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1. Introduction 

With the wide spread application of embedded computing, FPGA based fixed-point architectures have 
gained considerable importance in the fields of communication [12], signal and image processing [13]. 
Concurrently with these rapid development over the past few decades, various bottlenecks like computational 
speed and accuracy have been a major concern. These affect real-time implementation of numerical 
algorithms like singular value decomposition (SVD). To achieve improved performance, SVD is implemented 
in reconfigurable system with parallel architecture. SVD of symmetric matrix is computed using established 
algorithms such as, Jacobi class and QR class [1] and [3]. Jacobi class is the oldest and the slowest one, but it 
is more accurate ensuring stability with higher degree of potential for parallelism. Since SVD algorithm 
consists of extensive computation like orthogonal transformation, getting high throughput depends on the 
design of arithmetic units. These units are the building blocks for high performance computation. COordinate 
Rotation DIgital Computer (CORDIC) architecture provides a better data independent model for arithmetic 
designs [6], [14] and [15]. It reduces the complexity of the designs with the help of plane rotation by using 
simplified hardware components, mainly adders and shifters [7] and [5]. Thus, considerable research has been 
devoted towards integrating SVD algorithms on specialized parallel architectures for pattern recognition, 
signal and image processing applications [4]. 
 Most papers so far have only focused on parallel Jacobi SVD using classical CORDIC architecture to 
compute the singular values of a   matrix [2]. On the other hand, this paper contributes an architectural 
design for fixed-point Jacobi SVD algorithm using pipelined state-of-the-art CORDIC technique for larger 
matrices ( ). A comparative study of execution time between double precision floating-point and 
fixed-point FPGA implementation is carried out. With increase in dimension FPGA implementation is found 
to be superior to its floating-point counterpart. It also analyses the performance of the architecture with 
respect to floating-point and SystemC fixed-point implementation based on number of accurate fractional bits, 
signal-to-quantization-noise-ratio (SQNR), orthogonality and factorization errors.  

 The rest of the paper is organized as follows. Section 2 discusses the CORDIC based Jacobi SVD 
algorithm and the proposed architecture. Results in terms of number of accurate fractional bits, SQNR, 
orthogonality and factorization errors for SystemC and FPGA based fixed-point implementation are discussed 
in section 3. Finally the paper is concluded in section 4. 

2. Proposed pipelined CORDIC based Jacobi SVD algorithm 

For any real matrix, there exist two orthogonal matrices, and a diagonal matrix such that SVD of ‘ ’ is 
given as 

                                                  (1)  

where the diagonal elements of  ( i ) are known as singular values and U , V  are called left and right 
singular vectors. If nm =  and the matrix is symmetric then U  and V  span the same vector space. Out of 
several SVD algorithms Jacobi algorithm works by performing a sequence of orthogonal similarity 
transformations. The transformation through rotation is done using ),,( qpZ  and can be represented as  

(2) 
where ),,( qpZ  matrix is obtained by changing thp  and thq  rows and columns of an identity matrix of 

the same size. With each iteration the updated matrix 1iM  is more diagonal than its predecessor. 

Computation of 
i i

M Z  in (2) by right rotation takes n  CORDIC operations and ( )T

i i i
Z M Z  takes another n

CORDIC operations resulting in a total of n2  number of CORDIC operations. Singular vectors are obtained 
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as

                                                        
 The value of rotation angle  for each iteration is obtained using (5) which involves elements of a 22
matrix selected sequentially from the symmetric matrix M . Thus  
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 In this design initially  is calculated using vector method and used in the transformation process mentioned 
in (2). 

