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1. Introduction

We investigate the semilinear elliptic equation

Au=pxf), u>0 inRP((D=3), (1)

where p, f are positive quantities, satisfying general growth assumptions to be specified in the fol-
lowing. The above equation appears naturally in a number of interesting contexts which we recall
now.
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The link between semilinear elliptic equations and conformal geometry has been known for a long
time (see e.g. the seminal work of H. Yamabe [25], as well as the lecture notes of E. Hebey [12]):
D

when f(u)=u e

2
p-2, the solvability of (1) is equivalent to the existence of a conformal metric on the
Euclidean space RP, with prescribed scalar curvature K = —p. Up to a dilation, the corresponding

conformal factor is the quantity ¢ = uﬁ. For the study of this equation, see e.g. W.-M. Ni [18], Y. Li
and W.-M. Ni [16], and K.-S. Cheng and W.-M. Ni [4].

It is also known that properties of random systems of branching particles are related to semilinear
elliptic equations of the form (1), when f(u) =uP, 1 < p < 2. See the pioneering work [7] of E.B.
Dynkin, as well as the review paper of J.F. Le Gall [15]. When p is bounded, the parabolic version
of (1) is the log-Laplace equation of a measure-valued branching process (X;), known as a catalytic
super-Brownian motion. Several properties of (X;) can be derived from the study of (1). For example,
the process has compact global support (that is, the closure of the union of the supports of all mea-
sures X;, t > 0 is almost surely compact) if and only if (1) fails to be solvable. See ]. Engldnder and
R.G. Pinsky [9] and Y.-X. Ren [21].

From the PDE perspective, the classification of solutions to (1) (in particular, questions of existence,
uniqueness, radial symmetry, and asymptotic behavior at infinity) is of interest, also because it can
provide information, such as a priori estimates on solutions to the same equation, posed in an arbitrary
proper domain of Euclidean space. See the seminal paper of J.B. Keller [13] and the introduction of
A. Olofsson in [19] for the case p =1, as well as S. Taliaferro’s work [23,24] and the references therein,
for more general situations.

Finally, from the point of view of exponential asymptotics, entire large solutions (ELS, for short),
that is, solutions such that

lim u(x) =+4o0,
|X| =400

provide an interesting example where the function u is no better in general than the Borel sum of a
factorially divergent series, while the inverse mapping r =r(u) of a radial ELS u = u(r) turns out to
be, at least in some cases, the sum of a convergent but abstract asymptotic expansion. To illustrate
this, consider the case where p(x) = [x|2~20 and f(u) = u(lnu)*. If u = u(r) is a radial ELS, then
v(t) = u(r) with t =r2~P solves the autonomous ODE

" __ 1

and blows up at t =0. A formal calculation leads to the asymptotic expansion

v~ellt Zaktk,

where the coefficients a; exhibit factorial divergence. It can be proved that the above series is Borel
summable. Furthermore, if ¥ denotes its Borel sum, v — v is exponentially small. Instead, if one tries
to expand t as a function of v, one recovers a convergent power series in the unknown z = (Inv)~.

A remarkable fact is that such a convergent asymptotic expansion can be obtained for any non-
linearity f satisfying the Keller-Osserman growth condition (see (KO) below). Each term in the
expansion is “abstract” i.e. computed in terms of iterated antiderivatives of f. See the work [5] by
0. Costin and one of the authors for a similar situation.

Now, let us turn to the structural assumptions made on the data f and p.

e First, we restrict our attention to the case where p, f > 0: it is well known that the analysis of
the PDE (1) is radically different under different sign assumptions on the data and we shall not
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elaborate on this restriction, apart from saying that, for some of our results, it suffices to assume
that f is positive only at infinity, in the following sense (due to H. Brezis, see [5]):

JaeR" st f(@ >0 and f(t)>0 fort>a, (Py)
and that p can vanish only in the following sense (due to A.V. Lair, see [14]):

p >0 and for all xg € RP such that p(xp) = 0, there exists a bounded domain

2  RP containing xg such that p|3o > 0. (Pp)

o Next, we assume that f is superlinear in the sense that

+00
ds
/ Nk +00, (KO)

where F(s) = fasf(t) dt. This assumption, first introduced by ].B. Keller [13] and R. Osserman
[20], is structural: take for example the simpler case where p = 1. If f > 0 satisfies (KO), then (1)
has no nontrivial solution (see [13,20,8]). In turn, if f > O fails to fulfill (KO), problem (1) has
infinitely many (radial, entire large) solutions (see [13,20]). Furthermore, at least in the specific
case where f(u) =uf for certain values of q € (0, 1] (and so, again, (KO) fails), the equation also
admits nonradial ELS (see [24,1]). So, at present, (KO) seems to be a necessary assumption in
order to classify all solutions to the equation.

e Whenever the Keller-Osserman condition (KO) holds, it is natural to request that p decays fast at
infinity, in the sense that there exists a solution to

—AU = p(x) inRP, D >3,
lim U(x)=0. (2)

|X]—+o00

Using the results of Appendix A in H. Brezis, S. Kamin [2], the solvability of (2) is equivalent to

im [ =y pyydy =0. (Hp)

|X| =400
RD

When p is radial, this simplifies to

+00

/ ro(r)dr < +oo.

0

As we shall see, assumptions (KO) and (H,) turn out to be sufficient for the existence of an ELS
to (1) (see also D. Ye and F. Zhou [26,27], for a proof under the additional assumption that f
is increasing). In fact, if e.g. f(u) =uP, p>1, and p is radial, (Hy) is also necessary for the
existence of an ELS as shown in [14,24].

e Finally, to avoid technicalities, we assume that f and p are C! regular, and that f(0) =0.
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2. Main results
We are now in a position to state our main results. We begin with the existence theory.

