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6. Darboux’s definition of the Riemann integral with respect to a signed
measure

In this section we shall assume, as in section 4, that X is an s-set, i.e.
X € I, and that |»| (X)+0. This means in particular that » is of finite
total variation over X, and the set of all partitions of X with sets of
I' is not empty.

For the definition of the upper and lower integral in the case of a
signed integral we need the following result.

Theorem 6.1. Let x=a(F1, ..., Fy) run through all partitions of X.
Then the mnet Z v(F;), where the summation is over those ¢ for which

v(F;)<0, and the net Z (F:), where the summation s over those ¢ for

which v(F;)>0, converge to zero in the set of real mumbers.

Proof. We shall prove this only for »+, since the proof for »— is
similar. It is convenient to introduce temporarily the following notation.
If n=n(F1, ..., Fp) is a partition of X, then we write F;+* whenever
v(F;)>0 and F;~ whenever »(F;)<0. For every ¢>0 there exist disjoint

sets Al, vy Ap in I' such that »(4;)>0 and »*( X)<Z (As)+e/2. If
A= U A;, then X — A= U B;, where B; e I'(j=1, 2, ) and the sets

i=1 j=1

B; are disjoint. Denote by =, the partition of X given by m,=n(4, ...
.y An, B, ..., By). Then we have vH(X)<Y »(4i)+ Y »(B;j*t)+¢/2. This
j

i=1
shows that for every e£>0 there exists a partition n,=n(C1, ..., Cx) of X

such that »+( X)<Z (Ci*) +¢/2. Since z »H(Cy) = vH( X)<zv+ (Cit) +¢/2,
we obtain Z vH(C;~)<e/2. Let now m= n(Fl, voey Fy) be a partltlon of X
which is ;iner than =,. Then 2 vH(Fi)=>{»t(Fi7) : Fi~ C0j+}+
+ 2 {vt(Fe) « Fi- CC’] < F 1 i CC+}+6/2 But > {»+(F

: F; COv<vi(X ‘gv (C; +)+£/9 S{(Fit) « Fit C Ot} + 8/2 <
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<Z{v+(F¢+) B+ C 0j+}+8/2. Hence, z{v+(Fr) B AP COj"'} < 8/2, i.e.
S vH(Fim)<e/2+¢/2=¢. This completes the proof of the theorem.

We shall now introduce the following additional notation.

Notation. Let f be a bounded real function defined on X and let
a=n(F1, ..., Fp) be a partition of X. By us(m, v) we denote the step function
which on Fi(i=1, 2, ..., n) assumes the value sup (f(x) : x € F;) whenever
v(F3)>0 and inf (f(z) : x € F;) whenever v(F;)<0. Similarly, lg(w, v) is the
step function which on F; assumes the value inf (f(x) : x € F;) whenever
»(F;)>0 and sup (f(x) : x € F;) whenever v(F;)<0 (=1, 2, ..., n).

Observe that ug(w, ») € S(f, #) and lg(n, v) € S(f, =) for all = € P. Now
the following theorem holds.

Theorem 6.2. For every bounded real function f defined on X, we have
hm J(uy(, #) = (J+)*() = (J-)x(f) and Tim J(lp(m, #)) = (T +)x(F) = (J)*(P)

Proof. Let m=n(F1, ..., Fy) be a partition of X and let M;=
=sup (f(x) : x € F;) and let m;=inf (f(x) : x € F;) (1=1, 2, ..., n). Then it
is easy to verify that we have with the notation introduced in the proof
of Theorem 6.1
S (ur(m, v)) =J +(uy(m)) —J (Upl0) — 3 (M —ma) v+(Fim) — 3 (M ) v (Fit)

and

J(Ue(7e, v)) = J +(ly(7)) —J —(uy(r)) +Z(Mz mg) vH(Fi~) +z (M —mg) v—(Fyt).

Hence, the desired result foliows immediately from Theorem 4.1,

Definition 4.3 and Theorem 6.1.
On the basis of Theorem 6.2 we introduce the following definition.

