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Abstract

In this paper a new method for solving wear problems, using the Boundary Element Method (BEM) is proposed. The
proposed method uses a shape optimization technique for rapid calculation of the maximum wear depth and the final
geometry of the bodies in contact after a specified service period. The optimization method solves the wear problem
directly, without using increments of the sliding distance as in the classical methods. The BEM is used for modelling both
bodies in contact, treating the problem as a multi-region problem. The material loss is presented in terms of the applied
load and the sliding distance, and is modelled using a linear wear model. The proposed method is shown to be robust as it
requires only few iterations to achieve a converged solution. The reduction in computational effort, as compared to the
classical incremental method, becomes more significant as the sliding distance increases.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Machine maintenance is receiving more attention nowadays, as it is directly linked to a reduction in the
operational cost. Traditionally the maintenance of a machine was basically the replacement of a component
when and if a problem occurred. However as this process is expensive, not only due to repair of machines but
also because of the interruption to the production line, new methods have been developed to minimize the
total cost. Machine maintenance is required as components are worn in service. Therefore in order to schedule
the optimum periods for replacement of machine components, wear predictions should be carried out; hence
maintenance periods could be scheduled a priori, and the design of a mechanical component could be opti-
mized in terms of reducing the wear.
0020-7683/$ - see front matter � 2005 Elsevier Ltd. All rights reserved.
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For simulating a wear problem, the sliding contact problem of one body over another body, must be solved
first, as the phenomenon of wear is closely related to the resulting pressure distribution inside the contact area.
Knowing the contact pressure distribution, the wear depth can be evaluated using a wear model. The wear
model that describes a specific problem varies with respect to the wear mechanism (Lim and Ashby, 1987).
The commonly used wear model is due to Archard (1953) and is known as the linear model for delamination
wear, where the volume of wear is proportional to the normal load. Thus for a specific sliding distance the
volume of material loss can be calculated if the normal load and the wear coefficient (that includes material
properties, friction, etc.) are known. These models can be calibrated from experiments for specific pair of
materials so that the wear coefficients are evaluated.

Due to the complex configuration of most mechanical components, a numerical method is used to solve the
contact problem, particularly in cases where the contacted geometries do not obey the Hertzian assumptions
(Hertz, 1882). The main difficulty is due to changes in contact area with respect to time as one or both bodies
lose material. Hence the pressure distribution changes as a function of the topography of the potential contact
area and the sliding distance, machining time, etc. In reality the function of the pressure distribution with
respect to the sliding distance and the contact topography is unknown. Thus, to simulate a wear problem,
the total sliding distance is divided into small increments and the whole problem is solved for each sliding
increment, updating every time the geometries of the bodies. For each small sliding increment the contact
problem is solved and the pressure distribution inside the contact area is determined. Next using a wear model
the wear depth is evaluated and the geometry of the worn body is updated. This method is the classic
Incremental Method that is commonly used for wear simulation problems (Põdra and Andersson, 1999a,b),
for simulating a machining process (MacGinley and Monaghan, 2001; Yen et al., 2004) and for simulating
wear in bioengineering as in total hip and knee prosthesis (Maxian et al., 1996a,b; Wu et al., 2003). The con-
vergence is achieved as the sliding increment decreases.

The application of the Finite Element Method (FEM) to modelling wear is well established (Põdra and
Andersson, 1999a,b; MacGinley and Monaghan, 2001; Yen et al., 2004; Maxian et al., 1996a,b; Wu et al.,
2003). The main reason is that the FEM are widely available and it�s relatively easy nowadays to use a com-
mercial FEM package. On the other hand, the application of the Boundary Element Method (BEM) to wear
problems is relatively new. An application of BEM to modelling wear has been reported by Serre et al. (2001).
The problem modelled was a cross section of a ring on a ring, resulting in a conformal contact. The case in
which only one body could be worn was considered. Recently Sfantos and Aliabadi (in press) presented a
boundary element formulation for multi-body wear simulation using an incremental method.

An alternative method for finding the asymptotic state of a wear problem, by solving a minimization
problem, has been recently reported by Peigney (2004). The problem modelled was a cyclically moving rigid
indenter over a half plane, and the main objective was to estimate the asymptotic wear state by minimizing the
energy dissipated in the wear process. In the present work a new method is presented that solves directly the
wear problem, without using increments of the sliding distance, for a specified service period. It will be
referred to as the Optimization Method as it uses a first order optimization technique to solve the wear prob-
lem, in terms of Shape Optimization (Mellings and Aliabadi, 1995; Aliabadi and Mellings, 1997; Martinez
et al., 1998). The main advantage of the proposed method is the considerable reduction in computational
effort compared to the traditional Incremental Method.
2. Wear model

The Wear Rate of a body sliding over another body is a dynamic phenomenon as it changes with respect to
the time. Even if the external conditions (applied force, sliding velocity, etc.) were constant, the properties, the
condition and the geometry of the contact surfaces are changing, thus resulting in the variation of the wear
rate.

