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Abstract

Stochastic models for gene frequencies can be viewed as probability-measure-valued pro-
cesses. Fleming and Viot introduced a class of processes that arise as limits of genetic models
as the population size and the number of possible genetic types tend to infinity. In general,
the topology on the process values in which these limits exist is the topology of weak con-
vergence; however, convergence in the weak topology is not strong enough for many genetic
applications. A new topology on the space of finite measures is introduced in which convergence
implies convergence of the sizes and locations of atoms, and conditions are given under which
genetic models converge in this topology. As an application, Kingman’s Poisson—Dirichlet limit
is extended to models with selection.

Key words: Fleming—Viot process; Measure-valued diffusion; Convergence in distribution; Weak
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1. Introduction

Consider a population of M individuals, each of which is assigned a “type” x from
a set of types that we identify with a complete separable metric space (E,r). (The
generality of the type space allows for a broad range of interpretations of the term
“type”. See Ethier and Kurtz (1993) for a survey of examples.) At each of a discrete
set of times we form a new “generation” of M individuals in the following manner.
For each new individual, a pair of parents is selected from the current generation of M
individuals with types x|, ..., xpy € E. The probability that the ith and jth individuals
are selected as parents is

war (X, X;)
M bl
ZkJ:]WM(xkaxl)

(1.1)
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where wy(x;,x;) > 0 is symmetric and represents the “fitness” of the pair (x;,x;).
Conditioned on the types of the parents, the probability distribution of the “tentative”
type of the new individual is given by a transition function #us(x;,x;, I') from E x E
to E. This tentative type z then “mutates” according to a transition function Py (z,I")
from E to E. Conditioned on the current generation (xy,..., xps), the M types in the
new generation are independent and identically distributed.

For a genetic model of a diploid population (i.e., one in which chromosomes occur
in pairs), M would be even, (xj,..., xps) would be the collection of gametic types
in the population, and wy(x;,x;) would be the fitness of the diploid organism with

genotype (x;,X;).

Since the order in (xi, ..., xp/) is not important, we now identify the population
consisting of (x,..., xy) € EM with the empirical measure
1 M 5
— . € P(E), 1.2
37 L0 € 2(E) (12)

where 2(F) denotes the set of Borel probability measures on E, and we define the
P(E)-valued process Zy; by letting Zy,(¢) be the measure corresponding to generation
[Mt]. Assume there exist a symmetric function ¢ € B(E x F), o > 0, and a transition
function #(x, y,I') from E x E to E such that, for M sufficiently large,

wn(x,y)=1+Ma(x, y) (1.3)

and
1 1
A D) = (1= 2) (380 + 38,(0)) + —one .1, (14)

and define the operators Oy and By, on B(E) by

Ou f(x) = /E FPu(rdy), By = M(Qy —1I). (1.5)

Under appropriate hypotheses on the type space E, the convergence of By, and the
continuity of # and o, the sequence of measure-valued processes Zjs converges in
distribution as M — oo to a 2(E)-valued Markov process Z of a type introduced by
Fleming and Viot (1979). We define the generator &/ for a Fleming—Viot process as
follows.

For m > 2 and 1 < i < j < m, define the sampling operators &
B(E™) + B(E™') by letting &/ be the function obtained from f by replacing
x; by x; and renumbering the variables (e.g., for f(x1,x2,x3) € B(E?Y), ®12f(x1,x3) =
SOnLxLx2), Pisf(x,x2) = f(x1,x2,%1), and Po3 f(x1,x2) = f(x1,%2,x2)). The sam-
pling operators arise in the definition of .o/ as the limit of the terms in the generator
for Zys corresponding to the sampling from the previous generation.

Let L, be a closed subspace of C(E) that is separating. Suppose that B generates
a strongly continuous positive conservative contraction semigroup {7(z)} on Ly given
by a transition function P(¢,x,1'), i.e.,

T(1)/(x) = /E FP(x.dy). (16)
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B will be called the mutation operator for the process and is the limit, in an appropriate
sense, of the operators By. For each m > 1, define the semigroup {7(™)(¢)} on B(E™)
by

T“"’(r)f(xl,...,xm)=/E---/Ef(yl,...,ym)P(t,xl,dyl)---P(t,xm,dym), (1.7)

and let B denote its generator; note that Z(B™) is a subspace of B(E™).
Let n(xi,x;, ') be a transition function from £ x E to E. For m > 1 and i =
1, ..., m, define the recombination operators H,, : B(E™)— B(E™') by

Himf(xla RN xm+l) - /f(xI’ ooy Xim 152y Xjt]y o v ey xm)n(xi’xm+l’dz)a (18)
E

and assume that Hj, : C(E™) — C(E™*'). For example, in a two-locus model (see
Ethier and Griffiths (1990)), E = Ey xE; and n((y1,21),(¥2:22),") = 38(31.20)F 30(m.21)"
o > 0 will denote the recombination intensity.

Given ¢ in Bym(E x E), the set of symmetric functions in B(E x E), define ¢ =
sup, , la(x, y)—a(»,z)|, and form > 1 and i = 1, ..., m, define the selection operators
Kim © B(E™) — B(E™*?) by

(X1, Xmi1) — 0(Xms1, X,
Kinf 51 oes iz = D) OO ni2) iy (19)

where 0/0 = 0. o is called the selection intensity function.

Unless otherwise specified, we will consider #(F) as a metric space with the
Prohorov metric p, and #(P(E)) = B(P(E),p) will denote the collection of Borel
subsets of P(E). For m > 1 and f € B(E™), define F € B(P(F)) by F(u) =
(fsu™) = [pm fdu™, where p™ denotes the m-fold product measure of u, and let
FL™(E) C B(#(E)) be the collection of functions of this form. Note that £"(F)
is a linear subspace of B(Z(F)) closed under bounded pointwise convergence. For
f € D(B™), define /F € B(P?(E)) by

AF() = 3 (@yfou™") = (L0 + (B™ f, ™)

1<i<j<m

m m
+aZ‘l(<Himf,#'"“) — (fo ") + 6 Kim S 12 (1.10)
i= i=1
or, more generally, let o C B(P(E)) x B(#(E)) consist of all pairs

(Fomm X (@ f ™) = (™) + (g ™)

1<i<j<m

+o é((Himf, pry = (foum)) + 5§<Kimf,u’”“>> (1.11)

with (f,g) € A and m > 1, where A" is the bounded pointwise closure of
{(f,B™f) : f € 2(B"™)}. Note that any solution of the martingale problem for
s/ will be a solution for .&7.

Existence of solutions of the martingale problem for 7, continuous in the weak
topology on 2(E), has been proved under a variety of assumptions (e.g., Fleming
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and Viot, 1979; Kurtz, 1981; Ethier and Kurtz, 1986, 1987). Uniqueness follows by a
duality argument. The following theorem extends Theorem 2.3(b) of Ethier and Kurtz
(1987) to the above model including recombination. The proof is essentially the same
and is omitted.

Theorem 1.1. (a) Let E be compact, let Ly = C(E), and let 6 € Cym(E % E).
Let Zy,By, and B be as above, and let vy € P(P(E)) denote the distribution of
Zy(0). Suppose that vy = v € P(P(E)) and that

B C ex-lim By (1.12)
M—oo

(or equivalently e®M converges strongly to T(t) on C(E) for each t > 0; see Ethier
and Kurtz, 1986, Chapter 1). Then, under the above hypotheses on wyy,a,ny, o, and
N, there exists a unique solution Z of the Cipi),[0,00) martingale problem for
& with initial distribution v, and Zy = Z in Dy p)[0,00), where p denotes the
Prohorov metric on P(E) (i.e., P(E) is given the weak topology).

(b) Let E be compact, let Ly = C(E), and let 6 € Bym(E x E). Then, under
the above assumptions on B,a, and n, and for each v € P(P(E)), existence and
uniqueness of solutions of the Cipryp)[0,00) martingale problem for </ with initial
distribution v hold.

