
brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Elsevier - Publisher Connector 
J. Math. Anal. Appl. 327 (2007) 1130–1142

www.elsevier.com/locate/jmaa

Global attractors for p-Laplacian equation ✩

Meihua Yang, Chunyou Sun ∗, Chengkui Zhong

School of Mathematics and Statistics, Lanzhou University, Lanzhou 730000, PR China

Received 23 March 2005

Available online 6 June 2006

Submitted by J.A. Ball

Abstract

The existence of a (L2(Ω),W
1,p
0 (Ω) ∩ Lq(Ω))-global attractor is proved for the p-Laplacian equation

ut − div(|∇u|p−2∇u) + f (u) = g on a bounded domain Ω ⊂ R
n (n � 3) with Dirichlet boundary condi-

tion, where p � 2. The nonlinear term f is supposed to satisfy the polynomial growth condition of arbitrary
order c1|u|q − k � f (u)u � c2|u|q + k and f ′(u) � −l, where q � 2 is arbitrary. There is no other restric-
tion on p and q. The asymptotic compactness of the corresponding semigroup is proved by using a new a
priori estimate method, called asymptotic a priori estimate.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Let Ω ⊂ R
n (n � 3) be a bounded domain with smooth boundary ∂Ω . We consider the exis-

tence of global attractors in W
1,p

0 (Ω) and Lq(Ω) for the following p-Laplacian equation:

ut − div
(|∇u|p−2∇u

) + f (u) = g in Ω × R
+, (1.1)

with the Dirichlet boundary condition

u|∂Ω = 0, (1.2)
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and initial condition

u(x,0) = u0(x), (1.3)

where p � 2; f : R → R satisfies the following assumptions

f ′(u) � −l for some l � 0 (1.4)

and

c1|u|q − k � f (u)u � c2|u|q + k, q � 2; (1.5)

and g ∈ Ls(Ω), here s satisfies

s � min

{
2,

n(q + p − 2)

p(n + q − 1) − n

}
. (1.6)

This problem has been studied extensively in many monographs and lectures; see, e.g.,
[1–5,10] and references therein. In [1], Babin and Vishik provided detailed discussion about
this problem, however, even though they got that the corresponding semigroup {S(t)}t�0 has

a (L2(Ω),W
1,p

0 (Ω) ∩ Lq(Ω))-bounded absorbing set, they only established the existence of

(L2(Ω), (W
1,p

0 (Ω)∩Lq(Ω))w)-global attractor (see [1, p. 127, Theorems 3.1 and 3.2]), and the

existence of (L2(Ω),W
1,p

0 (Ω) ∩ Lq(Ω))-global attractor remained unknown; in Temam [10],
only the special case of f = ku was discussed; in [2], Carvalho, Cholewa and Dlotko considered
the existence of global attractors for problems with monotone operators, and as an application,
they got the existence of (L2(Ω),L2(Ω))-global attractor for p-Laplacian equation, in which
the nonlinear term satisfies a condition similar to (1.5), see also Cholewa and Dlotko [5].

Recently, Carvalho and Gentile in [4], combining with their comparison results developed
in [3], obtained that the corresponding semigroup has a (L2(Ω),W

1,p

0 (Ω))-global attractor.
However, they need some additional assumptions, i.e., either assume that p > n

2 and f = f1 +f2,
where f1 satisfying (f1, u) � 0 and f2 being a global (L2(Ω),L2(Ω))-Lipschitz mapping, or
assume that f satisfies some growth condition such that it can be dominated by the p-Laplacian
operator.

It is well known that if we want to prove the existence of the (L2(Ω),W
1,p

0 (Ω) ∩ Lq(Ω))-
global attractor, we need to verify that the semigroup associated with Eq. (1.1) has some kind
of compactness, which is necessary, in W

1,p

0 (Ω) ∩ Lq(Ω). As we know, under assumptions

(1.4)–(1.6), the solutions of Eq. (1.1) are at most in W
1,p

0 (Ω) ∩ Lq(Ω) and have no higher
regularities. Therefore, there is no compact embedding results for these cases. Moreover, since
the solutions have no higher regularities and the semigroup associated with the solutions is only
(L2(Ω), (W

1,p

0 (Ω) ∩ Lq(Ω))w)-continuous if we do not impose any restrictions on p and q

(see Babin and Vishik [1]), it seems to be difficult that we can directly verify the asymptotic
compactness in W

1,p

0 (Ω) ∩ Lq(Ω). Hence, in order to obtain the strong attracting property of
global attractors, by the usual methods, one must impose some conditions on p,q or directly on
the nonlinearity, which guarantee that the nonlinear term can be dominated by the principal part.

