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Abstract

Consider the continuity of left translations in theLUC-compactificationGLUC of a locally com-
pact groupG. For everyX ⊆ G, let κ(X) be the minimal cardinality of a compact covering ofX

in G. LetU(G) be the points inGLUC that are not in the closure of anyX ⊆ G with κ(X) < κ(G).
We show that the points at which no left translation inU(G) is continuous are dense inU(G). This
result is a generalization of a theorem by van Douwen concerning discrete groups. We obtai
proof for the fact that the topological center ofGLUC \ G is empty.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction

This paper extends and unifies the known results concerning the continuity o
translations in theLUC-compactificationGLUC of a locally compact groupG. The most
important result in this area is due to Lau and Pym [6]: the topological center ofGLUC is
G; that is, no left translation by a member ofG∗ = GLUC \ G is continuous on the whol
GLUC. Already Ruppert [10] proved this result for significant classes of groups, inclu
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connected groups. In their proof, Lau and Pym used Ruppert’s work to reduce the qu
to totally disconnected groups.

Recently, Protasov and Pym [8] have shown that the topological center ofG∗ is empty.
In the case ofσ -compact groups, they showed a far stronger result: there exist poi
G∗ at whichno left translation in the semigroupG∗ is continuous, and moreover, the
points are dense inG∗. The main theorem of this paper extends this result to all loc
compact groups, but the formulation of this extension is not the most obvious one, ob
simply by discarding the assumption ofσ -compactness. In fact, Protasov [7] has shown
the existence of measurable cardinals would imply that the set of points at which n
translation is continuous is not always dense inG∗. Instead of considering the wholeG∗,
we shall restrict ourselves to the “uniform points” inGLUC, a set coinciding withG∗ when
G is σ -compact. The basis for this approach is a theorem by van Douwen. Denote
of uniform ultrafilters on a discrete groupG by U(G), which is a closed subsemigroup
the Stone–̌Cech compactificationβG of G. Then van Douwen’s result [4, Theorem 9.
says that points at which no left translation inU(G) is continuous are dense inU(G). (The
paper [4] was published after van Douwen’s death. Van Douwen announced the re
Theorem 9.7] in a letter to Neil Hindman but without a proof; the proof in [4] is due to
Hindman and Jan Pelant.)

We shall generalize van Douwen’s result to all locally compact groups by replacin
Stone–̌Cech compactification with theLUC-compactification and by generalizing the co
cept of uniform ultrafilters. Define the compact covering numberκ(X) of X ⊆ G to be the
minimal cardinality of a compact covering ofX in G. LetU(G) be the set of points inGLUC

that are not in the closure of any subset ofG with a compact covering number less th
κ(G). ThenU(G) is a closed subsemigroup ofGLUC. In the case thatG is discrete,U(G)

may be identified with the set of uniform ultrafilters onG. The main theorem of this pape
reads exactly as van Douwen’s theorem, but now in the context ofLUC-compactifications
of locally compact groups.

Theorem. There is a dense set inU(G) consisting of points at which no left translation
the semigroupU(G) is continuous.

The phrase “left translation in the semigroupU(G)” means “left translation by a mem
ber of U(G) restricted toU(G)”. Besides generalizing van Douwen’s result, the m
theorem is also an extension of the result by Protasov and Pym becauseU(G) = G∗ if
G is σ -compact. Furthermore, an application of this theorem gives a new proof for th
that the topological center ofG∗ is empty.