Since we intend to compute SVD for larger matrices and CORDIC is a recursive algorithm, pipelined 
architecture is considered to be more suitable. However, this architecture causes data hazards for matrices with 
dimension less than 21 21  because the latency of the CORDIC and gain compensation units is 20  clock 
cycles. In order to circumvent this problem we stall the pipeline for the second rotation of the iteration but this 
increases the execution time (small matrices < 21 21 ). For larger matrices, a single CORDIC clock cycle 
should include two memory reads and two memory writes. This is not feasible using a dual port Block RAM. 
Therefore, the memory is made to run at twice the speed of the CORDIC unit to accommodate all the data 
transfers. The algorithm needs nlog2  sweeps. After a sufficient number of sweeps quadratic convergence is 
observed while calculating norm of off-diagonal elements of M . Each sweep has 1)/2(nn  iterations. 

Each iteration has n2  CORDIC rotations and one CORDIC arctangent for computation of singular values. 
For finding singular vectors we need n  cordic rotations per iteration. Therefore total CORDIC operations 

needed are: 2( ) = ( ( 1) 2 ) (2 1)C n log n n n n n .

2.1. Design of the Proposed architecture 

The basic workflow diagram of the proposed design is shown in Fig. 1. In this implementation the input 
matrix used for computation is stored in the Dual-Port Block RAMs of the FPGA. The matrix elements 
required in each iteration are fetched from corresponding Block RAM using multiplexers and sent to the 
CORDIC modules which rotate them through the angle provided by the arctangent unit. The elements are then 
stored back into their respective addresses. The Address and Timing module controls the generation of 
read/write addresses to Block RAMs in each clock cycle. The module maintains synchronisation among all 
other blocks and controls the clock signals provided to each block. Arctangent module uses a vectoring mode 
CORDIC FSM (Finite State Machine) to compute the angle at the beginning of each iteration.  

=0 =0

= =
p p

T T

k k

k k

U Z and V Z
(3)
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Fig. 1. Workflow diagram of pipelined Jacobi algorithm 

The DEMUXs  (De-Multiplexers) control the dataflow between rotation mode CORDIC (Singular Vectors) 
and Arctangent Blocks. At the beginning of each iteration, they route the input to arctangent module for angle 
calculation and later to CORDIC (rotation) module for rotation. Singular values and vectors are computed 
simultaneously using two pipelined CORDIC modules arranged in parallel. A multiplier is used after each 
CORDIC (rotation) module to make the system processing gain unity. The CORDIC used for rotation has 14 
pipeline stages and an additional 6 clock cycles are required for CORDIC gain compensation. Gain 
compensation is done using four 16 -bit multipliers per CORDIC. 16 -bit multipliers are used instead of 32 -
bit multipliers to avail the maximum clock speed. The resource utilization for the proposed pipelined 
CORDIC architecture is summarized in Table 1.  

2.2. Implementation 

    Implementation is based on a Xilinx Spartan-3e development board with an XC3S500E (UG230 package, 
speed grade-5) FPGA [10]. We use Verilog to describe the design, which is synthesized and mapped to the 
target platform using Xilinx ISE 14.4 software package. The whole design operates from a single 50 MHz 
clock. Our FPGA design uses a constant fixed-point representation. In this format variables are assigned with 
a single Q point definition, which remains same throughout the program. 32-bit wordlength with Q25 format 
is used for our fixed-point implementation. Optimum Q point is chosen at a minimum error through an 
iterative process. Constant fixed-point representation is suitable when variables have close dynamic ranges.  

We have simulated fixed-point Jacobi algorithm in SystemC using different Q formats obtained from range 
estimation process. In SystemC fixed-point data is represented using the following attributes [11].  

< ( ), ( ), , >wordlength WL integer wordlength IWL quantization mode overflow mode                      (6) 