As will be observed in Section 3, there are many situations in which this conver-
gence result is not adequate. In particular, in the derivation of finite sampling formulas,
one needs to know that the distribution of the sizes of the atoms of Z;, converges,
but convergence in the weak topology on Z(E) does not imply convergence of the
sizes of the atoms. In Section 2, we introduce a new metric p, on the space of fi-
nite Borel measures on £ under which the sizes and locations of atoms become con-
tinuous functions. We refer to the topology determined by this metric as the weak
atomic topology. In Section 3, we give conditions that imply that the convergence
in Theorem 1.1 is in Dp(g)p,)[0,00). We also give similar convergence results for
sequences of Fleming—Viot processes and stationary distributions. (We will see that
B(P(E), pa) = B(P(E), p), so that the notion of a L(F)-valued random variable will
not be ambiguous.) Section 4 is devoted to an extension to models with selection of
Kingman’s (1975) limit theorem (as # — oo) for the descending order statistics of the
allele frequencies in the stationary neutral n-allele diffusion model. This result requires
the use of the weak atomic topology introduced in Section 2.

2. The weak atomic topology on the space of measures

Let (E,r) be a complete separable metric space. For u in .#¢(E), the space of
finite, positive, Borel measures on E with the weak topology, define u* to be the
purely atomic measure given by u* = > u({x})?5,. Note that u* is also given by
u*(4) = inf 3" p(E;)?, where the infimum is over all countable collections of Borel
sets {E;} with 4 C UE;, and by

w(4) = lim > w4 N EM)?, (2.1)
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where {Ef")}, n=1,2,..., is a sequence of countable Borel partitions of £ with the
property that lim, sup, diam(E) = 0.

1

Let p denote the Prohorov metric on .#¢(E), let ¥ : [0,00) — [0, 1] be continuous
and nonincreasing with ¥(0) = 1 and ¥(1) = 0, and define

mmw:mmw+swkééwcgﬁﬁmmwmw

0<e<l
_AAT<@g§me@ﬂ. (22)

pa is easily seen to be a metric on .#¢(E). Note that

. r(x’y) _ *
‘“ALW( )wmww—uwy (23)

e—0 £

The supremum in (2.2) could be restricted to rational ¢, and hence, for fixed v €
Mi(E), pa(u,v) is a B(AH¢(E), p)-measurable function of u. It follows that ZB(.#¢(E),
pa) = B(A(E),p), and consequently, notation such as #(.#;(E)) is not ambiguous.

Lemma 2.1. Let y,, u € #+(E). Suppose y, = u. Then {u;} is relatively compact,
and any limit point v € #¢(E) satisfies v(A) < p*(4) for all A € B(E) (in particular,
it is purely atomic), and v = p* if and only if (E) = u*(E). Consequently, p& = p*
if and only if wy(E) — u*(E).

Proof. A sequence in .#¢(E) is relatively compact if and only if it is bounded and
tight. Since p(E) < pn(E)? and p(K°®) < pn(K°©)? for all compact K C E, the relative
compactness of {u,} implies the relative compactness of {u}. Assume, for simplicity,
that u* = v. Then, for every g € C(E) with g > 0,

[ ot = tim [ geowzcan
E *JE

giﬂnméémw<mw>MﬁM©ﬂ

0<e<l n—oo 3
:1gglémeC%”)wmmw)
~ [ ot @), (2.4)

which implies the desired inequality. Given v, y € #(E) satisfying v(4) < n(4) for
all 4 € B(E), v=n if and only if v(E) = n(F). (Consider complements.) [

Lemma 2.2. Let py,u € Me(E). Then p,(ttn,it) — 0 if and only if p, = u and
Uy = p

Proof. By (2.3), if p,(pt,, 1) — 0, then ui(E) — p*(£) and it follows from Lemma
2.1 that u; = p*.

Assume now that u, = p and u; = u*. Let f,(¢) and f(¢) denote the integrals
in the definition of p,(u,, ). We must show that f, ~» f uniformly on (0, 1]. We
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know that for 0 < &y < 1, f, — f uniformly on [gg, 1], so there exists a sequence
e, — 0 sufficiently slowly that

sup |fa(e) = f() — 0. (2.5)

en<e<l

On the other hand,

sup | fale) — f(e)

0<e<en
Sosug | fale) — fn(0+)|+|fn(0+)—f(0+)|+ sup |£(0+) — f(&)]
= |fulen) = [u(OH)] + [ [a(0+) = F(O+)] + If(0+) - f(En)|
< U Sfnlen) = fE)| + 21 f(g0) — FOH)| + 2] f(0+) — fa(0+)], (2.6)

where the equality uses the monotonicity of f, and f. On the right-hand side of (2.6),
the first term tends to 0 by (2.5), the second term tends to 0 by definition, and the
third term tends to 0 by the convergence of u; to u* (see (2.3)). Thus, the proof is
complete. [

Recall that we are assuming that (£,r) is complete and separable.
Lemma 2.3 (#¢(E),p.) is complete and separable.
Proof. Completeness follows from the completeness of (.#¢(E), p). To check separa-

bility, let {Ef")}, n=1,2,..., be a sequence of countable Borel partitions of £ with
diam(E™) < 1/n. Let x" € E™, and given u € .#:(E), define

fn = 3 P(E)oun . (2.7)
i=1

It follows easily that u, = u and p} = u*, and hence p,(u,, 1) — 0. Let D = {x} :
iin=12,..1}, and let .# = {Zf;la,-éxi ca; € Q4, x; € D, k> 1}. (Note that .# is
countable.) Since u, in (2.7) can be approximated arbitrarily closely in the p, metric
by elements of .#, it follows that .#¢ is dense in (A(E),p,). O

An examination of the proof of Lemma 2.2 immediately gives the foliowing.

Lemma 24. A collection of measures {u,} C #(E) is relatively compact in
(M(E), pa) if and only if it is relatively compact in (H(E),p) and

lim sup ( / / (r(x 2 )> (Ao yp(dy) — #a(E)) —0. 28)

In particular, if K is compact in (M¢(E),p) and {e;} is a positive sequence tending
to 0, then

. , . 1
K={,uEK:/E/E‘I’(r(zky))u(dx)y(dy)—u (E)< ¢ for allk21}(2.9)

is compact in (Mi(E), pa)-




S.N. Ethier, T.G. KurtzIStochastic Processes and their Applications 54 (1994) 1-27 7

The next lemma makes precise the sense in which sizes and locations of atoms are
continuous in the weak atomic topology.

Lemma 2.5. (2) If pa(un,t) — O, then the sizes and locations of the atoms of u,
converge to the sizes and locations of the atoms of u in the sense that for each atom
wdy of u, there exists a sequence of atoms a,0y, of u, such that lim,_ . (%,,%x,) =
(a,x), and any sequence of atoms a,0., of u, satisfying inf, a, > 0 contains a
subsequence converging to an atom of .

(b) Suppose that p, = p. Let {oc{’éx,n} be the set of atoms of u, ordered so that

at > of > ..., and let {;0:,} be the set of atoms of p with oy > oy > .... Then
Palttn, 1) — 0 if and only if o} — o; for each i. If pa(pa, ) — 0 and o > oy
Sfor some k > 1, then the set of locations {x} ..., x}} converges to {x\,...,xc}. In
particular, if a) > ay > ..., then x!' — x; for each i > 1.

(¢) Suppose that u, = p and that u is purely atomic. Then p,(t,, 1) — 0 if and
only if 3,|af — o;| — 0, where o and a; are as in part (b).

Remark 2.6. Let uy = > a7, and p* = 3,40, Let f € C(E x (0,00)) and
suppose that for some ¢ > 0, f(x,a) = 0 for all ¢ < ¢ and x € E. By part (a),
paltin, p) — O implies >, f(x],al) — 3=, f(xi ).

