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ABSTRACT

Let the nXn complex matrix A have complex eigenvalues A, A, ..., A,. Upper
and lower bounds for S(ReA,)? and =(ImA,)? are obtained, extending similar bounds
for Z|A|?® obtained by Eberlein (1965), Henrici (1962), and Kress, de Vries, and
Wegmann (1974). These bounds involve the traces of A*A, B?, C2%, and D? where
B=L1(A+A*), C=1(A—A*)/i, and D=AA*—A*A, and strengthen some of the
results in our earlier paper “Bounds for eigenvalues using traces” in Linear Algebra
and Appl.[12].

1. INTRODUCTION

Let A=(a;) be an nXn (nonzero) complex matrix with conjugate trans-
pose A*, and let A}, A,, ..., A, be the eigenvalues of A. Then

21,: N <A)E= 27 la,*=trA¥A (1.1)
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(cf. Schur [10]), where ||A|| is the Euclidean norm of A. Let

B=3(A+A*),

(M1

=L a_ar
C=-(A-A%).

We call B the Hermitian real part and C the Hermitian imaginary part of A,
Then (cf. [7, p. 309])
|2
> (ReX)* <|BI*= X [3(a, +G,)| =trB?, (12)
i,j

i

JIRNY

> (Im\)* < |ICl*= X |3(a,— &) =trC™. (1.3)

i 7

Equality in any one of the three inequalities (1.1), (1.2), and (1.3) implies

equality in all three and occurs if any only if A is normal, ie., AA*=A%A.
In [12] the above inequalities were used to deduce bounds for the

eigenvalues of A of the following type:

-1 1/2 A* 1/2 1/2
‘trAI—sA( k ) <P\k|<(trnA) +sA(—n-—l) ,

n n—k+1 k
RetrA k—1 \V/2 RetrA n 1/2
- < < n_

n SB(n—k+1) k +SB(k 1) ’

Imt:A_S( k-1 )1/2< <ImtrA+S (2_1)1/2
n An—k+1 SRS T ANk ’

where |\, px, and »; are the kth ordered moduli, real parts, and imaginary
parts of the eigenvalues of A respectively, while

* 2
sp= { LESLE ‘t—rT;L} T=A,B,C.
n n

In [1], Eberlein showed that

2
SE<pap- £ 2L (1.4)

i 6 A2’

where
D=AA*—-A*A,
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This inequality was strengthened by Kress, de Vries, and Wegmann [4]:

2
S INE< (Al = 5 1D1%). (L5)
A corresponding lower bound given in [2] is
3_,\1/2
aP-("52) " IDli< S (18)

The purpose of this paper is to first deduce additional inequalities for
Z,(Re))? and T ,(ImA,)?, which improve (1.2) and (1.3), and then use these
inequalities to improve the bounds given in [12].

Section 2 presents several preliminary inequalities for real eigenvalues as
well as the upper and lower bounds for =A% Z,(Re))% and 2 ,(ImA,)>
The eigenvalue bounds are given in Theorems 3.1 and 3.2 in Sec. 3. We
conclude with several examples in Sec. 4.

2. PRELIMINARIES

Our bounds will be deduced from the following bounds for real eigenval-
ues, presented in [12]. (For related results see, e.g., (5], (8], [11].)

Lemma 21, Let A be an nXn complex matrix with real ordered
eigenvalues

Ay

Vv

A= e 2
Let

A trA
m=3 =

and

_trAz_(E)z

n n

be their mean and variance respectively. Then for 1<j<k<n,

[ =1 2 1 & (n—k)1/2
m s("‘f"’l) <k_j+1§}\,.<m+s Z , (2.1)

m+(n—k)r - Yn-1)""%s< 1
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where r=max(k,n— k),

#1- 2 A <m= (k=1 (n-1)7%, (2.2b)

where r=max(n—k+1,k—1),

(A —A) <sn'/2 1,1 7 (2.3)
k i n—k+1 ’ )
2s <A, —A,, (2.4)
2sn .
(nTl)lﬂ <}‘1_}‘n 1fn is odd. (25)

Now suppose that A is an n X n complex matrix with (complex) eigenval-
ues A A,,...,A,. Define

Z"‘A'2=2,-"“'2’ DINF= 3 (Red), SNP= = (),
2=(IAlI*- 1 DJi2)"?, (2.6)

n3—n\/2
K;=nAnz—(T) DI
1/2 .
(1B~ 3IDI2)* i€ |B)I> c),

Ky = _ 1 DR

2 .
[|Bi| 12 A otherwise,

3_ 1/2
Ki=BE (") o,

(oI Y A T o) -]

Kg= _ 1 |DJ?

