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1. INTRODUCTION

For the single type branching process or Galton-Watson process several
basic probabilistic phenomena have only recently been studied under natural
hypotheses. For example Yaglom’s theorem [1, p. 18] asserting the existence
of a limiting probability measure of Z, for processes Z, with mean less than
one, conditioned on Z, # 0, is valid without additional hypotheses [2, 3].
Here, in treating the processes with % types (k >> 1) our goal is a similar
discussion of basic phenomena, under their weakest possible and therefore
natural conditions. While all the phenomena treated here are known (except
possibly the local limit result in Theorem 5), we nevertheless decided to give
a self contained treatment, accessible to a reader unfamiliar with the single
type theory.

Our treatment however is restricted entirely to the case p < 1, p being the
largest (positive) eigenvalue of the expectation matrix M, (p = m = E[Z]]
in the case & == 1). The reason is the existence of a complete theory by Kesten
and Stigum [4-6] for the case p > 1.

For the specialist we give the following literature references concerning
known results and methods used in this paper (The theorems referred to
below are listed in Section 3.) In Theorem 1 only the statement of uniformity
in (3.3) is new, while (3.1) and (3.2) are proved in Harris [1]. Equation (3.3)
without uniformity, and under excessive moment assumptions, is due to
Jifina [7] for p << 1, and to Mullikin [8], when p = 1. Similar remarks apply
to Theorem 2 which is an immediate consequence of Theorem 1. Theorem 3
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was proved by Jifina [7] under the hypothesis that second moments exist,
but the independence of the limiting measure on the initial state of the
process is not made clear in [7], nor was it pointed out in [1]. Theorem 4 was
recently proved by Heathcote ef al. [2] in the case of a single particle (¢ = 1).
Theorem 5 seems to be a new, but very simple observation. It can be used
to give a complete description of the entrance boundary (invariant measures)
for processes with p < 1, satisfying the condition (3.10) of Theorem 4.
Finally, in Theorem 6 both the formalism (see Eq. (4.35) in the proof) and its
corollaries (3.14) and (3.15) are due to Mullikin [8], who developed them
under stronger hypotheses but in a far more general context. To obtain the
full strength of Theorem 6 it seems necessary to use the uniformity assertion
in (3.3). The result (3.13) of Theorem 6 is the obvious k-dimensional analogue
of Theorem [ in [9]. In fact, straightforward imitation of the methods in [9],
with careful use of (3.3) will yield the extension of several other results in
[9] from k& = 1 to an arbitrary number of types.

2. DEFINITIONS AND NOTATION

We call X the set of all k-tuples i = (4, , %3 ,..., %) whose elements are
non-negative integers 7, . The zero element is 0, and e, will denote the basis
vector ¢ with ¢, = 1, all other 7, =0.

The k-dimensional cube of points s = (s, , 53 ,..., 8,), 0 < 5, < 1, is denoted
C. It has zero element 0, and unit element 1 = (1, 1,..., 1). The obvious
partial order on C is s < ¢, when s, < ¢, for all v and s <t when s, <1,
for all ». A mapping f of C into C or of C into the reals will be called monotone
(nondecreasing) if s < ¢ implies f(s) < f(¢), and f(t) 7 1 means that f is
monotone and tends to 1 as £ 1 in C. Similarly if F(¢) is a k by % matrix
(quadratic form) for each t € C, then F(z) "\ 0 will mean that ¢ < s implies
F(t) — F(s) has non-negative elements (coefficients) and F(¢) tends to the 0
matrix (quadratic form) as ¢ — 1 in C. Finally we shall use the notation ¢,
when i € X, s € C, to denote the product [T¥_, (s,)%.

For each integer o, 1 <{ o < k, we assume given a probability measure
p. on X, and in terms of these given measures one proceeds to define the
branching process Z, , as a Markov chain with state space X. Its transition
probabilities are given by

P0,0)=1, Pl ,i)=p), icX,

P(i,j) = p{ 5 pg? o 5 pEP(f),  jeX, (2.1)

where p!™ is the n-fold convolution of p, with itself. Thus P(i,j) is an
(¢4 + 4, + --- +4;) fold convolution. The n-step transition probabilities
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are now uniquely determined by the requirement that Z, be a Markov chain.
For each initial position Z, =i e X, we therefore obtain a probability
measure P,[ ] on the sample space of the process. The corresponding
expectation will be denoted E;[ ]. Whenever A4 is of positive P,-measure,
we will write P[B | 4] for P,[A N B]/P,[A].