Proof. Let af, x7, a;, and x; be as in the remark. If we show that for each i there
exists a sequence {i,} such that (a}.x] ) — (a;,x;), the first conclusion of part (a) will
follow. Fix i. By the definition of the Prohorov metric, we have

ai = 1 ({x}) < pp({x € E :r(x,x) < gy, 1)) + oy, 1)
S ({x € E:r(x,x;) < 2p(py, 1)) + 2p(py, 1) — a; - (2.10)
Hence
> a; —a;. (2.11)

Jor(e xS plpg o p* )
It remains to show that max{aj-’ sr(xg,x) < p(us, u*)} — a;. By standard properties
of weak convergence

lim sup > \/a]

A=00 ir(xl xS pliy  1*)

< lim sup pa({x € E < r(x,x) < plut, i) < pl{xi}) = v (2.12)

n—+00

Let j, be the index of the largest value of af with r(x},x;) < p(uy,pn*). Then, by
(2.11) and (2.12),
lim sup, /aj, > NEA
n—00 Jrd xS plpy, 1)
= lim > a’
T o ) Sl e®)

< lim inf, /a} 3 \/ajs (2.13)

n N
e i x) < pluy %)
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and it follows that @} — a;, proving the first conclusion of part (a).

As for the second conclusion of part (a), given a sequence of atoms o,d,, of u,
with inf, &, > 0, tightness implies that {x,: n > 1} is relatively compact. Therefore,
there exist « > 0, x € E, and a subsequence {n’} along which (o,y,x,) — (a,x).
Letting S-(x) = {y € E : r(y.x) < €}, we have a < lim sup,, 4, (S-(x)) < u(So(x))
for every € > 0, hence u({x}) > «. To complete the proof of part (a), we must show
that this last inequality in an equality. Suppose not. Then u({x}) = f > «, so by the
first conclusion of part (a), there exists a sequence of atoms f,6,, of u, such that
(Bu> yn) — (B.x). But then o + § < lim sup,, f1,/(S-(x)) < (S:(x)) for every £ > 0,
hence o + f < f5, a contradiction.

The necessity in part (b) follows from part (a). If «f — o, for each i, then u;(£) =
o (Y — 3> ()? = p*(E), and the result follows by Lemmas 2.1 and 2.2. The last
part of (b) follows from (a).

Part (c) is left to the reader. O

Example 2.7. Letn=(n,...,ng) € N\, n=n,+---+ng, and A, = {(x1, ..., x,) €
E": 3y, ..., yq distinct in E with n; of the x; equal to y; for k = 1, ..., d}. Then
the mapping @, : (P(E),p,) — [0,1] given by @.(t) = u"(Ap) is continuous. Note
that this would not be the case, in general, if p, were replaced by p.

Lemma 2.8. Suppose x € D4 &).[0,00) (resp., Clae).p)[0,00)). If {x(t):¢t < T}
is relatively compact in (M¢(E), pa) for each T > 0, then x € D g(£),p)[0,0) (resp.,
Clap(E1,p)[0,00)).

Proof. Since convergence in p, implies convergence in p, any p,-limit point of x(s)
as s — ¢+ must be x(¢). Consequently, lim;_,,, p,(x(s),x(¢)) = 0. A similar argument
applies to left limits. [

As noted earlier, Z(.#(E), p,) = B(AH(E), p), so we can speak of .#(E)-valued
random variables without ambiguity.

Lemma 2.9. Let {I',} be a collection of random variables with values in M (E).
Suppose it is relatively compact as a collection of random variables in (M(E),p).
Then it is relatively compact in (M(E),p,) if and only if for every 6 > 0 there
exists € > 0 such that

inf P {/ / ¥ (M) Ta(dx)(dy) — TI(E) < 5} >1-4. (2.14)
o EJE

£

Proof. By Prohorov’s theorem, given # > 0 we must show the existence of K compact
in (.#¢(E), p,) such that inf, P{I', € 1&} > 1 —n. Select K compact in (#(E),p)
such that inf, P{I'y € K} > 1 — /2 and a positive sequence {e;} tending to 0 such
that

ir;fP{/E/E p (’%y—)> Fd0)(dy) — TIHE) < %} >1- 2k—'7+1 (2.15)

Then, if K is defined as in (2.9), inf, P{I, € K} > 1—1.
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The converse is a consequence of Lemma 24. [J

The following lemma gives simple conditions under which {I'’,} is relatively com-
pact as a collection of random variables in (#(E),p).

Lemma 2.10. Let {I';} be a collection of .#+(E)-valued random variables. For each
o, define the positive Borel measure y, on E by p,(A) = E[T,(4)]. If {u.} C M(E)
and {u,} is relatively compact in (M(E),p), then {I',} is relatively compact as
a collection of (M(E), p)-valued random variables. If the random variables I, are
P(E)-valued, then the relative compactness of {j,} is necessary as well as sufficient
for the relative compactness of {I',}.

Proof. Recall that {yu,} is relatively compact in (#¢(E), p) if and only if sup, p.(E) <
oo and for every ¢ > 0 there exists a compact K C E such that sup, u,(K¢) < e.
Noting that

Ha(E)

(2.16)
c
and that for each compact K C E and 6 > 0
2(K°
P{I,(K) > o} < 22 ( ). (2.17)

we see that for each ¢ > 0 there exist ¢ > 0 and compact sets K} C K, C --- C E
such that

sup PUTAE) 2 c} UUATH(KS) 2 27}y < . (2.18)

Since K = {u € M(E): W(E) < ¢, w(Kf) < 27, i = 1,2,...} is compact in
(M+(E), p), and since (2.18) implies inf, P{I", € K} > 1 —e¢, the relative compactness
follows by Prohorov’s theorem.

If {I',} is relatively compact, then for every & > 0 there exists a compact K C
E such that sup, P{I'y(K®) > 0} < J, and hence if the I', are Z(E)-valued, then
sup, E[T(K)] <25. O

Let (H,ry) be a metric space, and suppose that | is a second metric on H such
that ro < r and ZB(H,ro) = B(H,r,). A collection {Z,} of H-valued processes with
almost all sample paths in Dy ,)[0,00) satisfies the compact containment condition
in (H,ry) if for each T > 0 and § > 0, there exists an rj-compact set Krs C H such
that

inf P{Z(t) € K5, t<T}>1-36. (2.19)

See Ethier and Kurtz (1986, Chapter 3) for further discussion. If a single .#¢(E )-valued
process Z with almost all sample paths in D(4(£),)[0,00) (resp., CruE)pl0,00))
satisfies the compact containment condition in (#¢(E), p.), then by Lemma 2.8 the pro-
cess has almost all sample paths in D 4.(£),)[0,0) (resp., Ci s (£)0.)[0,00)). Lemmas
2.1 and 2.2 give the following, perhaps simpler, criterion for sample path continuity.
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Lemma 2.11. Suppose Z is an #¢(E)-valued process with almost all sample paths
in Ciue),,m[0,00). If {Z*(t,E), t > 0} has almost all sample paths in Cipoc)[0,00),
then Z has almost all sample paths in C( 4(£)p,)[0,00).

Theorem 2.12. Suppose that a collection {Z,} of M ¢(E )-valued processes is relatively
compact in D 45),p)[0,00). Then it is relatively compact in Dy £) p.)[0,00) (in
particular, each Z, has almost all sample paths in Dy (£)p,)[0,00)) if and only if
the compact containment condition holds in (M¢(FE), p,).

Remark 2.13. (a) By the argument used to prove Lemma 2.9, assuming relative
compactness of {Z,} in D a4 (£1,0)[0,00), the compact containment condition will hold
in (M¢(E), p,) if and only if for each 7 > 0 and ¢ > 0, there exists an € > 0 such
that

. r(x,y) s .
II;fP{tSLJIT)(/E/ElP< . )Zm(t,dx)Zd(t,dy) Za(t,E)>§5}Zl 0.

