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In this paper, an alternate approach to the method of asymptotic expansions for
the study of a singularly perturbed, linear system with multiparameters and
multiple time scales is developed. The method consists of developing a linear, non-
singular transformation that enables one to transform the original system into an
upper triangular form. This process of upper triangularization will enable us to
investigate (i) stability and (ii) approximation of solutions of the original system in
terms of the overall reduced system and the corresponding boundary layer
systems. € 1988 Academic Press, Inc.

INTRODUCTION

Singular perturbation models with multiple time scales do arise in many
of the dynamical models of physical as well as biochemical processes [1, 2,
4,9, 15, 16]. In previous years, the method of asymptotic expansions has
been widely used for the study of such systems [5, 6, 13, 14]. In recent
years, an alternative approach has been investigated in which one develops
a suitable, nonsingular, linear transformation that enables one to partially
or totally decouple the original system. This transformed system will then
enable one to study the stability properties of the original system with
relative ease. Moreover, one gets a closed form expression for first-order
approximations of solutions to the original system. This idea was initiated
by Khalil and Kokotovic [7,8] for a two-time scale problem, and by
Chang [3] for a general boundary value problem. Later, Ladde and Siljak
[11] and Ladde and Rajalakshmi [10] have used the idea for a three-time
scale problem.

* Research partially supported by the U.S. Army under Resecarch Grant DAAG29-84-G-
0060.
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In this paper, we have used this idea for the case of an arbitrary n-time
scale problem. The method consists of developing a linear, nonsingular
transformation that transforms the original system into an upper triangular
form. This transformed system is then used to investigate (i) stability and
(ii) approximation of solutions of the original system in terms of the overall
reduced system and the corresponding boundary layer systems.

The paper is organized as follows: In Section 2, by following [10, 117, a
joint n-time scale multiparameter, singular perturbation problem is for-
mulated. Also, a hierarchical scheme for aggregating and arranging the
groups of small parameters according to their order and an order reduction
scheme are presented. In Section 3, an n-fold version of the transformation
in [11] which transforms the given system into an upper triangular form is
formulated. In Section 4, validity of the transformation developed in
Section 3 is established. Section 5, the main stability result and the
approximation to the solution of the original relative to the overall reduced
and the various boundary layer systems are given.

Although the results obtained here are only first-order approximations,
this method of analysis is simple and straightforward. Moreover, the forms
of these solutions indicate a possibility of developing an algorithm for the
process, thereby enabling one to employ a computer. In addition, it is
expected to have great potential in the study of control theory. Work in
this direction is in progress and will be reported elsewhere.

2. FORMULATION OF THE PROBLEM

Let us consider a linear system described by

n

72
H=ALOx; 4+ Y ARDxy + o+ Y AL X
k=1 k=1

(2.1)
n 71
g;lez Z < Z Aﬁc(t)xlk>’ ZEI(la ’yj), jEI(z’n)a

I=1 Nk=1

where I(a, b)={a, a+1, a+2,..b}, a<h, Ia,by=¢, a>b, a,beZ™,
1 =1,x,=x,,€R" x;€RY, [;=%7%_, 1, and the dimension of the system
(21)is N=37_, [, In (2.1), all matrix functions are continuous on R and
have appropriate dimensions. The parameters ¢ are small, positive real
numbers. The crucial assumption is that ¢]'s have different orders for fixed i
and have the same order for fixed j. This implies that the ratio of ¢ with &/
for a fixed j is bounded, that is,

<elfef <, Vi kel(l,y), jel(2, n), (2.2)
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where ¢, and Z, are some positive, real numbers. Now, we make the
following important assumption:

(Al)y lim, | o+ (g;/e; 1) =0, Vie (2, n), where ¢, is defined by
e, = (e}, €2, .., e, iel(2,n)and ¢, = 1. (2.3)
Using (Al )‘and (2.3), we can rewrite the system (2.1) as
B Xy = i D, A,.()x,, X, (to) =X, me I(1, n), (2.4)
k=1

where x, =(x/;, x&, ., x[,)7€ R* and the block matrices of (2.4) are
formed in an obvious way from the matrices of (2.1) with D,’s given by

D,, = diag {E—'l” Iy 20, 1} me (2, n).

el 2 g (2.5)
D, =1,.

Here, 1,.’s are identity matrices of appropriate dimensions and the

elements of the D,, matrices are also bounded, that is,

§m ggm/ginggmv jEI(laynl)5ME1(2’ n)' (26)

Thus, system (2.4) gives us an »-time scale, multiparameter problem.
Before proceeding further, let us introduce the following notation:

APy = APy — AL (1)
x(Ef,’f_’k)(t)"A,‘,"',’,k‘/.(t), Kel(O,n—1) (2.7)
AD(t) = A1),

i
where

Eilkf)k(t)zAilAlknf/\(t)

(Note: (2.7) is a recursive relation.)
To perform an n-stage reduction of system (2.4), we make the following
assumption:

(A2) The block matrices A" ,, ,(¢) are nonsingular for all 1>,
where je I(0, n —2).

