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Abstract

We obtain a large class of smooth Lorentzian p-brane wormholes in supergravities in various dimensions.
They connect two asymptotically flat spacetimes. In cases where there is no dilaton involved in the solution,
the wormhole can connect an AdS,, x S™ in one asymptotic region to a flat spacetime in the other. We
obtain explicit examples for (n,m) = (4,7),(7,4), (5,5), (3,3), (3,2). These geometries correspond to
field theories with UV conformal fixed points, and they undergo decompactification in the IR region. In the
case of AdS3, we compute the central charge of the corresponding conformal field theory.
© 2008 Published by Elsevier B.V.

1. Introduction

Asymptotically AdS solutions in supergravities play an important role in the AdS/CFT corre-
spondence [1-3], since they provide supergravity duals to quantum field theories with conformal
fixed points in the UV region. In the bulk of such a solution, there are limited possibilities. There
can be a black hole horizon with non-zero (or zero) temperature, or there can be an AdS hori-
zon of different AdS radius, corresponding to a conformal field fixed point in the IR region [4].
A third possibility is that the solution is solitonic, such as an R-charged AdS bubble solution in
an AdS gauged supergravity [5—7]. Most likely, the solution will have a naked singularity. Ex-
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amples include the large class of AdS domain wall solutions with naked singularities constructed
in [8,9], which are dual to the Coulomb branch of the dual gauge theories.

A more intriguing situation is when there exists a wormhole in the bulk that connects smoothly
to different AdS boundaries. In Lorentzian signature such a geometry appears unlikely, and
disconnected boundaries can only be separated by horizons [10]. Thus the recent studies of
wormboles in string theory and in the context of the AdS/CFT correspondence have so far con-
centrated on Euclidean-signature spaces [11-15].

In [16], Ricci-flat and charged Lorentzian wormholes in higher dimensions were obtained.
These include the previously-known D = 5 Ricci-flat case [17]. The wormholes are smooth
everywhere, and connect two asymptotically flat Minkowski spacetimes. Although these worm-
holes are not traversable geodesically (see [18,19] and [16]), it was demonstrated in [16] that
there exist traversable accelerated timelike trajectories across the wormholes.

A class of magnetically-charged wormholes in D =5 supergravity was also obtained in [16].
It was shown that for appropriate choices of the parameters, the wormhole can connect an AdS3 x
S in one asymptotic region to a Minkowski spacetime in the other. This geometry then provides
a supergravity dual of a two-dimensional field theory at the boundary of the AdS3.

In this paper, we begin in Section 2 with a review of the Ricci-flat wormhole solutions that
were obtained in [16]. We then construct p-brane wormhole solutions in Section 3, supported by
a dilaton and n-form field strength. In non-dilatonic cases, these p-brane wormholes connect an
AdS, x S™ in one asymptotic region to a flat spacetime in the other. We obtain explicit examples
for (n,m)=(4,7),(7,4), (5,5), (3, 3), (3, 2). These geometries correspond to field theories with
UV conformal fixed points, which undergo decompactification in the IR region.

In Section 4, we study the AdS3 wormhole obtained in [16] in detail and compute the central
charge of the corresponding dual conformal field theory.

In Sections 5 and 6, we examine AdSs, AdS4, AdS7 and another AdS3; wormhole in detail.
Included in these discussions is a calculation of the mass and momentum of the configurations,
as measured from the asymptotically AdS region. To do this, we make use of a construction of
conserved charges in asymptotically AdS spacetimes, which we summarise in an Appendix A.

We conclude the paper in Section 7.

2. Ricci-flat wormholes in D > 5 dimensions

In this section, we review the Ricci-flat wormhole solutions in general dimensions obtained
in [16]; they are given by

ds% = (r2 + a2) d.Q%_3 +

r2dr? 5 5 .
5— +cosv(—di? +dz°) +2sinvdrdz,  (2.1)

(r2 +a?)sin*u
where v and u are functions of r, given by

_[D-3
“V2D-38

}"2 D—4
u = arctan (1 + —2> —1. (2.3)
a

v (mr —2u), (2.2)

and
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One can also rewrite the relation between u# and r in the simpler form

2\ 4-D
2 r
cos“u = (1 + ;) . 2.4)

Note that u = 0 when r = 0. Neither (2.3) nor (2.4) satisfactorily exhibits the fact that as » passes
through zero, the sign of u should be correlated with the sign of r. Instead, we can make this
explicit by expanding the expression in (2.3) and writing

D-5 2n
r D—4 r
U= arctan|:; g < w1 ) <;> i| 2.5)

Thus we see that as r ranges from —oo to +o00, u ranges from —%n to -I-%JT. For specific values
of D, there are sometimes simpler expressions for the relation between u and r, as we shall see
later.