(2.20)

(b) As a consequence of Theorem 2.12 and Remark 2.13(a), a sequence {Z,} of pro-
cesses with sample paths in D 4 £).)[0,00) is relatively compact in D 4 (£),,)[0,0)
if and only if it is relatively compact in Dy 4 £))[0,00) and for each 7" > 0 and
6 > 0, there exists an ¢ > 0 such that

. r(xy) . B
llﬂng{fg)(/E/E‘P( - >Z,,(t,dx)Z,,(t,dy) Zn(t,E))gé}Zl d.

(2.21)

Proof. The necessity of the compact containment condition follows from Prohorov’s
theorem. To see that it is sufficient in this setting, it is enough to consider a sequence
{Z,} that converges in distribution to a process Z in Dy 4£))[0,00). Let € > 0. By
the continuous mapping theorem,

r(x,y)
£ = p | =222 7,0, dx)Z, (-, d
U, /E/E ( " > (- dx)Z,(-,dy)

- // ¥ (M) Z(,dx)Z(-dy) = U®, (2.22)
EJE €
and in fact (Z,, US) = (Z,U®) in D u£)0)xr[0,00). The relative compactness of { Uy }
and (2.21) imply the relative compactness of {U?} (U? = Z*(-,E)), and in fact the
relative compactness of {(Z,, US)} in D« (E)p)x 80, 00) implies the relative compact-
ness of {(Z,, U?)}. This assertion follows from Ethier and Kurtz (1986, Theorem 3.2.2;
see also Problem 3.18). Since
lim sup po(Pyo, Pyo) < lim sup{po(Py0, Pus) + po(Pus, Pue) + po(Pus, Pyo)}

n— 00 h— 00

<84 e T+ po(Pys,Pyo) s (2.23)
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where pg denotes the Prohorov metric on Dg[0,00), Py denotes the distribution of
U, and €,8, and T are as in (2.21), it follows that (Z,,U%) = (Z,U°). By Lemma
2.1, the mapping (y, u*(E)) — p from (M¢(E),p) X R to (M¢(E),p,) is continuous.
Therefore, Z, = Z in D4 )p,)[0,00) by the continuous mapping theorem. [J

3. Convergence to Fleming—Viot processes

In Ethier and Kurtz (1987, Theorem 2.4), it was shown that Fleming—Viot processes
with bounded mutation operators take values in 2,(£), the set of purely atomic Borel
probability measures on E. That paper did not consider models with recombination;
however, the extension of the result to include recombination operators of the form
described above follows by the same proof. In particular, if B is of the form

B = 30 [ (/G) = @it o). 31

where @ is a positive constant and A is nonatomic, and if # in the recombination
operator is also nonatomic, then the R°°-valued process obtained from the Fleming—
Viot process Z by taking the sequence of descending order statistics of the sizes of the
atoms of Z is an infinitely-many-alleles diffusion of the type considered in Ethier and
Kurtz (1981) with “mutation” intensity %0+o¢. (Of course, the recombination operators
of primary interest involve purely atomic #; however, the original process with type
space E can be replaced by a new process with type space E x [0,1] and nonatomic
“recombination” in such a way that the projection of the new process onto E is a
version of the original process.)

Lemma 2.11 allows one to conclude that these processes have continuous sample
paths in the weak atomic topology. (Shiga (1990) has obtained stronger results.)

Theorem 3.1. Let Z be a Fleming—Viot process with bounded mutation operator B.
If Z has almost all sample paths in Cpr)p)[0,00), then Z has almost all sample
paths in Cipryp,)[0,00).

Proof. For m > 1, f € C(E™), and F(u) = (f, u"),

F(Z(t)) — /0 AF(Z(s))ds (3.2)

is an a.s. continuous martingale. It follows from the boundedness of B that the collection
of f € B(E™) for which (3.2) is an a.s. continuous martingale is closed under bounded
pointwise convergence, and hence is all of B(E™). Taking m = 2 and f = Ip with
D= {(x,y) € E*:x = y}, we see that Z*(t,E) = F(Z(t)) is a.s. continuous in ¢, and
the theorem follows by Lemma 2.11. O

The fact that Z is purely atomic for bounded mutation operators is fundamental
to the derivation of a variety of sampling distributions. (See for example Ethier and
Kurtz, 1986, Theorem 10.4.7). Since, however, Fleming—Viot processes are of interest
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as approximations to finite-population models, it is necessary to justify the validity of
the sampling distributions derived from Fleming—Viot processes as approximations to
the sampling distributions based on the finite-population models. This justification was
done in Ethier and Kurtz (1986, Theorem 10.4.6), for the stationary distribution of
a particular neutral model. It should be emphasized, however, that previously proved
weak-approximation theorems (e.g., Fleming and Viot, 1979; Kurtz, 1981; Ethier and
Kurtz, 1986, 1987) that take the weak topology on the state space Z(F) do not imply
convergence of the corresponding sampling distributions since the latter depend on the
distributions of the sizes of the atoms (cf. Example 2.7). We have introduced the weak
atomic topology precisely because it does imply convergence of the sizes of the atoms,
and we can verify convergence of the sampling distributions by verifying convergence
in distribution of the processes in Diu(r)p,)[0, 0).

Theorem 3.2. Let Oy nur, o1, Way, 0, and Zyy be as in the Introduction, and let E
be compact. Suppose that

O () = ( 0“"”) fx) + ) / £V (5, dy) (33)

for M sufficiently large, where 0y € B(E) is nonnegative and Ay is a transition
function on E, and that

sup sup Oy (x) < oo, 3.4)
M x
hm lim sup sup Oy (x)Ap(x, S (y)) = (3.5)

M—oo xy

where SA{y)={z € E:r(z,y) < ¢},

hm supn(x, v,5:(z)) = (3.6)

XV,Z

and (as we have already assumed)

sup lo(x, y)| < 0. 3.7)
y
If in addition {Zy(0)} is relatively compact in (P(E),p,), then {Zy} is relatively
compact in Dipg)p,)[0,00).

Remark 3.3. The assumption that £ is compact can be replaced by the assumption
that {Zy} is relatively compact in Dpey [0, 00), the compact containment condition
then taking the place of the compactness of E. See, for example, Remark 3.7.3 in
Ethier and Kurtz (1986).

Proof of Theorem 3.2. Let F(u) = (f,u™), where f € B(E™) and m > 1. For each
M let #y(E) be the collection of all Borel probability measures on £ of the form
(1.2). For p € 2y(E), define

A F(uy = ME[(f, Zu(1/M)™) — ([, ™)1 Zu(0) = p]. (3.8)
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The measure Zy(1/M) can be written

1 M
LR (39)

where, conditioned on Zj(0) = p, the random variables Yy, ..., Yy are independent
and identically distributed with

E[g(Y¢)|Zu(0) = p]
e Jo SV + M7 0(x, ) Ou g(2)ma (x, , d2)p(dx )u(d y )
B Je Jo(U+ M=1a(x, y))u(dx)u(dy)
= {(g.1) + M~ {(Byg, 1) + «({H19, 1*) — {g. 1)) + G(K 119, 11°) } + O(M ~2)
(3.10)

for each g € B(E), and it follows as in the proof of Theorem 10.4.1 of Ethier and
Kurtz (1986) that
E[{f,Zu(1/M)")|Z1s(0) = p]
= M
!