Using (A2), we can get the g, ;-reduced system by setting &, ;=0 as
n—(j+1) A
g% = Z D1A§lf+“(t)xk,
k=1
x/(to)=xp, lel(l,n—j—1) (2.8)

n—{(j+1)
x,_ (== % AP, A0y AP (Ox, jell0,n—2).

k=1
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We now get the various boundary layer systems as follows. By using the
transformation t, = (1 — t,)/¢, and setting ¢, =0 in (2.4), we first get the
e,-boundary layer system. The other ¢, (;,,,-boundary layer systems for
jeI(0,n—3) are then obtained by using the transformation t,,, =
(t—1o)/e, (;+1)and settinge, ;. ) =0 in the corresponding ¢, ;-reduced
subsystem (2.8). They are given by

d.x.l[ .
— =0, lel(l,n—j—2)
dTn (j+1)
dx, )
—U+1) 4 1) 2
7 —Ari]f(j+1).nf(/+1)(’)an/+1)(fj+1)
Ti+t

32;1A(/'+1)(0)=xn7(j+1),0

J

+ Z ALIJ(}/L 1),,:\(/“)(’0)

k=1

XA X -G, el n=3). (29)

Two of our main objectives here are (i) to study the stability of system
(2.4) and (ii) to get approximate solutions to (2.4) in terms of the solutions
to the overall reduced system (obtained by setting j=#n--2 in (2.8)) and
the various boundary layer systems (2.9).

3. TRIANGULARIZATION

In this section, we develop an s-fold version of the transformation in
[11] which results in transforming the system (2.4) into an upper
triangular form. This form of partial decoupling will then enable us to
achieve our objectives with relative ease.

We can rewrite system (2.4) in a matrix form as

x=A(1)x, {3.1)

where

x=(x1,x2,..., xn)T’ A(t):(ai/(t))nxn

and
a(ty=e " D; A1)

Now, we introduce a similarity transformation from R x R2x ... x R’
into itself represented by the matrix T=(7,,),.,. The elements of T are
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submatrix functions of appropriate dimensions. These submatrix functions
are given by

0 for gellp+1,n)
T, =<1, for p=g (3.2)
L,, for gelI(l, p—1),

where L,, are determined by the initial value problem

. L e n
gpr,pf»I = - Z pr;'( Z D/'A/'k(t) RkAp l(t)>a pel(z’ n)
J=1% k=p—1

(3.3)
. L
&pLy, = ~|:Z _pr./'DjAﬁi(t)qu “qu]’ pel3,n),qel(l, p—2)

j=1%
with initial conditions
L, (1o)= (A= P(ty)) " A= 2(1y),
pel2,n),qel(l, p—1), (3.4)

where

0, (=3 [Z f2r (1) D_,-A,,mm(i Rn,k(r)qu(r>)], (3.5)
k=p

m=pLj=1 81'

and for all je I(1,n—1) we have
0, iel(l, j—1)
R)={ I, i=j (3.6)

i—1
— Y Lu(1) Ri/(1), iel(j+1,n).
k=
We make a note that, for a fixed j, the elements R, () given by (3.6) are
obtained in a recursive fashion. Moreover, it is easy to verify that
R=(R;), ., is the matrix representing the inverse of the transformation 7.
The similarity transformation (3.2) determined by (3.3) and (3.4) trans-
forms (3.1) into an upper triangular form as

i=B(1)u, (3.7)
where u=(u;, uy, .., u,)’, B=(b,,(t)), ., and for all peI(1,n), b,’s are

given by

k=g \j=17%J

> (3L, DA Rft) qelipn)
by, = b (3.8)

0 for geKl, p—1).
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The upper triangular form (3.7) of (3.1) will make the study of stability
properties of multi-time scale problems relatively easy. In the next section,
we will proceed to verify the validity of the transformation (3.2).

4. VERIFICATION OF THE TRANSFORMATION

In this section, our objective is to verify the validity of the transfor-
mation (3.2) which is necessary in establishing the upper triangular form
(3.7) of (3.1). For the transformation to be valid, we need to establish the
existence, uniqueness, and boundedness of solutions to the initial value
problems (3.3) and (3.4).

The existence and uniqueness of these solutions follow from continuity of
the coefficient matrices in (2.4) and continuous differentiability of the right-
hand side of the system of Eq. (3.3) with respect to L;. Thus, it is enough
to show that these solutions are bounded. In addition, we develop a certain
type of convergence results which enable us to obtain approximations for
the matrix functions L, (f). The usefulness of these approximations will
become obvious in the next section.

To establish the boundedness and approximations of these solutions, we
use the following recursive procedure. First, we establish the boundedness
of the matrix functions in the last row of the transformation and show that
these functions have good approximations. We then proceed to show the
boundedness of matrix elements in the previous row and obtain the
corresponding approximations. We repeat this procedure till we come to
the second row of the transformation. Once we have established the boun-
dedness of all these solutions, it is easy to see that the matrix function
L,,(¢) is bounded. Thus, we only need to get an approximation for L,,(¢).