It is sometimes useful to use u, rather than r, as the radial coordinate. The solution is then
given by

2 2
a du
ds? = ds2?
P (cosu) D3 ((D —4)2cos?u - D_g)

+cosv(—dt? +dz*) + 2sinvdt dz. (2.6)

As was discussed in [16], the metric describes a smooth wormhole in D > 5 dimensions that
connects two flat asymptotic spacetimes at r — F00. Note that the general Ricci-flat wormhole
metric (2.1) is related to that in [16] by a coordinate rotation in the (¢, z) plane.

There are two asymptotic regions. In the r — +o0 region, we have u — %71 and hence v — 0.

It follows that the metric becomes

ds® = —dt* +dz* +dr* +r*d2} 5, 2.7

which is a flat Minkowskian spacetime in D dimensions. In the r — —oo region, we ave u —
—%n and

D -3

v— 200 =21 .
2D -8

2.8)
The metric becomes

ds* = —cos(260) (d1* — dz*) + 2sin(200) dt dz + dr* + r>d2} s,
= —dP? +dZ +dr + A2}, @9

f cosfy —sinbp) /[t
)= ) (2.10)
z sinfy  cosby z

Thus the solutions connect smoothly two flat asymptotic spacetimes. However, only for the case

of D =5 do the two asymptotic regions have the same time coordinate. In higher dimensions,
the notion of asymptotic time is different in the two regions.

where
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3. General p-brane wormholes

We construct charged wormholes as solutions to D-dimensional Einstein gravity coupled to
an n-form field strength, together with a dilaton. The Lagrangian has the following general form

1 2 1 g2
gb=¢?g<R_§(a¢) ] @3.0)
where F(,) = dA(,—1). The constant a can be parameterised as
2m—DH(D—-n—-1)
D-2 '
The Lagrangian (3.1) is of the form that typically arises as a truncation of the full Lagrangian in
many supergravities, with A being given by

at=A

(3.2)

A= (3.3)

for integer N. The values of N that can arise depends on the spacetime dimensions; they are
classified in [20].

We may consider an electric “(n — 2)-brane wormhole” in D spacetime dimensions, based on
the D-dimensional wormhole solution (2.6) with

D=D+n-3. (3.4)

We therefore make as an ansatz for the D-dimensional metric and the dilaton field
(n—1)N

H (-2 a’du?
a5y = ()
(cosu) D=3 (D —4)?cos“u
—(D-4N S
4+ H b2 (cosv(—dt2 + dzz) + 2sinvdrdz +dx' dx'),
_ (=)D -HN
P — | b-2 | (3.5)

where the coordinates of the D—dimen.sional wormhole (2.6) have been augmented by (n — 3)
additional world-volume coordinates x*. The function H is assumed to depend only on the radial
coordinate u. For the field strength F(,), we make the ansatz

Foy=+vNdt ndz ANd"3x AdHTL. (3.6)

Substituting into the equations of motion following from (3.1), we find that they are all satisfied
provided H” =0, and hence H is given by

ag4m 3.7)

H=cy—

where ¢y and ¢ are integration constants. Without loss of generality, let us take g to be non-
negative. (Note that taking a limit of @ — 0 leads to BPS p-brane solutions to the Lagrangian
(3.1), obtained in general in [21].) It should again be emphasised that r <> —r is not a symmetry,
since the expression for # in terms of r is defined by (2.5), showing that the signs of u and r are
correlated. The function H in general approaches a constant when r — 00, given by

g q

r — 400 HNCO—W+’D—_4+,



304 A. Bergman et al. / Nuclear Physics B 810 (2009) 300-315

— (=L (3.8)

r——oo: H~cy+
yD—4

nq

2qD—4
Thus provided that co > ¢ /(2a®~*), the p-brane wormholes link two asymptotically flat space-
times. When cp = %nqa“_D , for the non-dilatonic case « = 0, AdS wormholes can arise that link
AdS x Sphere in the r — 400 asymptotic region to flat spacetime in the r — —oo region. We
shall discuss these solutions case by case in the following sections.