2 .
1C| 12 A otherwise,

3_ 1/2
kt=icip-(25") "oy,
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Lemma 2.2. If A is an n X n complex matrix, then for T=A,B,C,
Kp< 2 INTP<Kf. (2.7)
7

Proof. 1If T=A, then (2.7) is just (1.5} and (1.6). Now, if R=A+Misa
Schur triangular form of A, i.e., A=URU?*, U is unitary, A is diagonal and M
is upper triangular, then

AR = 2 A=A+ IM)1>— 2 AP

= M.

The left-hand side of (2.7) with T=A, and Eberlein’s inequality (1.4), are
therefore equivalent to

1 |DJ? 2 (nS—n)‘“
—— < |IIMI*< DJl. 2.8
6 AP M| D D) (2.8)

Furthermore

2 2
141~ ( 3 ) = ant+ v+ 2iarve - (3 )

= |IMI[*+ 2/ AJ* M.
The right-hand side of (2.7) with T= A is now equivalent to

IMIJ*+ 2| A% IM|1* > 3| D2, (2.9)

But

B2~ = (Re,)*=|| 3 (M+M*)|" =1 My (2.10)

and

1 2
| g =) =i, (2.11)

ICI° = 3% (ImA,)*= | 5-

1
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Therefore, from (2.8), (2.10), and (2.11), we get that

3_ 1/2 1 (ID|2
e (22) i< S e <mpe- B .
(2.12)
Similarly
1B~ S (Red)? | =2 [IMI+ 413 A+ A PIMI], (219
| 2
o1~ [ tmn [ = g ivait+ o] gra-an ] 21
Now, since
IBI2=12(A+ A%+ M2
= 3 (ReX)™+ zIMJP,
1 2
e = | g (A=) + 3
= 5 (tmA)+ M2
and

IAIP= 2 A= 3 (ReA)*+ 3 (ImA,)%,
we see that when ||B||2> ||C||%, then
2|3 (A+A*)|P> || A2 (2.15)
Therefore, (2.9), (2.13), and (2.15) imply that

SAPE<(IBI*~4DI?)*  when |B|>[Cl.  (216)
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Similarly,
2
2|>\ic|2<(||C||4“%IIDI|2)1/ when ||C|| >||B]. (2.17)
1

The result now follows by combining (2.12), (2.16), and (2.17). [ ]

3. BOUNDS FOR EIGENVALUES

We can now deduce the bounds for the eigenvalues of an arbitrary
matrix. Let A be an nXn complex matrix with eigenvalues AL A, ..., A,.
Define

A =INL

AZ=Re],

Af=ImA,
so that the ordered vectors (A7) satisfy

AM>M>--- 2N, T=A,BC

Further, define
2
ST ST
g_ i _ i =
s7 - NORE T=A,B,C,
W [ Ki\V2 trA
mi=(S) " it
u ;B “ ; _ trC
mi=mp =T mE=me= T
K¢ — e T)?/n
(spp= KWL/ a B,

KL~ [T /n

(s;)2=max{o, - } T=A,B,C,

where K2, K} are as in (2.6).
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Tueorem 3.1.  Let A be an nXn complex matrix, and let (\T), my, m}.
st and s}. be defined as above. Then for T=A,B,C and 1<j<k<n,

i uf _i=1 1 AT uy uf Dk\M2
M ST(n—j+1) <k—j+1,-§=:,-}\" <m”+ST( k ) ’

(3.1)
! <l .
mp+(n—k)r~{n=1)""25 < £ g (3.2a)
where r=max(k,n— k),

— g — (k=1 n—1)" V2], (3.2b)

where r=max(n—k+1,k—1),
INT-AT <s}‘n1/2(% + n—_ﬁ)w, (3.3)
257 A=A, (3.4)
2sin/(n2—1)2<AT—AT  ifnis odd. (3.5)

Proof. Note that

= <my,
n n n n

A=A S [zmz 1
R e <|—

by the triangle and Cauchy-Schwarz inequalities and Lemma 2.2. Further-
more,

st<s;<sf, T=A,B,C.