We now actually establish these results. First, we make the following
assumptions.

(A3) All matrix functions A4,(¢) in (2.4) are bounded on R.

(A4) For all D, satisfying (2.6), there exist positive numbers
"~ >0 such that
L{D,A"=)(1)} < —air /) Vit t,, jel(2, n). 4.1)

(A5) The matrix functions (Ay~(z)) "' A ~(t) for iel(2,n),
Jjel(2,i—1) and their first derivatives are bounded on R.

Consider the differential equations for L, (1), jeI(1,n—1). Using
(3.3)-(3.6), we can rewrite these equations in the form

&y Ly = Dy A1) Loy — 2 L, D, A1) + 5,(1)
& (4.2)
Lnj(tO) = A,;l(to) Anj(to)’
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where

n

Su(t)= Y. 2 L (1 =640) DeApa(t) Ly(1)

k=1%k
—(1—=0,) Dy Ay(1)}. (4.3)
Let ¢,,(2, 7; ¢,) denote the state transition matrix of
e,2=D,A,,(1)z

Then, we have the following lemma.

LEMMA 4.1. Under (A4), we have

¢nn(t’ T, 8n)<exp[~%ﬁ (I—T)], =7 (44)

n

Proof. It is analogous to the proof of Lemma 4.12 in [10].
Let ¢,(t, 7; ¢;) be the state transition matrix of

gy, =D;A,(t)y;, jel(l,n—1). (4.5)

Then the estimates on their norms are of the form
¢;(t, T, &) <expla(t—1)], 127, (4.6)

where «; are some positive real numbers. We now have the following result.

Resulr 4.1. Under (A1), (A3), and (A4), there exist ¢ >0, ke (2, n),
such that for all ¢, /e, _, <&/ /ef_ |, ke (2, n), the solutions L,,(t) of (4.2)
are bounded for all 1>1¢,.

Proof. L,(t) satisfy the initial value problem (4.2). We observe that
Y, =@l to; €,) Lylto) d,(20, £; €;) satisfy the homogeneous part of (4.2),
where ¢,(1,, t;¢;) represents the state transition matrix of the adjoint
system of (4.5). Using variation of parameters formula [12], we can write

Lnj(t) = ¢nn([’ tO; gn) Lnj(to) ¢jj(t0’ t; 8/)

[ Bt 18,) 6718,(5) 95, 1) . (47)

where S,(t) is given by (4.3).
Using (A1), we can choose &5, ¢, .., &/, and ¢} such that

2e} max  { O S 0y
)

mel(ln—1
8(n—1)e}
O (1D, Ayl o+ max {IDuAwl IS
m <ksy-

for meI(l,n—1),
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where p is defined by

2
p=2{Z max {10, dul}+ max {ILutoli} |

<ksn—1

We now show that [|L,|| <p for all 1>, and jeI(1,n—1).

If it is not true, then there exists jo € I(1,n— 1) and t* € (¢,, ¢] such that
ILy(t*) =p and ||L, (¢)Il <p Vj# jo, and ¢t <t* Taking the norms on
both sides of (4.7) and after a few simple steps, we arrive at the contradic-
tion p>3/4p. Hence ||L,;|| <p for all t>¢, and jeI(1,n—1). Thus, we
have Result 4.1.

Next, we establish the convergence results for L, (¢).
Result 4.2. Under Result 4.1 and assumption (AS), we have
L) =L, 1)+ O(e,/e, 1),
where (4.8)
L()=[4.u(n]"" A1),  jel(l,n-1).
Proof. Let L, (t)= Z,,j(t) +AL,[(t). Then AL, (1) satisfies the differential

equation

,,,1

en AL, -=[D A+ Y 2 L(0) DeA k,,(r)]AL

k=1 6k

—% AL, [D(A,(1) = Au(t) L ()] +Py(t)  (49)

7

AL, (15)=
where
n-lg ~
P, ()= 2 5"1 {[L(t)+ (1 =6) AL, ] Dy,
k=1%k
LAY L) — (1= 8,)) A(1)]
+ AL, D A, (1) AL} —¢,L,. (4.10a)

For the sake of clarity, we introduce the following notation: & =
(€5 84 15 v 8k )y J < k. Let @p(t, T, 6,7) and @ (1, T; ¢;) be the state transi-
tion matrices of

m= [DnAnn(t) + nil '8_" znk(t) DkAkn(t):I m

k—1 6k

g, P, =D[A,(1)— A, (D[A,,()] " AN P,  jell,n—1).
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Now, using the methods of differential inequalities and properties of the
logarithmic norm, it is easy to prove that

—

M
"(t—r)], 27, Uy < O

n

||¢Mn(ts T, 8!‘12)” <exp I: €

H¢A_j(t’ 7, ¢)ll <expla{t—1)],

oy >0,t>7,and jel(l,n—1).

