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INTRODUCTION 

In the theory of finite-dimensional Lie algebras over an algebraically closed 
field of characteristic zero, an important role is played by the conjugacy of 
Cartan subalgebras. In the semi-simple case this is precisely the result one 
needs to finish up the classification problem, that is, to show the independence 
of the Cartan matrix from the chosen Cartan subalgebra. It is also quite useful 
in the calculation of automorphisms [2, Chap. 91. 

The conjugacy of Cartan subalgebras is closely related to that of Bore1 
subalgebras. It is fairly straightforward to show the conjugacy of Cartan 
subalgebras of a solvable Lie algebra [l, pp. 82-831. The general Cartan- 
conjugacy question can be reduced to this case by establishing the Borel- 
conjugacy result. As Humphreys points out [l, pp. 83-841, the latter problem 
reduces essentially to the semi-simple case (and hence, to the simple case). 
So there are several methods known of proving the conjugacy of Cartan sub- 
algebras. One [2, Chap. 91 relies on algebraic geometry and proceeds directly, 
and a more recent method [l, pp. 81-871 due to G. D. Mostow and D. Winter 
avoiding the use of algebraic geometry, proceeds by an intricate inductive 
argument to establish first the conjugacy of Bore1 subalgebras of semi-simple 
algebras. 

Neither of these methods is terribly intuitive, nor do they impart a feeling 
for the origins of the result. We proceed here to establish from first principles 
the conjugacy of Bore1 and Cartan subalgebras of the classical simple Lie 
algebras by more intuitive geometric methods. It is the misfortune of the 
exceptional algebras to be not so obviously and firmly rooted in geometry as 
the classical ones. 
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1. PRELIMINARIES 

All the Lie algebras and vector spaces here are finite-dimensional over 
an algebraically closed field of characteristic zero. A flag 0 C V, C V, C ... C V, 
on a vector space V is a maximal chain of subspaces each of which is codimension 
one in the next. A basis vi ,..., v, of V is called compatible with this flag if 

(Vl ,*.-, ~1~) = V, for all k. Let L be a Lie algebra faithfully represented on V. 
Due to Lie’s theorem, if B is a Bore1 (maximal solvable) subalgebra of L then 
it stabilizes some flag on V. Furthermore, if B stabilizes any flag, it is the full 
stabilizer in L of that flag. If  ( , ) is a non-degenerate symmetric or skew- 
symmetric form on V a vector v  is called isotropic (anisotropic) if (v, v) = 0 
((v, V) # 0). For a subspace W of V we will write w-L for its orthogonal 
complement. 

2. THE CONJUGACY OF BOREL SUBALGEBRAS 

We aim to establish first the conjugacy of Bore1 subalgebras of a classical 
simple Lie algebra. The treatment is casewise. For type A it is quite direct 
and clearly indicates how to proceed in the remaining cases. For types B, C, D 
the treatments are nearly identical. 

So let L be simple of type A. We identify L with the trace-zero linear trans- 
formations on some space I’. Let B, and B, be Bore1 subalgebras of L. Then 
each is the stabilizer in L of some flag on I’. Let 0 be a linear isomorphism 
of V matching up compatible bases of these flags. Conjugation by 0 on End( I’) 
(i.e., 7 --f 6-M) is seen to stabilize L, and hence induces on it an automorphism. 
Also, since 0 takes one flag to the other, conjugation by 0 on L carries the 
stabilizer in L of one flag to the stabilizer in L of the other. 

The difficulty encountered in passing to types B, C, D is that the 0 chosen 
to match up flags stabilized by the Bore1 subalgebras might not stabilize L 
under conjugation! This forces one to choose flags and compatible bases more 
carefully than above. 

We treat types B and D simultaneously and only a few remarks are needed 
to see that type C can be done nearly identically. So let V be a vector space 
equipped with a non-degenerate symmetric form ( , ) and let L be the Lie 
algebra of skew transformations, that is, L = {T E End(V) / (T(v), w) = 
-(v, T(w)) for all v, w}. L is simple of type B or D depending, respectively, 
on whether I’ is odd or even-dimensional. Let Lo be the orthogonal group 
of the form and observe that conjugation of End(V) by an element of 0 
stabilizes L inducing on it an automorphism. Hence for Bore1 subalgebras 
we look for flags and compatible bases such that the linear transformation 
matching up the compatible bases belongs to 0. 

We show by induction on n = dim V that if B is a Bore1 subalgebra of L 
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there is a canonical flag and compatible basis such that the matrix of ( , ) with 
respect to the compatible basis is 

. . *- 1. * 0 

. . . . . 
0 1’: : 

1 0.e.. 0 

(1) 

Then, given two Bore1 subalgebras, the linear isomorphism matching up 

canonical bases and flags is easily seen to be orthogonal. Conjugating L by 
this isomorphism carries the one Bore1 algebra onto the other. 