The inequalities (3.1) to (3.5) now follow upon substituting the vectors (A7),
T=A,B,C, for the vector (};) in Lemma 2.1. ]
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When A is real, then we know that the complex eigenvalues of A occur in
conjugate pairs. Moreover, when A is nonnegative, then the Perron-
Frobenius theorem implies that the largest eigenvalue of A, in modulus, is
real and nonnegative. This extra information enables us to strengthen several
of the bounds for the imaginary parts of the eigenvalues.

THeoREM 3.2. Suppose that A is real and

[ n; 1 } if A is nonnegative,
p =
[ % ] otherwise,

where [-] denotes integer part. Then for 1< j<k<p,

2 ve(5e)” (36)

{m(o, )" -

. . pKu K 1/2—1_ 1 )1/2
l>\7_>\k|<{———2p } o) 69

Proof. Since A is real, the eigenvalues of A occur in conjugate pairs.
Furthermore, as mentioned above, if A is nonnegative, then the largest
eigenvalue of A in modulus is real (and nonnegative). Therefore, there are at
most 2p nonreal eigenvalues, and moreover, A°=\; ,, for i=12,...,p.
This implies that

P n
2 A7) E Im),)*
From Lemma 2.2, we now conclude that

Kl P K*®
E< 3 N < (3.9)
i=1
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First, let us prove (3.6):

—,+1 2>¢<— 2&

t=]

1 P 1/2
< I( 2> (}\.0)2) k'/2, by Cauchy-Schwarz

i=1

<(K2/2K)% by (3.9).

Next,

p
<—2}\f, since)\f>0,i=1,...,p

This proves (3.7). To prove (3.8), substitute the p-vector (A°) for the vector
(A)) in Lemma 2.1. This gives

/2
] c) P Ac 2y ! . 1 1 1/2
c__\¢ 3 /2l —4 -
& Ml<{§ (g P)} P (i+p—k+1)
PR~ K\ 7?1 1\
L5 () weo

4. EXAMPLES

ExampLE 4.1.  Marcus and Minc [6, p. 148] considered the matrix

A=] —-1-6i 7 —2—6i

2 4—-6i 13-3i

7+3i —4-6i —4 }
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and found, using results due to Hirsch (cf. [6, p. 140]) that

IN(A)] <40.03
|ReA(A)]<39 |,
[ImA(A)| < 20.12
while GerSgorin’s discs give

lz—7-3i|<11.21
|z—7]<12.40 \.
|z—13+3i|< 921

In our earlier paper [12, Sec. 4], we obtained

9<A{ <2546
2.64 <A$ <19.09
0<AL< 12.73J

9<AB<14.20
6.40<Af <1160},
381<Af< 9

and

<Af
—581< >\2C
—11.62<Af

62

<11.6
< 5.8
<0

Let us now apply Theorem 3.1. First, we find that

K!=256.90, K'=472.31]
K.=168.95 Kr=277.65",

Ki= 87.95, Kg=198 |

m} =9, me=1255

[ R T
mB—mB—g &5

I ey ¥ —
me=m¢; =0

sl=2.15 sr=8.74]
s5=0, sp=3.40 ¢.
s&=5.41, s¢=8.12
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Then we have
(a) moduli:

10.52 < A2 <2491,
2.82< A <18.73,

0 (xA<11nQ
Ty

9.76 < (AA +A8)/2,
9 <@Ap +>\; +A%)/3<12.55,
AL +A2)/2 <1179,
Af—AL <1855,
At A2 <2142,
A —Af <1855,
4.57< AP —A2;

(b) real parts:

9 <AP<1381,
6.60 <A, <11.40,
420<A2< 9,

AP-AJ< 721,
AP-AZ< 833,
)\f—Ag < 7.21;

(c) imaginary parts:

3.81< AF <1149,
—-5.74< Af < 5.74,
—11.49< Af< —3.83,
LOI< AL +A$)/2,
(>\ +7\3)/2 < -191,

AS—Ay <17.23,

AL—Af <19.90,

AL —AL <17.23,

11.49< AL —Af.