In this paper, motivated by the ideas in [8,9,11], we give a new method for verifying that
the semigroup is (L2(Ω),W

1,p

0 (Ω) ∩ Lq(Ω))-asymptotically compact, and then establish the

existence of the (L2(Ω),W
1,p

0 (Ω) ∩ Lq(Ω))-global attractor for problem (1.1)–(1.3) under as-
sumptions (1.4)–(1.6).

Our main result is the following:
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Theorem 1.1. Assume that Ω is a bounded smooth domain in R
n (n � 3), f satisfies (1.4)–(1.5)

and g ∈ Ls(Ω), where s satisfies (1.6). Then the semigroup {S(t)}t�0 generated by (1.1)–(1.3)

with initial data u0 ∈ L2(Ω) has a (L2(Ω),W
1,p

0 (Ω)∩Lq(Ω))-global attractor A, that is, A is

compact, invariant in W
1,p

0 (Ω) ∩ Lq(Ω) and attracts every bounded subset of L2(Ω) in the

topology of W
1,p

0 (Ω) ∩ Lq(Ω).

In some sense, this conclusion improves the previous relevant results.
For convenience, hereafter let ‖ · ‖q be the norm of Lq(Ω) (q � 1), |u| the modular (or

absolute value) of u, m(e) (sometimes we also write it as |e|) the Lebesgue measure of e ⊂ Ω ,
Ω(u � M) = {x ∈ Ω: u(x) � M} and Ω(u � −M) = {x ∈ Ω: u(x) � −M}, and C an arbitrary
positive constant, which may be different from line to line and even in the same line. Since
Ω ⊂ R

n is a bounded smooth domain, we take the equivalent norm in W
1,p

0 (Ω) to be

‖∇u‖p =
(

n∑
i=1

∫
Ω

∣∣∣∣ ∂u

∂xi

∣∣∣∣
p
)1/p

for any u ∈ W
1,p

0 (Ω).

2. Abstract results

2.1. Preliminaries

In this subsection, we recall some basic concepts about the bi-spaces global attractor, see
[1,6,8,11] for more details.

Definition 2.1. Let {S(t)}t�0 be a semigroup on Banach space X and Z be a metric space. A set
A ⊂ X ∩ Z, which is invariant, closed in X, compact in Z and attracts bounded subsets of X in
the topology of Z is called an (X,Z)-global attractor.

Definition 2.2. Let {S(t)}t�0 be a semigroup on Banach space X. A bounded subset B0 of Z

satisfies that for any bounded subset B ⊂ X, there is T = T (B), such that S(t)B ⊂ B0 for any
t � T is called an (X,Z)-bounded absorbing set.

Definition 2.3. Let {S(t)}t�0 be a semigroup on Banach space X. {S(t)}t�0 is called (X,Z)-
asymptotically compact, if for any bounded(in X) sequence {xn}∞n=1 ⊂ X and tn � 0, tn → ∞ as
n → ∞, {S(tn)xn}∞n=1 has a convergent subsequence with respect to the topology of Z.

Proposition 2.4. For any ε > 0, the bounded subset B of Lq(Ω) (q > 0) has a finite ε-net in
Lq(Ω) if there exists a positive constant M = M(ε) which depends on ε, such that:

(i) B has a finite (3M)(p−q)/p( ε
2 )q/p-net in Lp(Ω) for some p, p > 0; and

(ii)

( ∫
Ω(|u|�M)

|u|q
)1/q

< 2−(2q+2)/qε for all u ∈ B.
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Proposition 2.5. Let {S(t)}t�0 be a semigroup on Lp(Ω) (p � 1) and suppose that {S(t)}t�0
has a bounded absorbing set in Lp(Ω). Then for any ε > 0 and any bounded subset B ⊂ Lp(Ω),
there exist positive constants T = T (B) and M = M(ε) such that

m
(
Ω

(∣∣S(t)u0
∣∣ � M

))
� ε for all u0 ∈ B and t � T .