Conventionally wear rate _W is defined as the volume loss W from the bearing surface per unit of sliding
distance:
_W ¼ dW
dS

ð1Þ
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The wear rate _W is a function of the applied load (P), the relative velocity of the two contacting surfaces (v),
their initial temperatures (T) and the properties of the materials that come into contact. Therefore the wear
rate may be described in a general form as
Fig. 1.
wear W
_W ¼ f fP ; v; T ;material propertiesg ð2Þ

In the case where the sliding speed remains at low levels and the applied load does not exceed a limit where

seizure takes place, the wear that occurs is characterized as Delamination Wear, which arises from the adhesive
forces set up whenever atoms come into intimate contact (Rabinowicz, 1995). In delamination wear the sliding
speed is low enough so that surface heating can be neglected. The model that describes this mechanism is the
well known Archard�s linear wear law (Archard, 1953), originally proposed by Holm (1946), given as
W H ¼ KH P
H 0

S ð3Þ
where WH is the volumetric wear, for each body H = {A,B} and KH is the non-dimensional wear coefficient,
that is dependent on the materials in contact and their exact degree of cleanliness (Rabinowicz, 1995). For
every pair of materials that slide over each other, a specific constant KH can be determined experimentally.
H0 denotes the hardness of the ‘‘softer’’ material in contact, which is being worn out. Eq. (3) describes the
volume of material loss after S sliding distance, as long as the temperature increase is negligible.

In order to simulate wear using a computational technique, a wear model must be used. Using a wear model
the parameter ‘‘sliding material’’ is introduced in the formulation. Consequently the wear model and its cal-
ibration is irreplaceable. However the model described by Eq. (3) does not provide sufficient details. For that
reason instead of the wear volume the Wear Depth can be used for simulating the worn geometry as the sliding
goes on. Moreover the wear depth is of great practical importance in every day engineering as it can be mea-
sured directly on a specific mechanical component.

In the two-dimensional case, as Fig. 1 illustrates, the above model describes the volume of material loss per
unit thickness, with respect to the sliding distance S, when a specific load P per unit thickness is applied. Tak-
ing the first derivative of Eq. (3) with respect to the width of the contact area, the wear depth is given as
hH ðx; sÞ ¼ kH pðx; sÞs ð4Þ

where hH(x, s) is the corresponding wear depth of a point x on the bearing surface of each body H = {A,B},
that has travelled s sliding distance, p(x, s) is the pressure distribution developed inside the contact area and kH

is the modified Archard�s wear coefficient given by kH = KH/H0. Both pressure and wear depth are functions
of the location and the sliding distance as the bodies lose material during the wear process and the topography
of their bearing surfaces changes. Furthermore, in cases as a pin on a rotating disc problem, the travelled dis-
tance s by each point x on the bearing surfaces is also a function of the location of the point. However this
sliding distribution with respect to the location of each point on the bearing surfaces can be evaluated directly
=W

maxh

Body A

Body B

Av

P

Schematic representation of wear. Body B wears out due to the sliding of body A (vA is normal to Figure�s plane). The volumetric
and the maximum wear depth hmax are illustrated.
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by the kinematics of the specific tribosystem. The direction of wear, the wear vector, is taken to coincide with
the pressure vector; that is normal to the bearing surface of the body in contact.

3. Contact mechanics

The formulation used for modelling two solids in contact is similar to the Multi-Region formulation (Alia-
badi, 2002). The main feature is the displacements and tractions inside the contact area remain unknown. Here
only the basics will be outlined. For a more detailed review the authors are referred to Man et al. (1993a,b) and
Aliabadi (2002).