The eigenvalues of A are 9, 9+ 9i, 9—9i. [Note that since s,', =0, we did not
obtain useful bounds from (3.2a), (3.2b), and (3.5) when T= B.]

ExampLE 4.2. Now let
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This matrix was given in Scheffold [9], to illustrate bounds for the subdomi-
nant eigenvalues of a matrix with nonnegative elements. He found that

Aol gl <5.

Using the bounds in [12], it was found that

0< A, <4.73
Let us apply Theorem 3.1 again. First, we obtain

K.=19.76, Kr=62.70
K}=36.38, Ky=5883}
Kl=-1662, K&= 561

m} =3.0, mj =457
mi=my=30 :

mE=mg=0.0

si=00, s'=345
sg=177, s¢=3.26".
56=00, s4=1.37

Then we have

(a) moduli:

4.80 <\ =A< 761,
0.5608 <A < 7.01,
0.0 <Af <457,
A=A <732,

AP —A$ <845,

A —Af <7.32;



14 HENRY WOLKOWICZ AND GEORGE P. H. STYAN

(b) real parts:

4.80<AZ <761,
T0<AZ<5.30,
—1L6<AZ<L75,
357<(AF+AF)/2,
(AZ+AF)/2<237,
AP-AZ<869],

AP —AP <798,

A2 —AP <691,
3.75< 7\18 —?\f;

(c) imaginary parts:

0<AL <047,
—0.97< A5 <097,
—1.93<A{ <00,
AEf-Af <290,
AL -AL£<3.36,
AS—A£<290.

The eigenvalues of A are 6, 4, — 1. [Note that since s! =s} =0, we did not

obtain useful bounds from (3.2a), (3.2b), and (3.5) when T=B or C. In
addition, since A is real and nonnegative, we have applied Theorem 3.2 and
used the fact that the largest eigenvalue of A in modulus is real and positive.]

ExampLE 4.3. Our last example is the nonnegative matrix

}.

This matrix was used in [6] to compare various bounds for the dominant
eigenvalue. The best bounds obtained there were

DO DO =

CO it e
[V VA )

5.162 < A, <9.359.
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The bounds in [12] yield

2.33< A, <9.67
O0< Ay <7.04 1,
0< A5 <440

We obtain

Ki=4862, K¢=5781
Ki=52.81, K¢=5745},
Ki=-419, K¢= 044

mj =233, my =4.39

mi=mg =233 ,

| S TR
me=ms=0

$4=3.28, s¢=3.72
s§=3.49, s¢=3.701.
5&=0, s¢=0.38

Then we have

(a) moduli:

425< AP =AF<757,
0< A <7.02,
0< A£<2.07,
300< A+ A8 /2,
B00< AL+ A2 +A4)/3<4.39,
As+A3)/2<3.23,
A —AL <789,
Ad—A£<7.89,
6.96< A —A2<9.11;

.15
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(b) real parts:

425< A2 <757,
—0.28< A <4.95,
A2 < —0.13,
3.63<AE+A0)/2,
AZ+A2)/2 <1.10,
AE—A7 <17.85,
AZ—AP <785,
7.40< AP-Af <9.07;

(c) imaginary parts:

0<AL<047,
—0.27<AS <027,
—0.54 <AL <0,
AL-AS <081,
AS—-AL<08],
AF—Af£<0.93.

The eigenvalues of A are 7.531, 0, —0.531. [Note again that since s;=0, we
did not obtain useful bounds from (3.2a), (3.2b), and (3.5) when T=B, and
furthermore we have applied Theorem 3.2 again.]

We wish to thank Dr. Jorma Kaarlo Merikoski of the University of

Tampere in Finland for alerting us to the work [3, 4] of Kress, de Vries, and
Wegmann, and for suggesting the use of ||AA*—A*A|| to strengthen our
bounds in [12].
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