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Abstract

The reproducing kernel function of a weighted Bergman space over domains in €4 is known explicitly
in only a small number of instances. Here, we introduce a process of orthogonal norm expansion along a
subvariety of (complex) codimension 1, which also leads to a series expansion of the reproducing kernel
in terms of reproducing kernels defined on the subvariety. The problem of finding the reproducing kernel
is thus reduced to the same kind of problem when one of the two entries is on the subvariety. A complete
expansion of the reproducing kernel may be achieved in this manner. We carry this out in dimension d = 2
for certain classes of weighted Bergman spaces over the bidisk (with the diagonal z; = z; as subvariety)
and the ball (with zp = 0 as subvariety), as well as for a weighted Bargmann—Fock space over C2 (with the
diagonal z| = zp as subvariety).
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The general setup. Let £2 be an open connected set in c4 (d=1,2,3,...). A separable Hilbert
space H(£2) (over the complex field C) of holomorphic functions on §2 is given, such that the
point evaluations at points of £2 are bounded linear functionals on H(£2). By a standard result in
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Hilbert space theory, then, to each point w € §2, there corresponds an element k,, € H(£2) such
that

fw)={f kw)Hw), [feHE).

Usually, we write k(z, w) = ky(z), and when we need to emphasize the space, we write kM)
in place of k. The function k7t?) is the reproducing kernel of H($2). It is in general a difficult
problem to calculate the reproducing kernel explicitly. Of course, in terms of an orthonormal
basis ey, ez, e3, ... for H(§2), the answer is easy:

+00

k(z,w) =) en(2)En(w).

n=1

In most situations where no obvious orthogonal basis is present, this requires application of the
rather complicated Gram—Schmidt orthogonalization procedure. Here, we introduce a method
which has the potential to supply the reproducing kernel in a more digestible form. The method
also supplies an expansion of the norm in H(£2) in terms of norms of “generalized restrictions”
along an analytic variety of codimension 1.

Let p:C¢ — C be a nontrivial polynomial of d variables, and let Z p be the variety

Z,={z€R: p(z) =0},

which we assume to be nonempty. We also assume that p has nonvanishing gradient along Z,,.
This assures us that a holomorphic function in §2 that vanishes on Z,, is analytically divisible
by p in £2. The assumptions made here are excessive, and may be relaxed substantially with-
out substantially altering the assertions made in the sequel. For instance, 2 might instead be a
d-dimensional complex manifold, and p an arbitrary analytic function on §2 with nonvanishing
gradient along its zero set. For N =0, 1, 2,3, ..., the subspace of H(£2) consisting functions
holomorphically divisible in 2 by p” is denoted by Ny (£2); it is easy to show that Ny (£2) is a
closed subspace of H(£2). We also need the difference space

My (2) =Ny (2) © Ny+1(R2),
which is a closed subspace of Ny (£2). Let Py stand for the orthogonal projection H(£2) —
Ny (£2), while Qy is the orthogonal projection H(£2) — My (£2). Let Hy (£2) be the Hilbert
space of analytic functions f on £2 such that p" f € H(£2), with norm

1/ Iy = 12" f |0y

Clearly, the operator M I’,V of multiplication by p" is an isometric isomorphism Hy (£2) —

Nn(£2).

The norm expansion. We obtain a natural orthogonal decomposition

+00 oo
g=>_0ng  ligliye =Y. 10Nl q) (1.1)
N=0 N=0
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since

+00
() Nn(£2)=1{0}, (1.2)

N=0

which expresses the fact that no analytic function on £2 may be holomorphically divisible by p*
for all positive integers N unless the function vanishes identically. In other words, we have an
orthogonal decomposition

+00
H(R2) = P My ().
N=0

If we introduce the operator Ry : H(£2) — Hy (£2) defined by Ryg = (Qng)/p" . itis possible
to write the above decomposition in the form

+00 +00
g=> P Ryg.  llgliye =D IRl (o)
N=0 N=0

The space of restrictions to Z,, of the functions in Hy (£2) is denoted by Hy (Zp). It is supplied
with the induced Hilbert space norm

I f 11y z,) = inf{llglry2): & € Hy(2) with glz, = f}.