Definition 6.1 (Upper and Lower Darboux integrals with respect to
a signed measure). For every bounded real function f defined on X, the
numbers lim J(us(z, v)) and lim J(lg(zw, v)) are denoted by J*(f) and J.(f)

respectively, and are called the upper Darboux integral of f with respect to v
and the lower Darboux integral of f with respect to v respectively.

From Theorem 6.2 it follows that for every bounded real function f
defined on X, we have J*(f)=(J+)*(f)—(J-)«(f) and Ju(f)=(T+)«(f)—
—(J2)*(f); hence J(f) <J*(f). Furthermore, if » is a measure on I', then
the present definition is the same as Definition 4.3.

The following obvious extension of Theorem 4.2 holds.

Theorem 6.3. Let f be a bounded real function defined on X. Then
f € R(X, T, v) if and only if J . (f)=J*(f), and in this case J(f) =J . (f) =T *(f).

Proof. If feR(X, I',»), then it follows from Theorem 5.5 that
feRX, T,v) and fe R(X, I, v-). Hence, by Theorem 4.2, we have
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¥ = H(N=J+(f) and (J)*(/)=(-)(f)=J(f). It follows that
JEHD =T ()= () =T +()) =T ().

Conversely, if J*(f) =J,(f), then Theorem 6.2 and Definition 6.1 imply
that (J+)*(f) — (J )« (f) = (J)x(f) — (J)*(f). Since (J+)*(f) — (J+)(f) >0 and
similarly for J_, we have (J4)*(f) =(J 1), (f) and (J-)*(f)=(J-)«(f), and so
feR(X, I, vt) and f € R(X, I, v—) (Theorem 4.2). Hence by Theorem 5.5,
feR(X, I, »).

We conclude this section with the following theorem which is similar
to Theorem 4.3.

Theorem 6.4. For every bounded real function f defined on X the
following conditions are equivalent.

(@) feR(X, I, ).

(b) For every pair of elements sy, s5' € S(f), the net J(sg(n) —ss'(n)), = € P,
converges to zero in the set of real numbers.

(¢) The net J(sf(m)—s¢ (%)), m e P and sf, s5' € S(f) converges to zero in
the set of real mumbers uniformly in sf, s5' € S(f).

(d) For every pair of elements v(f), v'(f) € VS(f), the net J (v(f, n) —v'(f, 7)),
m € P, converges to zero in the set of real mumbers.

(e) The net J(v(f, w)—2'(f, @), = e P and v(f), v'(f) € V8(f), converges
to zero in the set of real numbers uniformly in v(f), v'(f) € VS(f).

Proof. If based on Theorem 6.2 and the fact that for every pair of
elements sz, sy” € S(f) we have |J(s¢(w) —s7' ()| <J (ug(m, ») =l (7, ), = € P,
the proof is completely similar to the proof of Theorem 4.3.

Remark. We leave it to the reader to formulate and prove theorems
corresponding to Theorems 4.4 and 4.5.

7. The spaces R, with respect to a measure.

In this section we shall discuss a class of Riemann integrable functions
for which a generalization of the theorem of Fichtenholz can be proved.
The classes R(X, I', u) are too general for this purpose as shown by the
following example: Let X be the unit interval in E;, I" the o-algebra of
all Lebesgue measurable subsets of this interval, and let u be Lebesgue
measure. Then the class of all Riemann integrable functions is the class
of all bounded Lebesgue measurable functions, and the Riemann integral
of those functions is the Lebesgue integral. But in section 2 we have
shown that the theorems of Fichtenholz cannot be generalized to include
the Lebesgue integral.

Let X be a non-empty point set, I" a semiring of subsets of X and let
u be a measure on X. As in section 4 we shall assume here that X is an
s-set or equivalently that X e I's and that u (X)+#0.

Let 2 be a collection of increasing sequences of partitions of X, i.e. every
element w € 2 represents an increasing sequence of elements {7,,» : n € N}
of P(X, T, u).