The so called generating function of (Z,) is defined by

F6) = f2(8) = (fra() Fra(S)sees 1 1(8))s
f1.d8) = Ecu[szl] = z 2:(0) 5, seC. (2.2

eXx

Since p, is a probability measure, f maps C into C. It follows from (2.1)
together with a little computation based on the Markov property (cf. [1],
p. 36), that the n-fold composition of f,

Ja(8) = (foals) fud)os SuaS) =F o f o 0 f(s)y n=1,

satisfies
fous) =E Js*], n>1, 1<a<k seC  (23)

It is consistent with the above to define fy(s) = s, s € C.
Throughout we shall assume the finiteness of the k& by k matrix M,
Mg =E,[Z, ] =) pli)is, I <o, B<R (2.4)
ieX
Furthermore it is assumed that there exists a positive integer n such that

M= > 0 (all elements positive). This is known [10; Appendix 2] to entail
the existence of a positive number p (the largest eigenvalue of M) such that

n

ng j;ln =u®v ((#® V)5 = 1) (2.5)

where u > 0, v > 0 (all components positive) are the unique nonnegative
eigenvectors of M, corresponding to p. Thus

Mu = pu, oM = pv, vou=1, u-1=1, (2.6)
the normalization in (2.6) being assumed for the sake of convenience.

(Note: A product x - y when x, y are in euclidean space R, , will always
denote the scalar product, and xMy the obvious bilinear form. It is not requir-
ed that x and y lie in C; we may for instance have x € X, and y € C.)

The above assumptions concerning M suffice when p << 1; In the case
p = 1, however, we assume more. First of all we rule out the degenerate
case described by

f(t) = Mz, teC. (2.7
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Since (2.7) implies that 1 = f(1) = M1, we see that p = 1, so that (2.7)
cannot occur when p < 1. In fact (2.7) describes the degenerate case when
the total number of particles is independent of time. Then the study of Z, ,
with Z, = ¢,, reduces to the study of an irreducible Markov chain with &
states, whose transition matrix is M.

Finally we assume, for the sole purpose of Theorem 6, with p = 1, that all
the second moments of Z, are finite. Equivalently

). =53 T AL~ ] < @

for all 1€ C, 0 < « < k. Here 3 is the Kronecker delta, and ¢[ ] is clearly
a vector whose components are quadratic forms of order k. In terms of ¢f ]
and the left eigenvector v in (2.6) we shall find it useful to define the quadratic

form Q[ ], by
Olt] =v-4lt], teC. (2.9)

We shall be particularly interested in the value of O at u (see Theorem 6).
For the simple Galton-Watson process (k = 1) with p = 1, we have
q[t] = %62 where o2 is the variance of Z, when Z; = 1. Since M =p =1,
u = v = |, one has Q[u] = o%/2.

3. PrincipaL RESULTS

Tueorem 1. When p < 1 and when p = 1 and f(t) + Mt,
HO#E1  om  C—{1}, for nx=0. 3.1
1 —f(t)—>0, a 27—, uniformly on C. (3.2)

1 '_fn(t) —>u
ve[1—=fu®] 7

TuEOREM 2. When p < 1, there is a monotone nomincreasing real function
¥(t) on C, such that

a  n— o, uniformly on C — {1}. (3.3)

w-[l;fn(t)]\y(t)>o, as n—>ow, teC,  (34)

1 “P{n(t) — (1) u, as n— 00, teC, (3.5)

pPIZ, 0| > HO) (i w),  as  n—>am, (3.6)
for each i € X.
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THEOREM 3. When p << 1, the conditional probability measure

Pi[Zn=]|Zn;é0]=T)i—[[Z—n—¥%):%——>X(]), jeX —{0}, a n—®
3.7)

for each i€ X — {0}. Here x is a probability measure on X — {0}, which is
independent of the initial point Zy, = i in X — {0}. The mean vector
m = {(my , My ... m;) of x defined by

mo= 3 x(Di (3-8)

jeX—{0}

is finite if and only if the constant y = y(0) in Theorem 2 is positive. In the latter
case

m=—u (3.9)
THEOREM 4. If p << 1, then the constant y = y(0) in Theorems 2 and 3 is
positive if and only if

E,[Z glog Z, ] = Z Pult) 15 log 4g < 00 (3-10)

e X—{0}

Joralll <o<kandall ]l <B <A

THEOREM 5. Suppose that p <1 and that (3.10) holds (so that y >0).
Suppose also that j — oo in the sense that j - u— + oo, and that n— + ©,
in such a way that (j - u) p™y — A > 0. Then

lim P,[Z, =i] = x(?), 1eX, (3.11)
where x 4 15 a probability measure on X. It has generating function

Y x4f) 8¢ =A@, g5)= Y (), seC, (3.12)

ieX iex—{0}

where x is the limiting measure in Theorem 3.