Theorem 2.1 (Existence of bounded and large solutions). Assume that f % 0 is a C! function such that
f©O)=0, f(t) >0 for t > 0, and (KO) holds. Assume that p > 0 is a C! function satisfying (Hp). Then, for
every B € (0, +00], there exists a minimal solution to (1) such that

lim u®)=8. (3)
|X|—+o00

In the above theorem, we used the following definition.

Definition 2.2. For every 8 € (0, +oc], u is the minimal solution of (1) satisfying (3), if for any super-
solution 1 > 0 of (1) such that

liminf u(x) > B,
|X| =400

we have

O<u<ii inRP.

Remark 2.3. Theorem 2.1 remains valid under the weaker sign assumption (P,) on p. Also, under the
weaker sign condition (Ps) on f, Theorem 2.1 remains valid for all g € [a, +-00] where the constant
a is defined in (Py).

Remark 2.4. The existence of bounded solutions has been investigated by many authors. See in partic-
ular [26], where nonlinearities failing the (KO) condition are also considered. In the same paper, the
authors construct large solutions (i.e. solutions satisfying (3) with 8 = +00) under the (KO) condition
and under the additional assumptions that p is positive everywhere, and that f is nonnegative and
nondecreasing. By Theorem 2.1 and Remark 2.3, the positivity assumptions can be relaxed, while the
monotonicity assumption can be simply removed. In fact, we believe (and give evidence later on) that
(KO) is the good assumption to classify all solutions to our semilinear problem, without assuming that
f is nondecreasing. In addition, the existence of a minimal solution satisfying (3) (in particular the
existence of a minimal ELS) is new.

Our next observation is that all bounded solutions to (1) must have a limit at infinity.

Theorem 2.5 (Any bounded solution has a limit). Make the same assumptions as in Theorem 2.1. Let u be a
bounded solution of (1). Then, (3) holds for some 8 € (0, +00).

Remark 2.6. The above theorem is essentially known: see in particular [26] for the case where f is
nondecreasing.

Under some mild (but technical) assumptions on p and f a similar result holds for unbounded
solutions. More precisely we have:

Theorem 2.7 (Any unbounded solution is an ELS). Make the same assumptions as in Theorem 2.1. Assume in
addition that
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(i) thereexist c € (0, 1) and o > 2 such that
—a 1
clx™* < p) < E|x| forall |x| > 1; (4)

(ii) there exists M > 0 such that the mapping u — f(u)/u is nondecreasing in I = [M, +00) and there exists
C > O such that

fw
T S @2—(11) fOra”uGI, (5)

where

+0o0
dt
D)= —_—
VE(@®) — F(u)
u
Let u be an unbounded solution of (1). Then, (3) holds for B = +o0c.

Remark 2.8. (i) Since f satisfies (KO) it is easily seen that @ is well defined. Furthermore, since f is
increasing in I, @ is decreasing and bijective in I (see Lemma 4.2 below).

(ii) Conditions (4) and (5) are motivated by the results in [3] and [4]. Inequality (5) is satisfied
by nonlinearities f with either power type or exponential growth. Indeed if f(u) =~ uP, p > 1, then
@) ~u1=P)/2 and if f(u) ~e" then ®(u) ~e %2, so in both cases (5) holds.

Next, we point out that for a fixed 8 € (0, +o0] there may be many solutions of (1) that satisfy
(3). In particular, there is in general no maximal ELS:

Remark 2.9. Assume that p > 0 is a C! function satisfying (H p). Assume that f is a C T function,
satisfying (Py) and (KO). Assume in addition that f vanishes infinitely many times near infinity, i.e.
there exists a sequence {t,} C R™ such that f(t;) =0 for all k > 1 and limy_,  « t; = +o0. Then, (1)
has infinitely many ELS but no maximal ELS.

Indeed, let fi(t) = f(t+tx), t >0, k > 1. Then, by Remark 2.3, there exists an ELS vy > 0 of Avy =
P () fr(vi) in RP. Set uy = vy + ty. Then, uy is an ELS of (1) and uy > . Since {t;} is unbounded,
infinitely many uy’s are distinct, and if there existed a maximal ELS of (1), say V, then we would have
V > uy > ty. Letting k — +oo this yields a contradiction.

Example 1. The nonlinearity f(u) = u?(1 + cosu) satisfies all the requested assumptions (see the
work [6] by S. Dumont, V. Radulescu and two of the authors for the validity of the Keller-Osserman
condition (KO) in this specific case).

In contrast to the above result, when f is nondecreasing and g < +o0, it easily follows from the
maximum principle that the solution to (1)-(3) is unique. Does this remain true for ELS?

We deal first with the case where p(x) = |x|~¢ for large |x|.
Theorem 2.10. Make the same assumptions as in Theorem 2.1. Suppose also that for some o > 2,

pX)=I[x]"" for|x| >1. (7)

Then, given two ELS u1, uy, there holds

|x|£rr+loo[U] (x) —uz(x)] =0.
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As an immediate corollary, we find:

Corollary 2.11. Make the same assumptions as in Theorem 2.1. Suppose also that f is nondecreasing and that
(7) holds for some o > 2. Then, there exists exactly one ELS to (1).

Applying the moving-plane procedure as in [17] for the case 8 < +oco and as in [24] for the case
B = +o0, we also have immediately:

Corollary 2.12. Fix 8 € (0, +00]. Make the same assumptions as in Theorem 2.1. Suppose also that f is non-
decreasing on some interval [M, B), and that p is a radially decreasing function such that (7) holds for some
o > 2. Then, every solution to (1)-(3) is radial.

Remark 2.13. It would be interesting to know whether Corollary 2.12 remains true for oscillating
nonlinearities such as the one in Example 1.

Next, we are able to extend the previous results to the case where p is a perturbation of the
model case p(x) = |x|”%, « =2D — 2.

