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1. Introduction

In recent years many studies have been devoted to the investigation of the problem of linearizability for plane systems
of ordinary differential equations (see for instance, [1-3] and references therein). In this work we consider real two-
dimensional systems of differential equations

X = Aixi +Xi(x1, %) (i=1,2), (1)

where X; = Y"1 XPRR2 p = (p1,p2), Pi € Zy, Dl = p1 4 P2, Ai € R, the ratio A1/A; is irrational and negative,

and it is supposed that the series X;(x1, x,) are real and convergent in a neighborhood of the origin. Then the origin is a
non-degenerate saddle for (1). Define
Sp=Mp1+Ap2—2 (pl =2, i=1,2).

Obviously, §;, # 0. As is well-known (see e.g. [4,5]), there exists a unique formal change of coordinates
xi=yi+hQy,y) (=1,2), (2)
where h; = Z;f’lm:z hl@ ) y4'y%2, which transforms system (1) into the linear system

vi=Ayi (i=12). (3)

Since A1/, < 0, there exists a sequence of vectors p™, p® such that [p™| — o0, |8, | — 0 for k — co. Therefore, for
the system (1) there arises the so-called problem of small denominators, which means that fast decreasing of numbers |p|
can lead to the divergence of (2).
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By Theorem 4 of [5, Section 4] the transformation (2) is convergent if the eigenvalues A; (i = 1, 2) satisfy the condition
o which requires that

o0
— ZZ’klna)k < 400 (wr =min|dp| over p: 2 < |p| < 26).

k=1
In the present work we do not require that the condition w holds, that is, arbitrary “bad” small denominators are acceptable.
For instance, the special transcendental numbers can be chosen as X;, and then a special Brjuno analytic system of the form
(1) with divergent linearizing substitution can be constructed (Theorem 2 of [5, Section 6]). Since we do not impose any
restriction on the small denominators in order to have analytic equivalence of systems (1) and (3) we need some additional
assumptions. In this work we suppose that the transformation (2) is convergent in one of the variables, and prove that this
assumption yields the absolute convergence of the series h;(y1, y2) (i = 1, 2).

2. Preliminary transformations

We show that by a change of the coordinates analytic at the origin we can eliminate in system (1) the terms X,-(p)xlilxgz
such thatp € my U, wherer; = {p | 0 < p, <p§0),0 <py <400}, m={p|0=<p; <p§0),0 < p1 < 400} (that is,
7t and 7, are infinite strips from the integer grid of the first quadrant).

Proposition 1. For any pﬁo), pgo) € Z. such that pﬁ‘” + pgo)

Y perium, N7 VA1Y52, which transforms (1) into the system

> 2, there exists a convergent substitution (2) with h; =

' pO p©
Vi= yi+y' ¥ i, y2), (4)
where Y; = Z;f =0 Yi(p)yﬁ” y52 and Y; are convergent in a neighborhood of the origin (i = 1, 2).
Proof. Differentiation of (2) yields
© (0 © 0

2
dh;
i+ )+ Xin + o ya + ) =y + 5 W5 Vit ) m qyi + 5 95 Y.
j=1 9V

Equating in this equality the coefficients of y‘l’1 y’f for p € m1 U m,, we obtain

(AMp1 + A2p2 — )\i)h;me) = {Xiy1 + i1, ¥2), Y2 + ha(v1, y2)) ) P1P2), (5)

where |8ip| = |A1p1 + Aap2 — Ai| > & > 0 for all admissible p, because for such p either p; or p, in §j, is bounded. Therefore,
(P2 < & X+ gz + Ro)) PP,

Here and below we use the notation Z(zl, ) =) |Zi(p ) |zf lzgz. The convergence of h;(y) is now easily proved by

o0
. p1+p2=2
the Cauchy majorant method. 0O

Denote by R the radius of convergence of the series X;(x, Xxo) in the system (1).If (a, a) is a point of absolute convergence
of the series X;j(xq, x»), we can perform the linear change x; = dx; to obtain a series with the radius of convergence greater
than 1. Therefore, without loss of generality we can assume that in (1)

X = i ix,@xﬁlxg’z, R>1 (6)

p1=2p=0

(the first condition of (6) follows from Proposition 1 if we choose p(10) =2, p;m = 0). It follows from (6) that, in particular,

o0 (o]
X1, 1))=Y x| < oo,
P1=2py=0
Any formal series Z = Y ° , > ;Z%2{'z}* can be considered as a series in one variable with the coefficients
depending on the other variable; in such a case we write Z = )" °_, Z[1! (22)2"", where zZIP1! = PONIIAL P2)Zh2,