THEOREM 6. Suppose that p = 1, f(t) # Mt, and that the second moments
of Z, are finite. Then

I R
CR A0 R ey

1
n

g*’Q["]>°’ as  n-» oo, (3.13)
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uniformly for all t € C — {1}. In particular

nP(Z, # 0] > — Q[ ] as  n—> 0, (3.14)

for each fixediin X — {0}. Also, for every vector xin Ry , and each i in X — {0}.

0 i minkx“ <0

Cag

PiZ, < nx| Z, # 0] — (3.15)

l—exp‘ x2=0.

vk x,
? Olu] 1<a<k ( )

This limit measure has its support on the ray x = cv, ¢ > 0.

4. PRrRoOFS AND DisCUsSION

As in the case & = 1 (the Galton-Watson process) the elementary theory
depends on little more than the expansion of f(t) about ¢ = 1. We give this
expansion to first order now, and to second order later on, in the proof of
Theorem 6. For fixed 7 in X, let

o(t) =t' = 1:[ &y,  Y(t) =¢(l —t), teC. 4.1)
Then
W —1 =) — ) = [ Zuende=[ t-gudpends (4

t x
= — Y teis + Y taegli, 2), (4.2)
p=1 f=1
where
k i
't—'[ llll(l—gt")vd] teC e X 4.3
EB(’,)'—zﬁ l—fo——-ngtB— g ’ y 12 . (.)

We shall now replace t by 1 — £ in (4.2), multiply (4.2) by p.(i), and then
sum ¢ over X. To simplify the notation we introduce first the matrix E(t),
t € C, defined by

E ) =Y p)esli 1 —12), teC, 1<a, B<k (44)

t€X
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Observe that (4.3) and (4.4) imply, for s, t € C,

0 <E<K M, t < s = E(t) > E(s),
E(t)—0 as t—>1 in C. 4.5)

Now the result of summing (4.2) with respect to the measure p, is

Y (= 1)p) =frut) — 1 = — Z (M., — Ep(O)] (1 — 1),
B=1

iex
or in vector notation
1 —-f@)=[M—E®HQ —1), teC. (4.6)

The proof of Theorem 1 begins with the observation that it suffices to
prove (3.1) when n = 1. (For fy(t) =t # 1 when t # 1, and if f,(z) = 1
for n > 1 and ¢ # 1 we may choose m > 1 as the smallest integer such that
fu(t) = L. But then f,,_,(¢) 5 1 and f[ f,,_4(2)] = 1 shows that (3.1) is false
whenn = L)Iff(t) = 1, ¢ # 1, then by the monotonicity of f, we may choose
t' e C, with some component #; < 1 and all other components one, so that
also f(t') = 1. But this implies (see 2.2) that p,(¢) = O for all « and all 7 with
iy > 0. Hence (see 2.4) M, = 0 for all « which contradicts the hypothesis
that M* > 0 for some #. Thus (3.1) holds.

For the proof of (3.2) observe that

0<1 —£(t) <1 —f£0), fi0)7qgeC, as n—>oco. (47)

Setting ¢ = £,(0) in (4.6) and using the monotonicity of E in (4.5),

1 —g=[M—Eg]I( —g). (4.8)

Forming the scalar product with the left eigenvector ¢

v (1—q)=po-(1—-¢q)—v-Eg1—g)

Since p << 1, v > 0 and E(g) = 0, it is clear that E(g) (1 — ¢) = 0. But then
(4.8) reduces to 1 — ¢ = M(1 — ¢q), which shows that ¢ = 1 in the case
when p <C 1. In the case when p == 1, the following reasoning will prove that
g = 1. Suppose it is not so. Since 1 — ¢ = M(1 —¢), 1 — g must be a
positive multiple of the right eigenvector . Hence E(1 — cu)u =0 for
some ¢ > 0. Since # >0, also E(1 —cu) =0, and I — cu < 1. In other
words E(t) = 0 for some ¢ <1 in C. Inspection of (4.3) and (4.4) shows that
this implies that Z(¢) = 0 on C. This in turn gives 1 — f(t) = M(1 — ) or
J(@#) — Mt =1— M1. Setting ¢t =0 yields I — M1 = f(0) > 0. Multi-
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plying this inequality by v gives 0 =ov+1 — o1 =9 - f(0) 2> 0 so that
J(0) =0. Hence 1 = M1, and f(¢) = Mt, which means that we are in the
degenerate case which was ruled out.

We have shown that ¢ = I, and the inequality in (4.7) assures uniform
convergence of 1 — £,(¢) to I — g = 0. Therefore the proof of (3.2) is com-
plete.

REMARK. Statement (3.2) implies that the map f: C — C has no fixed
point, other than 1. Probabilistically the content of (3.2) is that

(l —f‘n(o))u :‘Pea[Zn #0]'—)0, n— 00,
which of course implies
PZ,#0]—>0, n— o, (4.9)

for each 7 € X since P;{Z, = 0] is a finite product of terms which tend to one.