- M
+OM™ )+ M mE[f(Yl,...,Y,,,)|ZM(0)=,u], 3.11)

E[®@yf(Yy, ..., Y 1)|Zu(0) = u]

and hence that

AyF(p)y= 3 @y i1 ") = (fL /™) + By fou™)

1<i<j<m

+a2m:(<1_1imf’ lum+1> - (fa /lm>)

i=1

+E3 (Kim fo1™2) + OM ™), (3.12)
i=1

where By, like B below (1.7), is extended from B(E) to B(E™). Noting that
SUPys SUP e, (E) | F(u)] < oo for each f € B(E™), we have relative compact-
ness of {Zy} in Dip),)[0,00) by Theorems 3.9.1 and 3.9.4 of Ethier and Kurtz
(1986).

To complete the proof of the theorem we need only verify (2.21). Fix € > 0,
and let

foloy) =¥ (@) Iy (). (3.13)
Then, setting § = infys inf, Ox(x), we have for F.(u) = (f., u?),
ArFeolp) <2 / / Or1 ()i (x, 52 ())a(do)pa(dy)
EJE

2 £
+ “/E/E/En(x’y’s(Z))“(dx)ﬂ(dy)u(dz)
+(26 — 1 —ZQ—zfx)FE(u)_‘_O(M—I)_ Gad)
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Let ¢ > 26 — 1 — 20 — 2« and note that for M > |c|

[Mt]
Un(t) = (K/I%) (ferZu(t)?)

[M1] M [Ms]+1
‘/0 (M+C) (A MFAZu(s)) — e(fe. Zu(s)")) ds (3.15)

is a martingale. Given ¢ > 0, by (3.5) and (3.6), € can be selected sufficiently small
and M, depending on ¢, sufficiently large so that oy F.(Za(s)) — c(fes Zu(s)?) < 82
It follows that for fixed ¢ and M sufficiently large,

Mo\
Vag(t) = Ups(2) + 8%¢™! (1 - <M+c> ) (3.16)

is a nonnegative submartingale that bounds eV (f. Zy/(¢)*), and hence

P {SUp (ferZu(t)’) = 5e‘”°”} <P {sup Va(t) > 5}
<T 1<T
< STHE S Zu(0))] + 67 Te(POTy (3.17)

Letting M — oo and then € — 0, we see that (3.17) implies (2.21). O

The proof of the following is essentially the same as the proof of Theorem 3.2.

Theorem 3.4. For each n > 1, let Z, be a Fleming—Viot process with type space E,
mutation operator B,, recombination determined by «, and v,, and selection intensity
function o,, and assume that {Z,} is relatively compact in Dip(r), )[0,00). Suppose
that for each n > 1,

Baf () = 602 [ (103) = FGDld). (3.18)
E
where 0, € B(E) is nonnegative and 1, is a transition function on E, and that
sup sup 8,(x) < oo, (3.19)
lirrz) lim sup sup 0,(x)A.(x,S:(¥)) =0, (3.20)

n—oo Xy

lin}) lim sup sup a,n.(x, ,5:(2)) =0, (3.21)
£ n—oo X, ¥,z
and

sup sup |o,(x, ¥)| < oo. (3.22)

nooxy

If in addition {Z,(0)} is relatively compact in (P(E),pa.), then {Z,} is relatively
compact in D) p,)[0,00).
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The estimates on .&/s given above also yield the corresponding results for stationary
distributions.

Theorem 3.5. Under the assumptions of Theorem 3.2 (namely, (3.3)-(3.7)), let {II4}
be a corresponding sequence of stationary distributions and assumes that it is rela-
tively compact in the weak topology on P(P(E),p). If 26 < 1+2642a, then {1y}
is relatively compact in the weak topology on P(P(E),p,).

Remark 3.6. Of course if E is compact, then (#(E), p) is compact and any collection
of distributions on (#(E), p) is relatively compact in the weak topology. More gener-
ally, define my € P(E) by ny(I') = [, p(D Iy (dp). If {mpe} is relatively compact
in (P(E),p), then {ITy/} is relatively compact in the weak topology on P(P(E),p).
If ¢ =0 and o = 0, then my is a stationary distribution for the mutation process, i.e.,

/E By f(x)my(dx) =0, f € B(E). (3.23)

Consequently, in this case, relative compactness for the stationary distributions for the
mutation processes implies relative compactness (using p) for the stationary distribu-
tions for the Fleming—Viot processes.

Proof of Theorem 3.5. Let F, be as in the proof of Theorem 3.2. Then

0= Ay Fe(p)y(dp)
P(E)

</ (z [ [ outyimts.mm@nuay)
P(E) EJE
+2a / / / n(x, y, Se(z))u(dx)u(dy)pu(dz)
EJEJE
—(1 420+ 2a — 26)F5(u)) Hy(dp) +OM ™YY, (3.24)
and hence for & > 0, there exist e; and M, such that ¢ < g9 and M > M, imply

(1420 1 22 — 26) / LI

< /y . (z /E /E 040 () g (x, S (¥ V) a(do)pa(dy)

—
+2oc/E/E/E'i(x,y,Sg(z))u(dx)y(dy)M(dz)) My(dp) + oM~y
=7 (3.25)

Letting 'y, have distribution IT;s, then

lim sup P {// ¥ (@) Ty(d)ae(dy) — Th(E) > 5}
EJE

M—oo
0

< b
“14+20420—26
and the relative compactness of {IIy/} follows by Lemma 2.9. [

(3.26)
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The proof of the following theorem is essentially the same as that of Theorem 3.5.

Theorem 3.7. Let {0,}, {40}, {20}, {nn}, and {6,} be as in Theorem 3.4, and suppose
that sup, o, < co. Let {I1,} be a corresponding sequence of stationary distributions
and assume that it is relatively compact in the weak topology on P(P(E),p). If
26 < 1420+ 20, where x = inf, a,, then {Il1,} is relatively compact in the weak
topology on P(P(E), pa).

Remark 3.8. In Theorems 1.1, 3.2-3.5, and 3.7, the fixed type space E can be replaced
by a sequence of type spaces {E,} (or {Ey}) with E, C E asymptotically dense in E.

Finally, we note that the conditions of the previous theorem imply a strengthening
of the usual ergodic theorem for Fleming—Viot processes.

Theorem 3.9. Let Z be a Fleming—Viot process with mutation operator

Bf(x) = 9(x)/E(f(y) — f())A(xdy), (3.27)

where 8 € B(E) is nonnegative and 2 is a transition function on E, recombination
is determined by a and n, and the selection intensity function is ¢ € Bym(E x E).
Suppose

lirr(l) sup O(x)A(x, S(y)) =0 (3.28)

and

lim sup n(x, ».5.(z)) = 0. (3.29)
e=Ux yz

Suppose further that Z(t) converges in distribution in (P(E),p) as t — oo. If 26 <
1 + 20 + 2a, then Z(t) converges in distribution in (#(E), pa).

Remark 3.10. Note that if E is compact and A(x,-) is nonatomic for all x and weakly
continuous in x, then (3.28) holds.

Proof of Theorem 3.9, Let 0 > ¢ > 26 — 1 — 20 — 2a. Then, arguing as in the proof
of Theorem 3.2, we have for ¢ sufficiently small,

ELf 206 < B/ 2O + 82— 1> 0, (330)
and hence
N
sup EL(/0Z0)] < L ZOP)] + % , (331)

which implies (2.14). O
Example 3.11. Let £ =[0,1] x [0,1], « =0, 6 =0, and

1 1 y
Bf(x,y)I/o (f(z,y)—f(x,y))dz+;/0 (f(x,2)— f(x,y))dz, (3.32)



S.N. Ethier, T.G. KurtzIStochastic Processes and their Applications 54 (1994) 1-27 17

where the second term is taken to be zero for y = 0. Then B is a bounded operator and
is the generator of a Feller process on a compact state space. Ergodicity in (Z(E),p)
follows by duality (see, for example, Ethier and Kurtz, 1994), since the unique station-
ary distribution for B is given by linear Lebesgue measure on [0, 1] x {0}. Ergodicity
does not hold in (P(E),p,). In fact, if the initial distribution of Z is supported on
[0, 1] x (0, 1], then the sequence of descending order statistics of the sizes of the atoms
of Z(t) converges in distribution to the Poisson-Dirichlet distribution with parameter
4, while the stationary distribution has atoms giving a Poisson—Dirichlet distribution
with parameter 2.