Let Gy (£2) denote the closed subspace of My (£2) consisting of g with p¥ g € My (£2). Also,
let @, denote the operation of taking the restriction to Z,, of a function defined on £2. It is easy
to see that we have

gl#y 2 = 12p8lHyz,) (1.3)

if and only if g € Gy (£2) (we recall that g € Hy (£2) means that pV¥ g € Ny (£2)). By polariz-
ing (1.3), we find that

(f. 8 Hy) = (@pf. @Qp&)Hy @z, [.8 EGN(S2). (1.4)

We may now rewrite the orthogonal decomposition in yet another guise (for g € H(£2)):

+o0 oo
g= r"Rvg, gl = D I@pRNEl31yz,): (1.5)
N=0 N=0

In a practical situation, if we want to make use of this norm decomposition, we need to be
able to characterize the restriction spaces Hy(Zp) in terms of a condition on Z,, (which has
codimension 1), and also to characterize the operators Ry = @, Ry . This is quite often possible.
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Expansion of the reproducing kernel. The above orthogonal decomposition corresponds to a
reproducing kernel decomposition

+o0 +o0
KD (2 w) = > KMV 2wy =3 p@)™ pw)V kD (7, w). (1.6)
N=0 N=0

Sometimes it is possible to characterize the restriction of KMvE) 10 2 x 7 p (and hence, by sym-
metry, to Z, x §2 as well). One way this may happen is as follows. Firstly, there is a certain point
w’eZ p for which it is easy to calculate the function z KT (7 w0) explicitly. Secondly,
the automorphism group of §2 is fat enough, in the sense that to each w € Z, there exists an au-
tomorphism of £2 which sends w® to w. Moreover, to each automorphism we need an associated
unitary operator on H y (§2) of composition type (in more detail, it should be of the type MrCy,
where Cy f = f o ¢ and ¢ is the automorphism in question, while My denotes multiplication
by a zero-free analytic function F'). The automorphisms allow us to calculate KHNE) (2, w) for
w € Z, knowing KTt (7 w0). Note that on the set £ x Z,, the two reproducing kernels
KHN () and k9% () coincide.
Our goal is to express k71?)_ Consider for a moment the following inner product:

In(z, w) = (@pkl VD @, kTN (D) (z,w) € 2 x 2. (1.7)

HN(Zp)’

Clearly, Iy (z, w) is analytic in z and antianalytic in w. Since kTN () and k972 coincide on
the set §2 x Z,, we have

InGzow) = (@pkg @ @ kD),

and if we apply (1.4), we get

In(z,w) = (kg8 kD) = kD (), (1.8)

By (1.6), we may now write down the desired explicit formula for k71¢?) | valid on £ x £2:

+o00
KD wy =" p@Y p)(@pk M@ @, k@), . (1.9)
N=0

Applications. In Section 2, we carry out this program for classes of weighted Bergman spaces
on the bidisk (with p(z1, z2) = z1 — z2), while in Section 3, we do the same thing for the balls
in C? (with p(z1, z2) = z2). Finally, in Section 4, we apply the technique to weighted Bargmann—
Fock spaces on C2 (with p(z1, z2) = z1 — 22).

We remark that the first norm decomposition of this type for the bidisk was obtained by
Hedenmalm and Shimorin [4], who used it to substantially improve the previously known esti-
mates of the integral means spectrum for conformal maps.
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A trivial example. Let dA denote the normalized area element in the plane,

1
dA(z) = —dxdy, wherez=ux+1iy, (1.10)
T

and for o, —1 < o < 400, we consider the following weighted area element in the unit disk
D={zeC: |z] <1}

dAa(2) = (@ + (1 — [z*)* dA(2). (1.11)

It is a probability measure in . The Hilbert space Aé (D) consists of all analytic functions g in
D subject to the norm boundedness condition

lglly =/|g(z)|2dAa(z) < +o0. (1.12)
D

Fix «, and consider the space H(D) = Ai (D) and the polynomial p(z) = z. Then the space
Ny (D) consists of all functions that have a zero of order N at the origin, while Ny (D) ©
Ny+1(D) is just the linear span of the function zV. We readily find that the orthogonal ex-
pansion (1.5) condenses to the familiar

+o00 +00 NI
@)=Y ", llgla=) ———lenl,
N=0 N0 @+ 2N

where (x), is the familiar Pochhammer symbol. The reproducing kernel for the space Ag (D) is
well known:

+00

k(zw)=)" (a;ﬂz’vaﬂv = (1 —zw) 2%
N=0 ’

The interesting thing is that the method outlined above applies to give the indicated representation
of the reproducing kernel.

For background material on the weighted Bergman spaces Ai (D), see [3].

Quotient Hilbert modules. Under some natural additional assumptions, Douglas and Misra
[2] characterize the quotient space (module, if we assume the existence of a natural algebra of
multipliers)

H($2)/ Ny (£2) = H(2) © NN (£2)
in terms of vector bundles over Z,,. In our setting, let D, be the complex derivation (f € H(£2))

Dpf()=(V (@), Vp@)es z€R2.

(72 52)
V=—o,d..., —
921 0z4

Here,
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is the complex-analytic gradient. We should then expect that f € H(£2) © Ny (§2) may be iden-
tified with the vector-valued function (section of the vector bundle)

(f(2).Dpf(@).Drf(2)..... DN f(2))., z€Zp.