The potential contact boundary is denoted as SH
c and the non-contact boundary as SH

nc, as Fig. 2 illustrates.
SH ¼ SH
nc [ SH

c ; H ¼ A;Bf g ð5Þ

The displacement integral equation (Aliabadi, 2002) for the bodies shown in Fig. 2, can be written as
CH
ij ðx0ÞuH

j ðx0Þ þ
Z
--

SH
nc

T H
ij ðx0; xÞuH

j ðxÞdSH
nc þ

Z
--

SH
c

T H
ij ðx0; xÞuH

j ðxÞdSH
c

¼
Z

SH
nc

U H
ij ðx0; xÞtH

j ðxÞdSH
nc þ

Z
SH

c

UH
ij ðx0; xÞtH

j ðxÞdSH
c ð6Þ
where uH
j ; t

H
j are components of displacements and tractions, respectively, for each body H ¼ fA;Bg;U H

ij ðx0; xÞ;
T H

ij ðx0; xÞ are the fundamental solution representing the displacements and the tractions, respectively, in the j

direction at a point x due to a unit point force in the i direction at point x 0 and CH
ij is the so-called ‘‘free term’’

(Aliabadi, 2002).
To solve the boundary integral equation (6) the boundaries SH

c and SH
nc of each body H = {A,B} are dis-

cretized into N H
c and NH

nc elements respectively. Each element is composed of mH
c and mH

nc number of nodes
for the contact and the non-contact elements, respectively. According to the Multi-Region technique (Aliabadi,
2002), the individual systems of equations are combined and the interface boundary conditions are subse-
quently applied. Considering both bodies in contact, body A and body B and after rearranging and applying
the boundary conditions, the overall system of equations takes the following form:
AA
nc ½0� H

A
c ½0� �G

A

c ½0�
½0� AB

nc ½0� H
B
c ½0� �G

B

c

½0� ½0� ½ BC1 �
½0� ½0� ½0� ½0� ½ BC2 �

2
66664

3
77775

xA
nc

xB
nc

uA
c

uB
c

t
A
c

t
B
c

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
¼

RA
nc � yA

nc

RB
nc � yB

nc

F1

F2

8>>><
>>>:

9>>>=
>>>;

ð7Þ
Body A

Body B

x

y

A
ncS

B
ncS

A
cS

B
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Fig. 2. The boundary division to contact and non-contact region.



Table 1
Boundary constraints

Separation Contact—slip

ðtA
c Þt � ðtB

c Þt ¼ 0 ðtA
c Þt � ðtB

c Þt ¼ 0
ðtA

c Þn � ðtB
c Þn ¼ 0 ðtA

c Þn � ðtB
c Þn ¼ 0

ðtA
c Þt ¼ 0 ðtA

c Þt ¼ 0
ðtA

c Þn ¼ 0 ðuA
c Þn þ ðuB

c Þn ¼ gapA–B

Table 2
Contact mode check criteria

Assumption . . . Decision Separation Contact

Separation ðuA
c Þn þ ðuB

c Þn < gapA–B ðuA
c Þn þ ðuB

c Þn P gapA–B

Contact ðtA or B
c Þn P 0 ðtA or B

c Þn < 0
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where the matrices AH
nc and RH

nc are of size 2MHX2(MH �Mc), for two dimensional bodies, containing known
integrals of the product of the shape functions, the Jacobians and the fundamental fields T H

ij and U H
ij , after the

substitution of the boundary conditions of the non-contact area of both bodies. The matrices H
H
c and G

H

c are
of size 2MHX2Mc, in local coordinates, and both contain known integrals of the product of the shape func-
tions, the Jacobians and the fundamental fields T H

ij and U H
ij , respectively, corresponding to the potential con-

tact nodes. The column vectors xH
nc and yH

nc have 2(MH �Mc) components, containing the unknown and the
known, respectively, components of tractions and displacements of the non-contact boundary, while the vec-
tors uH

c and t
H
c have 2Mc components each and contain the unknown boundary values of the potential contact

area (in terms of displacements and tractions, respectively). MH is the total number of nodes for each body
H = {A,B}, and Mc is the total number of nodes of the potential contact-worn area of each body which is
defined to be the same for both bodies.

The submatrix BC1 in Eq. (7) has 2McX8Mc components and contains all the boundary conditions for the
normal displacements and the tangential tractions for the contact node pairs, presented in Table 1 (Johnson,
2001) and also the constraints for the zero tangential and normal tractions for the pairs in separation mode.
The submatrix BC2 has 2McX4Mc components and contains all the boundary conditions for the equilibrium
of the normal and tangential tractions. The column matrices F1 and F2 have 2Mc components each and con-
tain the right-hand sides of the boundary conditions implemented in matrices BC1 and BC2. In order to obtain
the correct contact area without any geometrical incompatibility and contact mode violations, the displace-
ments and tractions for every node in the contact zone must be checked against the criteria presented in Table
2. The term gapA–B in Tables 1 and 2 denotes the initial normal gap between the undeformed bodies (Aliabadi,
2002). A detailed review about the arrangement of these matrices can be found in Sfantos and Aliabadi (in
press).