Note that the jump distribution giving B is nonatomic, but that it does not satisfy
(3.28). The jump intensity is, however, discontinuous.

4. Kingman’s Poisson—Dirichlet limit with selection

We begin with two lemmas that rely on the symmetry-preserving transformation of
Fukushima and Stroock (1986); however, in the case of the second lemma, the hypothe-
ses in the latter paper are not satisfied, so we first isolate the identity of Fukushima
and Stroock that we need here.

Let L be a linear operator on B(E) whose domain (L) is an algebra that is closed
under exponentiation (4 € (L) implies e® € 2(L)). Define

LAl =L(fh)— fLh—hLf, [f,he D(L). “4.1)
Fix h € 2(L). Suppose
[f.e"]L = [f. e, fe2), (4.2)

and define the linear operator L, on B(E) by
Lif =Lf+[f,hl, 2(Ln)=2(L). (43)
Then it is immediate that

(fLyg — gLsf)e® = fe'L(ge") — g’ L(fe"), f,g € D(Ls). (4.4)

In particular, if u € P(F) satisfies

[rioau= [aran rgeaw, (45)
then

[ rbadm = [ atafdm. f.oe 2w, (46)
where

dpy, = e du/ / e?dy. 4.7)
E
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In other words, assuming (4.2), if L is symmetric with respect to y, then L, is sym-
metric with respect to uy.
For n > 2 define

A, = {x:(xl,...,xn): x120,...,%,>0,) x5 = 1} . 4.8)
i=1

The following lemma gives Wright’s formula (Wright, 1949; Watterson, 1977) (cf.
Problem 10.2 of Ethier and Kurtz, 1986).

Lemma 4.1. Fix n>2 Let y, > 0,...,y, > 0 and let (6;;) be a real, symmetric,
n x n matrix. Then the distribution u € P(A,), defined for the appropriate constant
C by

p(dx) = Cxl i exp{ > o,jxixj} dx; - dx— (4.9)

ij=1

is the unique stationary distribution for the diffusion in A, with generator

1z o2
= E'lei(éij 0 %, + Zb (x)—, D(A) = CX(4y,), (4.10)
ij=
where
1 n n
bi(x) = 3 vi—n+-+y)x}+x (ZGUX; - > lexkxl> . (4.11)
= Py

Moreover, u is reversible.

Proof. The neutral case (g; =0 for i, j =1, ..., n) is Lemma 4.1 and Remark 4.2(b)
of Ethier and Kurtz (1981). Denote the generator 4 in that case by 4°. Then

Lf5h)pe(x) = fo,(x)x,(&, X (), f, he 2(4%), (4.12)
i,j=1

so (4.2) holds. If A(x) = %Z?lea,-jx,-xj, then using the symmetry of (), we have

[f,hlyo =Af — A°f. Letting u® € 2(4,) denote the Dirichlet distribution

F(yr+ -+ 7va) 51

0 dx) = ..x;ll'"_ldx ceedx,oy, (4.13)
A T Sy e ! !
we know that
fA%dp’ = / gA’f du®,  f.g € 2(4%). (4.14)
An Ay

Therefore, by (4.6),

/ngduzf gAfdu,  f.g € D(A). (4.15)
Ap Ay
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Since the closure of 4 generates a Feller semigroup on C(4,) (Ethier, 1976), (4.15)
implies the reversibility (hence stationarity) of p. The uniqueness of stationary distri-
butions is a result of Shiga (1981). O

Lemma 4.2. Let E be compact, let 0 > 0 and v € P(E), and define the linear
operator B on B(E) by Bf = 30({f,v) — f).

(a) Let (&1,¢&a,...) have the Poisson-Dirichlet distribution with parameter 0, and
let Vi,Va,... be a sequence of E-valued random variables that are i.i.d. v and inde-
pendent of (£1,&,...). Define TI° € P(P(E)) to be the distribution of the random
measure p =y - &idy,. Then I1° is the unique stationary distribution for the neu-
tral Fleming—Viot process with type space E and mutation operator B, and II° is
reversible.

(b) Let 6 € Bym(E?). Then II € P(P(E)), defined for the appropriate constant
C by

M(dp) = Ce!™) [1°(dp), (4.16)

is the unique stationary distribution for the Fleming—Viot process with type space E,
mutation operator B, and selection intensity function 6. Moreover, I1 is reversible; in
fact, if of is the corresponding generator, then II is the unique I' € P(P(E)) such
that

/ q)&il//drz/ wstodl', @0 € D(s). (4.17)
P(E) #(E)

Remark 4.3. We cannot prove that IT is the unique I € 2(2(F)) such that

Apdl =0, ¢ € D). (4.18)

P(E)

But if ¢ were continuous, then this would follow from Echevarria’s theorem (see, for
example, Ethier and Kurtz, 1986, Theorem 4.9.17).

Proof of Lemma 4.2. (a) For 1 < d < n, let n(n,d) be the collection of partitions f§ of
{1, ..., n} into d nonempty subsets 3, ..., fz labeled so that min f; < --- < min fiz,
and for B € n(n,d) define

od—l

PBY =B =D (Bl = D =T )

(4.19)

Then, for each n > 1 and f4, ..., fu € C(E),

/ o) - ) ITO(dR)
#(E)

5]
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n o0
=FE H Z é/fl( V )
:E{ Z éj]"'Cvj,,fI(le)"‘fn(an):l

SPIND VI vl YRR} Q1 IR

d=1 pen(nd) (1., jn)~B k=1 ‘iefy

n
=2 )H<Hff,v>, (4.20)
d=1 pen(nd ) k=1 ‘e,
where (ji, ..., ja) ~ B means that j, = j; if and only if k& and / belong to the same §;;
the last equality follows from the relationship between the Poisson—Dirichlet distribution
and the Ewens sampling formula (Kingman, 1977). It is known (Ethier, 1990) that the
stationary distribution satisfies the same identity (i.e., the left-hand side of (4.20) equals
the right-hand side) and does so uniquely. Hence I1° is the stationary distribution. (See
Theorem 10.4.6 of Ethier and Kurtz (1986) for a somewhat more complicated proof in
the special case £ = [0, 1],v = Lebesgue measure.) The reversibility of the stationary
distribution was proved by Ethier (1990).
(b) Let «#° be the generator for the neutral Fleming—Viot process. From the latter
reference,

/ ey dI’ = / ylodl®, o, € 2(A°). (4.21)
P(E) PE)

As in the proof of Lemma 4.1, we now want to apply (4.6) with A(u) = %(a, w2,
First, however, we need to extend «/° to an algebra closed under exponentiation and
containing A; note that 4 is not necessarily continuous. Thus, for

o) = F((f1,1"), ..o (fas ™)), (4.22)
where d > 1, F € C*(R%), ny,...,ng > 1, and f; € B(E™) for k = 1,...,d, we
define

1 4,

Sjo(p(/‘) - 5 Z (<lpk1(ftafj) ﬂn,+n,—1> (fis ><f/’ ’ >) XiX;

i, j=1k=11I=1
d

+Z <(pk/fl i 1>*<ft, >) X;
i=11<k<I<n;
d n;

+2 Z<ka,, "y (4.23)

I
x~
I

where Wy (fi, f) is the function in B(E™ " ~') obtained from fi(x)f;(») by replacing
i by x; and renumbering the variables, &, f; is as in Section 1, and By f is B acting
on f as a function of its kth variable. The partial derivatives of F have the same
arguments as F itself in (4.22). We define 2(/°) to be the space of all such ¢.
Approximating F by polynomials, we can easily check that