To complete the proof of Theorem 1 we require information concerning
infinite products of positive matrices, which is worth presenting in some
detail. We take a non-negative matrix P, such that P* > 0 for some n > 1,
and suppose the largest eigenvalue of P to be one (this is no restriction as far
as part (i) of Lemma 1 is concerned). The eigenvectors # > 0, v > 0 can be
chosen to satisfy

Pu = u, oP = v, v-u=1, u-1=1.

We suppose given a sequence of matrices 4, , 0 < 4, < P, define

B, =P —A4)(P—4,y) - (P—A)=[[(P—4), n>=1,
1
and finally consider a vector x, satisfying

x =0, B,x #0 for all n>1

LemMA 1. Under the above conditions concerning P, u, v, A, , B, , and x.
we have

W o

lim 4, =0, then lim 22"

= U,
17500 no vB,x ’

(i1) lim,_., B,x exists always. It is non-zero if and only if the sum 33 A,
converges.
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Proor. Let limP* =R =u ® 2. Thus R > 0 and we can find a nuill
sequence 8, > 0 such that
(1—8)R<P <(1+8)R, n>1

Using the hypothesis of part (i) that 4, — 0, we may also choose a null
sequence «, 2> 0 such that

0< 4, <R, n>=1.

Note further that since PR = RP = R we have for arbitrary nonnegative
real numbers 8, , B ,..., By,

[T R =P — L[]0~ )| R>Pr— T Bk

Combining this identity with the two preceding inequalities, one obtains

N=8y— Y o R<(P— &) (P~ 2sR) (P — tymyaR)
k=n-m+1
S —A) (P — 4py) = (P — Apmsg) < P
<1 +36,R, (4.10)
whenever n > m > |. Now we take w = B,_,x and apply (4.10) to
By = (P — A4,) (P — Ap_pmyy) w,

and also to vB,x. Then (4.10) gives

1 — . — &
n——;-kl ak Rw Bn'x < I + 8'm Rw

146, 'va\'anx\l_ i an-8m‘va.

n—m+l

Observe, however, that Rw/vRw = u, in view of the normalization v + u = 1,
regardless of the point w. Hence if || || is the supremum norm,

28 ;
I vl < L an
" 1— Y o —8n
n—m+1

By letting first n tend to infinity, and then m, we see that (i) is true.
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ReMARK. In the proof of the last part of Theorem 1 we shall use the full
strength of (4.11). The bound in (4.11) is independent of x, and it will also
remain valid if the sequence 4;, were replaced by any sequence A;, , satisfying
0< 4, <4, <xqR

Now we shall prove part (ii) of the lemma, at first under the additional
hypothesis that lim 4,, = 0. We may then use (i), in the form

B,x = (vB,x) (u + 8,(x)), (4.12)
where 8,(x) — 0 as n — co. Let 4, = vB,x, observing that
dpyg = 0(P — Apyy) Box = 4, — vA, 1 Byx = 4,{1 — vA, ,(u + 6,(x))}.

‘Therefore

3

4y =T1 {1 — vdu(u + 8 4(x)} 4y, n>=2.  (4.13)

k

Since # > 0, (4.13) shows that 4, decreases (for large enough #) to a limit
L = 0. Further L > 0 if and only if

o

Y vAi(u + 8;_4(x)) < oo.

k=2

As u >0, v >0 and §; — 0, this can occur if and only if }’ 4, < . But
now (4.12) shows that B,x always has the limit Lu, which is non-zero if
and only if ¥ 4, << co.

Suppose finally that 0 < 4, < P, and that lim 4, either fails to exist, or
is nonzero. Then of course Y 4; = oo, and we have to prove that B,x — 0.
We may choose a sequence of matrices 4, such that 0 < 4}, < 4, and in
addition 4; —0, 3 4; = co. If B, =T[? (P — A4;), then 4, < A4, gives
B,x > B,x > 0. But since (ii) has been proved for the sequence 4; we have
lim B,x = 0 and hence lim B,x = 0.

To complete the proof of Theorem 1 we write, using (4.6)

1 — fa(t) = (M — E,(2)) (M — E,(t)) - (M — E()) (1 —2),

where E,(t) = E[f,,(t)]. Now divide by p», call Mjp = P, and
E,(t)/p = A,(t). Finally let B,(t) = (P — A,) (P — Apy) »** (P — 4,). Then

1 —f() _ B —1)
o [ —FO1 B0

Then the hypotheses of Lemma 1 are all satisfied. (Note that one must use
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(3.1) to verify that x = 1 — ¢ has the property that B,(¢) x # O for all #,
when t 5= 1.) Thus part (i) of Lemma 1 gives

1 —fn(t)
Ll_,rgmm u, teC — {1}

But in fact the convergence is uniform, in view of the remark following the
estimate (4.11). If we use this estimate when ¢ = 0, then it gives the uniform
convergence in (3.3), since (4.11) is uniform in x and since we know from
(4.5) that 0 << A4,(2) < 4,(0), for all n 2= 1 and t € C — {1}. This completes
the proof of Theorem 1.