Then y; = ¢ p,(1, Lo; €,2) B 410, 1 €), y{te)= @ is the solution for the
unperturbed part of (4.9). Using variation of parameters formula, we get

!
AL, = f Baanlty T £22) £, 1P (1) B 42, 13 8,) .
0

Taking norms on both sides and doing some calculations, we arrive at

k. (e — & 00,
1AL, | < K [1—exp (——(“”"" 8"“"”0—:0))],
’ €y 1 gy _gnaAj £,

where

n—1
E,_
kn = Z —

k=1 &

bkj + Enot ”Z‘nj ||

by =T[(1=8,) 1Ll + 8, I L 1]
X ID(An(t) Loy — (1= 81) A + 1D Ara(1)] - (4.10b)
X (1L Il A+ 1L DALy | 4+ 1L 1)

As a consequence of assumption (Al), we can now choose ¢, small enough
such that a,,, —¢, 4, > 0. Then, we have

jaL, | < — K

nj :0< En >
€y Ay _EnaAj L

Thus, we have
Lnj(t) = an(t) + 0(£n/£n~ l)'

Next, we proceed to show the boundedness of the elements in the (n — 1)th
row of the transformation (3.2), i.e, L, _, ;s. Let us denote n—1=4i. L;s
satisfy the differential equation given by (3.3) with the corresponding initial
condition given by (3.4). Using (4.8) and rearranging the terms
appropriately, we can rewrite the equations for L,’s as follows:

409/129/2-11
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81LU=Di|:A§i1)(t)+O<88" )] Lt)— ,,(z)
n—1

-[A},”(t)+0<88" >]+S,,-(t) (4.11)
Lu(tO) [A(l)(to)] A“)(to),

where

S{t)= i EiLika{(l_éki)A(l)(t) L(t)
k=1%k

—(1=3,) 4A0(1) }+0<6 )

We now state and prove the following result.

Result 4.3. Under (A1), (A3), (A4), and (AS), we have

(i) there exist ¢{!’>0, kel(2,n—1), such that for all /e, ;| <
eV/elV) |, kel(2,n—1), the solutions L,(t) of (4.11) are bounded for all
12 1t,.

(ii) The forms of L,(t) are given by

ij(t)=zg/(t)+ Z O(ex/er 1),
k=i
where
LAy=(AP) AP,  jel(l,n—1). (4.12)
Proof. First, let us consider the proof of (i). L;’s satisfy (4.11). Let

o1, 15 8,), 64101, 15 €,), and BV(1, 75 ¢, £,,,) be the state transition matrices
of

&y =D, A1)y,
g y=D[AP()+ O(e,/e)] y,

and
& y=D;[AP(t)+ O(e,/e)] y,

respectively, for je I(1, n—1). Using (A4), it is easy to see that these state
transition matrices have estimates of the form
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e
6, r;af)||<exp[ — (t—r)}

i

—a»
”¢l(l)(t’ 2 Bni)“ Sexp [ ’ (t_ T):l’ a(l < a}ll 3
o (4.13)
¢ttt 756, &)l <explalV(r—1)1,

>0, jel(l,i—1),forall 1>1.

Then, we observe that Y; =@{')(t, ty;e,) L(t,), ¢!'(10, t; ¢, €,,) satisfy
the homogeneous part of (4. 11) Once again, making use of the variation of
parameters formula, we can write

Lt_](t) = ¢z(l)(t’ tO’ Sm') Ll](IO) ¢}1)(t0’ ta 8]9 &y )

¢
+ j ¢51)(ta T56,) 8;'11151'1'(‘[) ¢j(l)(r’ L e, 8,,,') dr.

fo
Assumption (A1) allows us to choose &), e§"), ..., /) such that

26 max{ad"), 2V, ..., alD,} <oV

8(i—1) e
o o IPn A+ max (1D, A0 ]< 1,

e mel(l,i—1),

where p is defined by

p= 2{“) max {||DA(”||+H0<9£>
I<k<ia1 £

We now show that |[L(t)| <p for jelI(1,i—1) and for all 1>1,. The
procedure is exactly the same as in the proof of Result 4.1. Thus, we have
now established the boundedness of L;’s. Now, let us consider the proof of
(ii).

Let L(t)= iy(t)+ AL;. Then 4L; satisfies the differential equation

} + max  {[[Lu(s)] }

1<k<gi—1

i—1
aiﬁLg-:[DiA,(i"(t )+ Y —L,ka <”(t)+0<£ )]
n-1

k=1 6k

—% AL, [D, <A;j“(t) —AL;+0 (:” ))] + P(1),
j n—1
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where

i—1

P,_','(t)‘ Z - {[sz + 5kj)ALik]

k=1 k

x D [AR(DL; — (1-8,) AQ(1)]

+ ALy DAL AL} — e L, +o<n 1).