Lemma 1. Assume that for the system (1) the condition (6) is fulfilled and the substitution (2) transforms (1) into the linear
form (3). Then

o0
Vpi=2: WP =Y ) < oo,
p2=0
Proof. The series X and h satisfy the relation
(3hi/3y1)A1y1 + (8hi/dy2)A2y2 — Aihi = Xi(y1 + hy, y2 + ha).
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Equating the coefficients ofy‘tl”yg2 for p; > 2, p, > 0 we obtain Eq. (5). From (5) it follows that an upper bound for hfp) is
given by

Pl < 18571, (7)
where Wi(pl’pz) = {)?i(yl +ﬁ1,yz _}_’52)}(;71,;:2). Note that the series with non-negative coefficients ¥;(y:, y») = 2@1 +
h1(y1,¥2),y2 + ha(y1,y2)) converge if |y; + hi(y1,¥2)| < R,. From the Taylor expansion we have
> = 919X (1, o) B R
Wiy, y2) =X,y + Y ' L

q1+q2=1

ax1ox?  qilq!

We re-expand the obtained series as a series in the variable y;. Taking into account that the expansions of the function
X;, h; in y; start from terms of at least the second order, we conclude that sl/,-[p isa polynomial with positive coefficients
of the functions Xi[k] 2)2 < k < py), the derivatives of these functions up to the order p; — 1 and the series
hi2! W), ... ,E“” ~1(y,). Using (6) we conclude that the series Xi[p‘](l) are convergent; therefore, for y, = 1 the derivatives

of z[p 1l (y») of any order converge as well.

Going back to inequalities (7) we note that for any fixed p > 2 there exists an g,, > 0 such that |8;,| > &, forallp, > 0.
Therefore, summing up (7) over p, we obtain

o0 00

(p1.p2) -1 (p1.p2) Tip1l —1yylp1l
D R <, 1Y g or hP(1) <6y P (1),
p2=0 p2=0

It remains to show thatA{””(l) < 00. We show this by induction on p;. For p; = 2, obv1ously, ](1) < 5’111/[2](1)

Xi[z] (1) < oco. Assuming now that the series h A}” (1) are convergent for k < p; we obtain that llfi[p’] (1) is a finite sum of finite
products of finite quantities. Therefore, the series ’Iﬂp 1](yz) are convergent fory, = 1. O

1 (y,)y%". Then,

p1=2""1
by Lemma 1 the series hl[p 1J(yz) are convergent for |y,| < 1 and we always can compute their values at y, = 1.

Let us assume that for y, = 1 the series h;(y{, 1) = Z h[pl](])y’i1 are absolutely convergent in y;. This means that

We write the formal series h; of (2) as the series in y; with coefficients dependingony, : hj = > o

p1=2

Jc, C>0:  |hPY(D)] < e, (8)

After minor generalization of the theorem on convergence of Dulac’s integrals [6, Section 14] we obtain the following
statement.

Lemma 2. For any absolutely convergent real series Zk ) cl(k) y’{ there exists a linearizing substitution

X =yi+ Z g vt 9)
k=2

with (perhaps non-analytic) coefficients g; )(yz) satisfying the initial conditions gl( )(1) = C ) which is absolutely convergent
in y1 uniformly over y, € [—1, 1].

Therefore, if (8) is not fulfilled, then among substitutions (9) there is no substitution of the form (2) having (by Lemma 2)
coefficients which are analytic in y,. Using (8) we apply to the substitution (2) Lemma 2 and obtain that it is analytic in y,
uniformly over y,.

However, for arbitrary real series in yq, y, the condition (8) of the pointwise convergence and even the stronger
assumption of convergence of the series in y; uniformly over y, do not guarantee the absolute convergence of the series
in both variables, as is shown in the following statement.

Proposition 2. For any divergent real series Z,f';l az¥ it is possible to construct a series

oo My

fluv) = Z 2 e [ = .

=1 m=k

which is, obviously, divergent (because the series Z,fil f%b ) is divergent); however if we write down f as a series in u
with the polynomial coefficients in v, that is, f = Y .=, f¥(v)u*, where fI1 = v¥(qy + f**Dy 4 ... 4 fEmIY™e) - then
IFM @) < 1for [v] < 1.

Proof. We make a suitable choice of degrees my and coefficients f *¥t) (1 < j < my) as follows.