2.2. Abstract results

Generalizing the idea of [8,11], we give the following results, which are very useful in our
later discussion for the existence of the bi-spaces global attractor:

Proposition 2.6. Let {S(t)}t�0 be a semigroup on Lp(Ω) and have a (Lp(Ω),Lq(Ω))-global
attractor, where p � q < ∞. Then for any ε > 0 and any bounded subset B of Lp(Ω), there
exist M = M(ε) and T = T (ε,B), such that∫

Ω(|S(t)u0|�M)

|S(t)u0|q � 2q+1ε for all t � T and u0 ∈ B. (2.1)

Proof. Let A be the (Lp(Ω),Lq(Ω))-global attractor, then there is a T = T (ε,B), such that

S(t)B ⊂ Nq

(
A,

ε1/q

2

)
for all t � T ,

where Nq(A, ε1/q

2 ) means the ε1/q

2 neighborhood of A with respect to the Lq -norm.
Hence, by the standard Lebesgue integral theory, combining with the compactness of A in

Lq(Ω), (2.1) follows immediately. �
Theorem 2.7. Let {S(t)}t�0 be a semigroup on Lp(Ω) and have a (Lp(Ω), Lp(Ω))-global
attractor, where p � q < ∞. Then {S(t)}t�0 has a (Lp(Ω),Lq(Ω))-global attractor provided
that the following conditions hold:

(i) {S(t)}t�0 has a (Lp(Ω),Lq(Ω))-bounded absorbing set;
(ii) for any ε > 0 and any bounded subset B of Lp(Ω), there exist positive constants

M(= M(ε)) and T (= T (ε,B)), such that∫
Ω(|S(t)u0|�M)

∣∣S(t)u0
∣∣q < ε for all u0 ∈ B and t � T . (2.2)

Proof. Using Proposition 2.4, from condition (ii) and the assumption that {S(t)}t�0 has a
(Lp(Ω),Lp(Ω))-global attractor, we know that {S(t)}t�0 is (Lp(Ω),Lq(Ω))-asymptotically
compact.

Set

Aq =
⋂
s�0

⋃
t�s

S(t)B0
Lq

, (2.3)

where B0 is a (Lp(Ω),Lq(Ω))-bounded absorbing set. Obviously, Aq is nonempty, compact in
Lq(Ω) and attracts every bounded subset B of Lp(Ω) with respect to the Lq -norm (e.g., see
[7,10]).
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In what follows, we need only to verify that Aq is invariant, i.e., S(t)Aq = Aq for all t � 0.
Denote by Ap the (Lp(Ω),Lp(Ω))-global attractor, then, from the definitions of Ap , Aq and
B0, we can easily show that Aq = Ap . Therefore, Aq is invariant since Ap is invariant. �
Remark 2.8. As in the above theorem, by establishing some kinds of a priori estimates
as (2.2), from the (Lp(Ω),Lp(Ω))-asymptotic compactness, we can get the (Lp(Ω), Lq(Ω))-
asymptotic compactness, where q � p. We call this method, getting a “strong” compactness from
a “weak” compactness by establishing some kinds of a priori estimates as (2.2), as asymptotic a
priori estimate method.

Remark 2.9. For our problems, after establishing the existence of a (L2(Ω),W
1,p

0 (Ω)∩Lq(Ω))-
bounded absorbing set, we can see that the existence of a (L2(Ω),L2(Ω))-global attractor is
obvious. Hence, if we want to obtain the existence of a (L2(Ω),Lq(Ω))-global attractor, we
need only to verify condition (ii).

3. Absorbing set in W
1,p
0 (Ω) ∩ Lq(Ω)

We start with the following general existence and uniqueness of solutions which can be ob-
tained by the standard Galerkin methods; see also in Babin and Vishik [1].

Theorem 3.1. Assume that Ω is a bounded smooth domain in R
n (n � 3), f satisfies (1.4)–(1.5)

and g ∈ Ls(Ω), where s satisfies (1.6). Then for any initial data u0 ∈ L2(Ω) and any T > 0,
there exists a unique solution u for Eqs. (1.1)–(1.3) which satisfies

u ∈ L∞(
0, T ;L2(Ω)

) ∩ Lp
(
0, T ;W 1,p

0 (Ω)
) ∩ Lq

(
0, T ;Lq(Ω)

)
,

and the mapping u0 → u(t) is both (L2(Ω),L2(Ω))-continuous and (L2(Ω), (W
1,p

0 (Ω))w ∩
(Lq(Ω))w)-continuous.