In the present work the contact problem is treated as frictionless. Considering a sliding wear non-conformal
problem, where one body slides over another, the contact modes of the contact node pairs are Slip or
Separation only.

The contact analysis starts with an initial guess of the contact node pairs. The coupled contact problem is
solved and checks for any contact mode violations are made. If the initial guess for the contact node pairs that
come into contact, for the specific applied normal load, was false, the assumed pairs are updated and the
problem is solved again until no contact mode violations occur.

4. Optimization method

Optimization Methods can be used to provide a rapid solution to the wear problem, without using incre-
ments of the sliding distance. A wear Optimization Technique can be formulated in a similar way to Shape

Optimization and Shape Identification problems (Mellings and Aliabadi, 1995; Aliabadi and Mellings, 1997;
Martinez et al., 1998). The basic idea of the method is that a wear problem can be solved inversely. To reach
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the final geometry from the initial geometry is a distance-time dependent problem, as the bodies lose material
and the topography of their bearing surface changes altering the pressure distribution. However, in the inverse
case of ‘‘knowing’’ the actual final geometry, and consequently the pressure distribution at that time, the
procedure to determine the initial geometry, solving inversely, is not distance-time dependent,1 as Fig. 3 illus-
trates. If the pressure distribution p(x, s), that is a function of the topography x and the sliding distance s, can
be calculated for an assumed final geometry, which was produced after Stotal sliding distance, the initial geom-
etry can be determined directly through the modified wear law, Eq. (4), that describes the wear mechanism.
The existence of the uniqueness of the solution states to the mechanical equilibrium of the system.
Since the integral of any pressure distribution inside the contact area must always be equal to the applied load,
the wear volume that is calculated by the wear model is always the same for every assumed final geometry (due
to the fact that the wear volume is correlated with the applied load Eq. (3) for a given tribosystem). Conse-
quently there will be only one final geometry, the actual one, that adding the material loss (wear distribution),
calculated by the pressure distribution at that time using the modified wear law, Eq. (4), the initial geometry
would be reached. Hence the problem now is stated as: find the final geometry, by assuming different geom-
etries, and using the modified wear law for the developed pressure distribution of those geometries, the initial
geometry could be calculated by adding on the assumed final geometry the evaluated wear depth distribution.

5. Wear depth function

In Shape Optimization and Identification (Mellings and Aliabadi, 1995; Aliabadi and Mellings, 1997;
Martinez et al., 1998; Aliabadi, 2002) the design variables are usually nodal coordinates, that either are sep-
arate, corresponding to every single node, or are combined in a specific function that is used to update the
geometry of a specific part of the body in consideration. In the wear Optimization Method, the design variables
could be all the normal gaps of the discretized potential contact area of both bodies. Two main problems
appear using the above mentioned scheme. Firstly it results in a large number of design variables, and secondly
oscillations will occur when calculating the derivatives of the objective function.

On the other hand considering a realistic wear experiment, e.g. a pin on a rotating disc, the way that the pin
or the disc lose material is smooth (in macroscopic scale) and always wear appears only in the contact area.
Thus demonstrating a way that the wear depth would obey a specific function, the Wear Depth Function, for
all the nodes that are in contact, the problem could be formulated in terms of sensitivity analysis and shape
identification.

Taking into account the simple geometry of a pin on disc problem, which is a non-conformal symmetric
contact problem, and considering the resulting pressure distribution, it can be shown that the wear depth
obeys a parabolic law given by
1 Th
hH
i ¼ cH

1 xH
i

� �2 þ cH
2 ð8Þ
is assumption is valid only for cases not subjected to severe wear. More details are discussed in Section 8.
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where cH
1 ; c

H
2 are the parameters of the above parabolic wear and more specifically cH

2 is the maximum wear
depth. The term xH

i denotes the x-coordinates of the contact nodes of body A and B, in two-dimensional prob-
lems. The above function corresponds only to the nodes that are in contact.

Depending on the design variables cH
1 and cH

2 , Eq. (8) takes the form of an almost straight line or an almost
circular arc. Thus problems where either one or both bodies lose material (independently if it is the pin or the
disc), can be formulated in this way. A more detailed discussion about the wear depth functions and their lim-
itations is included later in the Discussion and Conclusions section of the present paper.