We introduce now the following definition.
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Definition 7.1 (,-integrability). Let 2 be a collection of increasing
sequences of partitions of X. A bounded real function f defined on X is said
to be Q2 -integrable over X whenever for every w € 2 and every pair of elements
s, 8¢ €8(f), we have lim I(s§(7r0, n) — 8¢ (7w, n)) = 0.

As a consequence of this definition we have the following theorem.

Theorem 7.1. LetQ bea collection of increasing sequences of partitions
of X, and let f be a bounded real function defined on X. If f is Q -integrable
over X, then f is Riemann integrable over X with respect to u and I(f)=
= lim I(s{(my,n)) for all w € Q and all sy € S(f).

Proof. If f is Q,-integrable over X, then lim I(us(7s,n— (70 ,n)) =0

n—>o00

for all w € Q. Since I(lx(7we,n)) <Ly (f) <I*(f) <I(uf(w,2)), © €2, n €N, we
obtain that I, (f) = I*(f). Hence, the desired result follows from Theorem 4.2.

We introduce now the following additional notation.

Notation. Let £ be a collection of increasing sequences of partitions
of X. The class of all bounded real functions which are Q -integrable over X
will be denoted by Ro(X, I', u), or shortly by RQ”.

Remark. It follows from Theorem 7.1 that RQI‘ is a subset of
R(X, I, u). It is easy to see, however, that it is a linear subset of R.
Furthermore, from the obvious inequalities: ugs () — s+ () < us(w) — lp(7)
and wup-(7w) — - (%) <up(m) — (%), = € P, it follows immediately that RQ#
is also a Riesz space, i.e. Rgﬂ is a Riesz subspace of R.

We conclude this section with the following theorem which is similar
to Theorem 4.4.

Theorem 7.2. LetQ bea collection of increasing sequences of partitions
of X and let f be a bounded real function defined on X. Then the following
conditions are equivalent.

(a’) f € RQ(X, F, :u)~

(b) Forevery w € 2, lim I(sf(nw,n) — 8¢ (7w, n)) = 0 for all pairs sf, s5’ € S(f).

Nn—>00

(¢) For every we®, im I(s4(ste 1) — 85 (7w, n)) = 0, umiformly in sz,s;" €S(f).
n—>00

(d) For every w e 2, lim I(v(f, 7tw, n) —V'(f, 7w,n)) =0 for all pairs v(f),
v'(f) € VS(). e

(e) For every w € 2, im I(v(f, mo,n) —V'(f, w,n)) =0, uniformly in v(f),
v'(f) € VS(j). e

Proof. The proof is left to the reader since it is similar to the proof
of Theorem 4.4.

8. Spaces R, with respect to a signed measure

As in section 6, let X be a non-empty set, I" a semiring of subsets of
X such that X € I, and let » be a signed measure defined on I" such that
|»| (X)=0.
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Definition 8.1 (Q,-integrability). Let 2 be a collection of increasing
sequences of partitions of X. A bounded real function f defined on X is said
to be Q,-integrable over X whenever for every w € 2 and every pair of elements
sy, 85" € 8(f), we have lim J {(8¢(7w, n) — 87 (7w, n)) xa}=0 for all A € I

In analogy to Theorem 7.1 we have the following result.

Theorem 8.1. Let 2 bea collection of increasing sequences of partitions
of X, and let f be a bounded real function defined on X. If f is Q,-integrable
over X, then f ts Riemann integrable over X with respect to ».

Proof. Observe that the definition of £,-integrability implies that
for every o €, lim J{(us(7w,n) — (7w, n)) xa}=0 for all 4 e I'. Since

li(m)<f<usg(m) for all we P, and n<a’ implies that l(w)<l/(n’) and
us(n’) <us(w) (Theorem 4.1 (a)), the desired result follows from Definition
5.1.

Notation. ZThe class of all 2,-integrable functions on X will be denoted
by Ro(X, I, ), or shortly by Ry, .

Theorem 8.2. Let Q2 be a collection of increasing sequences of partitions
of X. A bounded real function f defined on X is Q,-integrable over X if and
only if f is Q,.-integrable over X and Q,--integrable over X, and in this
case we have for every w € Q that lim J(sy(m,,n))=J(f) for all s; e S(f).