Theorem 2 is almost immediate. If

4,(t) :3'—“—%@91, teC,
then by (2.6) and (4.6)

Dty =2 LI o e 2D g, gy

pﬂ YL+1
Hence 4,(t) decreases to a limit y(¢) which is monotone and nonnegative
on C, since each 4, has these properties. That proves (3.4), and (3.5) is
obtained by combining (3.3) and (3.4).

The probabilistic statement (3.6) follows from (3.5) with # = 0. For
7 =0, (3.6) is trivial, and for i 5£ 0

PiZy % 0] = 1 — PiZy — 0] = 1 — [] LunO)"

=1 [1 o %%’@]i. (4.15)

To obtain (3.6) from (3.5) it therefore suffices to prove the following.

Lemma 2. Let x(n) be a sequence in C with im x(n) = x, and suppose that
€, > 0 with lime, = 0. Then

lim — {l — [I — ex(m)]®} =1 -

N0 €y

The proof is immediate from (4.1) and (4.2), and the application of the
lemma with e, = p", x(n) = p~"(1 — £,(0)), and x = »(0) », completes the
proof of Theorem 2.
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The proof of Theorem 3 will be conducted by the method of generating
functions, For a fixed i € X — {0}, the generating functions of the probability
measures in (3.7) are

Y. PlZ, =j1s — P[Z, =0]
. __JeX
&l 9) = 1= PiZ, =0]

1 — [f)]
=] — —— 2 s seC. 4.16
= [HOF @19
Suppose now that we are able to show that there exists a real function g on C,
such that
li_)rg onle, , 8) = g(s), 1 <a<k, (4.17)

for each basis vector e, of X. Then call f,(s) = 1 — a(n), £,(0) = 1 — b(n),
observe that a(n) — 0 and b(z) — 0 by (3.2) and that (a(n)),/(b(n)), tends to
1 — g(s). For any such pair of sequences in C it is easy to see that

L[ —a@f . i-afm)
T — b~ ™7 am | &6

Thus (4.17) will imply that the generating functions g,(, s) in (4.16) all have
the same limit, independent of .
To prove (4.17) we require another fact concerning the cube C.

Lemma 3. Take aand bin C, witha > b, b < 1, and let

. 1 —a
r = min -———.
1<v<k 1 — b,

Then, for all j € X — {0}, (1 — a?)j(1 — bf) >r.

Proor. It clearly suffices to prove the lemma when 1 — a = r(1 — b), or
a =1 —r(l — b). Then the lemma reduces to the inequality

1—7r=[(1—7r)1 b/ — bl
In terms of the function ¢(#) = #/,
ol =71+l < — ) gll) +rp3), beC,

which is obvious since 0 < < 1 and ¢ is concave.
This lemma will now be used to construct a sequence ¢(z), # >> 0, of basis
vectors in X, with the property that the sequence

gn(e(n)1 5) = Ea(ﬂ)[“"z'l l Zn #* 0]’
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is monotone nonincreasing in n, and therefore tends to a limit. The choice of
e(n) from among the set {¢;, e, ,... &} will depend on s € C, but that is
immaterial since we shall hold s fixed. The Markov property gives, for any
pairx, yin X — {0}, and n > 1

gn+1(y! s) - gn(x’ s) = AZ Py[Zl =j | Zn+1 # 0] {gw(j’ s) ~gn('x’ 5)}
jeX—{0
” (4.18)

Hence g,.,(¥,5) — gu(x,5) <O provided x is chosen in such a way that
2:(J, ) < gu(x, 5) for all j€ X — {0}. According to the definition of g, in
(4.16) this will be true if

1 — [/l o 1= [fals)]” -
- > , e X — {0},
= AOF ~ T hoF 50
and by Lemma 3 that can be achieved by choosing x = e(n) = e, , where
v = o minimizes the ratio {1 — f, ,(5)}/[1 — f,.(0)]. Now we are free to

choose e(n 4 1), and inductively one obtains a sequence e(n) chosen from
the basis vectors of X, such that

lim g,(e(n), 5) = £(s)- (4.19)

To prove (4.17) it suffices to show that the limits

lim ———2" = — 1 — o(s), seC, 4.20
oo %+ [1 — £,(0)] 8(s) (4.20)
exist for an arbitrary x € C — {0}. (We recover (4.17) by taking a unit vector
for x.)