Note that we can also consider “magnetic p-brane wormholes,” which are equivalent to the
previously-discussed electric cases, but constructed using the (D — n)-form dual of the n-form
field strength F(;). In other words, we can introduce the dual field strength

~ﬁ =e * n)» .
Fy = ¢**%Fn) 3.9)

A

where 7 = D — n, in terms of which the Lagrangian (3.1) can be rewritten as

1 1~
Lj= J—_g<R — 509" = e “"’Fé))’ (3-10)
where F(ﬁ) = dA(ﬁ_l). The electric solution (3.5) of (3.1), with F,y given by (3.6), can then be
reinterpreted as a magnetic solution of (3.10), with }7“(;1) given by

Fay=~N(D —4q2p_3. (3.11)
4. Magnetic string and AdS3 wormholes

In this section, we consider the magnetically-charged wormhole solution in five-dimensional
U(1)3 supergravity that was obtained in [16]. It was observed that for appropriate choice of
the parameters, the solution smoothly connect AdS3 x S2 in one asymptotic region to the flat
spacetime in the other.

We begin by reviewing the solution. For simplicity, let us consider the special case where all
the three charges are equal. The corresponding minimal supergravity solution is given by

2 2 2 2
) _ifr"—2asr —a”  , 4acr re+2asr —a 2
a5 =—H ( rt+a? r2+a2d dz- EEWEE
+ H?(dr? + (r* + a®) d23),
Foy=+3qQ0, H=co— zalrctan<£>~ 4.1)
a a

It is straightforward to verify that this solution is contained in the general form of p-brane worm-
hole (3.5) with D= D =5,n =3 and N = 3. Compared with (3.5), a boost parameter s = sinh 8
(c = cosh B) is also introduced, as in [16]. The solution describes a smooth charged wormhole as
long as

b4

o> 24 (4.2)

2a
The coordinate r runs from —oo to 400, corresponding to two flat spacetimes when the above
inequality holds. Interesting things happen when ¢y = ¢ /(2a). In this case, we have

g ga*  gqa* qa°

r—4oc0: H~I - 4+1_ T ...
+ ro 33 s 77
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B (@ @ @ @ 43)
r— —00: ~ s+ .
a ro 3r3 55 77

Thus asymptotically as r — —o0, the spacetime is flat, whilst as r — +o00, the spacetime is a
direct product of AdS3 x S2.

Since the size of the S? never vanishes, we can reduce the solution on the $2 and obtain a
smooth solution in D = 3. Such a breathing mode reduction was obtained in general dimensions
in [22]. The reduction ansatz is given by

ds? =& ds? +e7q%d23,  Fo =+3¢20), (4.4)

with & = 1/+/3. The D = 3 system contains the metric and a scalar, with the Lagrangian given
by

1 1
Ly=v-% <R — 5 @9) — V>, V=g de? = 3ek). “-5)

The scalar potential contains an AdS fixed point ¢ = 0. The resulting three-dimensional solution
in the Einstein frame is given by

ds32 = q_4[(r2 + az)zH6 dr?
— (r2 + az)H3((r2 —2asr — az) dt® +4dacrdtdz — (r2 + 2asr — a2) dzz)],
e ? =q_2(r2 +a2)H2. (4.6)
In the asymptotic region r — —o0, we have that H is constant, and the solutions becomes
ds3 ~r*(dr? —dr* + d7?), @ — —00. .7

The metric is locally flat! for r — —oo; however, the scalar describing the breathing mode of
the internal S2 diverges in this limit. This breathing mode singularity is just a lower-dimensional
artifact, reflecting the fact that the radius of the S> becomes infinite. The system should really be
lifted to five dimensions in this limit.