Proof. If feR,, and if fe R, _, then it is obvious that fe R,,
and in that case it follows from Theorem 7.1 that J.i(f)—J—(f)=
= lim J (84(7w, n)) — Lim J _(8¢(7w, n)) = lim J(s(s,n) for every w e and

for every sy € S(f). Hence, by Theorem 5.5, J(f) = lim J(sf(7,,»)) for every
w €2 and every s; eS(f). e
Conversely, assume that f is £, -integrable over X. Then

}Ll_I){.loJ{(uf(ﬂm,n) —lf(nw,n)) XA}= 0

for all A € I" and every w € 2. Since the sequence of non-negative step
functions {us(7ww, n) —l(7w,n) : n € N}, @ € 2, is decreasing in z, it follows
from Theorem 5.4 that lim J. (u(7w,s) —lf(7w,n)) =0 for every w €,

n—-00

and similarly for J_. We conclude that f € B, , and f € R, _. Furthermore,
J(f)= lim J 1(sp(m0,n)) and J_(f)= lim J_(s(7w,n)), @ € 2 and s € S8(f),

so J(f)= lim J(sf(e,n)), @ € 2, s €S(f).

n—>00

Remark. From Theorem 7.1 it follows that Theorem 8.2 implies
Theorem 8.1. Furthermore, this theorem shows that R, and RQM contain
the same elements, so R, is also a Riesz space.

We conclude this section with the following theorem.

Theorem 8.3. Let 2 be a collection of increasing sequences of partitions
of X. A bounded real function f defined on X is Q,-integrable over X if and
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only if for every w € 2 we have im J{(v(f, 7w, n) —V'(f, Tw, 1)) x4} =0 for all

n—>o0

A el and o(f), v'(f) e VS(f), and in that case J(f)= lim J(v(f, 7ww,4)),
w €2 and o(f) € VS(f).

Proof. If fis 2, integrable over X, then the condition of the theorem
follows immediately from Definition 8.1 and Theorem 8.2.

Conversely, the condition of the theorem implies, using Theorem 5.4
(observe |v(f, T, n) —V'(f, Tw.n)| <2M, where M =sup (|f(z)| : z € X), for all
w e 2 and o(f), v'(f) € VS(f)), that lim J+( U(f, Tw,n)) —V'(f, Tw,n)) =0 and

lim J-(v(f, ®w,n) —V'(f, w,2)) =0, w e.Q o(f), v'(f) € VS(f). Hence, The-

n—>00

orem 7.2 implies that f is £,.-integrable over X and also Q,--integrable
over X. We conclude from Theorem 8.2 that f is £,-integrable over X.
The remainder of the theorem follows then also from Theorem 8.2.

Remark. The reader may easily verify that there does not always
exist sets {2 of increasing sequences of partitions of X such that Ry = R.
In the theory of the familar Riemann integral in Euclidean spaces it can
be shown that there exists 2 such that R,=R (see section 10). It seems
therefore natural to ask for sufficient conditions, or perhaps necessary
and sufficient conditions, on I" in order that R,=R for some 2. We
have not been able to solve this problem in any satisfactory way.

9. A generalization of the theorem of Fichtenholz

Let X and Y be two non-empty point sets, and let I'; and I, be semi-
rings of subsets of X and Y respectively. Furthermore, we assume that
vz and vy are signed measures defined on I'; and I'y respectively, and that
X e(I7%)s, Y €(Iy)s, |7s| (X)#0and |vy| (Y) #0. We shall denote the Riemann
integral with respect to v, and »y, by J, and J, respectively.

Then the following generalization of the theorem of Fichtenholz holds.