The case 12 = 1 is obvious. So suppose dim V 3 2. Let B be any Bore1 
subalgebra. The first step is to find a B-stable line (v) where w is isotropic. 
By Lie’s theorem there is a stable Iine {o). If 21 is anisotropic, V = (v) @ (w)l 
and (v)~ is B-stable and non-degenerate. If  no stable isotropic line is available 
one can proceed by this reasoning to find stable lines (q) such that V = 
@YE1 (q). Thus B would be diagonalizable, hence abelian. Since B acts semi- 
simply on V it acts semi-simply on End(V), hence on L as well. Let x in L 
be a B-root vector not in B and form the solvable subalgebra B @ (x). This 
contradiction to the maximal solvability of B forces the existence of a B-stable 
isotropic line V, = (or). 

Let V,-, = (w~)~. V,-, is B-stable, of codimension one in V, and the 

radical of ( , ) restricted to V,-, is (wr) since S’- = S for any subspace S 
of V. Pick w, to be any vector not in V,+, . Then (wn , wi) # 0. Scaling w, 
and subtracting a suitable multiple of wi from it, one could assume w, 4 V,, , 
w,, is isotropic, and (wn , wi) = 1. Set W = Vn-J(wl) and consider the induced 
action of B on W. The induced form on W is non-degenerate. Embed B in 
a Bore1 subalgebra of the orthogonal Lie algebra of W. Applying the induction 
hypothesis and lifting the stable flag and compatible basis back to V,, , one 
obtains a stable flag on V and compatible basis w, ,..., w, such that the matrix 
of ( , ) with respect to the basis is 

0 
- 
0 

0 
- 

1 

0 . . . 0 

0 . . 0 1 
. . - 1 0 
. . . . . 

0 1 . . . 
1 0 - * 0 

c, . . - %-I 

1 

E2 

h-1 

0 

(2) 
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Subtracting suitable multiples of or from os ,..., q-r , one can clear the various 
ci which are non-zero without affecting the rest of the matrix or the com- 
patibility of the basis with the stable flag. 

This completes the proof for types B and D. For L of type C we view it 
as the Lie algebra of skew transformations with respect to a non-degenerate 
skew-symmetric form on an even-dimensional space V. One proceeds as in 
the previous case. The proof here is shortened by the observation that all 
vectors are isotropic. For a Bore1 subalgebra one inductively finds a stable 
flag and compatible basis such that the matrix of the form with respect to 

the given basis is 

0 . . . . . . . 0 

0 . . . . . . . 0 

0 . . . 0 -1 

. . +-1 .o 

. . . . 
()y: : 

-1 0 ... 0 

0 . . . 
.o 1 

.lO . . . 
. . . . . 

0’1:: : 

1 0 .‘. 0 

0 . . . . . 0 

0 . . . . . 0 

(3) 

One replaces the orthogonal group by the symplectic group and for two Bore1 
subalgebras the linear isomorphism of V matching up canonical bases and 
flags is seen to be symplectic. Thus it stabilizes L under conjugation inducing 
an automorphism. 

3. THE CONJUGACY OF CARTAN SUBALGEBRAS 

It is straightforward to show that a Cartan subalgebra H of a semi-simple 
Lie algebra is maximal abelian and consists of elements which act semi-simply 
on any L-module [l, pp 29-301 Furthermore, given a basis of an L-module 
with respect to which H acts diagonally, then H is the totality of elements 
in L acting diagonally with respect to it We continue to view the classical 
simple Lie algebras in their natural geometric setting as in Section 2 

Suppose L = sZ(V) is of type A and let Hl , H, be Car-tan subalgebras 
Pick corresponding bases of V with respect to which these subalgebras act 
diagonally If  0 is a linear isomorphism of V matching up these bases, con- 
jugation of End(V) by 0 stabilizes L, sending HI onto Hz 

Suppose L is of type B or D and H is a Cartan subalgebra. Let I’, ( , ) be 
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as in Section 2. We show inductively that there is a basis or ,..., v, of V with 
respect to which H is diagonal and the matrix of ( , ) is (1). Embedding H 
in a Bore1 subalgebra one can find an H-stable isotropic line (q) as before. 
Now <q)’ is H-stable. By the semi-simplicity of H there is an H-stable 
subspace W with (q)’ = W @ (q) and as in Section 2 the form restricted 
to W is non-degenerate. WL is 24imensionaJ H-stable, and the form on it 
is non-degenerate. Apply the induction hypothesis to the induced actions of H 
on Wand W1 to get respective bases v, , . . . . w,-r and q , w, such that the matrix 
of ( , ) with respect to a, ,..., w, is (1) while in addition H acts diagonally. 

For Cartan subalgebras Hi and H, of L pick bases of V with respect to which 
the subalgebras are diagonal and the matrix of the form is (1). The linear 
isomorphism 0 of V matching up these bases is orthogonal and conjugation 
of End(V) by 6 stabilizes L, carrying H, onto Hz . From the discussion here 
and in Section 2 it is also clear that the type C case presents no new difficulty. 

Remark. We are obliged to point out that the automorphisms of L induced 
by conjugations have not been shown to be inner (which in fact they are). 
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