6. Solution algorithms

6.1. Incremental method

The common technique for simulating wear problems is the Incremental Method. The main drawback of the
specific method is the computational time that increases dramatically when practical sliding distances or
machining times are considered. The Incremental Method is used in the present work to compare and validate
the results of the proposed Optimization Method. This method has been used successfully for simulating wear
experiments (Põdra and Andersson, 1999a,b; Serre et al., 2001; Sfantos and Aliabadi, in press).

6.2. Optimization method

The proposed algorithm uses a Shape Optimization technique to calculate the final geometry and wear
depth of two bodies that are in contact and slide over each other. In this way a final geometry and wear
depth is initially assumed and using optimization techniques, the ‘‘actual’’ final geometry is obtained after
the minimization of an error function, that is called the objective function. No incrementation of the sliding
distance is needed and the final solution is normally achieved after few iterations. Here the BFGS update
(Broyden, 1970; Fletcher, 1970; Goldfarb, 1970; Shanno, 1970) is used and is briefly described in the
Appendix A.

The general algorithm is composed by two different optimization routines, as illustrated in Fig. 4; the con-
tact (inner) and the wear (outer) optimization routines. The outer loop is the main wear optimization routine,
that assumes a final worn geometry, and then checks if it is the actual final geometry by minimizing an objec-
tive function. The inner optimization routine is used to adjust the assumed final geometry in order to reduce
the ‘‘artificial’’ error inserted in the evaluation of the main objective function, by assuming a final worn geom-
etry, which is not fully in contact. The assumed final geometry must satisfy the following conditions:

(a) The assumed final worn geometries to be fully in contact. This states to the fact that the bearing surfaces
wear out only when they come in contact. Thus an assumption of a final geometry that would not be
fully in contact after imposing the specified normal load, would result to inaccurate estimation of the
wear objective function.

(b) The assumed final geometry should produce a rather smooth pressure distribution without any singular-
ities at the contact edges. This is trivial as in the case of a non-conformal problem, like the one that is
formulated here, the pressure distribution always vanishes to zero at the contact edges, before and after
wear.

Therefore the assumed final geometry at the beginning of the algorithm, and for every iteration of the wear
optimization routine, must fulfill the above conditions, after the application of the specified external load. The
main objective function that is used for the contact optimization routine is the distance between the edge nodes
of the assumed final geometries of the two bodies.
F Zk
c

� �
¼ xA

edge þ uA
edge � xB

edge � uB
edge

��� ��� ð9Þ
where xH
edge is the position vector of the edges� nodes of the assumed final geometries and uH

edge is the corre-
sponding displacement vector after the application of the specified load, for each body H = {A,B}. The term
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Zk
c denotes the design variable, where in the case of the inner loop is the constant cH

1 in the wear depth function
(8).

Fig. 5 illustrates the proposed BEM and the internal sub-program used for the calculation of a search direc-
tion ak

cdk
c that satisfies the inequality F ðZk

c þ ak
cdk

cÞ < F ðZk
cÞ (see Appendix A).

Since the assumed initial geometry satisfies all the above conditions the main wear optimization routine
starts (outer loop). The objective function GðZk

wÞ that is used here is given by
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G Zk
w

� �
¼
PMc

i¼1 x0
i � xf

i � hi

� ��� ��A
M c

þ
PMc

i¼1 x0
i � xf

i þ hi

� ��� ��B
M c

ð10Þ
where x0
i and xf

i correspond to the initial and assumed final positions, respectively, of every node i = 1, Mc, of
the potential contact area for both bodies A and B, and hi is the wear depth vector corresponding to the spe-
cific node i of the potential contact area. The wear vector is taken to coincide with the pressure vector; that is
normal to the bearing surface of the body in contact. Eq. (10) demonstrates that the assumed final geometry is
the actual final geometry when the mean difference of the initial geometry of the bodies, compared to the
assumed final geometry plus the wear depth, becomes zero. The term Zk

w denotes the design variable, where
in the case of the outer loop is the constant cH

2 (wear depth) in the wear depth function (8).
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The main wear optimization routine starts by calculating the derivatives of the objective function in terms
of every design variable using the forward scheme of the Finite Difference method, Eq. (17) in the Appendix A.
Taking into consideration the derivatives of the objective function (10) with respect to every design variable, a
search direction is chosen. Then the contact optimization routine is called again in order to obtain a search
direction that decreases the objective function (9) in order the assumed worn geometry to be also a contact
geometry. This procedure is followed until the objective function is sufficiently decreased comparing it with
the initial error. When it is sufficiently decreased then the error of the current step is compared with the pre-
vious step. If convergence is achieved to some specified tolerance then the algorithm comes out of the wear
optimization loop and the final geometry with the final wear depth is obtained. Otherwise new derivatives
are calculated, a new search direction is obtained and the algorithm continues.