To obtain (4.20) from (4.19) decompose

[l —fu8)] _ %[ —ful)] v - [1—FulO)] 2 [1 — fuls)]
- [1—f0] o [1 —fu)] #-[1 —Fa(0)] e(n) - [1 — fu(s)]

en) [ —f(O) elm) - [1 —£i(s)] _
X v [1 —f,(0)] e(n)-[1 —£,0)] A,B,C,D,E, .

In view of (3.3) we have 4, — « -« and B, — (x - u)~! so that 4,8, tends
to one as n— ¢0. The sequences C, and D, need not converge separately,
but since e(n) can only assume % distinct values one may still conclude
from (3.3) that the products C,D, tend to one. Finally E, converges to
1 — g(s) by (4.19). Therefore we have now also proved (4.17), which was
shown to imply that all the generating functions in (4.16) converge to g(s),
independent of i € X — {0}.
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At this point the continuity theorem for generating functions (a simple
compactness argument) will complete the proof of (3.7) in Theorem 3, if
one can show that g(1) = 1, and that g is continuous at the point 1 of C.
That g(1) =1 is obvious from its definition as the limit in (4.19). From
(4.20), (4.6), and (4.5)

B i 2 = fann(®)]
—elfO) = lim <17 =7 0]

— 1 — g tim S ot — ). @)
By iteration
g0 =1—p", n=L (4.22)

Now g is monotone on C in view of (4.20) and if ¢(n) — 1 in C we can use
(3.2) and (3.3) to extract a subsequence k(n) such that k(n) — oo,
Jety(0) < £(n), so that by (4.22)

1 — p*™ =g fL.)(0)] < gft(n)] <1

Thus g is continuous at 1 and (3.7) holds.

The continuity theorem implies that g(s) =Y x(7) s’. Therefore the mean
vector m, defined in (3.8) is the gradient of g evaluated at 1. If m is finite we
therefore have [1 — g(x)]/m-(1 —x)—1 as x—1 in C. Since v >0 it
follows that

— A0 _
im0 < (4.2)

Conversely, if (4.23) holds, then for arbitrary o, | <o < k
91y — i L8 — <) — 8[/(0)]
o o) = lig == < i S <o

for some C > 0, since for each n, o, 1 — ee, == £,(0) for sufficiently small e.
Since g is concave it follows that m = grad g(1) is finite if and only if (4.23)
holds. But in view of (4.22) and (3.4), (4.23) is equivalent to

lim 1 < 00, (4.24)

o 0 - [1 —fn(o)] AH0)

which proves that m exists if and only if y > 0.
Suppose finally that m exists. Differentiation of (4.21) gives

2_: 3fétu(t) og [f( )] = i ®), 1 <o B <k,
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and setting ¢ = 1, this reduces to mM = pm. Hence m is a positive multiple
of the left eigenvector v. Finally (4.23) and (4.24) permit the evaluation
m =y~ since

1 — g('x) li P"

S o ) g s R L ey T

The proof of Theorem 3 is therefore complete.
We proceed to Theorem 4. According to Theorem 2

P [L —f(0)] N #(0) =y >0,

and using the notation P =p M, E, = E[f,_(0)], A4, = pE,, this
becomes by (4.6)

(P — A,) (P — A,y (P— A) 1 y > 0.

Therefore part (ii) of Lemma 1 asserts that y > 0 if and only if ¥ 4, < oo,
so that

y>0YE, <w, B =EfyO)
1

We can be a little more explicit, however. When y > 0, then p="[1 — f,(0)]
converges to yu > 0, and hence there exists a scalar 6, 0 < § < 1, such that
1 — £,1(0) = p™61 for sufficiently large =, or f,_,(0) < (I — p"f) 1. In view
of the monotonicity of E(¢) (see (4.5)) this gives E[ £,_,(0)] = E[(1 — p"8) 1]
for sufficiently large n, so that

y>0=Y E[(l —p"8) 1] < o forsome 0<6<l. (425
1

If on the other hand y = 0, then p~™[1 — £,(0)] — 0, and by a similar reason-
ing as above

y=0=Y E[(1 —p"0)1] =0 forsome 0 <8 <l (4.26)
1

The next step is to evaluate explicitly E(1) for 0 < 8 < 1, using the defini-
tion of E in (4.3) and (4.4). For fixed i ¢ X — {0}, let

Iil:il +i2+"'+ik-
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Then if t = 01,

T — ey
iﬁ[l—f ﬂi—zﬁ—df}—zﬂ[ f(l—fo)wlds]

0

: 1— (1 — )kl
'f‘[l_ 716 ]
- ’ﬁ “z [1—(1 — 6y]

v=0

Consulting (4.3) and (4.4) one has

|El—-1
Z wl(l —p"0) 1] = XZ_{D)Pu(l) 2_: [1—Q—p")] (427)

We also require the following estimate.

