial is not input in dense form, there is no polynomial time algorithm to
factor an arbitrarily given polynomial. Elements of sets in this algorithm are listed in
stack structure (Aho et al., 1974). Thus, elements in a set will be chosen on a first-in,
last-out basis.

To simplify the proof, we demonstrate the case of a polynomial with two variables first.

FACTOR

Input: Polynomial F(x,y) € Qlz, y].
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Output: g(z) = 3, oz’ if F(z,y) = Y 1_o Be(y — g(z))* where 8 € Q, otherwise,
all g;(z) € Q[x],0 < i <, such that F(z,g;(z)) € Q.

Method: Step 1. Let F(z,y) = > 1_o fe(z)y" =31 _, (Zf’;o brya')y®. Find a positive
integer m such that sm + t; > km + t; for 0 < k < s. From Proposition 2.6, we may
simply let m be the maximum of ¢; for 0 < k < s. Also, create two empty stacks S and T'.

Step 2. Substitute y of F(x,y) with zz™ where z is an indeterminant, and obtain that
F(z,z2™) = F(z,z). Let the polynomial f,,(z) be the leading term of F(z,z) with re-
spect to x, i.e. the coefficient term of the highest power of z in F(z, x). Solve the equation
fm(2) = 0 over @ by factoring f,,(z) over @ with the algorithm (Lenstra et al., 1982).
Let S be the set of all distinct solutions of f,,(z) = 0. Each element of S is viewed as a
one element sequence.

Step 3. Take the first sequence L = (ay,, ..., qq) in S, and eliminate it from S. Then,
substitute y of F(x,y) with (37", aya’) + zz'~! where z is an indeterminant, and obtain

that
F(a:, (Z aixi> + le_l) =F_1(z,2).
i=l

Let f;_1(z) be the leading term of Fj_i(z,x) with respect to x. Solve the equation
fi—1(2) = 0in @ and let {fB1,..., 5.} be the set of all distinct solutions. For every k,
1 < k <, check whether F(z, (31", a;a’) + Brz'~!) is a constant or not. If it is equal
to a constant, put {(ayy,, ..., aq, Ok) in T and go to step 4. Otherwise, put (e, ..., ar, k)
in S. However, if | = 1 and F(x, (Zzn:l aixi) + 0k) is not a constant, then omit this
sequence. If f;_1(z) = 0 is not solvable in @, then simply eliminate the sequence L from
S. After we finish this step with L, go back to Step 3 again until S is empty and output 7.

Step 4. Let G(z) be the corresponding polynomial in T, factor F(z,y) — F(x,G(x))
over () with the algorithm in Lenstra (1987). Note that F'(z, G(z)) is identically equal
to a constant. If F(z,y) — F(x, G(x)) has factors of the form y — Gy (x), 1 <k < r, then
include all such Gg(z) in T too. If there are two polynomials g(x) and h(z) in T such
that g(z) — h(z) is not a constant, then output 7" and stop. Otherwise, go to Step 5.

Step 5. Choose a sequence L = (a;,,...,ao) in T. (Here, ap may equal 0.) Substitute
y of F(z,y) with (Z:’;l aixi) + z where 7z is an indeterminant, and obtain that

F(X, (i aixi> + Z) = Fo(z,z).
i=1

If Fy(z,7) € Q[2],let T = {{ym, ..., a1)} be the output and F(z,y) = > im0 ci(y—g(z))?
where g(z) = Yi", ayz’ and ¢; € Q. Suppose that Fy(z,z) is not in Q[z]. Let fo(z)
be the leading term of Fy(z,x) with respect to z. Solve the equation fo(z) = 0 in @
and let {01,...,0,} be the set of all distinct solutions. For every k, 1 < k < r, check
whether F(x, (Zyil aixi) + fBk) is a constant or not. If it is equal to a constant, put
(s - - a1, Bk) in T. Otherwise, simply omit the sequence (a,,...,a1,0). Finally,
output 7' and stop.

THEOREM 3.1. Algorithm FACTOR is correct and in polynomial time.
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PrOOF. We first show that this algorithm is correct.

