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Abstract

By means of the abstract continuation theory fecontractions, some criteria are established
for the existence and nonexistence of positive periodic solutions of the following neutral functional
differential equation:

dN n m
- = N(t)[a(t) — B(ON(@) — Z bi(ON(t—0j(1) — Zci ON'(t — (r))}.

j=1 i=1
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1. Introduction

In this paper, we consider the following periodic neutral functional differential equation:

d—N—Nt t HN(t
= = N[ at) = BON )

_ ij (ON(1—0;1)) — Zci (ON'(t — 7 (t))], Q)

j=1 i=1
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where B(t),a(t),b;(t),ci(t),0;(), 7;(t) are continuous periodic functions of period
w>0andB) >0,a()>0,bj(t) 20,¢;(1) 20 =1,2,...,m, j=1,2,...,n). For
the ecological justification of Eq. (1), one can refer to [1-4].

In 1993, Kuang [5] proposed an open problem (Open problem 9.2) to obtain sufficient
conditions for the existence of positive periodic solutions of the following equation:

dN
o= N@®)[a(t) = BN @) —b(N(t — (1)) — c(ON'(t — T(1))]. (2)

In 1997, by using Mawhin’s continuation theorem Li studied a kind of periodic neutral
functional differential equation with constant multiple delays [6]:

dN n m
—— =N@) [a(r) —BWON@®) =Y bj(OON(t —0)) =Y ci(ON'(t — n)}. €)

di j=1 i=1

However, Li did not verify the important assumption that operator2 — 2 was
L-compact. So the main results in [6] is not true. In fact, as the right side of Eq. (1) contains
N'(t—1) (i=12,...,m), itis not easy to verify the conclusion. Therefore, the result
of [6] is far from clear and may be not even true.

Fang [7] studied Eg. (2) and gave an answer to Open problem 9.2 of [5]. But the
paper [7] required thaty () < b(t) or cq(1) < b(2), B(t) > 0, Vt € [0, w], whereco(t) =
c®)/A—7'(1).

Itis easy to see that either Eq. (2) or Eq. (3) is a special case of Eq. (1). The purpose of
this paper is to establish some criteria to guarantee the existence and nonexistence of pos-
itive periodic solutions of Eq. (1). By using the continuation theorykfaret contractions
[8,9], we obtain some new results.if =n =1, t1(¢t) = 01(t) = ©(¢), b1(t) = b(t), and
c1(t) = c¢(t), then our existence result is an answer to Open problem 9.2 due to Kuang.

Taking the transformatiov () = expx(t), EQ. (1) can be rewritten as

X (1) =a(t) — Bt)e "
=D b I =" i (n)x (8 — Tie))e T, (4)
j=1 i=1

In order to study Eq. (1), we should make some preparations.
Let E be a Banach space. For a bounded sulAsetE, by

ap(A) = inf{a > 0| there is a finite number of subsets C A

such thatd = U A; and dianiA;) < 5}
i=1

denote the (Kuratoski) measure of noncompactness, wherg dliakenotes the diameter

of setA;. Let X, Y be two Banach spaces azibe a bounded open subsetXf A con-

tinuous and bounded may: 2 — Y is calledk-set contractive if for any bounded set

A C £2 we have

ay (N(A)) < kax(A).
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Also, for a Fredholm operatdt: X — Y with index zero, according to [8] we may define
that

I(L) =sup{r > 0] rax(A) < ay(L(A)), forall bounded subset C X}.
Lemma1[10]. LetL: X — Y be a Fredholm operator with index zero, anddet Y be a

fixed point. Suppose that: 2 — Y is ak-set contractive wittk < I(L), where2 C X is
bounded, open, and symmetric abOut £2. Further, we also assume that

(1) Lx #XNx + Aa,forx € 2,1 € (0,1), and

(2) [ON(x)+ Qa, x][ON(—x)+ Qa, x] < 0, for x € kerLN a2, where[-, -] is a bilinear
form onY x X and Q is the project off ontocokerL).

Then there isc € 2 such that

Lx —Nx=a.