2. Prerequisites

Next we shall review the formal definitions used in this paper. Throughout the p
G is a noncompact, locally compact group. A semigroupS that is also a topological space
calledright topologicalif all right translationss �→ st are continuous onS. Thetopological
centerof a right topological semigroupS is the set of allt in S such that the left translatio
s �→ ts is continuous. Asemigroup compactificationof G is a compact right topologica
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semigroupS with a continuous homomorphismφ :G → S such thatφ(G) is dense inS
and is included in the topological center ofS. A semigroup compactification(S,φ) is said
to have thejoint continuity propertyif the multiplication is jointly continuous onφ(G)×S.
Now theLUC-compactificationGLUC of G is the largest semigroup compactification ofG

that has the joint continuity property (“largest” meaning that every other such semi
compactification is a quotient of theLUC-compactification). SinceG is locally compact,
Ellis’s joint continuity theorem implies that theLUC-compactification is, in fact, the large
among all semigroup compactifications ofG. TheLUC-compactification may be realize
as the spectrum of the C*-algebra consisting of all left uniformly continuous func
onG; a functionf :G → C is left uniformly continuousif s �→ �sf , where�sf (t) = f (st),
is a continuous map fromG to the space of bounded continuous functions onG with the
uniform norm. Since the continuous homomorphism associated with theLUC-compactifi-
cation ofG is an isomorphism and a homeomorphism, we may identifyG with its image
in GLUC. See [2] for a comprehensive treatment of semigroup compactifications.

In order to generalize van Douwen’s theorem for locally compact groups, we shal
eralize the notion of uniform ultrafilter for locally compact groups as done in [5]. For e
subsetX of G, let κ(X) be the minimal cardinality of a compact covering ofX (that is,
the minimal number of compact sets inG needed to coverX). For simplicity, denoteκ(G)

by κ . Define the “norm” ofx in GLUC by

‖x‖ = min
{
κ(X); X ⊆ G andx ∈ X

}
.

(Throughout this paper, the overbar denotes the closure inGLUC.) Let U(G) be the set o
all x in GLUC with ‖x‖ = κ . If G is discrete, thenU(G) corresponds to the set of unifor
ultrafilters onG; if G isσ -compact, thenU(G) isG∗ = GLUC\G. Using the local structur
theorem from [9], it is easy to see thatU(G) is closed inGLUC. Then the continuity of righ
translations implies thatU(G) is a left ideal inGLUC.

We say thatX ⊆ G is left uniformly discretewith respect to a neighborhoodU of the
identity if Us ∩ Ut = ∅ for everys 	= t in X. If X is a left uniformly discrete subset ofG,
then the closure ofX in GLUC is homeomorphic with the Stone–Čech compactification
βX of the discrete spaceX (see, for example, [9]).

3. The results

We shall need the following lemma to prove the main theorem. In particular, this le
shows that ifH is an open subgroup ofG, thenH LUC ∼= H is a closed and open subsem
group ofGLUC.

Lemma 1. If H is an open subgroup ofG andA ⊆ G, thenHA is open inGLUC.

Proof. The characteristic functionχHA is left uniformly continuous, so it has a uniqu
continuous extension toGLUC. Since this extension is the characteristic function ofHA, it
follows thatHA is open inGLUC. �



P. Salmi / Topology and its Applications 153 (2005) 640–646 643

use

n

s

in the

ic

bset

t

In the proof of the following generalization of van Douwen’s theorem, we shall
some machinery from [4], but our proof is direct and simpler than the one in [4].

Theorem 2. There is a dense set inU(G) consisting of points at which no left translatio
in the semigroupU(G) is continuous.

Proof. We split the proof into two cases: cfκ � ω1 and cfκ = ω. (Recall that the cofinality
cfκ of κ is the minimal cardinality of a cofinal subset ofκ .) The σ -compact case i
covered by [8] and with minor changes that proof works for anyκ with cfκ = ω. For
completeness, we shall sketch a proof also for this case, but the main interest lies
case when cfκ � ω1.

Casecfκ � ω1. Let N be a closed neighborhood inGLUC of a point inU(G). Our ob-
jective is to find a pointx in N ∩U(G) such that no left translation in the semigroupU(G)

is continuous atx. To this end, we shall construct a “thin” setT in N ∩ G and consider the
closureT ∼= βT .