Theorem 2.14. Make the same assumptions as in Theorem 2.1. Suppose also that there exists a constant C > 0
such that

p®) = X*"2P(1+0(1x])), where <CRI'P forix > 1. ®)

do
W(P‘D

Then, given two ELS uq, uy, there holds

lim [uq(x) —uz2(x)] =0.
|X| =400

These are our best results without making any assumption on the nonlinearity f, set aside the
structural Keller-Osserman condition (KO). In the next set of results, we investigate the question of
uniqueness for more general potentials p(x) under an extra convexity assumption on the nonlinear-
ity f. We begin with the case where p is radial.

Theorem 2.15. Make the same assumptions as in Theorem 2.1. Assume in addition that

(i) f is nondecreasing,
(ii) +/F is convex on [M, 4+o0) for some M > 0,
(iii) p is radially symmetric, and
(iv) r*P=2p(r) is nondecreasing on [R, +00), for some R > 0.

Then there exists a unique ELS of (1).

It is possible to extend the previous result to nonradial p, provided some extra information on the
mean curvature of its level sets is available.

Theorem 2.16. Make the same assumptions as in Theorem 2.1. Assume in addition that

@
(ii
(iii
(iv

f is nondecreasing;

J/F is convex on [M, +00) for some M > 0;
limy— 100 0(x) =0;

/P Is superharmonic in RP \ By for some R > 0;

-z
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(v) p e CPH1(RD)Y and for a sequence of regular values p, — 0,

%D—1Wn2§%lonm=pﬂ (9)

where Hp denotes the mean curvature of the level set [p = pn] (with the usual sign convention that
Hp > 0 whenever [p > p,] is convex).

Then, there exists a unique ELS of (1).

Remark 2.17. (i) Since p € CP*1, it follows from the Morse-Sard lemma that almost all values of p
are regular and that the corresponding level sets are smooth enough to define their mean curvature.
Since p(x) — 0 as |x| — 400, the level sets are compact, nested, and their union covers RP.

(ii) When p is radial, (9) reduces to & (r?P=2p(r)) > 0 for r =r; — +o0.

Example 2. Let us try to understand conditions (iv) and (v) in Theorem 2.16 on a simple example:

when the level sets of p are ellipsoids. Fix & > 2 and a € (0, 1). For x= (x1,x) e RP~1 x R, let

2
X
Then, p and v share the same level sets and by a direct computation, (9) holds if and only if

a <a’2D - 2),

while (iv) holds if and only if

(@ +2)<d®>2D -2).

Under the latter condition, our theorem applies, that is, if D >4 and the ellipsoid is not too flat, then
uniqueness holds.

The remaining part of the paper is organized as follows. In the next section we are concerned with
the existence of solutions to (1), namely we prove Theorem 2.1. In Section 4 we prove Theorem 2.5
and Theorem 2.7 regarding the behavior at infinity of solutions to (1). In Section 5 we study the
uniqueness of ELS to (1) and prove Theorems 2.10, 2.14, 2.15 and 2.16. For the reader’s convenience
we recalled the most important results used in the proof in Appendix C.

3. Existence of solutions

In this section, we prove Theorem 2.1. The first step consists in constructing a subsolution:

Proposition 3.1. Assume that f is a C' function, satisfying (Ps) and (KO), and such that f(0) = 0. Assume
that p > 0is a C! function with superlinear decay in the sense of (Hp). Then, for any B € (0, +o0], there
exists a function wg € C2(RP) such that

lim wgkx) =8. (10)

[X|—=+00

{Awﬁ>mwﬂww inRP,

Moreover, 0 < wg < B, the family {wg}ge(0,+00] IS increasing in B, and limg_, ;oo Wg(X) = Weo (%), for all
xeRD,
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Proof. Let f € C![0, +00) be an increasing function such that
f>f, f©=0, and f>0 in(0,+00).
Since f satisfies (KO), so does f. Next by [14, Lemma 1] (see also [27]) we have

+00

1
—ds < +00.

f(s)

Further, using f(0) =0 and (11), we derive that for all 0 < 8 < 400 the mapping

B
(O,,B)atn—>/.d—se(0,+oo)
/ f(s)

is bijective. Therefore, for any g8 € (0, +o¢], there is a unique

wg :RP — (0, B)

such that
f d
/ & =U(x) forallxeRP,
f(s)
wg(X)

2231

(11)

(12)

where U is given by (2). Clearly, wg is increasing with respect to g and limg_, 0o Wg(X) = Wo (x) for

all x e RP. Now,

VU(x) = — Vwg(x) inRP

1
fwg(x))

and

f'(w 1
A ’S)|Vw 1< = Awg inRP.

=—AU = = Aw = X
r Fowg) P Fwgy P Fwp)

Hence, wg satisfies (10). O

3.1. Proof of Theorem 2.1 and Remark 2.3

Let us start with the simpler case 8 < 400 (and g > a if f satisfies only (Py)). Observe that the
functions u = wg given by Proposition 3.1 and it = 8 are respectively a sub and a supersolution to

the problem

Au=p(x)f(u) inBg,
u=wg on dBg,
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where R > 0. By Proposition A.l, the above problem has a minimal solution ug relative to wg. In
particular,

wg <ug < B

By standard elliptic regularity, a sequence {ug,} converges in CIZOC(RD) to a solution ug of (1) that
satisfies (3). It remains to prove that ug is minimal. By Proposition A, it suffices to prove that any

supersolution u of (1)—(3) verifies it > wg. From the proof of Proposition 3.1, there exists an increasing
function f > f such that

Awg > p() f(wg) inRP, (13)

while clearly i satisfies the reverse inequality. Since f is increasing, it follows from the maximum
principle that i > wg, as desired.

Now, let us turn to the remaining case g =+o00. For any R > 0, u = Weo and il = [[Weo |10 (By) are
respectively a sub and a supersolution to the problem

Au=p()f(u) inBg,
U= Wg on dBg.