Step 1. If F(x,g(x)) = ¢, then g(z) is an approximate solution. By Proposition 2.6,
deg(g(z)) < m.

Step 2. Substitute y of F(z,y) with G(z) = Y1 ¢;z’ where ¢; are indeterminants.
By our choice of m,

R )

= deg, (Z(fk(m)(cmxm)k)>

k=0
= deg, (F(x, za™))
=sm + ts.

We write that

m t
F(aj, Zc,xz> =G(em,...,co,x) = Zgj(cm, o ,co)mj
j=0

i=0
for some t. Thus, deg,(G(cm,...,co,x)) = deg,(F(z,x)) = t. Let polynomial g
(¢my- -+, co) be the leading term of G(¢p, ..., co,x) with respect to x, which has only

one variable ¢,,; hence, f,(2) = g:(2).

For any polynomial h(z) = Y /' b.z" over Q, deg(F(z,h(z))) < t if and only if
gt(by) = 0. Thus, we can obtain all the possible values of a,,, such that F(a:, >t aizi) €
Q by solving f,(2) = 0 over Q. Since deg(f,.(z)) =s=deg, (F'(z,y)), the number of dis-
tinet solutions of f,,,(z) = 0 is less than or equal to deg, (F(z,y)).

Step 3. It is easy to see that if g(z) is in T, then F(x,g(x)) € Q. We want to prove
that if there exist polynomials g(z) € Q[z] such that F(z, g(z)) € Q, then with Step 3 of
FACTOR we shall find one such polynomial. To avoid the complication of the indices, we
demonstrate the case where there are only two distinct polynomials U(z) = > w;a’
and V(z) = > 1" vz’ over @ such that F(z,U(z)) =di € Q and F(z,V(z)) =ds € Q,
respectively. This should suffice to convince the reader that the general case also holds
true.

There are two possible cases, either d; = dy or di # ds. We demonstrate the case
dl = dg first. If dl = dg, then

Fla,y) = (y = Ux)(y = V(z)H(z,y) + dv

for a polynomial H(z,y) =Y 7, hk( )y¥ over Q and

F(m,201x1> = (Z(ci — ul)ﬂ) (Z(C — ;)T ) ( ch ) +d;.
Note that
m s—2 m k
deg,, (H (x, Z clmz>> = deg, < (hk (z) <Z cimi> ))
i=0 k=0 i=0
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s—2

k=0
=deg, (H(x,za™)).

The leading term gi(cm) = fm(cm) of F(z,3°1" c;x?) is (Cm — tm)(Cm — Um)Fn(cm)
where F,,,(¢,,) is the leading term of H(x, > clx‘) Therefore, u,, and v,, will be the
solutions of equation f,,(z) = 0 as discussed in the proof of above step. If u,, # v,, and
Fp(um) # 0, then let

F(2,uma™ + z2™ 1) = F,,_1(2,2).

Let f_1(2) be the leading term of F,,,_;(z,x) with respect to z, then

fmn—1(2) = (2 = um—1)(Um — vm) (Fin(tm)).
Also,

gtfl(uma Cm—1y+++y CO) = (Cmfl - umfl)(um - vm)(Fm(um))
Hence, frm—1(2) = gt—1(z). We may obtain the value of u,,_; by factoring the polynomial
fm—1(2). Then, with the procedure of FACTOR we may obtain the values of the remain-
ing u; for 0 < ¢ < m—2. This is also the case for the values of v;, 0 < i < m, if F,,(v,,) # 0.
Suppose that w,, # v, but F,,(u,) = 0, then gi—1(tm,cm-1,...,¢0) = 0. It may

happen that g;—g(tm,Cm-1,...,¢0) =0 for 1 < k < r and r > 1. However, as soon as
we reach the term that g;—p—1(%m, Cm—1,...,c0) Z 0 then
Gt—k—1(Ums Cm—1, -+ 5¢0) = (Cm—1 = Um—1) (Um — V) H (U, C—1, - - ., C0)

where H (tm, Cm—1,---,¢0) Z 0. Similarly,

m—1 m—1 k
deg, (H (x,umxm + Z cixi>> = deg, (hk(m) <umxm + Z cixi> ))
i=0 1=0

_ deg, ( () (™ + cmlxmwk))

@
|
N

= deg, (H(z,upnz™ + zz™1)).