Theorem 9.1. Let 2, and £2y be collections of increasing sequences
of partitions of X and Y respectively. If f=f(x, y), (x,y) e X x X, is a real
function defined on X XY, satisfying the following conditions:

(1) f ts bounded on X XY, t.e. there exists a constant M >0 such that
|f(x, y)| <M for all (x,y) e XXY,

(i) for all ye¥, flx,y)= ]‘y(x) (x € X) is 0z, v -integrable over X,

(iii) for all x € X, f(, y =fu(y) (y € Y) is Ry v,~tntegrable over Y, then

x)=Jy(fz) (x € X) and p(y)=J(fy) (y € Y) are Qg v -integrable over X and
82y, v,-integrable over Y respectwely, and Jz(p)=Jy(p), i.e. repeated integrals
I Jy(f)) and Jy(J(f)) exist and are equal.

Proof. We shall prove that ¢ is £, v,-integrable over X. The proof
will be based on Theorem 8.3. For this purpose, let v(p), v'(¢) € VS(p)
and let 4 € I';. If = is a partition of X, then, since v(p, ) is functional and
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linear in ¢, we havethath( (p, 7)) = z(v(Jy(fx(y), 7)) =J (Jy(v(f(y), 7)) =
—Jy Jz(v(fx(y) ) (the latter equality fo]lows from the fact that
y(v(f=(y), n)) is a step function). Hence, if wz € 2, then

J={(v(o, Ty, n) _”/(‘P:ﬂwm,n))XA}=Jy(Jz[{v(fy( » o, n) =0’ (fy( x), 7o, ,n)}xal)-
If we put
Ja[ {v(fy(), o, n) — ' (fy(®) ﬂwm,n)}XA]=9n(?/)> yelt

and n € N, then by condition (ii) of this theorem and Theorem 8.3 we
have lim g,(y) =0forally € Y. Also, |ga| <2M|y|(Y), and hence, by Arzela’s
Theorem (Theorem 3.7) lim Jy(gs)=0, i.e. @ is 2, v, integrable over X.

In the same way we can show that ¢ is £y ., -integrable over Y. In
order to prove that the Riemann integrals of ¢ and y are equal, let
hu(y) =J 2 {0(fy(®), 7w ,n)}, n €N, y €Y and v € VS. Then lim An(y) =yp(y)
for all y € Y (Theorem 8.3) and |hy| <M|»y|(Y). It follows from Arzeld’s
theorem that lim Jy(hn)=Jy(y). Since Jy(hn)=Jz(v(p, 7s,a)) and @ is

24, v,-integrable over X, we conclude from Theorem 8.3 that

lim Jy(hn) =Ja(@), 50 Jy(y)=Ja(g).

n—>o0
This completes the proof of the theorem.
Remark. It is easy to see that the theorem can be generalized to
products of more than two spaces. Indeed, with obvious meaning for the
symbols employed, if f = f(x1, ..., 2,) is areal function defined on X; X ... X Xy,

such that f is bounded and f(x1, ..., Zn)=Ffer,..., 51,2141, ..., 2(®i) 18
£2z;,v,-integrable over X; (i=1,2, ..., n), then the n!-integrals

Jai(Jai(.-- (T, (1))

all exist in the sense of Q-integrability and are equal.

10. Applications

(a) The Riemann—Stieltjes integral in Euclidean space Ep(k>1). Let
X=Fy and let I' be the semiring consisting of ¢ and all the cells
A=(ay, b1; ...; ag, bx]=

{xrx=(21, ..., 2x) € By and —oco<as<@i<b;<+oo,i=1,2, ..., k}

Assume that u is a measure on I"such that u(A4)<oco for all 4 € I'.
Measures defined on this semiring can be characterized as follows.

Theorem 10.1. Let g be a real function defined on Ex(k>1) such that

(i) g(x)=g(x1, ..., zx)=0 (x € Hy) if one or more of the coordinates of x are
zero, (ii) g(x) <s right comtinuous, i.e. lim g(x1+e1, xa+eg, ..., Xk + k)=
=g(x1, ..., Xx) as & tends to zero through strictly positive values for every

1=1,2, ..., k, (iil) of a=(ay, ..., o) and b=(by, ..., bg) are two points of Ey
such that a;<by (1=1, 2, ..., k), then > (—1)#@)g(c) >0, where c=(cy, ..., Ck)