By Proposition A.1, the above problem has a minimal solution ug relative to wy, and for all
R>R >0,

Woo S UR S Up/ il‘lBR. (14)

Let us prove that the family {ug: R > 1} is uniformly bounded on compact sets of RP. To do so,
it suffices to prove that given x € RP, {ug: R > 1} remains bounded in some neighborhood of x. If
po(x) > 0, there exists r =rx > 0 such that m, = infp ) o > 0. By Theorem 1.3 in [6], there exists Uy,
the minimal solution (relative to wo,) to the problem

{AUr:mrf(Ur) in B(0, 1), (15)

Ur =+o0 on dB(0,r).

By Proposition A.1, ugr(y) < U;(y —x) for y € B(x,r) and R >r. In particular, {ug} remains uniformly
bounded in the ball B(x,r/2). Assume now that p(x) = 0. By the assumption (P,), there exists a
bounded domain £2 containing x such that p|ye > 0. Using again the barrier given by (15) at every
point of 352, we deduce that {ug} remains uniformly bounded by some constant K in a neighborhood
of 9§2. By the assumption (Py), there exists a > 0 such that f(t) > 0 for t > a. In particular, for
any R > 1, ug is subharmonic in §£2 N [ug > a]. It follows from the maximum principle that ug <
max{a, K} in £2. So the family {ug: R > 1} is uniformly bounded on compact sets of R” and satisfies
(14). By elliptic regularity, as R — 400, ug converges in CIZOC(RD) to a solution us, of (1) such that
Uso = Weo. It follows that uy, is an ELS. To show the minimality of u.,, take a supersolution u
such that limy— oo U(x) = 4o00. From (13) and the maximum principle, we infer that it > wg for all
B < +oo. Letting B — +o00, we deduce that i > wo. By Proposition A.1, it easily follows that @t > u,
as desired. O

Remark 3.2. If f is nondecreasing we can simply work with f instead of f in the definition of W
given in Proposition 3.1. In this case, from (12) and the fact that any ELS u of (1) satisfies u > wy,
we find the following implicit lower bound on the growth of u at infinity
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“+o00 d
B <U forallxeRP,
fs)

u(x)
where U is the solution to (2).
4. All solutions have a limit at infinity
In this section, we prove Theorems 2.5 and 2.7. We begin with the case of bounded solutions.
4.1. Proof of Theorem 2.5
Let u be a bounded solution of (1). By Lemma B.1, the unique solution to (2) is given by
U =cp / x—yI*~Pp(y)dy,
RD

where cp|x|*>~P is the fundamental solution of the Laplace operator. Since u is bounded and f is
continuous, the function V defined for all x € RP by

V(x)=cp / x—yI* Po) f(u)dy,
RD

satisfies

[V|<CU inRP,

for some constant C > 0. Since limjy— oo U(x) = 0, it follows from Lemma B.1 (applied to h =
PLf W) + || f W]l o)1) that V solves

lim V(x)=0.

|x]—+o00

{ —AV=p®f@) inRP,

Hence, u + V is a bounded harmonic function in RP. By Liouville’s theorem, u + V must be equal to
a constant 8. Since u > 0, we derive 8 > 0. For r > 0, let

u(r) = udo.
9B (0)

Since u is subharmonic, it follows that @ is a nondecreasing function of r. This implies that g > 0, as
requested. O

Next, we deal with unbounded solutions to (1). Before proving Theorem 2.7 we need two auxiliary
results.
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Lemma 4.1. Make the same assumptions as in Theorem 2.1. Suppose in addition that p is radial and nonin-
creasing. Then, for any function u such that

Auzp(lx))f@) inRP,
there exists a radial function i1 solving (1) and such that u < i in RP.

Proof. Let u satisfy the above differential inequality. We fix R > 0 and let N = N(u, R) > 1 be such
that maxg, u < N. By Proposition A.1, for all n > N, there exists a minimal solution u relative to u of
the problem

{ Auf = p(|x]) f(uf) in Bg,
u'}"z:n on dBg,

such that u <uj <n in Bg. Since r — p(r) is nonincreasing, the Gidas-Ni-Nirenberg symmetry result
(Theorem 1’ in [10]) implies that u} is radially symmetric. Let mg =infp, p > 0 and U = Uy be the
minimal solution to relative to u of

AU =mg f(U) in Bg,
U=+ on dBg,

Applying Proposition A.1, we have

u<uf <Ug inBg. (16)

Applying further Proposition A.1, we find

up < u’;“, uk,q <up inBg, foralln>N. (17)

Hence, the family {u}: n>1, R >1} is monotone in n and in R and uniformly bounded on compact
sets of RP. By elliptic regularity, letting n — +o0o and then R — +o0, we deduce that uj converges
to a radial function u solving (1) and such that u >u. O

Lemma 4.2. Make the same assumptions as in Theorem 2.1 and suppose that u — f(u)/u is increasing in
I = [M, +00). Then, the function @ defined by (6) is decreasing in I and lim, @ = 0. In particular, there
exist & > 0 such that @ : I — (0, &) is invertible.

Proof. Let us first note that f is increasing in I and consider the change of variable s = F(t). Then
t=F~1(s) and

+o0
(F~1y(s) ds

400
()] = — " ds= .
w A vETw ) 0/ Sf(F1(s+ F(u))

Thus @ is decreasing in I and by monotone convergence, we have limy_, 1 @) =0. O
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4.2. Proof of Theorem 2.7

Let u be an unbounded solution of (1). From (4) we can find c € (0, 1) and a positive nonincreasing
function / such that p(x) > p(jx|) in RP and 5(r) = cr~¢ for r > 1. We next apply Lemma 4.1 (for p
instead of p) to deduce the existence of v = v(|x|) such that u < v(|x|) in RP and

D-1
v+ Tv/ =pM)f(v), r>0.