  Wordlength, integer wordlength, quantization and overflow modes are the most important factors 
governing the accuracy of fixed-point algorithms [16]. Quantization and overflow are two serious limitations 
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while converting a floating-point program into its fixed-point counterpart due to insufficient fractional and 
integer wordlength respectively. There are various quantization modes to handle these errors. Quantization 
noise arises when data are represented or stored using finite precision arithmetic. During this process excess 
bits are eliminated and the data is approximated using finite number of bits or wordlength. In an algorithm 
these errors propagate through fixed-point arithmetic operations and are accumulated at the output. 
Quantization noise is assumed to be uncorrelated with the signals and also uncorrelated among themselves. 
There are mainly two types of quantization errors truncation and rounding [8] and [9]. In case of truncation all 
bits after b  bits are discarded. Hence for a positive number the quantized value is always less than the actual 
value resulting in a negative error. Rounding is similar to truncation except the case that a ‘1’ is added with 
the LSB to round up or down. Ranges of different relative errors during various quantization modes are shown 
in Table 2. q  is quantization step and is equal to, q=2-b, k  is the number of bits eliminated from -bits
during quantization and b  is the number of bits for fractional part. Overflow or underflow is protected by 
means of saturation or wraparound process.  

Table 1. FPGA resources for pipelined CORDIC design of Jacobi algorithm 

Resources Used  Available  Utilization (%) 

Number of Slices 2756 4656 59 

Number of Slice Flip Flops 3924 9312 42 

Number of 4 input LUTs 5283 9312 56 

Number of Block RAMs 8 20 40 

Number of MULT18×18SIOs 12 20 60 

Number of GCLKs 2 24 8 

Table 2. Range of relative errors of different quantization modes 

Type of Quantization error Number representation  Range of relative errors  
Truncation  Sign magnitude  (2 2 ) (2 2 )b b

t

Rounding   All numbers  1 1
(2 2 ) (2 2 )

2 2
b b

r

3. Results and Discussion 

The performance of pipelined CORDIC architecture based Jacobi SVD implementation is shown in Table 
3 and Fig. 2. Here the comparative study has been carried out with the double precision floating-point and 
SystemC based sequential fixed-point simulation in a work station with an Intel core(TM)2 Quad, 2.5 GHz 
processor and 4GB DDR2 memory. Accuracy is compared on the basis of number of accurate fractional bits, 
SQNR, orthogonality and factorization errors. Number of accurate fractional bits is computed using (7).  

                  
From Fig. 2. (a) we observe that, SQNR and the number of accurate fractional bits are higher in case of 
SystemC based fixed-point simulation because of variable Q formats.  However the FPGA implementation is 
faster than double precision floating-point implementation (Table 3). This is because of the advantage of 
proposed architecture involving pipelining. Fig. 2. (a) shows the variation of SQNR for different matrices. Fig. 
2. (b) show the accumulation of orthogonality and factorization errors in the output vectors. Primary reasons 
for the evolution and accumulation of these errors in FPGA implementation are – ( )i  Use of 16-bit 
multipliers as a correction factor and ( )ii Insufficient integer wordlength and fractional wordlength. 

2     -  log (max( ( -  ) ) ) (7)float fixedNumber of accurate fractional bits abs x x
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Table 3. Comparison of Execution Time (Sec) 
Matrix Dimension  Floating-Point  Fixed-Point (FPGA) 

10  2.0e-4 3.57064e-3 

20 3.0e-3 4.28464e-3 

30 94.0e-3 12.54604e-3 

40 484e-3 26.86384e-3 

a

b

Fig. 2. (a) Number of accurate fractional bits and variation of SQNR for Jacobi SVD; (b) Orthogonality and Factorization error for Jacobi 
SVD 



27 Ramanarayan Mohanty et al.  /  IERI Procedia   7  ( 2014 )  21 – 27 

4. Conclusion 

In this paper we propose the pipelined CORDIC architecture of Jacobi SVD algorithm for higher order 
matrices. The accuracy is compared in terms of number of accurate fractional bits, SQNR, orthogonality and 
factorization errors with SystemC based results. The results of execution time show that the pipelined 
CORDIC architecture performs (1000 times) faster than double precision floating-point implementation for 
larger matrices.  

The accuracy can be increased by raising the number of pipeline stages as well as by assigning optimized 
integer and fractional wordlength for different variables. A faster Jacobi SVD algorithm can be realised 
through implementing it on GPU. An optimized SystemC based implementation can be realized through a 
high level synthesis on FPGA. 
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