Let H be an openσ -compact subgroup ofG (for example, pick any compact symmetr
neighborhoodU of the identity and putH = ⋃∞

n=1 Un). The number of right cosets ofH is
κ because each compact set inG meets only finitely many cosets ofH . Form a set{uα}α<κ

by picking exactly one representative from each right coset ofH . Put

Aα =
⋃

β�α

Huβ (α < κ),

and note thatκ(Aα) = max{ω, |α|}. SinceN is a neighborhood of a point inU(G), it
follows thatκ(N ∩ G) = κ . Therefore, we can construct by transfinite induction a su
T = {tα}α<κ of N ∩ G such that

Aαtα ∩ Aβtβ = ∅ wheneverα 	= β in κ. (1)

The setT is left uniformly discrete so the closure ofT in GLUC is homeomorphic
with βT . Denote the setT ∩ U(G) by U(T ), and notice that the identification ofT with
βT associatesU(T ) with the set of uniform ultrafilters on the setT . SinceN is closed,
U(T ) ⊆ N ∩ U(G).

By [4, Lemma 9.6], there is a pointx in U(T ) and a (transfinite) sequence{xi}i<cfκ in
U(T ) such that

xi → x, butx /∈ {xi}i<j for anyj < cfκ. (2)

(As argued in [4],U(T ) includes a copy of the Gleason space of 22κ
[3, proof of Corol-

lary 7.15], so we can apply [1, Theorem 3.5] to obtain the sequence{xi}i<cfκ and the
pointx.) To complete this case, it suffices to show thatyxi 	→ yx for anyy in U(G).

Let {λi}i<cfκ be an increasing cofinal sequence inκ . Applying (2) and recalling tha
T ∼= βT , we see that for everyj < cfκ there exists a subsetTj of T such that

x ∈ Tj and Tj ∩ {xi}i<j = ∅.

Since‖x‖ = κ , we can assume without loss of generality that for everyj < cfκ

Tj ∩ {tα}α<λj
= ∅. (3)
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Defineµ(α) = min{i; α � λi}. Sinceα � λµ(α), it follows from (3) that

Tµ(α) ∩ {tβ}β<α = ∅ (4)

for everyα < κ . Put

X =
⋃

α<κ

HuαTµ(α).

Note that the closureX is open inGLUC by Lemma 1. We shall prove that ify ∈ U(G),
thenyx ∈ X butyxi /∈ X for anyi < cfκ .

Now we shall show thatyx ∈ X for everyy in GLUC. Let s ∈ G. Thens belongs to one
of the right cosets ofH , so sTµ(α) ⊆ X for someα < κ . Sincex ∈ Tµ(α), it follows that
sx ∈ sTµ(α) ⊆ X. Takings → y, we see thatyx ∈ X.

To prove thatyxi /∈ X for anyy in U(G) andi < cfκ , we need the inclusion

T ∩ {s ∈ G; Huγ s ∩ X 	= ∅} ⊆ Tµ(γ ) ∪ {tδ}δ<γ (γ < κ). (5)

To verify (5), suppose thatHuγ tα ∩X 	= ∅ for someα < κ . If α < γ , we are done. Suppos
thatα � γ . By the definition ofX,

Huγ tα ∩ Huδtβ 	= ∅ (6)

for sometβ in Tµ(δ). By (4), β � δ. Now Huγ ⊆ Aα becauseα � γ , andHuδ ⊆ Aβ

becauseβ � δ. By (1) and (6),α = β. So Huγ ∩ Huδ 	= ∅, which implies thatγ = δ.
Hencetα = tβ belongs toTµ(δ) = Tµ(γ ), which confirms (5).

Now we are ready to show thatyxi /∈ X whenevery ∈ U(G) and i < cfκ . Fix α < κ

such thatxi /∈ Tµ(β) for any β > α (any α with µ(α) > i will do). We start by showing
that sxi /∈ X if s ∈ G \ Aα . Suppose to the contrary that there existss in G \ Aα such
thatxi ∈ s−1X = s−1X. For someγ < κ , the points is in Huγ . Note thatγ > α because
s /∈ Aα . Now X = s(s−1X) ⊆ Huγ (s−1X), soHuγ v ∩ X 	= ∅ for everyv in s−1X. Then
it follows from (5) that