By Theorem 3.1, we can define the operator semigroup {S(t)}t�0 in L2(Ω) as

S(t)u0 :L2(Ω) × R
+ → L2(Ω), (3.1)

which is both (L2(Ω),L2(Ω))-continuous and (L2(Ω), (W
1,p

0 (Ω))w ∩ (Lq(Ω))w)-continuous.
In what follows, we always assume that {S(t)}t�0 is the semigroup generated by the weak

solutions of Eq. (1.1) with initial data u0 ∈ L2(Ω).

Theorem 3.2. {S(t)}t�0 has a (L2(Ω),W
1,p

0 (Ω)∩Lq(Ω))-bounded absorbing set, that is, there
is a positive constant ρ, such that for any bounded subset B in L2(Ω), there exists a positive
constant T which depends only on the L2-norm of B such that∫

Ω

∣∣∇u(t)
∣∣p +

∫
Ω

∣∣u(t)
∣∣q � ρ for all t � T and u0 ∈ B.

Proof. Multiplying (1.1) by u, after the standard integration by parts, we have

1

2

d

dt
‖u‖2

2 + ‖∇u‖p
p +

∫
f (u)u =

∫
gu,
Ω Ω
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combining with assumption (1.5), which implies that

1

2

d

dt
‖u‖2

2 + ‖∇u‖p
p + C

∫
Ω

|u|q �
∫
Ω

gu + C|Ω|. (3.2)

Thus, from assumption (1.6), we get

d

dt
‖u‖2

2 + C

(
‖∇u‖p

p +
∫
Ω

|u|q
)

� C
(‖g‖s , |Ω|).

Noticing that p � 2, we have

d

dt
‖u‖2

2 + C

∫
Ω

|u|2 � C
(‖g‖s, |Ω|). (3.3)

Applying the Gronwall lemma, from (3.3), we know that {S(t)}t�0 has a (L2(Ω),L2(Ω))-
bounded absorbing set, i.e., for arbitrary bounded subset B in L2(Ω), there exists T1(= T1(B))

which depends only on the L2-norm of B such that∥∥S(t)u0
∥∥2

2 � ρ0 for all t � T1, u0 ∈ B, (3.4)

where the constant ρ0 is independent of B . Taking t � T1, integrating (3.2) on [t, t + 1] and
combining with (3.4), we have

t+1∫
t

(
‖∇u‖p

p + ‖u‖q
q −

∫
Ω

gu

)
ds � C

(‖g‖s, |Ω|, ρ0
)

for all t � T1. (3.5)

Meanwhile, let F(s) = ∫ s

0 f (τ) dτ ; then by (1.5) again, we can deduce that

C̃1|u|q − k1 � F(u) � C̃2|u|q + k1, (3.6)

and then,

C̃1‖u‖q
q − k1|Ω| �

∫
Ω

F(u) � C̃2‖u‖q
q + k1|Ω|. (3.7)

Hence, from (3.5), we get

t+1∫
t

(
‖∇u‖p

p +
∫
Ω

F(u) −
∫
Ω

gu

)
ds � C

(‖g‖s, |Ω|, ρ0, C̃2, k1
)
. (3.8)

On the other hand, multiplying (1.1) by ut , we obtain

‖ut‖2
2 + d

dt

(
1

p

∫
Ω

|∇u|p +
∫
Ω

F(u) −
∫
Ω

gu

)
= 0. (3.9)

Therefore, from (3.8) and (3.9), by virtue of the uniform Gronwall lemma, we get∫
|∇u|p +

∫
F(u) −

∫
gu � C

(‖g‖s , |Ω|, ρ0, C̃2, k1
)
. (3.10)
Ω Ω Ω
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Thanks to (1.6) and (3.7), (3.10) implies that for all t � T1 + 1,∫
Ω

|∇u|p +
∫
Ω

|u|q � C
(‖g‖s, |Ω|, ρ0, C̃2, k1

) + C
(‖g‖s , |Ω|). (3.11)

Now, take ρ = C(‖g‖s , |Ω|, ρ0, C̃1, k1)+C(‖g‖s , |Ω|) and T = T1 +1, and we complete the
proof of Theorem 3.2. �

From Theorem 3.2 and the compactness of Sobolev embedding W
1,p

0 (Ω) ↪→ L2(Ω), we have
the following result immediately:

Corollary 3.3. Assume that Ω is a bounded smooth domain in R
n (n � 3), f satisfies (1.4)–(1.5)

and g ∈ Ls(Ω), where s satisfies (1.6). Then the semigroup {S(t)}t�0 generated by (1.1)–(1.3)
with initial data u0 ∈ L2(Ω) has a (L2(Ω),L2(Ω))-global attractor A2, that is, A2 is compact,
invariant in L2(Ω) and attracts every bounded subset of L2(Ω) in the topology of L2(Ω).

