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This paper presents several new partial integral inequalities in two independent
variables which can be used in the analysis of various problems in the theory
of partial differential and integral equations as ready and powerful tools. An
elementary technique of reducing the integral inequality to second order partial
differential inequality and then integrating it by Riemann’s method is used to
establish our results.

1. INTRODUCTION

Integral inequalities originally due to Peano and Gronwall, and their various
generalizations (see, [2, 3, 11]) have been extensively used in obtaining a priori
bounds for solutions of differential and integral equations. An interesting and
useful but apparently neglected generalization of Gronwall’s inequality in two
independent variables is due to Wendroff given in [1, p. 154]. Wendroff’s
inequality which has its origin in the field of partial differential equations has
recently evoked lively interest as may be seen from the recent papers of Snow
[22, 23], Young [25], Ghoshal and Masood [7], Headley [9], Chandra and
Davis [5], Bondge and Pachpatte [4] and Pachpatte [19, 20], see also the mono-
graph [24, pp. 130-147] of W. Walter, which are motivated by certain applica-
tions in the theory of hyperbolic partial differential and integrodifferential
equations. Our objective here is to present a number of partial integral inequal-
ities involving two independent variables which claim the following integral
inequality as their origin.

LemMma 1 (Pachpatte [12]). Let u(t), f(t) and g(t) be real-valued nonnegative
continuous functions defined on I = [0, o) for which the inequality

W) < ug + fo "£(s) u(s) ds + fo "£s) ([0 ‘e ur)dr)ds,  tel,
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holds, where u, is a nonnegative constant. Then

w(t) < uy [1 + fo " () exp ( fo L)+ 2] df) ds] . tel

Various applications of Lemma 1 and its variants may be found in [16—18]
and in many other recent papers of the present author. Recently, J. C. Helton
[10] has obtained some useful generalizations of Lemma 1 by using product
integration. In this paper an elementary method used by Snow [22] will be used
to establish several fundamental integral inequalities in two independent
variables. The resultant new class of inequalities will bring a great number of
inequalities under one proof, so to speak, and may in general, be applied to
study the boundedness, uniqueness, continuous dependence and other problems
in the theory of partial integral and integrodifferential equations of the more
general type.

2. MaiN ResuLts

In this section we state and prove our main results on partial integral inequal-
ities related to the integral inequality established in Lemma 1. The proofs of
the main results are along the lines for the one-variable case and involves second
order partial differential inequalities which are integrated by using Riemann’s
method [21, p. 120].

In our subsequent discussion we assume the following:

(H) (x9), a(x ), b(x,3), oz 9), p(x,3) and g(x,3) are real-valued

nonnegative continuous functions defined on a domain D.

(Hy) Py(xq , ¥,) and P(x, y) be two points in D such that (x — x,) (¥ — ¥,)
> 0 and R the rectangular region whose opposite corners are the points Pyand P.

A useful two independent variable generalization of Lemma 1 is embodied in
the following theorem.

Tueorem 1. Suppose (H,) and (H,) are true. Let v(s, t; x, ») and w(s, t: x, y)
be the solutions of the characteristic initial value problem

L[v] = vy, — [p(s, t) + b(s, £) (c(s, t) + q(s, t))] © = O,
o(s,y) = v(x, t) = 1,

()
and

M[w] = wy, — [b(s, 2) (s, £) — p(s, 1)} w = 0, 2
w(s, y) = wix, t) = 1,
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respectively and let D+ be a connected subdomain of D which contains P and on
which v > 0 and w > 0. Then, if R C D+ and u(x, ) satisfies

ux, y) < a(x,y) + blx, y) [ f ’ f ! e(s, t) u(s, t) ds dt

Lo* Yo

3)
T r f | p(s, 1) (f:of; (¢, n) u(é, n) dé dn) ds dt) ,

2" Yo

then u(x, v) also satisfies

() < )+ 059) [ [t 1i,9) ftss ) e6,) 4906, [ [ altm)
X [elé,m) + (& )] v(€, 3 5, t) dE dni ds dt] . ()

The proof of this theorem is obtained by reducing the integral inequality (3)
to a partial differential inequality and then integrating it by Riemann’s method
for hyperbolic partial differential equations [21, p. 120]. The functions
o(s, t; %, y) and w(s, ¢; x, ») involved in theorem are Riemann functions relative
to the point P(x, y) for the self adjoint operators L and M respectively. There are

+

Ficure 1

such functions and a domain D+ on which v > 0 since v = 1 and @ > 0 since
w =1 on the vertical and horizontal lines through P and since v and = are
continuous. The existence and continuity of the Riemann function is well
known and may be demonstrated by the method of successive approximation