In the r — 400 limit, the metric approaches AdS;. We would like to compute the central
charge as in the work of Brown and Henneaux [23]. As a first step, we make the following
change of coordinates

r2 ; t Z (4.8)
r— —, - —, —> —=. .
2q V2 V2
Including the subleading term at asymptotic 400, the metric (4.6) now has the following form:
2 2als\ r? 2als\ r? 4ac
2 _ 2 2 2
dS3 = r—zdr — (1 — r2 )Z_zdt + <] + r2 )Z—zdz — Tdt dZ, (49)

2

1 If we let x* = (¢, z) and define y* = r2x* and w = r3/3, the metric (4.7) becomes

4 4
2 _ g2 gy " Iz 2
dsy =dw” +dy" dy, 3wyud) dw+9w2y yudw®,

which is asymptotically flat when |w]| > |y|.
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where ¢ = 2q. If we had considered the general three unequal charge solution, we would have
€ =2(q192¢3)"/3. The traditional form of the Poincaré patch of the AdS3 metric is:

2 R 2 r? 2 2
ds3:r—2dr +ﬁ(dz —dr”). (4.10)

We can now directly compare with, say, [24,25] and see that the central charge of the system
is
3 3

C=—-R=-L 4.11
SR=3 (4.11)

Here, we use C rather than the more conventional ¢ to denote the central charge, to avoid confu-
sion with the short-hand notation ¢ = cosh § of this paper.

5. D3-brane and AdSs wormhole

It is perhaps more interesting to obtain an AdS5 wormhole in type IIB theory, which would be
expected to be dual to certain four-dimensional Yang—Mills theory. Since AdS5 appears naturally
in the type IIB theory in AdSs x S°, the near horizon geometry of the D3-brane, we consider
the D3-brane wormhole solution. From (3.5) with D =8, n =5 and N = 1, we find that the
D3-brane wormhole solution is given by

H \'? a*du®
ds2 — 2002 4 474U
*10 (cosu) |:a 5+ 16cos?u

+ H‘l/z(cos v(—dt2 +dzz) +2sinvdrdz +dx} +dx%),

Fs5=Gs +*10G5), Gy =dt AdzAdx) Adxp /\dHi1

242)1/2
H=co—Lu, u:23rcsin<r(r +247) ) (n—2u) (5.1)
a V2(r2 +a?)
Choosing the integration constant ¢y = ¢ /(2a”*), we have
2 2
r— —400: HN%— a6q+-~-,
r r
r—>—oo: H~2_9.. (5.2)
a r

Thus we have constructed a wormhole solution that is asymptotically AdSs x S> when r — 400
and flat when r — —o0.

Since the solution obtained above is spherically symmetric, it can be dimensionally reduced
on $° to give a solution in five dimensions. Using the results in [22], we can reduce to the five-
dimensional metric dsg given by

ds120 = g2¥ ds52 + e_%a‘/’éz d952,
G5 =40'2), (5.3)

where « = /5/48 and £ = ¢!/ is the AdSs length. The five-dimensional system is then Einstein
gravity coupled to a dilaton with a scalar potential, namely

1
Ls= ./—g<R — E(aga)2 — v), (5.4)
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with the scalar potential given by

4
V= —E(Segj“‘p — 2e8%). (5.5)

Performing the 3 reduction on the solution, we find

52 a %) H \*? a2du?
se=| -
3 ¢ cosu 16cos2u

H1/3 2 2 . 2 2
m(cosv(—dt +dZ )—i-ZSlnvdtdz—i—dxl +dx2)},
2
_ba, a H
¢ 5‘P=£_2 cosu (56

There is no metric singularity as # ranges from —%n to %7‘[, corresponding to r ranging from
—00 to 4-00. In the asymptotic region r — —o0, the solution becomes