Lemma 4. If 0 is a constant, 0 << 0 << 1, and 0 < p <1, one can find
positive constants o, , o, oy, o, , depending only on 0 and p, such that

o m—1

aymlogm + azm < Y Y [1 — (1 — 0p")7] < agm log m + agm (4.28)

n=1 p=1
Jor all integers m > 1.

Proor. We decompose the sum on #z into two sums, from 1 to [B log p]
and from [B log p] 4+ 1 to oo, with a judicious choice of B > 0. Between 1
and [B log p] we have, since B >0, logp < 0

»

<1 —exp[— 0pBow] 1 — (1 —6pmP <1 =04
and between [B log p] 4 1 and oo,

oaqpp” <1 — (1 — Gp™)P < ogpp™,
where a5, o, o, and oy are positive constants depending on A4, p, and B.
Hence the double sum S, in (4.28) satisfies

m—1

)

p=1

asB log p + azp P 2

n)B log»

m—1

<S5, < Z ,aeBlogp—!—asp Y oent.

%)B logp
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It follows that

m—-1
Sm < ogBmlogm + Z pl+Bloge,

-1

and if B is chosen sufficiently large (so that 1 + Blogp < 0) we have
Sy, < agm log m + aym. The lower estimate is handled in exactly the same
way.

To prove the first half of Theorem 4, suppose that y > 0. Then, combining
(4.25), (4.27), and the first half of (4.28), we have

2, Puli) [ |7 ] log | i | + oy | i[] < o0
ieX
for a certain pair of positive constants «,, ®,. This implies that
E,[Z, - 1log(Z; - 1)] < oo for each «, and hence also the expectations of
the individual components in (3.10). To prove the other half of Theorem 4,
suppose that y = 0. Then again, (4.26) (4.27) and the second half of (4.28)
yield
Y bl [oslillogli] +oylif] =0, 1<a<k
ieX
and it follows that for each «, at least one of the expectations Eeu[Zl_ﬂ log 7, 4]
must be infinite.

Note. It is remarkable that condition (3.10) plays a crucial role also in
the theory of branching processes with % types and p > 1. It was shown by
Kesten and Stigum [4] that Z,/p" then always converges with probability one
to a random variable W, and that W == 0 if and only if condition (3.10) holds.

Theorem 5 is a simple but probabilistically significant corollary of Theo-
rems 2, 3, and 4. It states that when y > 0, then the number among the
original j particles whose descendants are not extinct at time #, has approxi-
mately a Poisson distribution if j — o0 and # — o0 in the way described in
Theorem 5. This explains why the limiting distribution obtained is compound
Poisson, with respect to the measure x, which governs the number of particles
conditioned by the fact that no extinction occurred.

For the formal proof we write

I —fuo(0) = pryu 1 +0(1)], 1<a<k n—>w, (429
and by Theorem 3

L) =1os®) _ iy o1y, 1 <a<h, now,  (430)
I — fr.(0)
for each s € C. We may represent £, , in the form

Furls) =1 —[1 = £, O 1 _f_l_Q_f-f(%g ,

409/19/3-2
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which in view of (4.29) and (4.30) yields
L) =1 —pl —g)]u+p(l), n—>o0, seC (431

Lemma 5. If x(n) € C and j(n) € X, so that x(n) — 0 and j(n) - x(n) -8 =0
as n— oo, then

}.1»12 [1 — x(n)P™ = e,

This lemma (whose proof is evident) permits the desired conclusion. Just
let j = j(n), fu(s) =1 — x(n), and 8 = A[1 — g(s)]. Then (4.31) combined
with the hypotheses of Theorem 5 shows that x(n) — 0 and j(n) - x(n) — 8.
Hence

im [f(s)) =lim ) Pj[Z, =i]s =e40-9®],  seC. (4.32)
ieX

The continuity of g on C, established in the proof of Theorem 3, together
with the fact that g(1) = 1, permits the conclusion that P;[Z, = 7] converges
to a probability measure y, on X, whose generating function is given by

(4.32). That completes the proof of Theorem 5.
From now on we consider only processes with p = 1, f(¢) 7% Mt, such that
the vector of quadratic forms ¢[ ] in (2.8) is finite. Theorem 6 will be seen

to depend on a second order Taylor expansion analogous to the first order
expansion in (4.1) through (4.6). Take ¢(2), (¢} as defined in (4.1) and let

BO = 5O ) = g WO
Then

4o — 90 = 9 — 1 = [oten]_+ [ (1 — &) 7 oter) e

— S [0 e ek

v=1

= — Z Lz, +f (1—-9 Z Z Lt b (6t) dE

v=1 p=1

__ th +y z 18, 5ii, — 8(v, ) ]

v=1 p=1

[T — &)

r=1

-y — 2,

1

— &) dt. (4.33)