In order to use Lemma 1 for Eq. (1), we set
Co={x|xeC*R,R), x(t +w) =x(1)}
with the norm defined byx|o = maxc(o,,] |x(t)|, and
Cl={x1xeC*R,R), x(t +®)=x(1)}

with the norm defined byx|; = max|x|o, |x'|o}. ThenC?, CL, are all Banach spaces. Let
L:C}— €2 be defined byLx = dx/dt, N:CL — €9 defined by

Nx=—B(t)e" =Y " b(t)e* =1 =N i (t)x (t — (1)) " 7O (5)

j=1 i=1

It is easy to see thdt is a Fredholm operator with index zero and is bounded with bound
of 1. Now, Eq. (4) has am-periodic solution if and only i.x = Nx +a for somex € C},
wherea =: a(t).

In this paper, we denote= (1/w) [6" h(s)ds, hy =mMinsgo,0) A (1), for h € Cg.

Lemma 2 [9]. The differential operatoi. is a Fredholm operator with index zero and
satisfied (L) > 1.

Lemma 3. Letr1, rp be two positive constants astl = {x | x € C2, [x|o < r1, |0 < r2}.
If k=31 |cilo)e’s < 1, thenN : 2 — €2 is ak-contractive map.

Proof. Let A C £2 be a bounded subset and tet C(Cc:!_)(A). Then, for any > 0, there is
a finite family of subsets\; satisfyingA = | J;_; A; with diam(A;) < n+¢. Now let

gt X, ¥1, Y2, .-+, ¥n, 21,22, -+ s T, WL, W2, - .., Wpy)

=B(t)e" + > bj(e + Y ci(tywed.

j=1 i=1
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Since g(t, x, y1, y2, .. ., Vs 21,22, « + - s Zm, W1, W2, ..., wy,) is uniformly continuous on
any compact subset d¢ x RZ"*"+1 A and A; are precompact ir€?, it follows that
there is a finite family of subsets;; of A; such thatd; = szlA,»j with

‘g(r,x(t),x(t—ol(t)) ..... x(t—0n®),x(t — 1), ..., x(t =t (D),
u'(t— 1)), ..., u'(t — (t)))
- g(t, u(t), u(t —o1(1), ..., u(t — o (), u(t — 1)), ..., u(t — (1)),
u'(t—1a()), ..., u'(t — (t)))‘ <e
foranyx,u € A;;. Therefore, we have
INx — Nulo
= tes[clig]‘g(t, x(@),x(t —o1(0)), ..., x(t —on(0), x(t — 11(0)), ...,
x(t = T (®), X' (t = 7)), ..., X (t — t,,(t)))
- g(t, u(®),u(r —o1(0), ..., u(t — o), u(r — (1), . .., u(t — o (1)),
N L (S (t)))‘
< tes[gg]‘g(t, x(@),x(t —o1(0)), ..., x(t —op(0), x(t — 12(0)), ...,
x(t =), x'(t — @), ..., x'(t =t (t)))
- g(t, x(0),x(t —o1(1)), ..., x(t—0a(®),x(t — 1)), ..., x(t — (D),
W' (t —T1(0), ..., u'(t — Tm(t)))‘
+ tes[(lig]‘gQ, x(1), x(t —o1(1)), ..., x(t—0,(®), x(t — 1)), ...,
x(t — (), u' (t — (), ..., u'(t — (t)))
—g(t,u(t),u(t —o1(0)), ..., u(t — o (@), u(t — 110)), . ..., u(t1(1)),
W' (0= ), o ()|

m
< Z leilo|x'(t — (1) —u'(t — 1 (1)) | + & <kn + (k + De.
i=1

As ¢ is arbitrary small, it is easy to see that

aco(N(A) <keci(4). O
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Lemma4. Letg e CO, r € CL, andt’ < 1, ¥t € [0, w]. Theng(u(1)) € CO, whereu(t) is
the inverse function af— 7 (¢).

Proof. We need only to prove thai(a + w) = u(a) + o for arbitrarya € R. By the
conditiont’ < 1, it is easy to see that the equation t (1) =« andr — 7(t) = a + w has
a unique solutiomg, #1, respectively. That is

to—t(to) =a, n—tt)=a+o,
ie.,

u(@ =to=a+1t(tp) and u(a+w)=t1. (6)
As

w—+a+ t(tp) — t(a)+a + r(to)) =w+a+1t(ty) — t(a + 'C(to))

=w+a+1t(to) —t(to) =w +a,
it follows thatty = w+a + t (7). So by (6) we haver(a + w) = u(a) +wforvae R. O
Throughout this paper, we assume thate C , 0 € C , T <1, cr.; <1(@G=

12,....m, j=1,2,...,n). So eitherr;(¢) or o; (t) has a unique inverse, and we set

v (1), uj () to represent the inverse of functior- 7; (r), t — o;(¢), respectivelyi = 1, 2,
om, j=1,2,...,n).