541

18 @ point of Ky, the coordinates c; of which are either a; or by (t=1, 2, ..., k) and
n(c) s the number of a; among the c;. Then,
if Ael, A=(a, b1; ...; ag, bgl, p(A)=23(—1)*©® g(c)

is a measure on I such that u(A) s finite for all A € I. Conversely,
if u s a finite measure on I, then there exists o function g on Ey with
properties (i) to (iil) such that u(d)=73 (—1)»©@ g(c) for all A € I', where
A=(a1, bl; wees O, bk] ¢

Proof. If g is a function defined on Ej satisfying the conditions of
the theorem, then it is easy to verify that wu(4)=> (—1)7® g(c), 4=

=(a1, b1; ...; a0, bg] € I' is a measure on I, provided we put u(¢$)=0.

Conversely, if u is a measure on I, then g can be defined as follows:
put g(x)=0 if one or more of the coordinates of x are equal to zero, and
put g(x)=(—1)"®@ y(A) if none of the coordinates of = are zero, where
m(x) is the number of x;<0 and wu(4) is the measure of the cell
{y : min (0, z;) <ys<max (0, ;),9=1, 2, ..., k}. The verification of the
fact that g satisfies the conditions of the theorem is left to the reader.

Examples of functions g satisfying conditions (i) to (iii) of Theorem 10.1
are the following: (i) g(z)=g(x1, ..., ¥x) =21%2...2x Which gives rise to the
Euclidean volume of an interval in Hg, (i) g¢(z)=g(z1, ..., )=
g1(x1) ga(x2) - ... - gr(zr), where g, ..., gx are k increasing functions of a real
variable vanishing at the origin and right continuous.

If v is a signed measure on I, then by applying the Jordan decomposition
y=v,—v_ we can obtain a similar characterization for ».

If k=1, then Theorem 10.1 expresses the well-known fact that the
family of all measures on the semiring of the cells is in one-to-one
correspondence with the family of right continuous increasing functions
which vanish at the origin.

Perhaps it is of interest to point out that if we take a larger semiring
of intervals, say for instance the semiring of all intervals, then the
characterization theorem becomes more complicated. The reader may
convince himself of this fact by examining the case k=1.

Let A be an interval the closure of which is the interval [a,b1;...;0%,bx];
A is called degenerate if a;=b; for at least one value of 7 (1=1, 2, ..., k).
We introduce now the following definition.

Definition 10.1. A non-degenerate interval A in Ey (k>1) is called
an interval of continuity of u if, for every e>0, there exist cells A1, Ao € I’
such that (i) the closure of A is contained in the interior of 4, (ii) the closure
of A is contained in the interior of Aa, (iil) u(Asz) —u(A1)<e. A degenerate
interval A in Ex(k>1) is called an interval of continuity of u, if, for every
e>0, there exists a cell B such that the closure of A is contained in the
interior of B and u(B)<e.

35 Series A
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Then the following theorem holds.

Theorem 10.2. Let u be o finite measure on I. Then there exists
a countable subset D, of Ei such that if A is an interval of Eyp and

[a1, b1; ...; ag. bg] is its closure and none of the asz, b; (i=1,2, ..., k) is in
D,, then A is an interval of continuity of u.

Proof. Let An be the cell (—n,n;...; —n,n](neN) and let
Jiny)=pw(dn N {x 12 € By and z;<y}),v=1,2,...,k and n e N. Then
gin(y) (t=1,2, ...,k and n € N) is an increasing function of y, and hence
has at most a countable number of discontinuities. Let D, be the countable
set of all the discontinuities of the functions ¢;.(y) (=1, 2, ...,k and

n € N). To prove the theorem, let 4 be an interval satisfying the conditions
of the theorem, and assume that 4 is non-degenerate. For sufficiently
large n, the closure of 4 is contained in A4,. Then, for every ¢>0, there
exist different numbers a;’, a;”, b, b;" (t=1, 2, ..., k) such that for all
i=1, 2, ..., k, o’ <a;<ai”, b <b;<b;” and gi,n(ai”) —Gi,n ai’)<£/2k,
Ji,n (bz”) —fin (bi' <8/2k Let A1— (Ch', b]_', . ak’, bkl] and Az— (al s bl”,

; ar”, bx"]. Then it is easy to see that A1 and As have properties (i),
(11) and (iii) of Definition 10.1. If 4 is degenerate, say a;=>5;, then we take
o' =b;' and a;"=05b;" and g;n(@:") —gin(a;’)<e. Then A lies in the strip
An N {x ra;<a;<a;”} and hence, if B=(a1’, b1'; ...; 4, ai”; ...; ax’ bi'],
then the closure of A4 is contained in the interior of B and wu(B)<e.