MULTITYPE BRANCHING PROCESSES 427

We now replace ¢ by 1 — £, and just as in the derivation of (4.3) through
(4.6) one sums with respect to the probability measure p, . The error terms
will now be represented by a quadratic form valued vector e,ft] (for each
seC, ef ] is a vector whose components are quadratic forms). We define

@D =T 2 Y Y tfid — 80 1) i

ieX v=1 u=1

Voo Tl - s

r=]

Nzl mm a9 @39

Then (4.33), (2.8), and (4.34) give
1 —f(®) =M1 —1t) —qfl —t]+e¢[l —t], teC.  (435)

(This representation is due to Mullikin [8], who obtained and used it in the
more general setting of processes with infinitely many types.) Inpesction of

(4.34) shows that
0<el 1<ql], t<s=>e,2>¢, s,teC,
E}Ln} e, =0. (4.36)
(As indicated in the introduction, e, > e, means that the coefficients of the
corresponding quadratic forms satisfy these inequalities.)
We shall actually use a simplified version of (4.35) and (4.36) obtained

by taking the inner product with the left eigenvector ». If QO and E, are
quadratic forms defined by

Qtl =v-qlt],  Eft] =v-eft], (4.37)
then (4.35) implies
o f(t) —v-t =0[1 —t] — EJfl — 1], teC, (4.38)
and (4.36) becomes
0<E <0, t<s=E,>E,,
E, N0 as s~ L (4.39)
Now set (imitating the method of [9])

=0 =gl O =Efmrg)

1 l

8(s) = m + ofs) — -‘;)—-[T:_E?—)]— ) seC —{1}. (4.40)



428 JOFFE AND SPITZER

Simple algebraic manipulation of (4.38) and (4.40) gives

319 = == Q 95 [)<[> & :(sﬁ(sn’ st @4D

Further we know from (4.39) and (4.40) that €(s) < afs), so that
() (1 —5) < es) —als) v - (1 — ) [als) — e(5)] < B(5) < <6)
seC. (4.42)

Setting s = f;(t) in the expression for 5(s) in (4.40) and summing & from 0 to
n — 1, gives (note that fy(t) = £)

1 n—1 1 l 1 n-1
_,an[fk(t = gi) (1 —=1) - T — 01 + kz;‘oot[fk(t)]s ,

teC—{1}. (4.43)
Using (4.42) we estimate

—o-[1 —fi(1)0 [“——%] S[fe)] < Er ) [W_(TI%?(T))] ’

teC —{1},

As k— 0, 1 — f{t)— 0 by Theorem 1, and [1 — fi(t)]/z - [1 — f(t)] = 5,
uniformly on C — {1} by Theorem 1. Thus

O[T —athl~0u, = ke (04
uniformly on C — {1}, and in view of (4.39)

1 —filt) _—
Buo [ Sl 0 e Ao (445
uniformly on C — {1}. This implies that 8[ f,(¢)] — 0 uniformly, and so does

the Césaro average on the left in (4.43). By (4.44) and (4.45) applied to (4.43)
we therefore have

1 1 1

lim —

sl oy e Sty s w2 0y el

uniformly on C — {13}, which is the principal assertion (3.13) of Theorem 6.
For the proof of (3.14), observe that (3.13) with ¢ =0 states that
nv - [1 — f,(0)] —O[u]"%, as n— oo, (Note that this limit is finite since
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O[u] > 0. This follows from the assumption that f(¢) = Mt which implies
that at least one component of g[«] in (2.8) must be positive. Otherwise the

total number of particles would be a constant.) Applying (3.3) of Theorem 1,
we see that

11m nP, [Z, # 0] = llm n[l — f,..(0)] = <ok (4.46)

O[u]

This is not quite (3.14), but it was shown in (4.15) and Lemma 2 how to
conclude from (4.46) that

llmnP[Z #0] = O[] ieX.

Finally we sketch the proof of (3.15). (See [8] for the details.) As in the proof
of Theorem 4, one easily shows that the limit in (3.15) is independent of i,
provided that it exists. If i = ¢,

t(n) = (e_("‘/"’), ¢ e‘(a"/")), AeR,.

Then the Laplace-Stieltje’s transform of the probability measure of n—1Z, ,
under the condition that Z; = ¢ = ¢, , and Z,, # 0, is given by

x - [ fult(n)) — fu(0)]
x - [1 — £0)]

with x = ¢,. Next a simple computation, based on (3.13), (3.14), and (3.3)
shows that for each x > 0, x £ 0,

= pu(x, A) (4.47)

1

lim ,(x, A) = @(d) = T @ NOM

(4.48)

But ¢(A) is the Laplace Stieltje’s transform of the limiting probability measure
on the right in (3.15). The continuity theorem therefore completes the proof
of (3.15).
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