7. Numerical examples

In this section the proposed formulation is applied to one body and two bodies wear simulation. The pro-
posed method is compared with a boundary element incremental method (Sfantos and Aliabadi, in press). The
incremental method used here, has already been tested for each validity against analytical solutions and other
reported numerical solutions using the FEM (Põdra and Andersson, 1999a). For more details the authors are
referred to Sfantos and Aliabadi (in press). In the following numerical examples, the disc diameter is assumed
very large compared to the pin diameter and the position of the pin is far from the center of revolution of the
disc. Consequently as the disc rotates, the difference of the travelled distance between points on the bearing
surface of the pin can be neglected and thus all points on the pin, either in contact or not, is assumed to travel
exactly the same distance (Põdra and Andersson, 1999a).

7.1. One body wear formulation

In order to validate the proposed Optimization Method for the solution of wear problems, the classic pin-
on-disk wear experiment was formulated as a first step. Table 3 presents the parameters used for the specific
problem, while Fig. 6 illustrates a schematic representation of the physical problem and its boundary element
model. In this example each body was modelled using 50 quadratic elements in total, whereas 49 nodes (24
elements) were used to compose the potential contact area. For the proposed method an initial guess of the
maximum wear depth was made at hA

max ¼ 5� 10�4 mm. The initial pressure distribution calculated by the
BEM is illustrated in Fig. 7. In the same figure the initial pressure calculated analytically by Hertzian theory
(Hertz, 1882) and the pressure after sliding 0.5 m calculated by the proposed method, are also illustrated for
comparison. It is obvious that the initial pressure, calculated by the BEM is in good agreement with the Hertz-
ian solution. The pressure distribution of the worn pin is flattened compared to the initial; as it was expected
this is due to the material loss. Fig. 8 illustrates the deviation of the wear objective function GðZk

wÞ and the
maximum wear depth hA

max of the pin in respect to the number of iterations needed to achieve convergence.
The results obtained by the proposed method versus the Incremental Method in terms of the final geometry
of the worn pin are presented in Fig. 9. For illustration reasons the worn geometries of the pin, obtained
by different increments using the incremental method, are illustrated in Fig. 9 by pointed lines, representing
the position of each node composing the worn area. It can be seen that the ‘‘artificial’’ roughness introduced
by the incremental method is absent in the case of the proposed method due to the use of the wear depth
Table 3
Parameters for the one-body-wear problem

Wear coefficient kA = 1.33 · 10�13 Pa�1

Total sliding distance S = 0.5 m
Normal load P = 4.63 N/mm
Poisson ratio vA = vB = 0.3
Radius of the pin RA = 10 · 10�3 m
Elastic moduli EA = EB = 70 GPa
Initial guess hA

max ¼ 5� 10�4 mm; cA
1 ¼ 0:015



Fig. 6. A schematic representation of the pin-on-disk wear problem formulated in the present paper and its boundary element model.
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function. The maximum wear depth calculated by the incremental method, for the specific problem, was
1.372 · 10�3 mm, while by the optimization method was 1.37 · 10�3 mm; the difference is less than 0.15%.

As it can be seen from Fig. 8 only four iterations were required for the proposed method to achieve the final
maximum wear depth and geometry of the pin, while in the incremental method (with 2.5 mm sliding incre-
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ments, for a total distance of 500 mm), 200 iterations were required. Using a Pentium PC 2.2 GHz processor
the proposed method was about eight times faster than the Incremental Method. The reduction in time using
the Optimization Method is considered to be significant. In practical case problems, where the sliding distances
are large, using small sliding increments to achieve converged smooth final geometry and maximum wear
depth, the Incremental Method might need thousands of iterations. On the other hand the proposed method
after an approximate initial guess would need only some iterations. This is because the BFGS algorithm con-
verges fast when the objective function is close to a quadratic function and in addition when the assumed solu-
tion is close to the final solution. By using the full Newton step for the scalar multiplier, as described
previously, quadratic convergence is achieved (Fletcher, 1980; Bazaraa et al., 1993).