{(0.4°0) : ¢ € D(4°)} C bp-closure{(¢p, #°¢) : @ € Z(4°)}. (4.24)
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It follows from (4.21) that
/ 0 Oy dIl® = / Yyl CpdIl®, o, e 2A°). (4.25)
#(E) P(E)
By (4.23) (using the notation (4.1)),

[F(<f17u >’ .- <fd’ nd)) G(<gls m1> s <gc7#mc>)]ﬁo

d ¢ my
Z Z g lIllcl(j‘irgj)’ :uni+mj_l> - <fi’ .ltni)(gj,ﬂmj))Fx,'Gyj > (426)

i=1j=1k

I Ms

hence (4.2) holds. Let ¢(p) = {f,u"), where n > 1 and f € B(E"), and let h(u) =
{0, u%). Then, by (4.26) and the symmetry of o,[p, ] o = Z¢ — 4, so by (4.6)
we have

/ ¢.2/l//dH=/ vl odll, @, € D(A). (4.27)
#(E) P(E)

We claim that IT is reversible. For continuous ¢, this follows from Fukushima and
Stroock (1986). To see that it holds in general, let {7,(¢)} be the Markov semigroup
on B(#(E)) corresponding to the Fleming—~Viot process with type space E, mutation
operator B, and selection intensity function o, and temporarily denote IT by I1,. Let

2 = {0 € Bym(E?) : 11, is reversible} . (4.28)

If {6,} C Z and bp-lim,_. 6, = 0 eXists, then

/ ol (tWdll, = lim 0T, (O dll,,
#(E)

=00 J )y

= lim W, (Hedll,,

"0 J(E)

W5 ()@ dlls,, (4.29)
#(E)

for all @,y € C(2(E)) and t > 0, where the first and third equalities follow by
coupling the dual processes as in Theorem 3.1(a) (especially, Eq. (3.3)) of Ethier
and Kurtz (1987) and by (4.16). We conclude that o, € X, so X is bp-closed. As
noted above, X contains the continuous symmetric functions, hence X~ = Bsym(Ez).
We conclude that IT (given by (4.16)) is reversible, hence stationary. Uniqueness of
stationary distributions is a consequence of results in Ethier and Kurtz (1994).

Finally, suppose I' € P(P(E)) satisfies (4.17). We begin by extending o/ as in
(4.23). For ¢ as in (4.22) define

n n d n;
A p(u) = o ou) + Z Z (Kin, f1, 4" 2)F, (4.30)
and let 2() = (°). Then, by (4.17),

/ oY dll = vdodl, @€ D). (431)
P(E) P(E)
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Noting that (4.26) holds with .2/ in place of #/°, we again apply (4.6), now with
k() = —3{o,41%), to conclude that

2
/ () (e T (dn)
P(E)
- / W) p(e™ O (dn). o € HA). (432)
P(E)
Take = 1 and apply Echeverria’s theorem to conclude that C~'e=(»#)['(dy) =

I1°(dy) for some C > 0, hence ' =1. [
Let

Vo = {(xl,xz,- Jixp>x > >0, Zx, = 1} (4.33)

i=1

be the infinite-dimensional ordered simplex (topologized as a subset of [0,1]%), and
define {, : 4, — V4 for each n > 2 in terms of the descending order statistics
X(1y = X2y = -+ > X(y of the coordinates xi, ..., x, of vectors x € 4,:

C,,(x) = (X(l), ...,X(,,),0,0,...). (434)
We can now state the main result of this section.

Theorem 4.4. For each n > 2, let y(") > 0,...,9% > 0, and let (a(")) be a real,
symmetric, n X n matrix. Let 8 > 0 and assume

lim Zy(") =6, lim max y =0. (4.35)
n—00 ; n—oo 1< j<n
Define
n) (n)
g — H =1,...n n>2, (4.36)
1 + - + Vn

and suppose there exists 6 € Boym([0,11?) such that ¢ is continuous )*-a.e. (A =
Lebesgue measure on [0,1]), the function oy € B([0,1]) given by o¢(x) = o(x,x) is
continuous i-a.e., and

lim max |6 — (B, B = 0. (4.37)

n—o0 1<i, j<n

For each n > 2 define p, € P(A,) for the appropriate constant C, by

i, j=1

L ()
tn(dx) = Cpx.! 1~~xﬁ" - exp{ > O’ x,xj} dxy - dx,_g . (4.38)

Then there exists pio € P(Voo) such that p,{;" = poo on V. In fact,

E14(&1, 8, . )exp{ 30U, Up)Eig;

4.39
Elexp{>5—,0(U;, UNEE ] *3)

ﬂoo(A) =
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Jor all A € B(Vy,), where the Vo -valued random variable (&,,&,,...) is Poisson—
Dirichlet with parameter 0, and U,,U,,... are independent uniform [0,1] random
variables, independent of (&y,&,,...).

Proof. Theorem 3.1(b) of Ethier and Kurtz (1987) is a limit theorem for a sequence
of Fleming—Viot processes with different type spaces (cf. Remark 3.8 above). Here we
need a uniform estimate on the rate of convergence of their generators.

For each n, let E, and £ be compact metric spaces; let , : E, — E be Borel
measurable and define #, : #(E,) — P(E) by #,(1) = un;'; let B, and B generate
Feller semigroups on C(E,) and C(E); let 6, € Bym(E?) and ¢ € Bym(E?); and let
&/, and &/ be the generators of the Fleming—Viot processes associated with E,, B,, 0,
and E, B, o, respectively. Assume that if f € Z(B), then fon, € Z(B,). Fix m > 1
and fi, ..., fm € D(B), and define ¢ € Z() by o(u) = (f1,1) - (fm ). Then it
is easily verified that ¢ o#, € 2(/,) and

1ot 01,) = (/0) iy | < SIBA 20 m0) @D emll IT17:0
+2m sup |ouCr ») — oG ) LI (4.40)
(x,p)EE2 =1

for each n.
In what follows we take

E,={B", ..., "}, E=1[0,1], (441)
an = %gn(<f’ }”n> - f)’ Bf = %0(<f>}‘> - f)’ (442)
where
0, = 34 = (0,15 4.43
n 2:1)) 5 An Z:l(yl /n) ﬂ(")’ ( . )
Jj= i= !
and a,,(ﬂf-"), ,B;")) = afj'-') (i,j =1,...,n) and ¢ is as given; also, #, is the inclusion

map. Noting that
UBa(f 0 1w) = (BSY o tall < 310a(f © s ) = O£, A)] + 510, — O [ 11

1 )
<10, = 0111111 + 56w, (ma< i )/en) (4.44)

for all f € C([0,1]), where w; denotes the modulus of continuity of f, we see from
(4.40) that (4.35) and (4.37) imply that

lim [[/4(@ 0 1],) = (S@) 0 7l,[| =0 (445)

For each n > 2, define n, : 4, — P(E,) by n.,(x) = Z?zlxiéﬂ(n),

I, = p,m; ", where pu, is given by (4.38). It follows from Lemma 4.1 that I1, is the
unique stationary distribution of the Fleming—Viot process with type space E,, mutation

and let
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operator B,, and selection intensity function g,. Consequently, given ¢,y € %(.o/) of
the form

o(p) = _Hl<fia Wy Y(p) = _Hl<gi,!1> ) (4.46)
where m > 1 and f1, ..., fu. 915 ..., gm € C([0,1]), we have
/ (@ on,)t w(Y o 4,)dll, — (Y on)stn(pon,)dll, =0 (4.47)
#(En) P(En)
for all n > 2. Hence, by (4.45),
[ oavamir' = [ yapatni;' o0 (4.48)
2([0,1]) 2([0,1])

as n — oo.