(See [6]).
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Proof. Define a function ¢(x, y) such that

) = [ [ coiyusnasans [ [ pto)([ [ atemyutem e dn) st

d’(x() )y) = é(‘xxyo) = 0$

then we have
Bl ) =l ) ke )+ ) ([ [t s dé ),

which in view of (3) implies

buu(, ¥} < (%, ) [alx, y) + b(x, ¥} $(x, ¥)]

) ([ ot ot )+ b6 ey )

Adding p(x, ¥) 4(%, ) to both sides of the above inequality we have
beal, ) -+ P 3) (5 9)

< e, 3) [a(x, ) + b, 3) (5, )

205, 3) [0 90+ [ | a6, et ) + W& m) 6, ml i ).
)

If we put
5, 9) = #5,) & [ [ a6 Lol m) - b8, ) 906, )
Wy 3) = iz 30) = 0, ©
then we obtain
Pasl® 3) = buu(®, 9) + ¢, 3) [a(%, ) + bz, y) b(x, Y)]- ™

Using  ¢,,(%, ¥) < e(x, ) [a(%, 3) + b(x, 3) (%, y)] + p(x, ) $(x, y) from (5)
and ¢(x, y) < ¢(x, y) from (6) in (7) we have

a(%, V) < alx, y) [c(x, ) 4 q(x, y)]
+ [2(%, ¥) + b(x, y) (e, y) + q(=, )] (%, ¥)

i.e.

L[] = o, 3) — [p(x, ) + b(x, ) (c(x, ¥) + q(® )] $(x, ¥)

(8)
< a(x, y) [e(x, ¥) + q(=,3)).
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The operator L is self-adjoint and hyperbolic. For any twice continuously
differentiable ¢ and v the operator L satisfies the identity

Y)L[l/l] - ‘/‘L[v] = —(‘/’vv)w + (v‘l’m)u . (9)

Let P, and P be any points as in theorem and label the directed sides and corners
of the rectangle R as shown in Fig. 2.

-
P(x,y)
C3L R T cp
P2

Po(xoyyo ) —(;’

FIGURe 2

Using s and ¢ as the independent variables, we integrate the identity (9) over
R and use Green’s theorem to obtain

|| L) — yLio) dsdt = — (o, ds + o, di)

Cy+CatCytey

= — f v, ds — J- Yo, dt.
€1+Cq Ogtey

This holds for any functions in C2
For the particular function ¢ defined earlier we have s = 0 on ¢; and =
¥, = 0 on ¢, , so the right hand side in the above identity reduces to

— f o, ds — f Jo, dt. (10)
Now suppose v satisfies
L[v] = vy — [p(s, ) + b(s, 1) (s, 1) + g(s, )] = O, (1)
v=1 on €, (12)
v, =0 on  ¢. (13)

Then (12) and (13) imply that

v=1 on ¢. (14)
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Since v 2> 0 on R and §(P,) = 0, by using (8) identity (10) becomes

WP) <[] olals, 1) els, 1) + g(s, ] ds iy

ie.,

W) < [ [ als, 0Tl )+ a(s, 0] o, £, 5) d d.

o~ Yo

Substituting this bound on )(x, ) in (5) we obtain
M($] = bau(x, y) — [b(x, y) c(x, y) — p(x, ¥)] $(x, ¥)
< [ate, ) 5, )+ 25, 3) [ [ als,2) Tetos 1) + a(o, ) o, .3, ) ds dt]
2 )

Again by following the same argument as above we obtain the estimate for
&(x, ») such that

d(x, y) < ijy w(s, t; x, ) [a(s, 1) c(s, t)

%o¥ Yo

1 206,0) [ [ al&,m) leté, ) + a(6 )] o6, s 5, 1) dE ] d .

Lo“ Yo

Now substituting this bound on ¢(x, ¥) in (3) we obtain the desired bound in (4).
Another interesting and useful generalization of Lemma 1 is embodied in the
following theorem.