To validate the above conclusion a larger scale problem was modelled in order to compare the CPU time
between the two methods. In this example each body, Fig. 6, was modelled using 82 quadratic elements,
whereas 97 nodes (48 elements) were used to compose the potential contact area. The same material param-
eters were used; Table 3. In the case of the Incremental Method three different increment sizes were used for the
aim of checking which increment produces acceptable results requiring less CPU time. The total sliding sim-
ulated distance was S = 13.0 m. In order to compare the maximum wear depth and the CPU time with respect
to the sliding distance calculated by the Incremental Method and the Optimization Method, the following
method was used. For certain sliding distances an initial guess with >50% error (compared to the actual
max. wear depth given by the incremental method) was used as input data for the Optimization Method.

Fig. 10 illustrates the maximum wear depth with respect to the sliding distance obtained by both methods.
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It must be noted that the calculated maximum wear depth, by the Optimization Method, differs less than 1%
compared to the corresponding values using the Incremental Method. Fig. 11 illustrates the relative reduction
in CPU time by using the proposed Optimization Method, with respect to the time the Incremental Method

spent to simulate the same problem for various sliding increments. The ordinate of the graph in Fig. 11 is cal-
culated as follows:
2 Fo
distanc
CPUreduction ¼
CPUIncr

CPUOpt

� 100%
It is shown that as the sliding distance increases the reduction of the CPU time using the proposed method is
significant.

7.2. Two bodies wear formulation

In case both bodies wear out in comparable time, the problem becomes more complicated as both bearing
surfaces change with respect to the sliding distance. Using the proposed method, the main difference compar-
ing with the one-body wear formulation, is that two wear depth functions must be used, i.e. Eq. (8), where the
constant term (max. wear depth) of each function is given by2
cA
2 ¼ hA

max

cB
2 ¼ hA

max

kB

kA

ð11Þ
Thus considering the basic algorithm of the proposed method, Fig. 4, the outer wear optimization routine is
used to evaluate the wear depth hA

max that minimizes the specific objective function G(Zw), Eq. (10). The inner
contact optimization algorithm evaluates the parameters of the two wear depth functions, Eq. (8), given as
cA

1 and cB
1 , in order the objective function F(Zc), Eq. (9) to be minimized.

The parameters used for the specific problem are presented in Table 4. Fig. 12 illustrates the deviation of the
wear objective function G(Z) and the maximum wear depth hA

max and hB
max of the pin and the disc respectively,

in respect to the number of iterations required to achieve convergence. The maximum wear depth of each body
is exactly the same as both bodies had the same wear coefficient as Table 4 illustrates. Fig. 13 illustrates the
final geometry at each optimization step, up to the 3rd, where the final geometry was achieved. The resulting
r simplification, it is assumed that all contact node pairs, of the potential contact-worn areas of both bodies, slide exactly the same
e.



Table 4
Parameters for two-bodies-wear problem

Wear coefficient kA = 0.665 · 10�13 Pa�1, kB = 0.665 · 10�13 Pa�1

Total sliding distance S = 0.5 m
Normal load P = 4.63 N/mm
Poisson ratio vA = vB = 0.3
Radius of the pin RA = 10 · 10�3 m
Elastic moduli EA = EB = 70 GPa
Initial guess hA

max ¼ 5� 10�4 mm; cA
1 ¼ 0:022; cB

1 ¼ 0:022
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geometries obtained by the proposed method versus the Incremental Method are illustrated in Fig. 14. It is
obvious that the resulting final worn geometry and the maximum wear depth calculated by the proposed
method and the incremental are in good agreement. The assumption that all contact node pairs slide the same
distance was made just for simplification and comparison with the incremental method (Sfantos and Aliabadi,
in press), and it does not provide any limitation in the above formulation. Without great effort, the total slid-
ing distance that a specific node would have travelled, evaluated by the kinematics of the tribosystem, should
be used in the modified wear law, Eq. (4), every time it is used to evaluate the wear depth for the specific node,
during the optimization process.
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8. Discussion and conclusions

In the present paper a Boundary Element methodology for modelling wear using an optimization technique
was presented. The following conclusions are derived based on the results presented:

(i) The advantage of the proposed Optimization Method, is that it solves a wear problem for a specified ser-
vice period, using only few iterations, in contrast to many iterations required by the classic Incremental

Method. The total CPU time required to achieve the final solution is reduced substantially as the sliding
distance is increased.

(ii) The resulting final geometry and pressure distribution using the proposed method are always smooth.
This is in contrast to the Incremental Method whose the sliding increment must be very small compared
to the total sliding distance to achieve a smooth solution.

(iii) The proposed method does not require any trial and error procedure to select the appropriate sliding
increment.