2. Main results

Theorem 1. Suppose; € C}, @ > 0, and

>0, Viel0w].

n . . m /. l't
r@=:pm+Yy. b)) =S co,i (vi(0)
J

— 1— 07 (u;(0) 1—1/(yi(1)
Let

" bi(ui(0) 2 leg; (vi@)]
@) =: + o + : ,
1) =B ;1—0;(u,/(t)) gl—t,-’(yi(t))

b))

Do) =610 (1) +6 T e
2(1) = 011 (1) + 2<ﬂ(r)+2 2T,

Bi (1) "\ bi(ri(1)
Z 1—17/(yi (1) Z f(%(t))>
Fg,i(t)zzﬁ(t)eri(t)—co,i(t), t=1,2,...,
Further, we assume that

[ = min [ min Fg,(t)}>0 and k= max{2|co,|o,2|c,|o}e <1,

1<i<m te[0,w]
i=1
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where

M = max{

a
In| =————=|, R1, M1¢,
nl:ﬂ+2;%:1bj| ' l}

Ra=tn S0 e [l lo} S5 014 () )
0

6ol 1<i<m 6ol

-1
- n m

In %‘ + (a + Befr 4 ZﬁjeRl)w(l — Z Ico,iloeRl) ,
i=1

j=1

My =

(D) — 62l )
h_<_7?7_); =T

601, 62 are positive constants satisfyifg + 62 = 1, I'>(¢) > 62/. Then Eq(1) has at least
one positivev-periodic solution.

Proof. Corresponding to the operator equation
Lx=ANx+ia, ire€(0,1),

we have

X)) = A |:a (1) — B(1)e*®

- ij ()Xo 0) _ Zci(t)x/(t — 1 (t))ex(’_r"(’))j|. @)

j=1 i=1

Letx(¢) be an arbitrary-periodic solution of Eq. (7) for a certaine (0, 1); then we have

X' (1) = |:a (1) — B(t)e*®

- ij ()e*t=oi®) _ Z c,-(t)x’(t -1 (t))ex(’t"(’)):|. (8)
j=1 i=1
Integrating two sides of Eg. (8) on the intery@) w], we get that
@ n m
aw = / [,3 Oe* O+ b)) — Zc6’i(t)ex(tfi(’)):| dt. ©)
0 j=1 i=1

Letr —oj(t) =s,i.e.,t =pu;(s); then

w—0j(w)

/bj(t)ex(tfo_/(t)) dt = / b}(“](s)) ex(s) ds.
J 1= 07 (1;5)

—0;(0)
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According to Lemma 4, we have that
® w
/bj(t)ex(’*”f“”dt:/Mex(”ds G=12....n.
1—0'(j(s))
0 0
Similarly,
[ N=10) [ 00 x(s) ;
/co)i(t)e dt:/me ds (j=1,2,...,m).
0 0
So from (9) we get that
w
/ I'$)e*ds =aw. (10)
0
It follows that there i € [0, w] such that
w
ex(‘f)/l"(s) ds =aw,
0
ie.,
so_ 4
r
thatis
a
x(&)=1In = (11)
On the other hand,
w m /
/ [x(t)+)\zc0,,~(t)ewW”] dt
0 i=1
@ m
= / at) — pt)er® — Zb (e D 1N " (e O dr
0 j=1 i=1
u)
/a(t)+ﬁ(t)e’“(’>+zb (1)e* '~ ”f"”+2|c (D)D) dr
b j=1 i=1
@ n m /
() bj(/Lj(t)) (1) CQ,‘(Vi(t)) x(t)
O/a(t>+ﬁ(t>e +271_6/(M(t))e +,§ T e

=aw+/ f}((t))r(t) x(t)dt<aw+aa)<11:1)0=&w(l+ (%)() (12)
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In addition to this, we have