This implies that r°~1v’ and v are nondecreasing. Since u is unbounded it follows that v(r) — 400

as r — +oo. Also we have
—a " D -1 /
ca *fv)y<v’'+—v' forallr>1. (18)
r

We next multiply with rv’ in (18) and integrate over [r, s], where 1 <r < s < 2r. We obtain

S

S
2D -3
c/t1_°‘f(v)v’dt< %v’z(s)—l— 5 /v’z(t)dt,

r r

and so

&' [F(v(s)) — F(v()] < %WZ(S) + ZDZ_ > /v’z(t) dt, (19)

]
for all r <s < 2r. Using the fact that t — t2~1v/(t) is nondecreasing we have

S N

/v’z(t)dt< [stlv/(s)]z/tZ*ZD dt < C(D)sv'%(s),

T r

for all 1 <r < s < 2r. This last estimate combined with (19) yields
s~ [F(v(s)) — F(v(n)] < Cv'2(s),
for all 1 <r < s < 2r. Therefore

cs™¥/2 < Ve

S VFv(s) — Fv@)’

for all 1 <r < s < 2r. Integrating over [r, 2r] we find

v(2r)

et [ o) forallr>1.
F(t) - F(v(r))

v(r)
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So, for r large enough, we may use Lemma 4.2 and apply @~ inverse to the above inequality. It
follows that

u@) <v(r) <) =@ (cr'=*/?) forallx € B;. (20)

Let us note that u satisfies Au =a(x)u in RP where

ax) =P(X)¥-

Using now (20) together with (4) and (5) we find

_o S () <5,
) r2

a(x) <cr

for all r > 1 large and x € 9B;. We next make use of Harnack’s inequality [11, Theorem 8.2] to derive
the existence of C > 0 independent of u such that for all r > 1 large we have

supu < Cinfu.
9B, By

Since u is subharmonic and unbounded it follows that u(x) — 400 as |x| — 4o0. This finishes the
proof of Theorem 2.7. 0O

5. Uniqueness
5.1. Proof of Theorem 2.10
Let u be a radial ELS of (1). We set
v(t) =u([x]), where t = [x]'"%. (21)

Then, v solves

dz_"+5d_"—Lf(v(r)) fort € (0, 1]
de2 ot dt (o —2)2 ’ =5 (22)

lim v(t) = +oo,
t—0t

where K := € (=00, 1). Note that u = u(r) is a strictly increasing function of r = |x|. In par-
ticular, the mapping v = v(t) is invertible. Let t =t(v) denote its inverse mapping and let

o—2D+2
oa—2

dv
V= —E(t(v)),

seen as a new function of the variable v. Up to replacing f by @f, (22) is equivalent to

av K
V— — =V =f(v), forvela,+oo),
dv t
+o0 (23)

ds
= [ =3

v

where a =u(1).
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Step 1. The mapping v — (tXV)(v) is increasing. Indeed,

d k-1, x4V _ k[dV K k f(v)
—I[t"V|=—Kt +tt—=t"|———|=t"—>0.
dv[ ] dv dv t %

Step 2. Reduction to the radial case. Take two positive, radially symmetric and decreasing functions
p1, p2 and R > 0 large such that

P1(x) = p2(x) = p(x) = x| for x| > R
and p; < p < p1 in RP. Rescaling the space variable if necessary, we may always assume that R = 1.
Now let u; be the minimal ELS to

Au=p1(x)f@), u=>0 inRP(D=>3),

given by Theorem 2.1. Let u, be any ELS of (1). We want to prove that

|x|£n+loo[UZ(X) —u1(x)]=0.

By minimality, uq is radial and uq < uz. We can also assume that u; is radial, otherwise by Lemma 4.1
(for p = p2), there exists a radial ELS uy of

Au=pr®)f@), u>0 inRP(D>3),

such that 1 > uy and we only need to replace u; by u, in what follows.
Let t;, Vi, i =1, 2 denote the solutions to (23) associated to uq and u; respectively. Then,

Step 3. V1 > V5 and t; <ty for v sufficiently large.

Since uq < uy, their inverse mappings satisfy rp < rj, which implies t; < tp. Let us prove that
V2 <V for large v. We argue by contraction, assuming there exists {uy} — +oo such that Vq(uy) <
Vo (ug). Since t; <ty and dtj/dv = —1/V;, there exists another sequence {iiy} — +oo such that
Vo (i) < V1(lg). So, V1 — V5 changes sign infinitely many times. By the intermediate value theorem,
V1 — V3 vanishes infinitely many times. By the mean value theorem, we obtain at last an unbounded
sequence {wy} such that

d(Vi—Vy)

i (wm) =0 and sign(Vi(wn) = Va(wn)) = (=D".

Using (23), we have

_dVi-Vy) . _(K_K _ 11
0= T(Wn) = (tl t2>(Wn) f(Wn)<V1 V2>(Wn)~

The first term in the right-hand side has the sign of K, while the second term has the sign of (—1)",
which is a contradiction.
At this stage, we need to distinguish the cases K <0 and K € [0, 1). We begin with the latter.
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Step 4a. Assume K € [0, 1). There exists a constant C > 0 such that
0<tlvy —tkv, <C forlarge v.
Let
h=tlv, —tKv,.

Then, using Step 3,

ek X
—f()[ Vz]go.

It follows that h is bounded above and has constant sign for large v. Assume by contradiction that
h(v) <0 for large v. Then, tXV; < tXV;, that is,

d H K d H—K
_ = 2 _ = 1
dv[l—l<}< dv|:1—l<]

Integrating between v and +oo yields

1-K 1-K

contradicting t1 < to, since K < 1.