(iv) Generally, the computational effort remains low as only boundary modelling is required. This is a great
advantage considering the wear simulation problems, where the geometry is updated after every step.

From the concluding remarks, it is obvious that the proposed formulation provides sufficient advantages
over the classic incremental method. However there are certain limitations that must be addressed and certain
problems requiring special attention. These limitations are discussed next.

The wear depth function used in the proposed formulation requires special attention considering each tribo-
system. In the present paper a simple parabolic function was used, just to demonstrate the proposed method.
However different kinds of functions can be used with respect to the wear problem. For example in the case of
a general non-conformal problem, the wear depth function can be a polynomial of the gap function of the
undeformed bodies. Thus in this way the history of the initial unworn geometries is carried out throughout
the solution. In the opposite case of a conformal contact, the wear depth function can be a polynomial of
the initial pressure distribution. In cases involving more complicated geometries, as asymmetric contacts
and multi-contacts, more than one wear depth functions can be used for different areas of the potential worn
surface.

The main disadvantage of the proposed method is that it is restricted to problems requiring only the final
solution. Wear problems in which the evolution of wear is of interest, the proposed formulation can not pro-
vide any information except from the final geometry and wear depth. These type of problems can be solved
only by the incremental method, which can simulates the wear evolution. Another disadvantage of the pro-
posed formulation is that it is restricted to wear problems under static load. In cases of variable loading
the optimization method, in the present form, can not provide any solution, as its basic concept requires
all the external boundary conditions to be constant. Finally for tribosystems subjected to severe wear, e.g.
in the case of a pin-on-disk where the spherical end of the pin wears out completely, the proposed formulation



G.K. Sfantos, M.H. Aliabadi / International Journal of Solids and Structures 43 (2006) 3626–3642 3641
can not be used as the pressure distribution at that time does not provide the details the modified wear law
needs to evaluate the initial geometry by solving inversely.

Throughout the analysis, it was demonstrated that the proposed formulation provides accurate results, suf-
ficiently fast. Thus the proposed method seems to be a promising tool for simulating wear in cases where only
the final geometry and maximum wear depth are required, during the designing stage of a mechanical com-
ponent. However more research is required to address the limitations and the restrictions of the presented
method.

Appendix A

The BFGS update (Broyden, 1970; Fletcher, 1970; Goldfarb, 1970; Shanno, 1970) for the Hk matrix, is
given by
Hkþ1 ¼ Hk � HkqkðpkÞT þ pkðqkÞTHk

ðpkÞTqk

" #
þ Iþ ðq

kÞTHkqk

ðpkÞTqk

" #
pkðpkÞT

ðpkÞTqk

" #
ð12Þ
where I is the identity matrix, ( )T denotes the transpose matrix, and qk, pk are given as
pk ¼ Zkþ1 � Zk

qk ¼ rF Zkþ1
� �

�rF ðZkÞ
ð13Þ
The Hk matrix is a series of matrices, beginning with the identity matrix I and ending with an approximation
to the inverse Hessian matrix H�1, a positive definite symmetric matrix of the second partial derivatives of the
objective function in terms of the design variables.

The line search direction is given by the following equation (Bazaraa et al., 1993):
Zkþ1 ¼ Zk þ akdk ð14Þ

where Zk+1 is the column vector of the updated design variables, dk is the computed search direction where the
function F(Z) is decreased and ak is a scalar multiplier such that the function F(Zk + akdk) is minimized. The
computed search direction is given as
dk ¼ �HkrF Zk
� �

ð15Þ
The above process is repeated until the objective function converges to some predefined tolerance, e, that is
F Zkþ1
� �

� F Zk
� �

6 e ð16Þ
The derivatives of the objective function, in Eqs. (13) and (15), can be calculated using the forward scheme of
the Finite Difference method, in respect to every design variable, given by
rF fið Þ ¼
F ðfi þ diÞ � F ðfiÞ

di
ð17Þ
where di is the step corresponding to every design variable fi for i = 1, m.
The procedure starts with a positive definite and symmetric matrix, which is usually the identity matrix, and

then the approximations of the Hessian matrix Hk are build in a way that they remain positive definite and
symmetric. In the case that the solution is still far from the optimum, this way of updating the matrix guar-
antees that the design variables will always move in a downhill direction, where the objective function is
decreasing. When the design variables are close to the optimum solution, then the updating formula
approaches the true Hessian matrix and the quadratic convergence of Newton�s method is achieved (Bazaraa
et al., 1993).
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