Hence, fm—1(2) = g1—x—1(2). We may obtain the value w,,_1 by solving the equation
fm-1(2) = 0. Note that in this case f,,—1(2) = 0 may have more than one solution,
because H (t,, 5, ..., co) might be identically equal to 0 for some 5 € Q. Then, sequence
(atm, B) will be checked to see whether it should be put in T or in S, or simply omitted
according to Step 3 of FACTOR.

Now, assume that w,, = v, then g1 (tm,cm—-1,...,¢0) = 0. Like the case above
where Fy,,(u,,) = 0, the leading term which is not identically equal to zero will be in the
form

(Cmfl - umfl)(cmfl - Umfl)H(uma Cm—1y+++y CO)v
which is equal to f,—1(¢m—1). Thus, u;,—1 and v,,—1; will be obtained by solving the
equation f,,—1(z) = 0. Similarly, we may have solutions other than w,,_1 and v,,_1, and
we proceed as described in Step 3 of FACTOR. With the same reasoning, we may obtain

the remaining values of u; and v; by FACTOR.
We now prove the case where d; # ds. By Proposition 2.1 (or Theorem 2.3 for the
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more general cases),
F(z,y) =y —U) - [(y —Ulz) - d)G(z,y) + (d1 — d2)/d] + dy

for a G(z,y) € Q[z,y] and a d € Q. The proof of this case is similar to the proof of the
previous case where w,, = vy,. Let U(z) = > " u;z’, then

F(m,zgciﬂ) = (Z(cz—uz)xz> <Z(ci—ui)xi—d>G<x,Zocixi> +(d1—d2)/d| +d;.

=0 i=0

The value of u,, is obtained by solving f,,(z) = 0. Next, assume that sequence (tuy,, ..., u;)
is obtained. Let H(z) = 21‘10 a;z* where a; = u; for i > [ and a; = ¢; for i < I. Then the
leading term of F'(x, H(x)) is equal to f;j_x(c;—1) which must have a factor ¢;—1 — u;—.
Thus, we shall obtain the value of w;_1 by solving f;_x(z) = 0 over Q. Therefore, we
may obtain the approximate solution of F(z,y) successively with the algorithm FAC-
TOR. Hence, if there exists an a polynomial g(z) such that F(x, g(x)) € Q, we shall get
one such polynomial at the end of Step 3.

Once we get a polynomial G(x) such that F(z,G(z)) € Q, i.e. G(z) € T, then two pos-
sible cases of F'(x,y) described in Theorem 2.5 are handled by Steps 4 and 5, respectively.

At first sight, one may feel that we may repeat Step 3 until all the sequences L in S
has reached to [ = 0. Then each sequence L in S corresponds to a solution. Thus, we may
omit Steps 4 and 5. However, in this way we shall miss some solutions. For example, let

F(z,y) = (y— 2%)(y — 2> — 2)(2® + y*) + 3.

Step 3 will give us the sequence L = (1,0, 0) (corresponding to x2), but we shall not be
able to get the sequence L = (1,1,0) (corresponding to z% + z).

Case 1. There are two polynomials g(z) and h(z) over @ such that F(x,g(x)) € Q,
F(z,h(z)) € Q, and g(x) — h(z) is not in Q. This is handled with Step 4.

By Lemma 2.2, F(z,g;(x)) € @ for every i, 1 < ¢ < m, if and only if F(z,y) =
[T — 9i(2))] - Gl ) + ¢ for a e € Q and a G(z,) € Qfz,y]. Thus, G(x) = gi(x)
for some i, and F(x,G(x)) = c. Hence, we shall get all g;(z), 1 < i < m, such that
F(z,g;(x)) = ¢ by finding the factors of F(x,y) — F(x,G(z)) which are in the form
y— gi().