T ∩ s−1X ⊆ Tµ(γ ) ∪ {tδ}δ<γ . (7)

SinceX is open,s−1X is an open neighborhood ofxi in GLUC. Thereforexi is in the
closure ofT ∩ s−1X. But X is closed inG because the complement ofX is a union of
cosets of an open subgroup, and soG ∩ s−1X = s−1X. HenceT ∩ s−1X = T ∩ s−1X. It
follows from (7) thatxi ∈ Tµ(γ ) ∪ {tδ}δ�γ . But ‖xi‖ = κ , so xi ∈ Tµ(γ ), a contradiction
with the choice ofα. Thereforesxi /∈ X whenevers ∈ G \ Aα . Taking s → y, which is
possible because‖y‖ = κ andκ(Aα) = max{ω, |α|}, we see thatyxi /∈ X (recall thatX is
open inGLUC).

We have shown that, for anyy in U(G), the setX is a neighborhood ofyx whileyxi /∈ X

for any i < cfκ . Sincexi → x andyxi 	→ yx, the left translation byy is not continuous
atx.

Casecfκ = ω. LetN be a closed neighborhood inGLUC of a point inU(G). We shall find
a pointx in N ∩ U(G) such that no left translation in the semigroupU(G) is continuous
atx.
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Since cfκ = ω, there is an increasing cofinal sequence{λn}n<ω in κ . Let U be a sym-
metric, relatively compact, open neighborhood of the identity inG. Let {Aα}α<κ be a cover
of G such that

U ⊆ A0,
⋃

β<α

UAβ ⊆ Aα, and κ(Aα) � |α|

for every α < κ . An application of transfinite induction gives a subsetT = {tα}α<κ of
N ∩ G such that

Aαtα ∩ Aβtβ = ∅ wheneverα 	= β.

Similarly as in the earlier case, the setT is left uniformly discrete and we may identifyT
with βT . DenoteT ∩ U(G) by U(T ), and notice thatU(T ) ⊆ N ∩ U(G).

Let x ∈ U(T ) such thatx is not aP -point in U(T ). Then there exist setsT = T1 ⊇
T2 ⊇ · · · such that, for everyn = 1, 2, . . .

• Tn ∩ U(T ) is a neighborhood ofx in U(T ),
• ⋂∞

k=1 Tk ∩ U(T ) is not a neighborhood ofx in U(T ),
• {tα}α<λn ∩ Tn = ∅.

For everyα < κ , there is a uniquen(α) such thattα ∈ Tn(α) \ Tn(α)+1. Note thatλn(α) � α

by the third condition imposed on the setsTn.
Now Aλn(α)

tα ∩ (Aβ \ Aλn(β)
)tβ = ∅ for everyα,β < κ . Put

A =
⋃

α<κ

Aλ(n(α)−1)
tα and B =

⋃

β<κ

(Aβ \ Aλn(β)
)tβ,

so thatUA ∩ B = ∅ (recall thatUAα ⊆ Aα+1). Then there exists a left uniformly con
tinuous functionf on G such thatf = 1 on A andf = 0 on B. Denote the continuou
extension off to GLUC by f̃ .

Let y ∈ U(G). Similarly as in [8], we see that̃f (yx) = 1 and that, for everyE ⊆ T

with x ∈ E, there existsxE ∈ E ∩ U(T ) such thatf̃ (yxE) = 0. Sof̃ (yxE) 	→ f̃ (yx) and
thereforeyxE 	→ yx, althoughxE → x. �

The following theorem is due to Protasov and Pym [8], but with the preceding the
we obtain a new proof.

Theorem 3. The topological center ofG∗ is empty.

Proof. Let y ∈ G∗. Let E ⊆ G such thaty ∈ E andκ(E) = ‖y‖. If H denotes the sub
group ofG generated byE, thenκ(H) = ‖y‖. The closure ofH in GLUC may be identified
with H LUC, andy ∈ U(H). Pick x from U(H) ⊆ G∗ such that the left translation byy is
not continuous atx (Theorem 2). �
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