Taeorem 2. Suppose (H,) and (H,) are true. Let u(s, t; x, y) and w(s, t; x, ¥)
be the solutions of the characteristic initial value problem

L{v] = vy — b(s, t) [c(s, t) + p(s, 1) + g(5, )] © =0,
(s, y) = v(x, 1) = 1

(15)
and
M[w] = wy — b(s, t) e(s, 1) w =0, w(s, y) = w(x, £) =1, (16)

respectively and let D* be a connected subdomain of D which contains P and on
which v > 0 and w > 0. Then, if R C D+ and u(x, y) satisfies

u(w,y) < aw, 3) + bix,3) | f L" (s, £) uls, ) ds dt

+ f f 2ls, ) (uts, 1)+ bls, ) j% f: a(&,7) u(k, ) d€ dn) ds dt]
(17)
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then u(x, y) also satisfies
) < el 3) + b ) [ e 150,9) fats, 1) (e ) + s 1)

0 Yo

005,005, 0) [ [ e ) leté,m) + 26 ) + & 1)) o673 5, )

To¥ Yo

x dé dn§ ds ] . (18)

The proof of this theorem follows by an argument similar to that in the proof
of Theorem 1 with suitable modifications. We omit the details.

We now apply Theorem 1 to establish the following interesting and useful
integral inequalities which in turn are the further generalizations of the integral
inequalities which in turn are the further generalizations of the integral inequal-
ities recently established by Gollwitzer [8, Theorem 1] and Pachpatte [13,
Theorem 2].

Tueorem 3.  Suppose (H,) and (H,) are true. Let G(r) be continuous, strictly
increasing, convex and submultiplicative function for r = 0, G(0) = 0,
lim, ., G(r) = oo for all (x, v) in D, o, y), B(x, ) be positive continuous functions
defined on a domain D, and o(x, ¥) + B(x, y) = 1. Let (s, t; x, y) and w(s, t; x, y)
be the solutions of the characteristic initial value problem

Llo] = va — [p(s, 8) + B(s, 1) G(b(s, £) (s, 8)) (e(s, ) + g(s, )] © = 0,

(s, y) = v(x, t) =1, (19)

and

Mlw] == my, — [B(s, 1) G(b(s, 1) B7(s, 1)) (s, ) — p(s, )] w = O,

w(s, y) = w(x, t) =1,

(20)

respectively and let Dt be a connected subdomain of D which contains P and on
which v > 0 and w > 0. Then, if R C D* and u(x, y) satisfies

e, 3) < e, 3) 4 b 3) G2 [ [ els, ) Glats ) s
1)

[ o0 ([ [ e n) Goute, ) d o) ds ]

Lo Yo To* Yo
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then u(x, y) also satisfies

al, ) < alw, 3) + b5, 9) G2 [[ [ (s 1 3,9) s, ) Glals, B a5, 1) e, )

¥ Yo

26 0) [ [t m) Gla(t, m) (6 m) [l m) -+ 96, )]

5 o(£, m; s, 1) dE dn; ds i) (22)
Proof. Rewrite (21) as
u(x, y) < ofx, y) a(x, y) o« x, y) + B, y) bx, ¥) B~(x, ¥)

x 61 ’ [ " e(s, 1) Glu(s, 1)) ds dt
oY Yo

+] xf ") (] sf a(€, 1) G(u(€, )) dé dn) ds dt] .

29V ¥ 2% %

Since G is convex, submultiplicative and monotonic we have

G, 3)) < (%, y) G(a(x, y) o7 (x, ) + Blx, y) G(b(, ¥) B~(x, ¥))

s [[7f s 1) Glats, 1)) d d 23)

Lo* Yo

+ [ aen ([ [ ate.n) Gt dt dn) aset].

To* Yo

The estimate given in (22) follows by first applying Theorem 1 with a{x, y) =

oz, y) G(a(*, y) a7, ), b(x, ) = B(x, ) G(b(%, y) B~(x, y)) and u(x,y) =
G(u(x, ¥)) and then applying G- to both sides of the resulting inequality.

TueorReM 4. Suppose (H,) and (H,) are true. Let G(r) be a positive, continuous,
strictly increasing, subadditive and submultiplicative function for r > 0, G(0) =0
for all (x,y) e D, and G is the inverse function of G. Let o(s, t;x,9) and
(s, t; x, ¥) be the solutions of the characteristic initial value problem

L[v] = v — [p(s, 1) + G(8(s, 1)) (c(s, ) + q(5, )] v = O,
o(s, y) = o(x, t) = 1.