Step 5a. If K € [0, 1), there holds

0<up —ug < Cty K(uy). (24)
Since

+00

+00
/ ds 'K _/ ds
tkvy 11—k ] tKvy’

Vi V2

we have, using Step 1 on the one hand and Step 4a on the other,
va

2— V1 / ds
f{<(V2)V1(V2)\V tXv,
1

/ h(s) ds
(fKVl)(fKVZ)

“+o00
Ihlloo ds
Stk (v Vi(va) J gV
2
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And so,

1K o)

t) N
<20 =viO S flhlloe=7—— =0 ast—0".

Eq. (24) follows, which completes the proof of Theorem 2.10 in the case K > 0.

We turn to the case K < 0. Let w = V12 — V22 > 0 and consider the function E, defined for A € [0, 1]

by
V2(VE—aw)  _pw
E}) = (=K) = :

do T
f” [2(v2—rw)
where W = ,/2(V? —Aw) and T = f+°° ds

Step 4b. Assume K < 0. For A € [0, 1],

and E is concave.
With

+o00
dW_ w and dT_/ st
.~ W . ) w37
v

we obtain easily the expression of the first derivative of E. The second derivative of E is given by

—+00
d?E _x w2 +3W w2 ds
dx2 "~ | w3T ' T2 w5

v

i e B (e e

v

By the Cauchy-Schwarz inequality, we have

+00 2 +ood +o00 2 +o00 2
/ ds) < /—5 /W—as =T/W—ds.
w3 w w> w»>

v

v v v

Hence, the second term in the right-hand side of (25) is smaller than

+00 . +00
2w w2 2W w2
—K 5 ds + v 5 ds |.
wril/ w 2 | w
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Plugging in (25), we obtain

Step 5b. If K < 0, there holds

0 <uy —ug < Cta(up), (26)

where C is a positive constant.
By (23), we have

d V] V2 dw
0=—(V2—V2)—2K(— — == ) = — + E0) — E(1). 27
oy (Vi—Vvi) (t] t2> o, HEO—E) (27)
Therefore,
k-t < Lo
dv Sda
By Step 4b and (27), we deduce that
+00
dw w Vi w
— —K—<K—= —3ds<0. (28)
dv Vitq t] %%
v
Let g = vﬂl The derivative of g is given by
dg 1 (dw dViw
dv vi\dv dv Vy )
Since V verifies (23), we have
dq 1 /dw w w
—=——-K—— | — —=f(). 29
dv V1<dv vm) vff() (29)
Egs. (28)-(29) imply
dq f
s ~-<0
av T v?
Integrating the above inequality,
Loy s
gv)<Ce OV (30)

2 ~
Observe, using (2?), that the function v — % — F(v) is decreasing. So, up to replacing F by F(v) =
F(v) — F(vo) + 4 (ZVO), we have Vq <V/2F for v > vo. Thus,
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qv) < . (31)

S0

Finally we proceed as in Step 5a. Since

+00 +oo
ds fe / ds
V1 T vy’
Vi V2

we have

V2 +00 +00
V) — Vq </‘ ds / qds <cq(v )/‘ ds < cty
T i YT TR 2 T .
~ Vv Vo (V %4 1% ~
JEwp § V) i) 5V R

Now (26) follows and this finishes the proof of Theorem 2.10. O
5.2. Proof of Theorem 2.14

As in the proof of Theorem 2.10, we may restrict ourselves to the radial case. Further, given a
radial ELS u to (1) we make the change of variable t = |x|>~P, v(t) = u(|x|). Then, v solves

2

dov
= pOf(vD), forte(0,1], (32)

lim v(t) = +o0,
t—0t
where
~ 1 2D-2 2—-D
p(t):mr ,O(r), t=r .

Letting, as in the proof of Theorem 2.10, t = t(v) denote the inverse map of v = v(t), and letting
V =—%(t(v)), we arrive at the system

Vd—v =p(t(v)) f(v), forv e[a,+00),

dv
+00
ds (33)
tvy= | —,
V(s)
12
where a = u(1). Now take two radial ELS to (1) uj, i =1, 2 and let t;, V; denote the new unknowns

associated to uj.
Step 1. V = V; satisfies

V2(v) 2
m = ——-.
votoo F(v) ~ (D —2)2

(34)

Indeed, by (32) and L’'H6pital’s rule, we have
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@ _ . 200 _

0t 52 z)zF(V) ot ﬁf(v)
where we used assumption (8).

Step 2. There exists a constant C > 0 such that

VEW)[V1(v) = V2(v)| < [/f(M(/ v )dw—i—l] (35)

To see this, take a large constant vo > 0 (to be fixed later on) and integrate (33) between vo and v:
1
2 (Vl Vz f(W) (t1(w)) — p(t2(w)) ] dw +c,

where ¢ = %(Vl2 — sz)(vo). Assumption (8) implies that p is Lipschitz continuous. Using this fact in
the right-hand side of the above equation, and (34) in the left-hand side, we deduce that

VEW|Viw) = V)| < c(/ﬂw)m —tyldw + 1>.
vo

Using the definition of t; and (34) again, we derive (35).

Step 3. The following integral is convergent

+oo VAS
/@(/f(w)dw) ds. (36)
vo

Vo

Indeed, by (34) and (KO), the integral

+OOV Vv
/I 1— 2|ds
F

w

is convergent. Thus, so is the double integral

/f( )(/'V] Zly )dw

By Fubini’s theorem, the integral in (36) is also convergent.
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Step 4. There exists two constants C, Ug > 0 such that for all U > Uy, and all v € (vg, U), we have

u

JVEW)|Vy — Vs gc(/wl - Vzlds—i—l).

Vo

By (35) and Fubini’s theorem,

+0o0 VAS
a/F(v)‘Vl(v)—Vz(V)|<C|:/ w</f(w)dw>ds+1}. (37)
Vo Vo

Also, by Step 3, there exists Ug > 0 sufficiently large such that for all U > Uy,

+00 VAS u VAS
[ somanas<a [PV ] ponan) s
Vo Vo Vo Vo

Using this fact in (37) we find

U VAS
\/F(V)|V1(V)—V2(v){<C|:/w</f(w)dw)ds+l}
Vo Vo

U

§C</|V1—V2|d5+1).