Let I1° € 2(2([0,1])) be as in Lemma 4.2(a) (with E = [0,1] and v = i). We
defer for the moment the proofs of the following three assertions:

(4.49) {I1,75.'} is relatively compact in 2(2([0, 1]), pa).

(4.50) Every subsequential limit I € 2(2({0,1])) of {I'[,,ﬁ”_'} satisfies I < I1° (and
hence is concentrated on 2,([0, 1]), the space of purely atomic Borel probability
measures on [0, 1]).

(4.51) Ao is I1°-a.s. continuous on (2,([0, 1]), pa).

Granting these results, the proof is easily completed. Suppose H,,fﬁ;l = I on
(2([0,1]), pa); then the convergence holds on (2,([0,1]), p,) since by (4.50) all mea-
sures are concentrated on #,([0, 1]). By (4.51), oo/ — Yo/ is T°-as., hence by
(4.50) I'-a.s., continuous on (Z,([0,1]), pa). It follows from (4.48) that

/ qul//df—/ vedopdl =0, (4.52)
2([0,1]) #([0,1])
and this holds for all ¢ and ¢ of the form (4.46). We conclude from Lemma 4.2(b)
that I' = II. Hence I'I,,ﬁ;1 = II on (2,([0,1]),pa). For each i > 1 define s; :
Z.([0,1]) — [0,1] by letting s;(1t) be the size of the jth largest atom of u if u has
at least i/ atoms, and 0 otherwise. By Lemma 2.5, (s1,s,,...) is a continuous function
from (2,([0,1]), p.) into V.. Hence H,,ﬁ;](sl,sz,...)" = M(s1,5,...)"" on V.
But this amounts to u,{;! = us, on V., where

2
Sooup La(s1 (1), s2(), .. )e S ITO(dpe)
fy([o,l]) elo#) [19(dp)

for all 4 € #(V.) by Lemma 4.2(b), and the right-hand side of (4.53) equals the
right-hand side of (4.39) by Lemma 4.2(a).

We turn to (4.49)—(4.51). Relative compactness of {H,,ﬁn_l} in 2(2([0,1]),p) is
automatic, so by Lemma 2.9, (4.49) will hold if for every 6 > 0 there exists ¢ > 0
such that

too(A) = IT{(s),52,...) € A} = (4.53)

i,j=1

n 1B — g n
inf u, {xeA,,: ZW(%)xixj—Zx,zgé}z 1 -6, (4.54)
n i=1
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or if

18" — B
limsup [ ¥ (%) XX pt(dx) = 0. (4.55)

=0 n Ja, i

We can replace p, by the Dirichlet distribution u? (cf. (4.13)) in (4.55) since p,(A) <

u8(A) exp{max afj'.’) — min o—,(j"')}. But then (4.55) becomes

BB A
€ 0,0, + 1) ’

lim sup} ¥ ( (4.56)

70 i

which by Lemma 2.4 holds if and only if {4,} is relatively compact in (2([0,1]), p.).
But 4, = 4 and

n
A(10.11) = -01"/6,)" < max /6, — 0 = 2*([0. 1]). (4.57)
i=1 <ig
Hence 4, — 4 in (Z2([0,1]),p.) by Lemmas 2.1 and 2.2. Thus, we have (4.49).

Next, suppose H,,/ﬁ;l = I on (2([0,1]), pa). Then, for every nonnegative function
¢ € C(2([0,1]), p),

/ pdll = lim/ @dIl, M,
2([0,1]) 7 J(0,1])

< goinfofim @ dHS, ﬁ;l
' J (0]
—_ esup o—inf G/ (deO , (458)
#([0,1)

where 110 = ;%n;!, and hence we have (4.50).

To verify (4.51), it is sufficient to consider (af,u?), where f € C([0,1]). If
U =7 o0, where oy > o, > - - -, this is
i

oC

- oxnx) f (o = Z:ffo(xi)f(xi)O‘i2 + §G(xi3xj)f(xi)ai°‘j . (4.59)
i i#j

i, j=1

By Lemma 2.5, the first term is continuous on (2,([0,1]),p.) at p if oy > ap > ---
and each x; belongs to the continuity set of gg. On the other hand,

| S, ) f e — o x)) f (o
i#] i#j
< E loGef, ) f ) o of — ooty + §|U(x,'-’,x;')f(xf') — 0 (x;, ;) f (3 )oy
i#f

i#]
< 2la]| ||f“Z|°‘7 = oy + ;Ia(xf’,x;’)f(xf’) — 6(xi,x;) f(xi)| oy (4.60)
i i#j

so Lemma 2.5 implies that the second term on the right-hand side of (4.59) is con-
tinuous on (Z,([0,1]),p.) at p if &1 > a > --- and each pair (x;,x;) with { # j
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belongs to the continuity set of ¢. But by Lemma 4.2(a), these requirements are satis-
fied IT%(du)-a.s. under the assumptions on ¢ and by properties of the Poisson—Dirichlet
distribution. This establishes (4.51) and completes the proof. O

We conclude by showing that u,, given by (4.39), has a simpler representation
for an important class of selection intensity functions o.
Let, >0,...,0; >0,and 8 =0y +---+ 0,. Write

[0,1]=J;U---UJy =[0,0,/0)U--- U0 + -+ 04_1)/6, 1], (4.61)

and suppose that ¢ € Byym([0,1]?) is given by

d
o, y)= > oudyxs, (%, ¥), (4.62)
Ki=1
where (0y;) is a real, symmetric d x d matrix. Let (é’f,é’z‘,...), k=1,...,d, be d in-
dependent Poisson—Dirichlet random variables with parameters 8, ..., 8,, respectively,
independent of (y, ..., y4), a Ay-valued random variable whose distribution u is de-

fined for the appropriate constant C by
d

p(dr) = O exp{
k=

akgxk)q} dx1 ce dxd41 . (4.63)
I

Proposition 4.5. Under the above assumptions, the V-valued random variable ob-
tained by giving a common ordering to the d sequences (71 )i>1, - ., (ya¢8)i>1 has
distribution Ji.

Remark 4.6. . is the distribution of allele frequencies in the stationary infinitely-
many-alleles diffusion model in the situation where there are d classes of alleles; mu-
tation to an allele in class & occurs with intensity %Ok; and the selection intensity
of a genotype consisting of alleles in class & and class ! is g4. Two models of Li
(1978), one for genic selection and one for recessive selection, fit into this framework.
The result says that the class frequencies 7y, ..., y4 are distributed according to (4.63)
(cf. Lemma 4.1) and the within-class relative allele frequencies are Poisson-Dirichlet
and independent of the class frequencies. In the special case of genic selection (i.c.,
oy = 6 + 0;), this result is due to Griffiths (1983).

Proof of Proposition 4.5. Let z;, > z; > --- be the points of an inhomogeneous
Poisson point process on (0, 00) with intensity function fu—'e™. If s = z;+z2+- - -, then
Kingman (1975) has shown that (z;/s,za/s,...) is Poisson—Dirichlet with parameter 0.
Let U;, U,,... be ii.d. uniform [0, 1], independent of z; > z; > ---. Fork =1,...,d,
let z¥ be the ith largest z; for which U; € J; and put s, = Z;zf; let nt = z%/s; and
Br = si/s. Then, by (4.39),

ELLA Bt ---s Banddiz1)yexp{3g,_ ouBiBi})
E[exp{}:i,zldmﬁkﬁ/}] ’

where { is the function that gives a common ordering to d sequences, and the result
follows from the easily verified facts that (;1’{,11’5,...), k = 1,...,d, are independent

foo(A) = (4.64)
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Poisson—Dirichlets with parameters 6, ..., 8,, respectively, and (f, ..., By) is Dirich-
let with parameters 0y, ..., 64, independent of the #7’s. (Cf. Donnelly and Tavaré,
1987, Section 3.) O
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