2\ 3 2\ 16/3 1 /a\*
ds? ~n4/3<£2> (Z) [dr2+ ;<Z> (—dfz+d22+dx12+dx§):|,

@~ =00, (5.7)

where 7 and Z are defined in (2.10). The metric is locally flat in this limit, in the sense that the
Riemann tensor tends to zero as r approaches —oo (see footnote 1). The dilaton is singular in
the limit, but the scalar potential (5.5) goes to zero. Such a singularity, in which the potential is
bounded above, is called a “good singularity” in [26]. However, the situation considered in [26]
is when such a singularity occurs at a finite » = rp, where g;; — 0, corresponding to non-trivial
infrared physics in the dual field theory. In our case, only the scalar becomes singular as r —
—00, with g;; ~ co. From the supergravity point of view, this is clearly a “good singularity,” and
is nothing but an artifact of the dimensional reduction. It implies that the system decompactifies
into ten dimensions.
In the asymptotic region r — 400, the solution becomes,

KZ r2

2 2 2 2 2 2

ds3 ~ —dr® + E—z(—dt +dz” +dxi +dx3),

@ ~0. (5.8)

(Note that in the limit of a — 0, the solution becomes literally AdSs for all r.)

The scalar potential (5.5) tends to zero as ¢ goes —oo, and diverges to 400 as ¢ goes to
+o00. There is a minimum, Viyin = —12/62, which occurs at ¢ = 0. The wormhole solutions
corresponds to ¢ traversing from ¢ = —oo in the asymptotically locally flat region to ¢ =0 in
the asymptotically AdS region, with Vi, determining the cosmological constant of AdSs.

Including subleading terms, the metric in the asymptotically AdS region is given by

62 2 2 2 2 / 4
ds?~ (1= g2+ = 1+a —dt? +d7? +dx? +dx? + ~——dtdz |,
> 2 r r2 1 2

~— . 5.
¢ - (5.9)
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If we express the metric near r = 400 in terms of a radial coordinate p, for which the metric in
the radial direction is £2dp?/p?, then the solution looks like

02 2 2548 V/10a*
dst= S ap? 4 ! [(1 a )(_dt2+d12)+ “did:

02 72 _24p8 o
5a8 2 5
+ 1+Tp8 (dxi+dx3) |+ (5.10)

Using the energy and momentum formulae obtained in Appendix A, we can straightforwardly to
obtain the mass and linear momentum per unit 3-volume spanned over (z, x1, x2) for the AdSs
wormbhole, given by

_ v
- 8w
Of course, we can boost the system along the (7, z) direction and obtain a non-zero mass; how-
ever, we shall always have E?— pP2= —25a8/(16712£10) <O0.

E=0, (5.11)

6. Further AdS wormbholes
6.1. M2-brane and AdS4 wormhole

We can obtain an M2-brane wormhole solution of eleven-dimensional supergravity, given by
BS5)withD=10,n=4, N =1:

H \!/3 2442
ds?, =( ) [azd@u&]
cosu u

+ H 2 (cos v(—di® + dz?) + 2sinvdi dz + dx?),

1 7
A= —-di Adz A dx, H:co—%u, v= /5 0r —2u). ©.1)
The coordinate u is related to the original » coordinate by
r2\°
u = arctan <1 + —2> -1, (6.2)
a
or, in other words,
2\ -3 4 2.2 4172
1 3 3
cosu = 1+r_ , sin—u:r(r +3ria” +3d) . (6.3)
a 2T T A v

As r ranges from —oo to 400, u ranges from —%T[ to +%n.
Choosing ¢y = 7q/(2a®), we find that H has the asymptotic forms

32
r— +00: H:%— a8q+-.-,
r r
b4 3a?
F— —00: H:—g—i6 % (6.4)
a r r

The metric approaches AdS4 x S7 near r = 400, while it becomes flat as r approaches —oo.
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A breathing-mode reduction of eleven-dimensional supergravity on S7, in which the metric
and 4-form are written as

ds?, = X ds3 + (20)%e™ 79 d22,

% Fgy = 6(20)%827, (6.5)
where o = +/7/6, yields [22] the four-dimensional bosonic Lagrangian
1 3 o
Ly= «/—g<R - 5(8@2 - V>, V= —ﬁ(k%“’ — 3¢59). (6.6)

Reducing the solution (6.1), with 2¢ = ql/ 6 therefore gives the four-dimensional solution
5 al\’ H \*? a%du?
dS4 = -
24 cosu 36cosu
_— (cos v(—dt2 + dzz) +2sinvdtdz + dx2) },