(24)

and
Mlw] = wg — [G(b(s, 1)) (s, t) — p(s, )] w = O,
w(s, v) = w(x, t) = 1,

(25)
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respectively and let D™ be a connected subdomain of D which contains P and on which
© > 0 and w > o. Then, if R C D+ and u(x, y) satisfies

u(x, 3) < alw, 3) + b(x, ) G2 [ [ T’ (s, 1) G(u(s, 1)) ds dt
0 %0 (26)

+ f f 5,1 (f f t g(¢, m) G(u(€, 7)) dé d‘/)) ds d:] ,

then u(x, y) also satisfies

u(x,9) < G [Glate, 3) + G ) [[| [ wls 5. 9) [ Gats, D) s,

+ 205, 1) J: | Gtat,m) (o6 )+ a6 ml o8 5, ) o} dsdt]] .
27)

Proof. Since G is subadditive, submultiplicative and monotonic, we have
from (26)

Glu(x, 7)) < Glal, ) + Glb(x ) | f:o f,, ¥ e(s, 1) Gluls, 1)) ds dt
(28)
Y Lﬂ J| e Glute, ) at d) e ]

Lo* Yo

The desired bound in (27) follows by first applying Theorem 1 to (28) with
a(x, v) = G(a(x, ¥)), b(x,y) = G(b(x,y)) and u(x, y) = G(u(x,y)) and then
applying G- to both sides of the resulting inequality.

Before closing this section, we apply Theorem 2 to establish the following
integral inequalities similar to that proved in Theorems 3 and 4 which can be
used in some applications. The proofs of the Theorems 3 and 4 can be adapted
readily into this context.

THEOREM 5. Suppose (H,) and (H,) are true. Let G(r), «(x, y), B(x, y) be the
same functions as defined in Theorem 3. Let o(s, t; x, y) and w(s, t; x, y) be the
solutions of the charvacteristic initial value problem

Llv] = vy — B(s, t) G(b(s, 1) B, 1)) [e(s, ) + p(s &) +- g(s, )] v = O, (29)

(s, y) =o(x,t) =1,
and

Miw] = wy, — B(s, £) G(bls, £) B s, 1)) s, H w =0,
w(s,y) = w(x 1) =1,

(30)
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respectively and let D+ be a connected subdomain of D which contains P and on
which v > 0 and w > 0. Then, if R C D+ and u(x, y) satisfies

u(x, y) < a(x, y) -+ b(x, y) G Uwfv (s, t) G(u(s, t)) ds dt
Lo Yo

+ J. EJ.: (s, t)(G(u(s, 1)) + B(s, t) G(b(s, 1) B~ (s, £))  (31)

2o¥ Yo

<[] a6, m) G, my dt ) ds ]

Lo* Yo

then u(x, v) also satisfies

u(w,5) < awy) + b, ) 6 [ [ wls,153,9)

o™ Yo

ofs, 1) Glafs, t) o %s, 1))

X fels, 2) 4 p(s, 1)] + B(s, 1) G(b(s, 1) B~(s, 1)) p(s, 1)

x [ ate m Glaté,m) ot )

X (el m) + plésm) + gl (6 mis, ) dE o) dsd] . (3)

THEOREM 6. Suppose (H,) and (H,) are true. Let G and G be the same
Sunctions as defined in Theorem 4. Let v(s, t; x, v) and w(s, t; x, ¥) be the solutions
of the characteristic initial value problem

L[2] = vy — G(b(s, 1)) [e(s, 1) + p(s, 1) + q(s, )] © = O, (33)

o(s, y) = v(x, t) = 1,
and
Mw] = wy — G(b(s, 1)) c(s, t) w = 0, (34)
w(s, v) = wix, 1) =1,

respectively and let D+ be a connected subdomain of D which contains P and on
which v > 0 and w > 0. Then, if R C D+ and u(x, y) satisfies

) < al ) + b ) G2 [ [ el 1) Gluts, ) s at

+ [ p6s,2) (Glats, 1) + GeoGs, ) (39)

Zo* Yo

x f%ft a(6, m) GGu(é, ) d¢ dn) ds dt] ,



248 B. G. PACHPATTE
then u(x, ¥) also satisfies

u(*, y)
<G [Glalw, y) + G ) [[[ [ wls,15,3) Glats, 0) s, 1) + (s, 1)

29,

+ 6 0906 ) [ || Glate ) 6, + 46, 7) + )

X (€, m; 5, 1) dE dv;% s ] (36)

We note that in the special case when p(x, y) = ¢(x, ¥) = 0, Theorems 1-6
reduces to the further generalizations of the integral inequality recently esta-
blished by Snow [22]. In the special case when ¢(x, y) =0, our results in
Theorems 1-6 are new to the literature.