4. Asymptotic a priori estimate and the (L2(Ω),Lq(Ω))-global attractor

The main purpose of this section is to give an asymptotic a priori estimate for the unbounded
part of the modular |u| for the solution u of Eq. (1.1) in Lq -norm. Namely, we have the following
theorem, which plays a crucial role in our paper:

Theorem 4.1. For any ε > 0 and any bounded subset B ⊂ L2(Ω), there exist two positive con-
stants T = T (B, ε) and M = M(ε) such that∫

Ω(|u|�M)

|u|q � Cε for all t � T and u0 ∈ B,

where the constant C is independent of ε and B .

Proof. For any fixed ε > 0, there exists δ > 0 such that for any e ⊂ Ω with m(e) � δ, we have∫
e

|g|s < ε. (4.1)

Moreover, from Propositions 2.5, 2.6 and Corollary 3.3, we know that there exist T1 = T1(B, ε)

and M1 = M1(ε), such that for any u0 ∈ B and t � T1,

m
(
Ω

(∣∣u(t)
∣∣ � M1

))
� min{δ, ε} (4.2)

and ∫
Ω

(∣∣u(t)
∣∣�M1

)
∣∣u(t)

∣∣2 � ε. (4.3)

In addition, it follows from (1.5) that f (s) � 0 provided that s > (k/C1)
1/q . Let

M2 = max{M1, (k/C1)
1/q} and t � T1.

Multiplying (1.1) by (u − M2)+ and integrating over Ω , we have

1

2

d

dt

∫ ∣∣(u − M2)+
∣∣2 +

∫ ∣∣∇(u − M2)+
∣∣p +

∫
f (u)(u − M2)+ =

∫
g(u − M2)+,
Ω Ω Ω Ω



M. Yang et al. / J. Math. Anal. Appl. 327 (2007) 1130–1142 1137
where (u − M)+ denotes the positive part of u − M , that is,

(u − M)+ =
{

u − M, u � M,

0, u � M.

Integrating the above inequality on [t, t + 1], and combining with (1.5), (1.6), (4.1), (4.3)
and (4.2), we have

t+1∫
t

∫
Ω(u�2M2)

f (u)udx ds � Cε. (4.4)

On the other hand, let Ω1 = Ω(u � 2M2), we multiply (1.1) by (u − M2)
q−1
+ and integrating

over Ω , we get that∫
Ω(u�M2)

(u − M2)
q−1ut + (q − 1)

∫
Ω(u�M2)

(u − M2)
q−2|∇u|p

+
∫

Ω(u�M2)

f (u)(u − M2)
q−1 �

∫
Ω(u�M2)

g(u − M2)
q−1, (4.5)

where
1

2q−1

∫
Ω(u�2M2)

f (u)uq−1 �
∫

Ω(u�M2)

f (u)(u − M2)
q−1. (4.6)

Note that, from (1.6) we have∣∣∣∣
∫

Ω(u�M2)

g(u − M2)
q−1

∣∣∣∣ �
( ∫

Ω(u�M2)

|g|2
) 1

2
( ∫

Ω(u�M2)

|u|2(q−1)

) 1
2

(4.7)

or ∫
Ω(u�M2)

g(u − M2)
q−1 �

( ∫
Ω(u�M2)

|g|s
) 1

s
( ∫

Ω(u�M2)

|u| (q−1)s
s−1

) s−1
s

, (4.8)

where

(q − 1)s

s − 1
� (q − 2 + p)n

n − p
=

(
q − 2

p
+ 1

)
np

n − p
.

Hence, from inequalities (4.5)–(4.8), we have

d

dt

∫
Ω(u�2M2)

|u|q � Cε.