2 1/3
4o a H
T =— . 6.7
¢ 4¢2 (cosu) 67

In the limit of r — o0, the metric including the subleading terms is given by

2 a® 72 a? VT/3ab
ds? = —(1— — di* + =1+ — | =dt?® + d* + dx*? did
Sy ( 26?) re+ ( —i—%;)( +dz" +dx” + VFE z)+

(6.8)

where 7 = r2/(4¢). Expressed instead in terms of a radial variable p for which the radial term is
exactly £2dp?/p?, the expansion at large r takes the form
52 d,o2 /02 7a12
2 _ 2 2
7a'? 5 T/3a®

Using the formulae in Appendix A for the energy and z-momentum per unit area in the (z, x)
plane, we find

V21a®
P= .
87 (20)7

E=0, (6.10)

6.2. M5-brane and AdS7 wormhole

There is also an M5-brane wormhole solution in eleven-dimensional supergravity, given by
taking D=7,n=7, N =11n (3.5):

H \*? a®du?®
2 _ 2562
ds“—< ) |:a d94+9coszui|

+H3 (cos v(—dt2 + dzz) +2sinvdtdz + dx! dxi),

4., (6.11)

F4=3CI~Q4’ HZCO_ 3
a
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where
2(r =2
_ 2@ 20 (6.12)
NG
The index i ranges over 1 <i < 4.
The coordinate u is related to the original radial coordinate r by
2\ —3/2 4 2.2 4172
r . r(r* 4+ 3r<a” + 3a™)
cosu = (1 + —) , sinu = 21 bR (6.13)

As usual, r ranges from —oo to 400, implying that # ranges from ——n to + .

With the choice co = g /(2a°), the function H tends to zero at r = +oo and it tends to a
constant at r = —o0:

g 3qa®
r3 2r5
g q 3qa®

r—-—o0: H=———
ad> 3 25

r—+oo: H= T+,

(6.14)

The metric approaches AdS; x S* near r = 400, while it becomes flat as » approaches —oo.
The breathing-mode reduction of eleven-dimensional supergravity on S*, using the ansatz

1 2
dst) =™ ds7 + <Ee> e 3 43,

1 3
F4=3<§€) £24, (6.15)
with @ =2/(3+/10), yields the seven-dimensional bosonic Lagrangian

1 6
c7=¢—_g(R—5<ago)2—V>, V= =gy (8029 —3¢1%). (6.16)

The solution (6.11), with = g'/3, reduces to give

5 2a\%3 H \° a2du?
£ cosu 9cos? u
+ —(cosv(—dl2 + dzz) +2sinvdtdz + dx’ dxi) },

W 4a?( H \?P
e—%q’:i( ) . (6.17)

cosu
Taking the limit » — oo, the metric up to sub-leading order terms is

8 2{2 £2d~2
ds%=<1— “ >—r

74 72

~2 272 33
2a2¢ 32273430
22<1+ a >( —dr* +dz* +dx' dx’ +Ldtdz)+~-, (6.18)
}"
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where 7 is given by r = 772 /(2¢). Expressed in terms of a radial coordinate p for which the radial
term in the metric is exactly £2dp?/p?, the expansion takes the form

2dp*  p? 384a0¢° 1284%¢0\ . .
2 _ 2 2
dsy=—7+ K—2[<1 - W)(—dt +dz”) + (1 5,7 )dx’ dx'
32/2/3a%03
%

dtdz] 4+ (6.19)

The energy and z-momentum per unit 5-volume spanned by (z, x'), calculated using the re-
sults in Appendix A, are given by

_ 24/6a3

E =0, P
LA

(6.20)

6.3. Dyonic string and AdS3; wormholes

The dyonic string is a six-dimensional solution supported by a 3-form field strength, corre-
sponding to the Lagrangian (3.1), but with D =6,n=3and N = 1. The solution can be lifted
to D = 10 and viewed as either the D1/D5 system or the NS-NS-1/NS-NS-5 system.