Let ¢4, t; ¢,,) and ¢‘”(l, T; £, &,,) be the state transition matrices of
gn
£:.n —1

T &, . .
Efp/=Dj[A_}j”(t)*A}[”(t)Lij+0< )jl Py Jel(l,i—1)

En 1

m=l:DiA(1) + Z _Ltk DkA(I:I)( )+0(

k=1 &k

and

It is easy to see that

—gth)
ll¢‘”(t18nz)l!<eXp[ e )], tz1,  al)<all)
&

and
18G)(t, 75 65, £l <exp[alf)(t—1)], t21,04)>0,jel(l,n—1)

Using the same procedures as in the proof of Result 4.2, we get

i1 6,‘_ -
4L, u<[ (T e nL,-,»u)

k=1 k

o)

:I -
(1) _ (y’
Xppi —Ei%y,

where
b= [(1~3,) I Ly |l + 04 I L 1]
NDUAPLy — (1 =8,) A
F DAL QL+ WL DL+ 1Z51),
that is,
1
I4L, | <£i"l a“,k}fg) ot ,_18 7 o(gj’l)“,
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where

i—1
KP=1Y '*‘b<1’+s, L

[.
if
k=1 &k

This implies

oo} ro()- § o)

and hence the result (ii).

Using this process in a recessive fashion, we establish the boundedness
and convergence results for the elements in the nth, (n—1)th, .., (p—1)th
rows of the transformation (3.2) and we get the corresponding
approximations for these matrix functions as

Lk,-(t)=<AL"k-k><z))“A£';“(r)+ 5 0( ‘i )
) ’ 1=k €1
for k=nn—1,.,n—(n—p+1). (4.14)

Let us now consider the elements in the pth row of the transformation.
Using (4.14), we can write the differential equation for L, ’s as

LINI:DP [Aiid)( )+ Z 0<8 ):l Lpt/
+=—LL,,D, [A“" (1) + Z 0( )}+S,,q(t) (4.15)

L, (to)=(A;(10)) " Af0(te),  qel(l, p—1),

where
q(t)_ Z € Dk{ 1"510 Ai‘ﬁ)(’)Lw
k=1
—(1=6,,)-A@()} + Z 0( >
k=p+1 €k 1
and d=n—p.

We now state and prove the following resuit.
Result 44. Under assumptions of Result 4.3, we have

(i) There exist ¢'>0, kel(2,d), such that for all g/e, , <
ex/ef? |, ke I(2, d), the solutions L, (¢) of (4.15) are bounded for all ¢> ¢,,.
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(i) The L,’s have the form

L, (=L, (1)+ Z ( )
—1
where (4.16)
L, (t)=(4(1) ' A(e),  qell, p—1).

Proof.  As before, let ¢\9(t, t5¢,), 451, 7;¢,,), and ¢i0(1, T8, £,4) be
the state transition matrices of

g, 7=D,4p(1) y,

ppp
rnags 5 o )]s
k=p+1 k—1

. = £
sqy=Dql:Af,Z’(t)+ ¥ 0< k

k=p+1 k—1

and

)]y, gelll, p—1)

These transition matrices have the estimates on the norms similar to (4.13)
with positive constants a{), a{*), and «{*), where al <ald). The proof of (1)
is now similar to the proof of part (i) of Result 43 where the choice of ¢,’s
is such that

d) ) 4 ) ()
2ei max{a{®, af’, .., ol |} <al

8(p—1) e

M) (ﬂ

[ 1Deap+ | max (1D, A1)
<1<£7
Jj#*

<1 for kel(l, p—1),
where p is defined by

2 n
p=2{a7)1<rp3;&1{| D, A0+ Y 0(
) 1<)

k—p+1

)

Consider the proof of (ii). We let qu(t)=f,,,q(t)+ALM. Then 4L,
satisfies the differential equation

¢, 4L, [D AD (1) + Z —L D AN+ Y 0( fkl>]ALPq

P pp
k=1 &k k=p+1

+ max {”ij(to)“}}'
Igjsp-1

__8 i~
= [Dq(A‘:f,’(t) — A9 ,,)

gy

* z 0<8k1>:|+qu(t)’

k=p+1
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where

p—1

Po()="%, Z{[ Ly + (1 —8,) ALye]

k=1 %k

X Dk[A;c‘;)(t) Z"pq - (1 - 5kq) A/(:;)([)]

+AkaDkA(d)(t)Aqu} & pq+ Z 0<

k=p+1

€ 1)

The rest of the proof is analogous to the proof of (ii) of Result 4.3.
Finally, the matrix function L,,(r) satisfies the differential equation

. i £
¢,L, =D, [Agg—2)(t)+ y 0(8 k )] L,
k—1

k=3

~&,L, [A(lri_z)(lH' Z 0( B >:|+Sz1(t), (4.17)
k=23 \8k-1
where
2

€
Sy(t)= Z s—szka{(l“5k2)A;<'5_2)(t)L21 —(1=6,)A72(1)}

k=1%

o)

From the boundedness of L,’s, pe I(3, n), g€ I(1, p — 1), assumption (AS5),
and noting that the coefficient matrices in (4.17) are bounded, it follows
that the solution L,;(¢) of (4.17) is bounded. The convergence of L,,(?) is
established in the next resuit.