Using the uniform Gronwall lemma, we obtain∫
Ω(u�2M2)

|u|q � Cε, (4.9)

where the constant C is independent of ε and M2.
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Repeating the same steps above, just taking (u + M2)− and (u + 2M2)
q−1
− instead of

(u − M2)+ and (u − 2M2)
q−1
+ , respectively, we deduce that∫

Ω(u�−2M2)

|u|q � Cε. (4.10)

Taking M = 2M2 and combining (4.9) with (4.10), we immediately obtain∫
Ω(|u|�M)

|u|q � Cε,

where the constant C is independent of ε and M . �
Theorem 4.2. Assume that Ω is a bounded smooth domain in R

n (n � 3), f satisfies (1.4)–(1.5)
and g ∈ Ls(Ω), where s satisfies (1.6). Then the semigroup {S(t)}t�0 generated by (1.1)–(1.3)
with initial data u0 ∈ L2(Ω) has a (L2(Ω),Lq(Ω))-global attractor Aq , that is, Aq is compact,
invariant in Lq(Ω) and attracts every bounded subset of L2(Ω) in the topology of Lq(Ω).

Proof. From Theorems 3.1, 3.2 and 4.1 and Corollary 3.3, we know the hypotheses of Theo-
rem 2.7 are all satisfied. �
Remark 4.3. In fact, if we are only concerned with the existence of the (L2(Ω),Lq(Ω))-global
attractor for Eq. (1.1), then assumption (1.4) can be replaced by the following weaker assump-
tion: (

f (s1) − f (s2)
)
(s1 − s2) � −C|s1 − s2|2 for any s1, s2 ∈ R,

which guarantees the existence and uniqueness of weak solution of Eq. (1.1) and the continuity
of the semigroup in L2(Ω).

5. (L2(Ω),W
1,p
0 (Ω) ∩ Lq(Ω))-global attractor

In this section, we prove the existence of a (L2(Ω),W
1,p

0 (Ω) ∩ Lq(Ω))-global attractor. For
this purpose, at first, we will give some a priori estimates about ut endowed with L2-norm.

Lemma 5.1. Assume that Ω is a bounded smooth domain in R
n (n � 3), f satisfies (1.4)–(1.5)

and g ∈ Ls(Ω), where s satisfies (1.6). Then for any bounded subset B in L2(Ω), there exists a
positive constant T = T (B) such that∥∥ut (s)

∥∥2
2 � ρ1 for all u0 ∈ B and s � T ,

where ut (s) = d
dt

(S(t)u0)|t=s and ρ1 is a positive constant which is independent of B .

Proof. Step 1. At first, we will give some formal calculations. By differentiating (1.1) in time
and denoting v = ut , we get

vt − div
(|∇u|p−2∇v

) − (p − 2)div
(|∇u|p−4(∇u · ∇v)∇u

) + f ′(u)v = 0, (5.1)



M. Yang et al. / J. Math. Anal. Appl. 327 (2007) 1130–1142 1139
where “·” denotes the dot product in R
n. Multiplying the above equality by v, integrating over

Ω and using (1.4), we obtain that

1

2

d

dt
‖v‖2

2 +
∫
Ω

|∇u|p−2|∇v|2 + (p − 2)

∫
Ω

|∇u|p−4(∇u · ∇v)2 � l‖v‖2
2, (5.2)

hence,

1

2

d

dt
‖v‖2

2 � l‖v‖2
2. (5.3)

On the other hand, integrating (3.9) from t to t + 1 and using (3.10), we get

t+1∫
t

‖ut‖2
2 � C

(
ρ,‖g‖s , |Ω|) (5.4)

as t large enough.
Combining (5.3) with (5.4), and using the uniform Gronwall lemma, we have∫

Ω

|ut |2 � C
(
ρ,‖g‖s , |Ω|)

as t large enough.
Step 2. Now, we will give a rigorous proof by use of Galerkin approximations. Let ωi ,

i = 1,2, . . . , be the eigenfunctions of −
 in H 1
0 (Ω). Then by the standard elliptic theory, we

know that ωi ∈ C∞(Ω) and {ωi}∞i=1 consists of an orthonormal basis in L2(Ω) and an orthogonal

basis in W
1,p

0 (Ω) and Lq(Ω) for any 1 < p,q < ∞. Let Pm be the orthogonal projector

Pm :L2 → Hm = span{ω1,ω2, . . . ,ωm}.
Set um(t) = ∑m

j=1 aj,m(t)ωj , and consider the following ODEs:

umt − Pm

(
div

(|∇um|p−2∇um

)) + Pmf (um) = Pmg, (5.5)

with initial condition

um|t=0 = Pmu0. (5.6)