Vo

Step 5. There exists a constant C > 0 such that

VEW|Vim) = vam)| <C. (38)
Fix € > 0 and choose v > 0 large enough such that

+00
ds

1}{ﬁ<8.

By Step 4,

u
d
VEW|Viw) - Vo) < C(le = VoVl o) «/_Sf ! l)
vo
< Ce| (Vi = VIVF | oy + C-
This being true for all v € (vo, U), we deduce that
(1 =€ (Vi = VOVF | ey < €

By taking ¢ < 1/(2C) and letting U — 400, we obtain (38).
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Step 6. End of proof. For fixed t > 0, let vi{ = v1(t) and v, = v,(t). By (33) we have the identity

400 400
ds ds
t= = . (39)
Vi(s) Va(s)
v1 V2

Assume without losing any generality that v < v,. We infer from (39) that

V2 +00
ds 1 1
Vi(s) Va(s)  Vi(s)
Vi V)
Using (34) and (38), we find
FIVas) = Vi) c T
V2 — Vg 2(8) = V1(s
<C ————ds<{ —— ——ds. 40
VE(v2) F(s) S TFop ] Fo © (40)
V2 vV

This yields v (t) — v1(t) =o0(1) as t — 0%, as desired. O
5.3. Proof of Theorem 2.16

Let i be the minimal ELS solution of (1) and let u be any ELS solution of (1). By our assumptions
we can find a sequence of smooth domains {2} such that

a) 2 € 244 forall k> 1;

b) @i > M in RP \ £2; where M > 0 is the constant from (ii);

) p is constant on each 92 and ,/p is superharmonic in RPN\ 21;
d) for each k > 1 the mean curvature Hy of 92 satisfies

(
(
(
(

v
2(D — 1)Hy > 'Tm on 382. (41)

For all k > 2 consider the problem

Aup=pX) f(ue) in 8\ 21,
= inf i 32k,
ug ;gku on 982 (42)

Uupy=1u on d£21.

Then u is a supersolution of (42) while for any B < infy, i we have that wg defined by (10) is a
subsolution of (42). Hence (42) has a smooth solution u; satisfying

wg U <u in 2\ 21 forallk > 2.

Furthermore, taking a subsequence if necessary, we can pass to the limit as k — +oo in (42) to derive
that ueo := limy_, ;o0 Uy satisfies

Al = p(x) f(Us) inRP\ 21,

Uno(X) = +00 as |x| - 400, (43)
Uso < U inRP\ 21,
Uso = U on d421.

We shall next divide our proof into three steps.
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Step 1. There exists a positive constant C > 0 such that

|Viso|?
pXx)

—2(F(us) +C) <0 inRP\ 2. (44)
We first apply Theorem C.1 in Appendix C for u = uy on £2 = §2; \ §21. Thus, the function

|Vu

Py :=
P (X)

— 2F (ug)

achieves its maximum either on 9£2¢ or at critical points of uy. By elliptic regularity, {uy} is uniformly
bounded in C'(£2;\ £21), so there exists a positive constant C > 0 which is independent of k such that

| Prllree a2,y < 2C.
It follows that

|Vuy |?
px)

—2(Fup) +C) <0 in &\ £21,

for all k > 2. Passing to the limit with k — 400 in the above estimate we obtain (44).

Step 2. u =u,, on RD\ £2;.
We already know (see (43)) that us, < u in RP \ €. For the converse inequality let C > 0 be the
constant from (44) and set

+o0 “+o00
dt dt
_u/ 2FO+ 0O V“_u/ 2FO+0)°
Then w :=v — v, satisfies
f fuso) 2
—Aw = — — Vv
v {szuwo J2<F(um)+6)}(p(") IVveal’)
%(vaﬁ—wwz) inRP\ 2. (45)

Since +/F is convex on [M, +00) it easily follows that el is increasing on [M, +00). Also by
(44), we have

2
p(x)—WvooF:p(x)—&
2(F(oo) + C)
o (x) Vil
=— —2(F(us) +C
2<F(uoo)+6){ oGy AFe) + )}

>0 inRP\ 2.
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Thus, from (45) we deduce

f@)

— I 2 _ 2 : D
Aw = 2(F(u)—|—C)(|Vv°O| [Vv[?) inR”\ £2;.
Let now
. f@)
b(x) := 72(1:@) =5 VWV + V).

Then w satisfies

—Aw+bxw >0 inRP\ 2,
w(kx) — 0 as |x| = oo,
w=0 on d§21.

By the maximum principle we derive w >0 in R \ £2; so u < uy in RP \ £2¢, which finally yields
U=1uy in RP\ 2.

Step 3. There exists a unique ELS of (1).
Let & be the minimal ELS solution of (1) and let u be any ELS solution of (1). Also denote by ii

and uy, the solutions of (42) corresponding to @i and u respectively. Then, for all k > 2, wy :=uy — Uy
satisfies

Awg = p)[fu) — f({l)] >0 in 2\ 21,
Wr=u—1u>0 on 421,
wi=0 on 952.

By the maximum principle it follows that

wy <sup(u — 1) in £\ 21,
992

and the equality is achieved for some &, € 3£27. Passing to the limit with k — 400 we find that
Woo = U — U Satisfies

Woo <sup(u —ii) inRP\ £y,
a2

and the equality holds at some point £ € 9£2;. Since W, is subharmonic in £2;, the above inequality
also holds in §21. By the strong maximum principle we deduce Woo = W (§) =c>0. Thus u =i +¢
and using the fact that both u and @ are ELS to (1) we find ¢ =0, that is, u = ui. This finishes our
proof. O

5.4. Proof of Theorem 2.15

Let us be the minimal ELS of (1). Since p is radial, so is us. Thus, us, satisfies
(rD_1u;o)/ =P 1p(r) f(us) forallr>0.