Result 4.5. Under (A4) and (AS), we have

Ly (t)=Ly (1) + 2": O(ei/ex 1),

k=2

where (4.18)
Ly(n)=[A%"2(1)] " 45~ 2().
Proof. Let L, (t)=1L,,(t)+ AL,,. Then 4L,, satisfies

&, 4L, —[DzAgg Dt)+ e, Ly A D(1) + 2 0<8 )] AL,
k—1

k=3

—&,4L,, |:A(l'{‘2)(t) + AP L, + Z ) (s i

k=23 k—1

>:| + Py (1),
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where

Py (1)= 52[2421(’)(’4(1’572)([)1.:21 _A(l'{fz)(t)) + AL21A(1'§72)([) ALy, ]

- i e
—& Ly + ) 0( £ )
k=3

€k

The rest of the proof is analogous to the proof of (ii) of Result 4.3.

By establishing the boundedness and convergence of the solutions L, (¢),
pel(2,n), gel(l, P—1), of the auxiliary system (3.3) with initial con-
ditions (3.4), we have verified the validity of the transformation (3.2).
Therefore, the transformed system (3.7) can be rewritten in terms of the
original matrices of (3.1) as

= Bu, where the elements of B are given by (4.19)

” €
apb,,q=D,,A;,’;,*‘”(t)+(1—c5,,,,)(l—54,,) Z 0< k)

k=g+1 By
+(1_5,,,)0( i ) gz p (4.20)
8,,_1
b,, =0, qg<p,
where
p—1 n
(=)=t lo(@)H(E) L o)) e
Ep—1/ o i 8/ k=g k-1
and
& &
0(%2) =% (0, r(0) " Ay 0 g ), (822)
] J

with initial conditions given by
ulo) =Xy

i1
ulte)=xp+ 3. (A 2(t5)) ! AT 1o)X 50

j=1

Ly 0( k ) i=1(2,n).
k=1

Er 1

In the next section, using the transformed system (4.19), we obtain our
main result concerning the qualitative properties of the original system
(3.1).
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5. MAIN RESULT

We are now in a position to use the triangular form of the transformed
system (4.19) and establish stability of the orginal system (3.1). For this, we
need to make the assumption concerning the stability of the reduced sub-
system (2.8) (corresponding to j=n—2) with the system matrix A}~ ")(r).

(A6) There exists a positive number &, such that

f’L{Agrﬂ(f)}m)s . (5.1)

0%

lim sup <

{— ¢

Assumption (A6) implies that the reduced subsystem is globally,
exponentially stable. We now have the following main result.

Result 5.1. Under (A1)-(A6), there exist positive numbers §,, k=
1,2, .., 1, such that if ¢, <£, and ¢, /e, | <é,./6,_, for k=2,3, .., n then
the equilibrium of the system (3.1) is globally, exponentially stable.

Proof. The inverse of the transformation 7 is given by the matrix
R=(R;) in (3.6). From the boundedness of the submatrix functions in
(3.2), it is easy to see that 7~ ! = R is also bounded. From the boundedness
of T, it follows that the stability of (4.19) implies the stability of (3.1). To
show stability of (4.19), it is necessary to verify the stability of each
decoupled subsystem by considering the smallness of their interactions as
regular perturbation terms. This is done as follows:

First, consider the u, subsystem (or ¢,-subsystem). u, satisfies the dif-

ferential equation
6, i, =[D,,A,m(t)+0<£8” )] U, (5.2)
n—1

Let ¢,(¢, 1; €,, ¢, ;) be the state transition matrix of (5.2). Then, using
Lemma 4.1, it is easy to see that

—a,

[6.(2, T5 60y &, 1)l SeXp [ .

(t~r):|, tzt, 0, <a,. (5.3)

n

This implies that the ¢,-subsystem of (4.19) is stable.
Next, consider the differential equation satisfied by u,_,, that is, the
€,_ subsystem of (4.19):

€, €y
bavin s =| DA (040 () 40 (22 |, 0
n—1 n—2

+[Dm4AnLAo+0(“)anl

Ep2
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If §, (s, T; ¢,, ,) is the state transition matrix of

Snlyzl:Dn—lALl)l,nl(t)+ Z O(Sk/gk/l):lya

k=n—1

then |§,_.(t, T, &, ,)| has an estimate similar to that of
65 ,(t, 75 €., )ll given by (4.13) with a constant &,_,, that is,

n (t—r)J, =3 (5.4)

En1

R Bnnl)Sexp[

Using the variation of parameters formuia, we have

U, _ ](t) = $n~ 1([’ tO) u, l(t(])

H 08, L@, (55)
where
Suialty=e,"1S, 1,00,
Sn\,,,,(t)=[D,,\lAn1,,,(:)+0 (zﬂ
and

un(t) = ¢n(t’ tO’ En» 8n - 1) un(tO)'