@ n m
aw =0, / (ﬁ(r)ex(” + ) bj(t)er D) — ani(t)ex(tr"(’))) dt
0

j=1 i=1

7 n m
+92/<,3(t)ex(t)+Zb(t)ex(t—0j(t)) _Zcb(t)ex(t—r,-(t))> dt

0 j=1 i=1

w w n
:91/1“@)@"(’) dt+92f<ﬂ(t)e"<’>+Zb,(r)e"<’—"f<’>>
0 0

j=1

m m
— () Zex(t*fi(f)) _ Zbi (t)ex(ffi(t))) dt

i=1 i=1

m

w
+92/ bl ®) +B@) — c6’l_(t))ex(f*fi(f)) dt
0

i=1
n

[ b,
Z/[elr(r) +92(ﬂ(t) + Z %
0

Z Bli(0) i i)\ |« g,
— 7/ (vi (1)) =7/ (yi(1))

m
+922 / I3.i(0)e” =50 gy (13)
i=10

As I'(¢) > 0, it follows that there are two positive constagis> 0,02 > O with61+62 =1
such thatf»(¢) > 621, Vr € [0, w]. Then from (13) we get that

m

w w
aw= / (Io(t) — 62l)e* PV dt + 62 / (zexm + Z Fg,i(t)e“’—w))) dt
0

0 i=1
Do) — 620\ [ r "
2(7) — 62 / x(1) / x(1) x(1—7i (1))
Y roeOdi+ 6o [ (@ +3Y O gr. (14)
(*Fa™), 2
0 0 i=
From (14) we have that there§sc [0, w] such that

Io(t) — 62l =~
o> (%)maw + oo (ex@ n Zex@t"(s)))

i=1
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ie.,
- 1-lha
x(®) - o —l)a 15
e + ;e < ol (15)
where
<F2(t) - 921)
L= .
ra) m
Since
D0 - I =02%  3i(i®)[1- 7 (n®)] " >0,
i=1
we havel; € (0, 1). It follows from (15) that
ey - (=i
6ol
ie.,
1-1
x() <in & (16)
6ol
and
m -
3 e ¢ A-hja (17)
6ol

i=1
So by (16) and (17) we get that

m
xX(1)+1 Y coi(t)eH0)

i=1
w m /
< X(é) iy ZCO (é—)ex(f 7 (§)) +/ |: (t) LA Zco)i(t)ex(tfi(f)):| dt
i=1 0 i=1
A-Ia A1-lya _ I
<In———— + max i 1 — =R;. 18
ol + max lco,ilo——F7— ol aw( + ( e >0) 1 (18)

Thus
x(t) < Ry, Vtel0 w].
From (8) we have

m w

/|x ()| dt <aw+ Bwerr + Zb wekt 4 R Z/Ci(t)|x/(t —7i(1))|dt

j=1 i=1j

<aw+ ,Ba)eRl + Zb wekt 4 R Z/ i (r'u(l (t)()t)) (t)‘ dt
Wi
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<aa)+a),3eR1+a)Zb eRl—i-ZIco |oeR1/|x (t)‘dt

j=1 i=1

i.e.,

w m -1
/|x'(t)|dt < w(@+ et + belr) (1 - Z |c0,,-|0eR1> .
0 i=1

It follows from (11) that

[EH +/w|x’(t)| dt
r
0
-1

- m
< |n|:%iH + w(a + ,B_ERl + bekr) (1 - Z |c0,,-|oeR1> =: M1, (29)
i=1

and again, by (8), we get

lx()| < [In

m

Ixlo < lalo+ [bloe™® + |Bloe® + > " leiloe™|x|o.
i=1

It follows that
o < lalo+ |bloe®t + | Bloe®t _
TS SR

Let2={x¢€ Cal): |x|lo < M3, |x'|o < M>2}, and define a bounded bilinear fofim -] on
Co x CL by[y, x1= [ y(t)x(t)dt. Also we defineQ : y — cokeL) by y — [ y(t)dt.
Obviously,

{x | xekerLNdR}={x|x=Mzorx =—Ms3}.
Without loss of generality, we may assume that M3. Thus

[ON(X) + 0(a), x][QN(—x) + Q(a), x|

w w

§w2|:/a(t)dt—eM3/<,3(t)+ij(t)) dt:|
j=1

0 0

[/wa(t)dt—e f( (t)+;b (t)) dt}
2

R 0] B G )| S

a

(20)

M3 > |In =

B+ 1bj

9
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and
eM3<5+ , 54><#<5+ , z;):a.
jX::l ! B+ i—1bj ]2:;:[ ’
So from (21) we get
[ON(x) + Q(a), x][ON(—x) + Q(a), x] < 0. (22)