Case 2. For any two polynomials g(x) and h(x) over Q, if F((z,g(x)) € Q and F(x, h(x))
€ @, then g(z) — h(x) is in Q. This is handled with Step 5.

Assume that F(z,y) is in this case. Now, there may be more than one sequence in T'
obtained by Step 4. Choose a sequence L = {(ay,...,ao) in T. (Here, ap may equal 0.)
Let G(z) = )", a;z". Note that for any polynomial h(z) € Q[z], if F(z,h(z)) € Q,
then h(z) = G(z) + ¢ for a ¢ € Q. Substitute y of F(z,y) with (3", a;z) + z where 2
is an indeterminant, and obtain that

F(m, (; aixi> —|—z> = Fy(z,2).

If Fo(z,2) = Fo(z) € Q[z], then F(z,G(x) + a)) = Fy(a) € Q for any a € Q. Thus,
F(z,y) = 37 g ¢j(y — G(x))? where ¢; € Q by Theorem 2.5 (or Lemma 2.4). Therefore,
let T = {{a,...,a1)} be the output. Now, assume that Fy(z,) is not in Q[z]. Note
that for any polynomial h(x) € Q[x], if F(z,h(x)) € Q, then h(z) = G(z) + ¢ for a
¢ € Q. Hence, if F(z,h(z)) € Q, then h(z) = G(x) + fy for a k, 1 < k < r. Therefore,
F(z,h(z)) € Q if and only if h(x) € T. This finishes our proof of correctness.
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Polynomials over @) can be factored in polynomial time (Lenstra et al., 1982; Lenstra,
1984; Kaltofen, 1985). It is easy to see that each step can be carried out in polynomial
time. In the process of FACTOR, there may exist zero sequences in .S, that is sequences
in the form (0, ..., 0) for ¢ consecutive zeros where 1 < i < m+1. There are at most m—+1
such sequences. Except the zero sequences, all the polynomials in S during the process of
FACTOR are approximate solutions of F'(z,y). The order of each approximate solution
is less than or equal to m < deg, (F(z,y)) by Proposition 2.6. Also, at each order there
are at most s = deg, (F'(x,y)) distinct approximate solutions by Theorem 2.7. Thus, the
total number of elements having appeared in S, including those eliminated, is less than
or equal to (s + 1)(m +1). This means that Step 3 runs at most (s+ 1)(m + 1) times. It
follows that FACTOR is in polynomial time. O

If F(z,y) = fi(z)y — fo(x), i.e. deg,(F(z,y)) = 1, then the coefficients a,...,ao
found successively by Step 3 in the algorithm FACTOR are just the coefficients found
successively with the usual division algorithm of fo(z) by fi(x). If the output of the
algorithm FACTOR is Y.!" ; o;z", then it means that

fo(x) = fi(z)- (Z aixi> te

=0

where ¢ € (. We may say that the algorithm FACTOR is an extension of the division
algorithm.

Next, we extend the algorithm FACTOR to polynomials with more than two variables.
We need to introduce a modified Kronecker substitution.

DEFINITION. (SCHINZEL, 1982) If F(x1,x2,...,%,) i a polynomial over @, and d >
deg,, (F(z)) for each 4, then Sq : F' — F(z, 2% 2%, .. 29" ") is called a Kronecker
substitution. Similarly, if F'(x1,x2,...,2,,y) is a polynomial over @, and d > deg,,
(F(z,y)) for each i, then Ty : FF — F(m,xd,de,...,xdn_l,y) is called a modified
Kronecker substitution.

It is easy to see that Ty(y — h(z)) =y — Sa(h(Z)). It is known that if d > deg, (F(z)-
G(z)) for each i, then Sy(F'-G) = Sa(F)-S4(G). We also have that if d > deg,. (F(Z,y)-
G(z,y)) for each i, then Ty(F - G) = Ty(F) - Ta(G).

LEMMA 3.2. (SCHINZEL, 1982) If Fy[z] € Q[z] satisfies deg(Fy) < d"~ ', then there
exists a unique F' € Q[x1,. .., x,] with deg,. F(Z) < d such that Sq(F) = Fy.