For k > 1 such that |ai] < 1, we let m; = 0. Then |[f¥(v)| = |axv¥| < 1for |v] < 1. Now, for k > 1 such that |a;| > 1,
we define I, = [—|3ax|~!, |3ax|~!] and consider on [—1, 1] the continuous function
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g(v) = {3ai|v| for v €I, lag| for v e [—1,11\ I}

By the Weierstrass theorem there is a polynomial Gy (v) of degree m; > 1 such that |g(v) — G, (v)| < 1/2 for [v| < 1.
Since g(0) = 0, we see that |G,(0)| < 1/2. Let

Fe(v) = Ge(v) — G(0),  fM) = v*(a, — signa F(v)),
thatis, Y™ f*)v/ = —signay F(v).
We show that the polynomial f¥(v) has the required property. Since
lg(v) — Fe(v)| < Ig(v) — G (v)| + |G(0)] < 1,

we obtain |F(v)| < g(v) + 1. By the definition, [f(v)| = |v¥| ||ax] — Fc(v)].
Ifv e [—1, 1]\ I, then |a;| = g(v) and [ (v)| < |g(v) — F(v)| < 1.1fv € I, g(v) < |ay],

M) < Ba ™ (al + €@) + 1) < Bal™ (1/3+1/3+Bal™) < 1,

because k > 1and a, > 1.
Thus, [f''(v)| < 1forallv € [—1, 1]. Therefore, we have constructed the series f with polynomial coefficients in v, which
is absolutely convergent in u for |u| < 1 uniformly over v € [—1, 1], but it is divergent as a series in two variables. O

3. Convergence of the linearization

We have seen that for arbitrary series the condition (8) does not guarantee the analyticity of the series. However, if (8)
holds not for an arbitrary series, but for the coefficients h;(y) of the linearizing transformation (2), then the transformation
(2) is analytic in a neighborhood of the origin.

Theorem 1. Assume that the normalizing substitution (2) transforms the system (1) satisfying (6) into the linear system (3) and
for (2) the condition (8) is fulfilled. Then the transformation (2) converges for any rationally incommensurable A1 and .

Proof. Consider the inequality (7) from Lemma 1. The quantity J;, is different from zero and for a fixed p14;, is a linear

L . . . (U ) ) )
function in p, with A, # 0. Hence, there exists an md.ex Py = 0 such Fhat ‘Si(pl,pﬂ”)‘si(pl,pg”ﬂ) < 0. Then, |8i(p1,p§”)| +
|(Si(plyp(]i)+])| = |Az] and |81'(p1,p(]i))| #* |(Si(plyp(]i)+])| (otherwise there exists an index p such that §;, = 0).

Assume, for instance, that |8i(m,p<1f))| < |8i(m,p§i)+l)|. Then,
18,5, o0 < P2l/2 =2, YD # D) [8ipr 0| > .

i(p1.py

()

From the condition (8),Vp; > 2 : |[n”""1 + 3,0 WP < CP; therefore,
1

(p1.p2) (p1:p2) (p1.p2)
|hiP1 p2 | < CcP + Z hip] P2 < CcP + Z |hiP1 P2 |
(i) (i)

P27P; P2#P;
Hence, from (7) we obtain
0)
(P1.p2) ~1g,(P1.p2) i ®1.p7) - (P1.p2)
R < e (py £ ), BT < cet Tt Y g

pap?

For any p; > 2 we sum up over all p, > 0 and obtain

o0 o0
Z |hl_(P1qP2)| < CcP 4+ 2¢-1 Z llfl-(pl'pZ) < Cch 4+ 2¢~1 Z q,l_(mqu)’
p2=0 pa#p) p2=0

or, equivalently, mpl](l) < CcPr + 25‘]%[’”](1). It is proved in Lemma 1 that lI/i[pl](l) are finite numbers. Multiplying the
latter inequalities by y‘]’1 and summing up over all p; > 2 and i = 1, 2 we obtain the majorant inequality

i, D)+, 1) < O@1) + 267 (W@ (1, 1) + W, 1)), (10)

where @ (y;) = 2C Zg?:z cP1yf! is the convergent series.
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__ By (6) the series X;(x;, x,) are convergent for |x;|, [x,] < R, where R > 1. Therefore, for small y;, n&i(y1,n) =
Xi(y1 +n, 1+ n) are analytic functions of y1, 1 and their expansions start from the terms of at least the second order.
Letn = h1(y1, 1) + ho(y1, 1); then ¥;(y1, 1) < X;(y1 + n, 1 + n). Thus, (10) yields the majorant inequality

n<0W)+2e (B, ) + &1, ).

Replacing now the symbol of majorant by the symbol of equality and n by 77, we obtain the equation @ (y;, ) = 0, where
®(y1,7) = 01is an analytic function. It is obvious that the equation @ (y, 77) = O satisfies the Implicit Function Theorem.

Hence it has an analytic solution 7(y1) which majorizes the series n = 71} 01, 1) —|—'ﬁ2 01, 1).

Thus, the series hi(y;, 1) = Z;‘:ZZ W Z;‘:ZZ |hf” 1'P2)| are convergent yielding that the series h;(y;, y») are absolutely
convergent for [yq| <yjand|y,| <1. O
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