3. SOME APPLICATIONS

In this section we present some applications of our results to study the
boundedness and umniqueness of the solutions of some nonlinear hyperbolic
partial integrodifferential equations. These applications are not stated as theo-
rems so as to obscure the main ideas with technical details. It appears that these
inequalities will have as many applications for partial integral and integro-
differential equations as the classical integral inequality given in Lemma 1 and
its various generalizations have had for ordinary integrodifferential and integral
equations,

ExaMpLE I. As a first application, we obtain the bound on the solution of a
nonlinear hyperbolic partial integrodifferential equation

umv(x) y) :f(x’ Y, u('x’ y)) + h [xn V u(x, y)9 jwjy k(x, v, 8L, u(s, l)) ds dt] ,

®p¥ Yo
(37
with the given boundary conditions

u(x, ¥o) = ay(%), u(xy , ¥) = ax( ), ay(%g) == ay(y,) = 0,

where all the functions are real-valued, continuous and defined on a2 domain D
and such that

!f(xv ¥, u)l c(x: y) lu 1 s (38)
LR(x, y, st 0)] <g(s, 8) [ul, (39)
VAax, v, w, 0]l <p(w, y) [l u] + o], (40)

<
<
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where ¢(x, ), p(x, ¥) and ¢(x, ¥) are as in (H,). The equation (37) is equivalent
to the Volterra integral equation

) = )+ a(0) + [ [ flo,0,uls, ) de

(41)
+ L,, L h [s,  u(s, t), Lﬂf: ks, 8, £, 7, u(€, 7)) dé dn] ds d,

where u(x, y) is any solution of (37). Using (38)~(40) in (41) and assuming
that | a,(x)] + | ay(¥)| < a(x, y), where a(x, y) is as defined in (H,), we have

e, ) < aw )+ [ [ el ) Luts, Dl ds e+ [ pts, ) () ats, 2)

Lo* Yo Lo Yo

s
+ &) | w(€, m)| d€ dn) ds dt.
LJM 9(&, m) | u(€, )] n)
Now an application of Theorem 2 with b(x, y) = 1 yields
X pY
e D < ale,3) + [ wls 10, 5)

Lo Y

a(s, t) [e(s, 1) + p(s, 2)]

EIR 1
o0 [ [ a@ e FoEm FaEnl @)
X o(E, m; s, 1) dE dnz ds dt,

where o(s, #; x, v) and 2(s, ¢; x, y) are the solutions of the characteristic initial
value problems (15) and (16) respectively with b(x, ¥) = 1. Thus the right hand
side in (42) gives us the bound on the solution u(x, ¥) of (37) in terms of the
known functions.

If | a)(x)] & | as(y)] < ¢, where € > 0 is arbitrary, then the bound obtained
in (42) reduces to

o, W < e 1+ [l 15,9) [l ) -+ 206, )

To" Yo

S o
06 0) [ [ [el€m) + pE ) + al€ D) &, 755, 1) dE d) ds .
Zo* Uy
(43)
In this case we note that, Example 1 implies not only the boundedness but the

stability of the solution #(x, y) of (37), if the bound obtained on the right side in
(43) is small enough.
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ExampLE 2. As a second application, we discuss the uniqueness of the solu-
tion of the nonlinear hyperbolic partial integrodifferential equation (37). We
assume that the functions f, & and % in (37) satisfy

[f(x, 3, 8) — f(% 3, 8) < ex,y) |u—u], (44)

LR(x, v, 5, t,u) — k(x, v, 5, £, @) < q(s, t) |u— @], (45)

i h[xxy’ u, T] - h[x’y) 4, r_:” <P(xay) H U — ﬁl + \’ r— fl] (46)

where c(x, y), p(x, ¥) and g(x, y) are as in (H,). The problem (37) is equivalent
to the Volterra integral equation (41). Now if #(x, y) and #(x, ¥) be two solutions

of the given boundary value problem (37) with the same boundary conditions
then we have

u—ﬂ:fmfy{f(s,t, W) — f(s, 1, @)} ds dt

Lo* Yo

+ ff gh [s.2 ufft K, 1, £, 7, 4) d di (47)

Po* Yo Xo" Yo

— s t,ﬁ,jsjtk(s, :, §,n,ﬁ)d§dn]; ds dt.

Zo% Yo

Using (44)—(46) in (47) we have

|u—a]gff”c(s,z)lu-mdsdt

+ f:f:ﬁ(s, 1) (l u—i|+ J:Lt q(é,m) | u—u|df dn) ds dt.

Now a suitable application of Theorem 2 yields, | # — #| <{ 0. Therefore
u = @i; 1.e., there is atmost one solution of the problem.

In concluding this paper we note that the inequalities and their applications
presented here can be extended very easily to the corresponding vector pro-
blems as in [7] and [23]. We also note that there is no essential difficulty in
obtaining n independent variable generalizations of the inequalities established
in Theorems 1-6 by using the technique used by Young in [25]. Since this
translation is quite straight forward in view of the results of this paper and we
omit the details.
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