We multiply by 2r°~1u/_ and integrate over [R, r]. We find
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r

P2 () )~ RO 2wl R =2 [ 2072 p(0) () (i) e
R

<2rP 2 p (1) F (us).

Hence, letting Cg = R?2P—2(u/)%(R),

u 2 C
ﬁ <2F(uso) + ﬁ < Z(F(Uoo) + C)~

That is, (44) holds in RP \ Bg. Let now u be an arbitrary ELS of (1) and proceed as in Step 2 of
Theorem 2.16. O
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Appendix A. Minimality principle

Basic to our analysis is the following result, the proof of which is a straightforward generalization
of that in [6, Section 2].

Proposition A.1 (Minimality principle). Let 2 be a smooth and bounded domain of RP, f € C'(R), p €

C1(2) and g € C(382). Assume there exists u, ii € C2(£2) such that u < ii in £2 and

{A£>p(x)f(y) (resp. A < p(x) f (@) in 2, (A1)
usg (resp.u>g) onos. '

Then, there exists a unique solution u € C2(£2) to

Au=p(x)f(u) in$2,
{ u=g onos2, (A-2)

such that u < u and u|,, < v for any open subset w of 2 and any function v € C%(®) satisfying

AV px) f(v) inw,
v>u inw, (A3)
v=u on dw.

We call u the minimal solution to (A.2) relative to u.

Appendix B. On Poisson’s equation

We collect here some basic results on Poisson’s equation, the proof of which can be found in
Appendix A of [2].
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Lemma B.1. (See [2].) Let D >3, let cp|x|>~D be the fundamental solution of the Laplace operator, and let

help (RP), h > 0 a.e. There exists a bounded solution to

—AU=h inRP (B.1)
ifand only if u, ;= cp|x|>~P = h € L>°(RP). Furthermore, u, is the minimal positive solution to (B.1).

Lemma B.2. (See [2].) Make the same assumptions as above. Then,

|X| =400 R—+00
9Br(0)

liminf u,(x) = lim ][ u,do =0.

Appendix C. Maximum values for functionals related to nonlinear Dirichlet problems

The main result in this section is a reformulation of [22, Theorems 1-2] which applies to our
setting. For the reader’s convenience we have included here a complete proof.

Theorem C.1. Let 2 C RP be a bounded domain with C3 boundary and u € C2(§2) be such that

Au=px) f(u) in,
u=c=>0 onds2,

where

(i) feC'[0,00), f >0;
(ii) p >0, p € C3(2), plag is constant, and /P is superharmonic in £2.

Consider the functional

_|Vuf?
)

—2F(u),

and let xo be a maximum point of P. Then, either xq is a critical point of u or xo € 352 and

v
HD—DH<L£lamm (C1)

where H is the mean curvature of 352 computed at xo.
Proof. We perform the proof along two steps.

Step 1. P achieves its maximum either at a critical point of u or at a point on the boundary 952.
It suffices to show that

AP+L-VP >0 in$,

for some smooth vector field L defined in £2p:= {x € £2: Vu(x) # 0}. Remark that for any 1< j<D
we have
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2L IVul?p;
Pj=— Zuiuij —2f(wuj. (C2)
P4 p?

So,

2
AP=— Z “z] +- Z Uillijj — Z Uillijpj — |Vu[|) a0

1]1 111 i,j=1

2 2
+ w —2f'W)|Vul* - 2f W)Au. (©3)

Let Q =(Q1,Q2,...,Qp), where

2
—Qj:= Z““u 2p]+2f<u>u,, 1<j<D.

From (C.2) we have

af& ) |Vul? 2
M(Zuiuzj) =—P,-Q,-+< > p,+2f(u)u> :
i=1

By the Cauchy-Schwarz inequality the above relation yields

4|Vul? |Vul4 [Vul? f (u)
p —PiQj+ % p?+4 » pjij + 4f> w3,

i=1

and so

2 v Qi IVul?|Vpl? fu) )
— > P 2 Vu-Vv 2 .
”2:1 ujj 2 Z; 2|Vu/2 it 2p3 + 0 u-vVo+2f-p

Using this last estimate in (C.3) we find

Vo> A 2|Vul?|Vp|?
AP+T-VP > |Vul ('2;' _p_f> L;p'—zf(u)wuﬁ
f
+— Z Ujlljjj — e Z uiuijpj + Z—Vu Vp, (C4)
1] 1 i,j=1
where T = Z\V VP Q. Since Au = p(x) f(u), by differentiation we have
2 ¢ 2f(u)

= uuyy = Tw Vo +2f W) Vul®. (C.5)

i,j=1
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Also from (C.2) we have

D 2 2
2|Vul*|Vpl® 4fw)
2 , Uillijpj = § Pipj+ + P
A

3
i,j=1 p
Let now L=T + %Vp. Combining (C.4)-(C.6) we obtain

2|Vu|? )
AP+L-VP>"——(-A/p)>0 in.
PP

Step 2. If P achieves its maximum at xp € 352, then (C.1) holds.

Vu-Vp

(C.6)

Since p is constant on 952 and p > plse, the outer unit normal n to 952 is given by n =

—Vp/|Vp| and
ad
—p:—|V,0| onos2.
an
Since u is constant on 952, | | =|Vu| on 952 and so
P du 2 9%u v
ap PU )+ EOVPL g,
o 0 9n2 02

On the other hand, since u is constant on 952, we have

fw)=Au= 0%u + (D 1)Hau
P T T an2 an’

that is,

2 92 u
2l —2fw-20-DHE ong.
p on o

Using this last equality in (C.7), we find

on
The Hopf maximum principle then implies (C.1). O
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