Existence and uniqueness results of ODEs imply that there is a unique solution for (5.5)–(5.6)
(at least on some short time internal [0, Tm)). Moreover, since f is a C1-function, we know
aj,m(t) ∈ C2(0, Tm) and as a consequence, we can differentiate (5.5) with respect to t :

vmt − Pm div
(|∇um|p−2∇vm

) − (p − 2)Pm div
(|∇um|p−4(∇um · ∇vm)∇um

)
+ Pmf ′(um)vm = 0, (5.7)

where vm(t) = d
dt

um(t) = ∑m
j=1

d
dt

aj,m(t)ωj , and (5.7) holds in the classical sense. Therefore,
the formal calculations in Step 1 are well defined for (5.7) with vm(t), and we can obtain that

there exist positive constants ρ1 (which depends on ρ, |Ω| and ‖g‖s , but independent of m)
and T (which depends on the L2-norm of u0, but independent of m), such that∫

Ω

∣∣umt (s)
∣∣2 � ρ1 for all s � T and m ∈ N. (5.8)
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Thus, we have

umt (s) ⇀ h(s) in L2(Ω) for any s � T (5.9)

and ∫
Ω

∣∣h(s)
∣∣2 � ρ1 for all s � T . (5.10)

At the same time, from the a priori estimates, e.g., see Babin and Vishik [1], we know

umt (s) ⇀ ut(s) � -weakly in L∞(
0,∞;W−1,p′

(Ω) + Lq ′
(Ω)

)
, (5.11)

where 1
p

+ 1
p′ = 1 and 1

q
+ 1

q ′ = 1. By the uniqueness of weak solution (Theorem 3.1) and the
uniqueness of limits, we have h(s) = ut (s)(s > T ). Thus,∫

Ω

∣∣ut (s)
∣∣2 � ρ1 for all s � T . (5.12)

Since T only depends on the L2-norm of u0, Lemma 5.1 follows from (5.12) immediately. �
Now, we prove that the semigroup {S(t)}t�0 is (L2(Ω),W

1,p

0 (Ω) ∩ Lq(Ω))-asymptotically
compact.

Theorem 5.2. Assume that Ω is a bounded smooth domain in R
n (n � 3), f satisfies (1.4)–(1.5)

and g ∈ Ls(Ω), where s satisfies (1.6). Then the semigroup {S(t)}t�0 generated by (1.1)–(1.3)

with initial data u0 ∈ L2(Ω) is (L2(Ω),W
1,p

0 (Ω) ∩ Lq(Ω))-asymptotically compact.

Proof. Let B0 be a (L2(Ω),W
1,p

0 (Ω) ∩ Lq(Ω))-bounded absorbing set obtained in Theo-
rem 3.2, then we need only to show that

for any {u0n} ⊂ B0 and tn → ∞, {un(tn)}∞n=1 is precompact in W
1,p

0 (Ω) ∩ Lq(Ω),

where un(tn) = S(tn)u0n.
Thanks to Theorem 4.2, it is sufficient to verify that

for any {u0n} ⊂ B0 and tn → ∞, {un(tn)}∞n=1 is precompact in W
1,p

0 (Ω). (5.13)

In fact, from Corollary 3.3 and Theorem 4.2, we know that {un(tn)}∞n=1 is precompact in
L2(Ω) and Lq(Ω). Without loss of generality, we assume that {unk

(tnk
)} is a Cauchy sequence

in Lq(Ω).
In the following, we prove that {unk

(tnk
)} is a Cauchy sequence in W

1,p

0 (Ω).
For this purpose, we need only to apply a simple property of p-Laplacian for p � 2: there

exists a positive constant δ, such that for all u1, u2 ∈ W
1,p

0 (Ω),

〈Au1 − Au2, u1 − u2〉 � δ‖u1 − u2‖p

W
1,p
0 (Ω)

,

where Au = −div(|∇u|p−2∇u) (p � 2) and 〈·, ·〉 is the L2-inner product.
Then, we get
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δ
∥∥unk

(tnk
) − unj

(tnj
)
∥∥p

W
1,p
0 (Ω)

�
〈
Aunk

(tnk
) − Aunj

(tnj
), unk

(tnk
) − unj

(tnj
)
〉

=
〈
− d

dt
unk

(tnk
) − f

(
unk

(tnk
)
) + d

dt
unj

(tnj
) + f

(
unj

(tnj
)
)
, unk

(tnk
) − unj

(tnj
)

〉

�
∫
Ω

∣∣∣∣ d

dt
unk

(tnk
) − d

dt
unj

(tnj
)