From the condition ma® ", [cilo, Y11 lci.olo}e™ < 1 we have that there is a constant

M > M such thaty"", |c;loe™ < 1. Applying Lemmas 1 and 3 witl? = {x | x € C},

Ix|o < r1, |x'|o < r2}, We setry = M, r» = M. Then it follows from (18)—(20) and (22)

that all the conditions in Lemma 1 are satisfied. Hence Eq. (1) has at least one positive
w-periodic solution. O

Theorem 2. If a > 0and I'(r) <0, Vr € [0, w], then Eq.(1) does not have any positive
w-periodic solution.

Proof. We need only to prove that Eq. (4) does not have angeriodic solution. If
Eq. (4) has av-periodic solutionx(z), then by integrating two sides of Eq. (4) on the
interval[0, w], we get that

@ @ n m
/a(t)dt =/|:,3(t)e"(’) + Y b)) — Zc(/)!i(t)ex(’_r"(’))i| dt,
j=1

0 0 i=1

w

aw= / rt)e’® dr.
0
So there exists a numbere [0, w] such that

w
r) / e Ddt = aw.
0

Asa > 0, it follows thatI" (¢) > 0 which contradicts to the conditiadn(z) < 0,Vr € [0, w].
This contradiction implies that Eq. (4) does not have afgeriodic solution. O

Similarly, we have the following result:

Theorem 3.1fa =0, I'(r) > 0or I"(r) < 0, and furthermord™ + 0, then Eq.(1) does not
have any positive-periodic solution.
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For example, consider the following equation:
N'(t) = N(1t) [a(t) —8N(t) — (SN(t - %sint) — N'(t—De sinzt}, (23)

wheres > 0, ¢ > 0 are two parameters, € Cg, a(t) 20 fort € [0,w], anda > 0. Let
N(t) = expx(t); then Eqg. (23) can be written as
X' (1) = a(t) — 8* 0 — 5~ W/DSIN) _ o gin?py/ (¢ — 1) D, (24)

Let u(¢) be the inverse of function af— (1/2) sinz; then

b .
re)=6+ 1= (1/2) cosu(r) —esin2(t+ 1),
1) .
) =8+ 1= (12 cosn(t) +&lsin2(t + 1),
I5(t) = (01— 62)6 + 5 —b1esin2t + 1),

1—(1/2)cosu(t)
I3(t) =25 —esin2(r + 1).
S0(5/3)8 —e < I'(t) <38+¢, " <38, I'(t) <38+¢,801—02+2/3) —b1e < () <
(01—02+2)6+018,28 —e < I3(t) <25 +¢.Letf1=2/3,00=1/3,¢ € (0,8/13]; then

I = (25/13)8, I1 € (13/120,67/114), (1 — I)/(62]) < 1.3915~L, and(I'/I")o < 34/31,
I < 35.Thus

a 1391 34 a 139. 130
R1 <In1.391— all+—|<Inl391-+ ——+ —ma.
1<In1.39 8+810003+27m< +31> n 395+1300C5+ 3172

If ¢ <Be R whered € (0, 1) is a constant, then

a _ . -1 al a+28ef
Mi=|In—= 28eR1)(1— ¢l sin2|eft In—|+ ——
1 F‘—l—(a—i— ey (1—¢l lef1) ™ < %l T 19
Thus max|c|o, |colo}e™ < 1, fore € (0, o), where
(s _ _ _
b0 = mln{_:g’eeRl’e|Ina/(28)’e(|Ina/(38)|+(a+28eR1)/(l0))}. (25)

Therefore, by applying Theorem 1, we have that Eq. (23) has a positiveePiodic
solution fore € (0, eg), wheregg is defined by (25).

Remark. It is easy to see that Eq. (2) is a special case of Eq. (1). So Theorenwil=for
n=1,010) =11(t) = t(t), b1(t) = b(2), c1(¢t) = c¢(¢) is an answer to Open problem 9.2
due to Kuang [5]. For this case, we need

b(u) cou(t))
1-7(pn@) 1—7'(u())
which is weaker than corresponding condition of [7] tagtr) < b(t) or cy(t) < b(1),
B(t) >0,V € [0, w).

re)=:p@)+ >0, Vrel0 w],
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