Taking norms on both sides of (5.5) and after a few simple calculations, we
get

bt o)l <Ky 1 pexp [L (1— m], (56)
where
Ko 1n =l 1(t0)]
S, )k, T —exp(— k(1= 1)) (57)
and
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From (Al), we can choose &), &1, sufficiently small such that for all

€,/6,_1 <EM/EY |, we have k,>. Then (5.6) implies the stability of the

n—1p

¢, 1-subsystem. Consider the ¢, _,-subsystem. u, . satisfies

8n72an-2 =8n—2[bn~2,n~2(t)un——2(t) + §n~2,n(t)]s
§n)2‘n(t) = 8;712(Sn ~2,n— l(t) u,,, l(t) + Sn)Z,n(l) un(t))’ (58)

Sy s l)=| Dpss, (040 ()0 (22) |

L €n-3

and

Snﬁz’"(t) = FD"»2An—2,n(t) + 0 <8n~2):|.

L. n—3

From (5.3), (5.6), and (5.8), we see that

18, - 24(D)]l exp [_8&"“1 (1= fo)]

n—1
X {“Sn«Z.n‘l” Kn~],n + ||Sn¥2,n “ ”un(to)”} 6;12'

Let ¢, (¢, T; €,,_) be the state transition matrix of

" £
8n42)>=l:Dnv2A£.2‘)z,n‘2(t)+ Z 0< “ ):Iy

k=n—2 7

Then, we can see that

—d,_ -
”Jn~2(t’ T, 8nn~3)” <exp I:T—z (t_r):ls Ay 2 <aitzl2' (59)
n—2
Using variation of parameters formula, we can write the expression for
u,_,(t) as

2= a2t 10) (10 + [ B 2,75, (e

0

After some simple computations, we have

(0 <exp | =222 (1=1) |

n—2

€n— —
Ry LS 2t Il K 1 a(20)

&2

x {'lun~2(t0)’| +

1S anl (i) {1 —exp[—kn_l(z—ton}]},
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. Cn_y ~
kn~1={(xnl_ an2]'
En_2

Now, choose &2 /22, small enough such that for all ¢, /e, , <
g2 /&2, we have k,_,>0. Thus, for all ¢,/e, , <&/, and
€1 [Eq_y <E2 /82, we have

where

—&,_
lu, 2l <k, 2, eXp[ - (t‘”to):]’ (5.10)

€n 2

where

K = Nty (o) 4 fn k,:h

X LIS, 2n il kn—l‘n(t0)+ 1S~ 2.4ll Nua(20)11 1

Equation (5.10) implies that the ¢, _,-subsystem is stable.

Using a similar procedure, we show that there exist §, >0, ke (1, n),
such that for all ¢, /¢, _ , <& ~?/e\" "2 and ¢, < £,, we have the stability of
u, (1), ke I(2, n).

Finally, consider the differential equation for u,(¢):

= b =| A0+ 302 ) | (511)
k-1

Let @r(2, 1; ¢,,) be the state transition matrix of (5.11) and mg(t) =
# (2, 1; €,2)]. Solving the differential inequality
gj :ImR(t)’
6j~1

where k; is a positive number such that |O(e;/e; )| <k,s;/e; ), we get

D, mgl1) [L{A DY+ Yk

mpg(t) <exp [{t—i; j’ L{iAW-Y(t)} dr +k,,} (t~r):l, (5.12)
where k, =37_, k(¢;/e; ;). From (A6), we have
me(t) <exp[ —(ag —k,)(t—1)], tz1+T, (5.13)

and from (A1), we can choose ¢, /¢, ,,, kel(2,n), such that for ali
E/8k <& [tx 1,, we have (ap —k,)>0. Thus, for 1€ [, 7+ T], we can
write (5.12) as

me(t)<kexp[ —(ag —k,)(r—1)], tel[t,t+T], (5.14)
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where k is given by

kzte {Era-):T] l:exP I:{[—_I; J: L{A(lrii](f)} d‘[-l-—kp} (t_r):lil‘

From (5.13) and (5.14), we have exponential stability for (5.11). We now
choose

5 F(n—2)
,gk = min {8—"-—— —8'—1—}, kel(2, n).

——
Er_1 [ S PR

Then, for e,/e,_; <é,/éx_,, kel(2,n), we have the overall stability of
(4.19) and thus the stability of (3.1).

In the remaining part of this section, we get the approximate solutions
for u,(t), i€ I(1, n), in terms of the solutions for the boundary layer system
(2.9) and the overall reduced problem (2.8) (corresponding to the value of
j=n~—2). Then, we make use of these solutions and the inverse of the
transformation 7 to get the approximate solutions for x,(z) in terms of
u(t).

To get the approximate solutions for #/¢), we need to make one last
assumption.

(A7) The matrix functions A{~/(¢) are Lipschitzian on R, that is,
there exist constants k; such that

JAL=(t)— A=) <k |t, =1, Vi, 1, €R, jel(2,n).