We may call the procedure of finding F' from Fy such that Sy(F) = Fy an inverse
Kronecker substitution, and write that S;'(Fy) = F. We can define the inverse modified
Kronecker substitution 17, ! similarly. Since polynomials are input in dense form and n is
fixed, the Kronecker substitution and modified Kronecker substitution are in polynomial
time. Also, the input length of H(z,y) = T4(F(Z,y)) is polynomially bounded by the
input length of the original F(Z,y). From the proof of above lemma in Schinzel (1982)
we can see that inverse Kronecker substitution can be performed in polynomial time too.
We then have the following lemma.
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LEMMA 3.3. The Kronecker substitution Sq, inverse Kronecker substitution S;l, modi-
fied Kronecker substitution Ty, and inverse modified Kronecker substitution Tgl are all
in polynomial time.

Now, we are ready to prove our final theorem.

THEOREM 3.4. There is a polynomial time algorithm which, given f(Z,y) = > 5_o fu(Z)
y* € Q|z,y|, determines whether or not there is a unique g(%) € Q[z], with its constant
term equal to 0, such that f(z,y) = Y.i_oci(y — g(@))" for some ¢; € Q. If this is the
case, then the polynomial g(Z) can be found in polynomial time. If it is not the case, then
in polynomial time the algorithm finds all polynomials {g1(Z), ..., g:(Z)}, t < s, such that
9:(2) € Q[z] and f(z,9:(2)) € Q for 1 <i <t

ProoOF. Let f(Z,y) = > 1_o fe(z1,. .. ,Zn)y*, and d be the maximum of deg,, (fr(z,y))+
1for 1 <j<mnandO0<k<s. Weapply modified Kronecker substitution 7y on f(Z,y)
and let F(x,y) = Tu(f(Z,y)). We apply FACTOR on F(z,y) and let T be the output of
FACTOR. For each g(z) in T, deg(g(z)) < d" by Proposition 2.6. Hence, S;'(g(x)) is
well defined. Let 7" = {S; ' (g(x)) : g(z) € T} be the output.

Since FACTOR is in polynomial time, with Lemma 3.3, this algorithm is in polynomial
time. Now, we prove this algorithm is correct. We first prove that if G(z) € T”, then
f(z,G()) is in Q. Let G(z) = S; ' (g(w)) for a g(z) in T. If g(x) € T, then F(z,y) —c =
(y —g(x)) - h(z,y) for some ¢ € Q and some h(z,y) € Q[z,y]. Then

f(@y)—ec=T; (F(z,y)) — ¢
=T; ' (F(z,y) — o)
=T, ((y — g(x)) - h(z,y))
T, (y—g(x) - Ty (h(z,y))
=(y—S;'(9(x))) - H(z,y)
(

for some H(z,y) over Q. Hence, f(z,S; ' (g(z))) = f(z,G(z)) = c € Q.
Conversely, we need to prove that if f(i:, G(Z)) is in Q, then G(Z) € T'. Assume that
=(y -

f(Z,G(Z)) =cforacin Q. Then f(Z,y) — G(z)) - H(Z,y) for some H(Z,y) in
Qlz,y]. Let S4(G(7)) = g(x) and To(H (3?“72/)) h(z,y). Then,
Fla,y) — c=Ta(f(2,y)) -

=Tu(f(z,y) - )

=Ta((y = G(7)) - H(z,y))

=Ta((y = G(2)) - Tu(H (Z,y))

(y = Sa(G(2))) - Ta(H(Z, y))
= (y — g(x)) - h(z,y).

Hence, F(z,g(x)) = c and g(z) is in 7. This implies that G(z) = S;'(g(z)) is in T’. O
Finally, we use an example to illustrate the algorithm FACTOR.

EXAMPLE. Let f(z,y) = 4y? — 423y — 422y + 8xy + 6y + 26 + 22° —3:5 — T3+ T+ k
where k is an unknown constant. Then m = 3; substitute y = zz* in f(x,y) and let
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f(x,za%) = F3(z, ). Let f3(2) be the leading term of F3(z,z). Then, f3(z) = 422 —42+1.
Solving f3(z) = 0, we obtain that z = 1/2 with multiplicity 2.