Remark. If » is a signed measure on I, then the same result holds
provided it is formulated for |v|.

Let » be a signed measure defined on I'. A point x € Ey is called a
y-continuous point whenever the degenerate interval consisting of « only
is a ||-continuous interval.

Let X be an element of I. We shall denote by I'x the semiring of all
cells which are contained in X. Furthermore, if # is a partition of X,
then by |7| we denote the largest diameter of the elements of x, and |x]
is called the norm of .

Theorem 10.3. Let 2 be a collection of tncreasing sequences of
partitions of X satisfying the following conditions: (i) for every w € 0,
lim |7y, 0| =0, (ii) for every w € R, the set of all vertices of the cells in

Tw,n, M € N, contains all |v|-discontinuous points. Then Ry(X, I'x, v)=
=R(X, I'x, »).

Proof. It follows from Theorem 8.2 that it is only necessary to give
the proof for y+. Hence we may assume that y=u, where u is a finite
measure on I, By Theorem 7.1, RQ C R(X, I'x,u), hence we have only
toshowthat R(X, I'r,u) C RQ For this purpose, let f € R(X, I'x,u). Then,
for every ¢ > 0, there exists a partltlon 7, of X such that I(ug(w)—lg(w)) <e/2
for all #>x, (Theorem 4.3(b)). Let w € 2 and let no be the smallest index
such that (i) the vertices of the elements of x,, 4, contain all the u-dis-
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continuous vertices of the elements of n,, (ii) |7s, zo| is less than the length
of the smallest edge occurring in the cells of x,, (iii) if = is a vertex of
an element of z, which is a y-continuous point and if x € 4 € 7, 4, then
w(d)<e/4Mm, where M =sup (|f(x)| : x € X) and m is the total number
of vertices of all elements of ,. Consider now the partition # =max (7., 7w, n)
and assume that n>mno. We wish to compare I(us(m)—Il(w)) with
I(us(710, n) — lp(780,n)). Observe that if m, , and = have an element in
common, then its contribution in the two integrals is the same. Now
observe that if 4 € n,,, but does not occur in 7, then it contains precisely
one vertex of some element B of x, (follows from property (ii)). Since this
vertex is a point of continuity of u, we have u(4)<e/4Mm. Hence, the
difference of the contribution of 4 N Bex and 4 €m,,, in the above
integrals is at most 2Mu(4)<e/2m. We conclude that

H (us(m) — Up(7e)) — L (up(, n) — Lp(700, n))] < €/2.

Since 7 >mn,, we have I(us(mtw,n) — (70, ) <e for all n>no. Thus fe RQﬂ
(Theorem 7.2), which completes the proof of the theorem.

Remark. This theorem shows that the theorem of Fichtenholz is
applicable in Ex(k>1) for Riemann integration with respect to the semi-
ring of all cells in Ey and the signed measures defined on it. Of course one
may take larger semirings in Ey, and ask whether Theorem 10.1 remains
valid. If k>1, and if there are |v|-discontinuous points, then we are not
able to give any satisfactory answer to this question. It is well-known
that if I'is the semiring of all intervals and if there are no |»|-discontinuous
points one may take for {2 all increasing sequences of partitions with norm
tending to zero, and Theorem 10.1 continues to hold. In this case it is
also true that if one restricts » to the semiring of all cells, this restriction
defines the same space of Riemann integrable functions and the same
Riemann integral. This can be proved very quickly, since the characteristic
function of every finite interval becomes Riemann integrable with respect
to this restricted measure space (apply Theorem 10.2).