There are two dyonic string wormhole solutions. The first one can be obtained by lifting the
magnetic string solution of the U (1)? theory obtained in [16] to six dimensions. It is given by
1 (r2 —2asr —a? dacr r? 4+ 2asr — a2dz2>

dsg = (HeHp) 2 dr? dirdz —
S6 = (HeHp) 2+ a2 T pdde 2+ a2

+ (HeHm)% (f[dr2 + (r* +a?)(d6* + sin20d¢2)] + fla* (dy + ncos@dqb)z),

1 He> 1
= —log| — |, Fa3y=dAp), Apy=—dt Ndz+ qgnacosOdo Ady,
%] NG g<Hm 3 @ @=q qm ¥

r r r
H =«a,— de arctan(—), H, =, — am arctan(—), f=a— narctan(—).
a a

a a a

(6.21)
In this solution, the level surface of the four-dimensional transverse is not spherical symmetric,
but a squashed S3. This solution is effectively the same as the one discussed earlier, and we shall
not analyse it further.
There is another dyonic string wormhole solution that is spherically symmetric on the S3,
given by

+ (HeHm)’% (cosv(—dt? +dz?) + 2sinvdr dz),

1 H -1 -1
(p:Elog(H—;), F3y=dt Ndz AdH; ' + *6(dt Adz AdH,, '),
9e dm 1
H,=c,— —u, H,=c, — —u, v:—x/g(n—Zu). (6.22)
a? a? 2
The coordinate u is related to the original » coordinate by
/12 4242
siny = Y- (6.23)

}’2+a2



312 A. Bergman et al. / Nuclear Physics B 810 (2009) 300-315

In order for the metric to be asymptotic to AdS3 for r — oo, it is necessary to choose ¢, =
7qe/(2a%) and ¢, = g,/ (2a%). For simplicity, let us consider the case with g. = g = ¢,,. We
can reduce the solution on the three sphere, with the reduction ansatz given by

dsg = e2‘wds§ + e_%o“pq d.Q(23), F3=2q (9(3) + q3/264a(’06(3)). (6.24)
The resulting three-dimensional Lagrangian is given by
1
L= ./_—g<R - E(a@2 — V), V=—q (657 — 4¢"¥). (6.25)

The corresponding D = 3 metric is given by
a® [ H*a*du? H?
€

We now take the limit of r — 00, and compare the solution with the metric in the Poincaré patch.
We find that the metric becomes

£2 3a? ,02 p2 24/3a?
2 _ 2 2 2
dS3 = pd,o + <1 - m) <_Z_2dt + _£2 dz ) - 22 dtdZ+"', (627)

ds} = (cosv(—dt* +dz*) + 2sinvdt dz):| : (6.26)

4coslu cos3u

where (> =g.
Note that for general electric and magnetic charges (g., ), we have £ = ,/q.q, . Up to the
order of 1/p? in the cross-term and 1/p* in the rest, this is precisely the metric given in (4.10).

7. Conclusions

In this paper, we have constructed various examples of smooth Lorentzian-signature worm-
holes in supergravity theories. In general, the solutions are supported by gravity, a dilatonic
scalar, and a p-form field strength, and the resulting wormhole connects two asymptotic regions
that are locally flat. Of particular interest are the cases where only the metric and the p-form are
involved. In these non-dilatonic cases, the parameters in the solution can be adjusted so that one
of the asymptotic regions approaches AdS.
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Appendix A. Conformal mass for asymptotically AdS geometries
In any spacetime that approaches AdS sufficiently rapidly at infinity, we can define conserved

charges associated with each of the asymptotic Killing vectors. In particular, by taking the appro-
priate asymptotically timelike Killing vector, we can calculate the total mass, or energy, of the
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spacetime. There are various ways in which this can be done (see, for example, [27] for a discus-
sion), but the simplest and most straightforward is based on a procedure involving a calculation
on the conformal boundary of the spacetime, developed by Ashtekar, Magnon and Das [28,29].
In this appendix, we show how this AMD approach may be used to calculate the energy and the
momentum of the AdS wormhole solutions that we have constructed in this paper.

There are two types of boundary that are of particular interest when one considers an asymp-
totically AdS spacetime. One of these is the boundary at large radius in a global coordinate
system, for which the boundary topology is Rx Sphere. (It is assumed here that we are working
in the universal covering space CAdS of AdS, in which time ranges over the entire real line rather
than being periodically identified.) The other boundary of interest is the one that arises when one
considers the Poincaré patch of AdS, for which the boundary is just Minkowski spacetime.