Substitute y = 23/2 + 222 in f(z,y) and let f(z, 23 + z2%) = Fy(z,2). Let fa(2) be
the leading term of Fy(z,z). Then fa(z) = 42% — 42 + 1. Solving 422 — 42 + 1 = 0, we
obtain that z = 1/2 with multiplicity 2.

Substitute y = (2% + 22)/2 + z in f(z,y) and let f(x, (2% +22)/2 + 2) = Fi(2, ). Let
f1(2) be the leading term of F(z,z). Then f(z) = 422+ 8z +3. Solving 422 +82+3 = 0,
we obtain that z = —3/2, —1/2.

Substitute y = (23+22—3x)/2+2 in f(x,y) and let f(xz, (23 +2%—-32)/2+2) = Fy(z, z).
Let fo(2) be the leading term of Fy(z, ). Then fo(z) = —42—2, we obtain that z = —1/2.

Substitute y = (23 +2%—1z)/2+z in f(z,y) and let f(x, (2 +22—2)/2+2) = Go(z, z).
Let go(z) be the leading term of Go(z,z). Then fo(z) = 4z + 4, we obtain that z = —1.
Therefore,

fz,y) = 4y* — 423y — 42y + 8wy + 6y + 2% + 225 — 3a2* — 723 + T + K
=4(y— (2> -2 +32+1)/2)(y — (2* —2* + v +2)/2) -2+ k
=Q2y—a® -2 +3x+ )2y —2® -2+ +2) -2+ k.

Now, if 2 is an odd integer, 23 +a2 —3x—1 is even, then y = (2®+2?—3x—1)/2is in Z and
f(z,y) = k—2. If 2 is an even integer, 23+ 2 —x —2 is even, then y = (2% + 2% —2—2)/2
isin Z and f(x,y) = k — 2. Thus, 32VaIy f(z,y) = z is true in Z by taking z = k — 2.

Acknowledgements

The author would like to thank an unknown referee, who pointed out a mistake in
the previous version of this paper. This work is supported by a grant from the National
Science Council of the Republic of China.

References

Aho, A. V., Hopcroft, J. E., Ullman, J. D. (1974). The Design and Analysis of Computer Algorithms.
Reading, MA, Addison-Wesley.

Chistov, A. L. (1986). Polynomial complexity algorithm for factoring polynomials and constructing
components of a variety in subexponential time. J. Sov. Math., 34, 1838-1882.

Dean, R. A. (1990). Classical Abstract Algebra. New York, Harper and Row.

Kaltofen, E. (1985). Polynomial-time reductions from multivariate to bi- and uni-variate integral poly-
nomial factorization. STAM J. Comput., 14, 469—489.

Lenstra, A. K. (1984). Factoring multivariate integral polynomials. Theor. Comput. Sci., 34, 207-213.

Lenstra, A. K. (1987). Factoring multivariate polynomial over algebraic number fields. STAM J. Comput.,
16, 591-598.

Lenstra, A. K., Lenstra, H. W. Jr, Lovdsz, L. (1982). Factoring polynomials with rational coefficients.
Math. Ann., 261, 515-534.

Schinzel, A. (1982). Diophantine equations with parameters. In Arimitage, J. V. ed., Journées Arithme-
tiques 1980, Volume 56 of London Mathematical Society Lecture Note Series, pp. 211-217. Cambridge,
Cambridge University Press.

Schinzel, A. (1982). Selected Topics on Polynomials. Ann Arbor, MI, The University of Michigan Press.

Tung, S. P. (1985). On weak number theories. Japan. J. Math., 11, 203-232.

Tung, S. P. (1987). Computational complexities of diophantine equations with parameters. J. Algorithms,
8, 324-336.

Tung, S. P. Computational Complexities of Diophantine Inequalities, manuscript.

Received 22 April 1999
Accepted 29 September 2001



	Introduction
	Approximate Solutions
	Algorithm
	References