First, consider the ¢,-subsystem. We have

anz[pne;unnuno(gs" )] “, (5.15)
n—1
and the corresponding ¢,-boundary layer system is given by
s
=t = D, A o) £,(1,). (5.16)
dz,

Let ¢,(¢, 1; &,,_) and $.(1, t; €,) be the state transition matrices of (5.15)
and (5.16), respectively. Denote

Vol T e 1) = alt, T 800 1) = B,(5, T 8,). (5.17)

Consider the differential equation satisfied by v, :

e [D,.A,,,,(t)+ 0 (8 o )] p
n—1

+|:Dn(Ann(t)_Ann(T))+O< En )] én(ﬁ T, gn)'

En_1
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Now, 1.1, ;e < exp[(—a,,/e )t —1)], =1 Let m(t) =
W .(2, T; €n— ). Computing lim,, _ o+ ((m(2 + h) —m(t))/h), we get

D, m(1)< [L {i D,,A,,,,(t)} +L {l %) ( En >}} m(t)
£y €y €y

1
+E‘ ||¢In(f, T, Bnnfl)H’

n

where

9a(t, T Hnn-1)=[D,.(Ann(t)—Ann(T)HO( - )] 8.

en —1
and
m(t)=0.

Using the comparison principle, we get m(¢)<r(1,7,0), t>=1, where
r(t, 1, 0) is the solution of the differential equation

r'=[L {lD,,A,,,,(t)}+—l— 0( En )'
8n gn—l

[D,,(A,,,,(z)—Am,(z)Ho (.Ef_>

] r+ S(1),

1

where

S(t)=s,,“[

1
X exp [ - a,,,,(t—r):l.

The solution r(¢) is given by

r(t;1,0)= 'fl exp {L[ [L {al D,,A,,,,(n)} ~I—£l

T n

0 (88* 1)1“ dn} S(8) db.

Using assumption (A7) and doing some simple computations, we get

€n kn E,, €n
. S —_— _ ~ .
r(t, © 0) En_1 [ean-l-zaﬁeﬂ i l:| O(‘Sn‘l)

Thus, we have

m(t) = (0, 62 )] ~0(68" ) (5.18)

n—1
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Now, consider the expression

“un —Xn” = ”¢n(t’ tO; Enn— 1) un(to)—én(h tO; snn-— 1) )2'”(0)”

Substituting for u,(z,), £,(0) and rewriting, we get

i =5, S 18, =61 [0+ T [Aul)] ™ Ail) 3

10 ()] 1t

From (5.18), we have |u,—2%,ll~0(e,/e,_,), that is, wu,(t)~
X,((t—t5)/e,) + O(e,/e,_ ). Let us now consider ||u,_, —%,_,|:

ity = %u = Bt 10) 01 (10)
R DO YO P2 SR IYRENR]
<ot 18010 10) = G 18, 1)1 + 118, 1(8, 10))]
3 0( ) 4 1B 18 N (2 .
where o 0
Coo1 = | Xu_ 10+ Z [A®D 1, (1)] 7 AN (o)X

Lettlng m(t)= “lpnf 1(t5 T, 8nn—2)“ = ”$n—l(ts T) —q;n-—l(t’ T)” and repeating
the same procedure as before, we can show that

6n 8,,,1 ~
W55, 0)1|:0<8n_1)+0(8—nj—2>—k > o)

Then, we have the estimate for |ju,_, —X,_,|| as

lu,—y — X, Z 0< )l:nll'*eXpI:’_‘ﬂ—_l(t‘_to)]:l
k—n—1 Ep—y £, 1

N _g,.
ok 130l it exp| =22 (1-1)|

NOW enk;l ”Sn—l,n ” >~ O(£n/£n~ l)' Then

. " €
bty — %0 1l ¥ 0( )
1

k=n— €k
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oy (1) =X, (8n1> _;1 0<Pk1>

Using this process repeatedly, we show that

u(t)y==x ( - > ZO(gk ), iel(2,n),

w () =%, z>+z 0( )
€k 1

Thus, we have

(5.19)

where %,(t) 1s the solution of the overall reduced system (2.8) and x,(¢) are
the solutions of the corresponding ¢, _;-boundary layer systems (2.9).

Using the approximations for L(r), i€ I(2, n), jeI(1,i— 1), the inverse
of transformation T (given by the matrix elements R;), and (5.19), we can
write the approximate solutions for x,(7) as

) =50 = 3 calt) £4(0) + i (

k=1 =

*’H> (5.20)

where

cy(t)=[AF ] " 4y~

‘“(1*51’71,;) Z [A(nil)(t)]ilA}/?”i)(t)ckj(t)’

k=j+1

for iel(2,n)and jeI(1,i—1).

Note that c,;() are obtained in a recursive fashion.

Thus (5.20) and (5.21) together give the approximate solutions of system
(3.1) in terms of the reduced system and the various boundary layer
systems.
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