∣∣∣∣∣∣unk
(tnk

) − unj
(tnj

)
∣∣

+
∫
Ω

∣∣f (
unk

(tnk
)
) − f

(
unj

(tnj
)
)∣∣∣∣unk

(tnk
) − unj

(tnj
)
∣∣

�
∥∥∥∥ d

dt
unk

(tnk
) − d

dt
unj

(tnj
)

∥∥∥∥
2

∥∥unk
(tnk

) − unj
(tnj

)
∥∥

2

+ C
(
1 + ∥∥unk

(tnk
)
∥∥q

q
+ ∥∥unj

(tnj
)
∥∥q

q

)∥∥unk
(tnk

) − unj
(tnj

)
∥∥

q
,

which, combining with Lemma 5.1, yields (5.13) immediately. �
For our problem, since we do not impose any restriction on q , in general, we do not get the

(L2(Ω),W
1,p

0 (Ω)∩Lq(Ω))-continuity of the corresponding semigroup. Hence, we will use the
idea from Zhong, Yang and Sun [11], that is, we use the norm-to-weak continuity instead of
the norm-to-norm (or weak-to-weak) continuity of the semigroup in the usual criterions for the
existence of global attractors.

Proof of Theorem 1.1. Let B0 be a (L2(Ω),W
1,p

0 (Ω) ∩ Lq(Ω))-bounded absorbing set ob-
tained in Theorem 3.2. Set

A =
⋂
s�0

⋃
t�s

S(t)B0
W

1,p
0 (Ω)∩Lq(Ω).

Then, from Theorems 3.2 and 5.2, we know that A is nonempty, compact in W
1,p

0 (Ω) ∩ Lq(Ω)

and attracts every bounded subset of L2(Ω) in the topology of W
1,p

0 (Ω) ∩ Lq(Ω).
In what follows, we will verify the invariance of A, i.e., S(t)A = A for all t � 0.
By the equivalent characterization of ω-limit set, for any x0 ∈ A we know that there exist

{xn} ⊂ B0 and tn with tn → ∞ as n → ∞ such that S(tn)xn → x0 in W
1,p

0 (Ω) ∩ Lq(Ω).

At first, using the (L2(Ω), (W
1,p

0 (Ω))w ∩ (Lq(Ω))w)-continuity of {S(t)}t�0, we have

S(t + tn)xn = S(t)S(tn)xn ⇀ S(t)x0 in W
1,p

0 (Ω) ∩ Lq(Ω).

On the other hand, from Theorem 5.2, we know that {S(t + tn)xn}∞n=1 has a subsequence which is

convergent in W
1,p

0 (Ω) ∩ Lq(Ω). Without loss of generality, we assume that S(t + tnk
)xnk

→ x

in W
1,p

0 (Ω) ∩ Lq(Ω). Hence, by the uniqueness of limits, we have S(t)x0 = x, and from the
definition of x we know that x ∈ A. Therefore, combining with the arbitrariness of x0 and t , we
get

S(t)A ⊂ A for all t � 0. (5.14)

Now, we prove the converse inclusion. Since tn → ∞ as well as tn − t , without loss of gen-
erality, we assume that tn − t � 0 for each n ∈ N. Therefore, by Theorem 5.2, {S(tn − t)xn}∞
n=1
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has a convergent subsequence in W
1,p

0 (Ω) ∩ Lq(Ω), without loss of generality, we assume

S(tnm − t)xnm → y0 ∈ A in W
1,p

0 (Ω) ∩ Lq(Ω), and then by use of the (L2(Ω), (W
1,p

0 (Ω))w ∩
(Lq(Ω))w)-continuity again, we have

x0 ← S(tnm)xnm = S(t)S(tnm − t)xnm ⇀ S(t)y0 in W
1,p

0 (Ω) ∩ Lq(Ω).

Hence, notice the uniqueness of limits again, we have x0 = S(t)y0, and from the definition of y0
we know that y0 ∈ A, which implies

A ⊂ S(t)A for all t � 0. (5.15)

The invariance of A follows from (5.14) and (5.15) immediately. �
Remark 5.3. Although the semigroup {S(t)}t�0 is only (L2(Ω), (W

1,p

0 (Ω))w ∩ (Lq(Ω))w)-
continuous, we can also obtain that A2, Aq and A coincide with each other and are connected

in W
1,p

0 (Ω) ∩ Lq(Ω).
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