(b) Riemann—Stieltjes integration in Ei. Let I' be the semiring of
all finite intervals in E;, and let » be a signed measure defined on I
Then there exists a function g on Ei, of finite variation over every interval
of I' and right continuous, such that »(4)=g(b)—g(a) for all left-open
intervals (=cells) a<z<b, »(4)=g(b)—g(a—) for all closed intervals
a<x<b, v(A)=g(b—)—g(a) for all open intervals a<x<b, and »(4)=
=g(b—)—g(a—) for all right-open intervals a<x<b (this follows from
Theorem 10.1). We denote by {z, : n € N} the set of all points of dis-
continuity of g. Let g be written as the sum of its continuous part g,
and its discrete part g;. Denote the signed measure defined by g, by ».
(observe that ve(4)=gc(b) —ge(a) for every interval of I" with end points
a and b, a<b), and denote the signed measure defined by gz by .
Then »=vc+ v4. Since I" denotes the semiring of all finite intervals of Ej,
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we shall denote the semiring of all cells (=left-open intervals) by I7.
Then I7 C I, but (I1)s# I5.
Then the following result holds.

Theorem 10.4. Let f be a real function defined on Ei. Then: (i)
f € R (Ey, I, v) if and only if f € R (E1, I, ve) and | is left continuous at

the points wnneN); in this case [fdv=] fdve+ S f@a)v({en)), (i)
feR (B, I',v) ¢of and only if fe R (Ev, I, v), and :7; this case [ fdv=
=ffd”c+zlf(xn) v({xn}).

Proof. The proof is straight forward and is left to the reader.

This theorem shows that in general R(E,, I, ») is a proper subspace
of R(E;, I, v). If v has no discrete part, i.e. ¢ is continuous, then the two
Riemann integration theories are equivalent.

Theorem 10.3 shows that the theorem of Fichtenholz applies to Riemann
integration with respect to I'1. We shall now prove that this is also the
case for Riemann integration with respect to I', (always with the
restriction k=1).

Theorem 10.5. Let X be a finite interval in K1, let I'x be the semiring
of all intervals contained in X and let v be a signed measure defined on I'x.
If Q is a non-empty collection of imcreasing sequences of partitions of X
(with respect to I'x) such that (i) for every w e Q, lim |m,,4|=0, (ii) for

every o € Q, if x € X is a |v|-discontinuous point, then {x} is an element of
some 7., n. Then f e R(X, I'y. v) if and only if f e Ry (X, I'x, v).

Proof. Without loss of generality we may assume that » is a measure
u (Theorem 8.2). Furthermore, we have only to show that f € R(X, Iz, p)
implies f € RQ” (Theorem 8.1). To this end, let e>0 be given. Then there
exists a partition s, of X such that I(us(w)—Ils(n))<e/2 for all m>am,.
Let w € 2 and let no be the first index with the following properties:
(i) |7w,no| is less than the length of the smallest non-degenerate element
of =, (ii) if x € X is a u-discontinuous point and if {x} occurs as an
element in s, or is an end point of one of the elements of s,, then {x}
oceurs in 7y, q, (iii) if z is an end point of some element of x, or if {x}
occurs in s, and is a u-continuous point and if x € A em,,n then
u(d)<e/4Mm, where M =sup (|f(x)| : ® € X) and m is the total number
of endpoints of all intervals of z,. In the same way as in the proof of
Theorem 10.3 it follows then that I(uf(me,ns)—lf(7ww,»)) <e for all n>mno,
which shows that f is £ -integrable over X (Definition 7.1).

Remark. This theorem also shows that in Ey(k>1) the theorem of
Fichtenholz is applicable to the theory of Riemann integration with
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respect to the semiring of all intervals in Ex(k> 1) and a product measure,
i.e. a measure defined by a function g(x)=g(x1, ..., 2x)=

g1(@1)ga(22) - ... - gulxx), where ¢;(i=1,2,...,k) is a right continuous
function which is of finite variation over every finite interval.

California Institute of Technology
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