Descriptions of the bulk AdS metrics in these two cases can be given in a unified form, by

writing the D-dimensional metric, which satisfies R, = —(D — I)Z_zgw,, as
2 2 5.2 dr? )
dsDz—w dt +W+r da)D_Z, (A.1)
where
du? r2
2 2 162 2 _ 42
da)sz—l_ikzuz+u d.QD73, w —k +£—2 (A2)

For any non-vanishing k, d a)ZD_2 is the metric on a round sphere S?~2 of radius 1/k, and (A.1) is
ametric on AdSp in global coordinates. The scale size k can be absorbed by means of coordinate
rescalings so that any non-zero k can be set equal to 1 without loss of generality. If kK = 0, on the
other hand, the metric (A.1) instead describes the Poincaré patch of AdS.2

The use of the AMD method to calculate the mass of various higher-dimensional asymptot-
ically AdS black holes was described in [30] and [27]. In all these examples, the black hole
metrics were asymptotic to global AdS. However, in the AdS wormhole solutions that we have
constructed in this paper, the asymptotic form approaches the Poincaré patch of AdS. It is in-
structive, therefore, first to check how the AMD calculation of the mass works in a simple k =0
example.

The conformal boundary of AdS in either case can be brought in from infinity by rescaling
the metric with a conformal factor

2= { (A.3)
r

to give g,y = ng,w. Let C_’“Um to be the Weyl tensor of the metric g, and n, = 9,§2. The
conserved charge Q[K] associated to the asympotic Killing vector K is then given by

¢ _ 3
- - N v
O[K] = e 755 ,K'dZ,,
X

El, =223 Pialiao Cl .y (A.4)

2 One can also take k2 to be negative, in which case the metric (A.1) describes de Sitter spacetime, and d“’%)_z is

the metric on a hyperboloid of constant negative curvature. Including the possibility of negative k2, one can always, by
means of coordinate scalings, set kK2 tobe0,1or —1, depending on whether it is initially zero, positive or negative.
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In order to define the energy, one takes K = d/0¢, to give

Y4 _ _
E= D3 f gL dx,. (A.5)
X

In the case of our AdS wormhole solutions, we can also obtain the linear momentum along the z
direction, by taking K = 9/dz, giving

1 o
P= myﬁggdzp (A.6)
P

A simple example that illustrates the calculation of the AMD mass for both the k = 1 and
k = 0 cases is provided by charged non-rotating black holes in five-dimensional minimal gauged
supergravity. The solution can be written as

ds; = fH 2dt* + H(f'dt* +r’ds3),

k2
A=v3(1— B [Py, (A7)
q
where
f=R-Lygrw. H=1+2%, (AB)
r r
and
2 du? PY)
dS3 = m +u sz (A9)

Here g = 1/¢. Note that ds32 is a metric on a 3-sphere of radius k~!. The solution is valid for any
k, including k = 0.
Calculating the thermodynamic quantities, we find

_wg+ry)? - K2rd +82(2r2 —q)(q +13)?
2k3 ' 271'r_%(q + r_%_)3/2
n«/Sq\/q + ri\/k%i +g2(q +713)? ./Sq\/kzr_%_ +g2(q +712)?
Q = k3r 9 ¢ = 2 9
+ dryn/q + 1y
3rlk*ri(2q +r]) + g2 (g +r)’]
8k3r3

where r4 is the largest root of f(r) =0. E here is calculated using the AMD procedure. These
quantities satisfy the first law of thermodynamics,

S

’

E= , (A.10)

dE=TdS+®dQ, (A.11)

for any arbitrary constant value for &, including k = 0.

All of E, S and Q have a factor k3 in the denominator. This is associated with the fact that
ds32 describes a 3-sphere of radius k! In the limit where k — 0, corresponding to the black hole
with flat horizon, we should multiply E, S and Q by k> before taking the limit, and interpret the
rescaled quantities as the energy, entropy and charge per unit 3-volume. (Or else, re-interpret the
metric ds32 as being defined on T3, and so take f \/g_3d3x to be the volume of the T3.)
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