Indeed, it is easy to see that the above section vanishes on Z, if and only if f € Ny (£2).
Moreover, the corresponding partial sum of the norm expansion (1.5) (with f in place of g)
may then be viewed as a norm on the section. This will become clearer in the applications (see
Sections 2-4).

Notation. In the rest of the paper, the notation for reproducing kernels is slightly different
(with letters P and Q instead of k). Also, we should point out that in the sequel, the notation is
consistent within each section, but not necessarily between sections. This mainly applies to the
spaces and their reproducing kernels, as we intentionally use very similar notation to demonstrate
the analogy between the three cases we study (bidisk, ball, Bargmann—Fock).

2. Weighted Bergman spaces in the bidisk
Preliminaries. The unit bidisk in C? is the set
D? = {z=(z1.22) eC® |zl <1, |22l < 1}.

For a survey of the function theory of the bidisk, we refer to [6]; see also [5] and [1]. Fix real
parameters «, 8,6,V with —1 < «, 8,0, ¥ < +00. We consider the Hilbert space Liyﬁ’e’ﬁ(ﬂ)z)
of all (equivalence classes of) Borel measurable functions f in the bidisk subject to the norm
boundedness condition

2 _
1£12.5.0. =f!f(m,zz)| 11— Z2211% 21 — 22/% dAg(21) dAg (z2) < 400,
]D)Z

where the notation is as in (1.11); we let (-,-)q, ,3 9,9 denote the associated sesquilinear inner
product. The weighted Bergman space A2 @0, 79(]]]) ) is the subspace of L 8.0, 79(]]]) ) consisting
of functions holomorphic in the bidisk. We need to impose a further restrlctlon on the parameters
o, B,0,0:

a+B+204+294+3>0;

then the constant function 1 will belong to the space A @00 (D?).
The reproducing kernel for A2 @.B.0.0 (D?) will be denoted by

Po.g.0,9 = Pa,p0,9(, w),
where we adhere to the notational convention
z=(z1,22), w = (w, w2)

for points in C2. The kernel defines an orthogonal projection of the space qu 0.9 (D?) onto the
weighted Bergman space via the formula
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Po 0.0 f1(2) = (f. Papo.o D)y 9.9

= / FW)Popo.0(z w1 — wow ¥ |wy — wa|*? dAg(w1)dAg(w2);  (2.1)
]D)Z

as indicated, we shall write Py g 9.5[ f] for the projection of a function f € Lg, 80,9 (]D)z).
In the case 6 = ¥ = 0, the reproducing kernel is readily computed:

1
(1 — w1z T2(1 — wazp)A+2’

Py g.0,0(z, w) =

We consider the polynomial p(z1,z2) = z1 — z2 in the context of the introduction. In par-
ticular, for non-negative integers N, we consider the subspaces Ny .., ~ (D?) of functions in
Ai £.0.0 (D?) that vanish up to order N along the diagonal

diag(D) = {(z1,22) € D*: 21 =22}

Being closed subspaces of a reproducing kernel space, the spaces Ny g.9,9, ~ (D?) possess repro-
ducing kernels of their own. We shall write

Po,p.0.9,N = Pa,p0,9.n (2, w)
for these kernel functions. The operators associated with the kernels project the space
Li’ﬁﬂ’ﬂ(]]]ﬂ) orthogonally onto Na’ﬁ,e,ﬁ,N(Dz). As before, we write Py g .9 5[ f] for the pro-

jection of a function.
Next, we define the spaces Mg g 6,5, v (D?) by setting

Ma,ﬁ,@,z?,N(Dz) :Na’ﬁ,e,ly,N(Dz) o Na,ﬁ,O,N+l ((Cz).

The spaces My g.0,9,8 (D?) also admit reproducing kernels, and their kernel functions are of the
form

Qa.p.6,9.N (2, w) = Py g g9 N2 w)— PyposnN+1(z, w).

We shall write Qg g 9,9 for the kernel Qg g.9,9,0-
We begin with the following observation.

Lemma 2.1. We have
Py poon(zw) = (z1 —22)N (01 — w2)N Pygorn.o(z, w) (2.2)
for z, w e C2.

Proof. After multiplying both sides of (2.1) by (z1 —z2)" and using the fact that |w; — w,|*N =
(w1 — w2)N (W — wy)V, we see that
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(z1—2)N f(2) = / {1 —22)N @1 — w2)N Pagoin,o(zw)}
]D)2

x {(wi —w)" fFw) 1 = wow: 77 [wi — wa|*? dAg (w1) dAg (w2)

forevery f € Aﬁ’ﬂﬁ%_Nﬁ(Dz). From this it follows that (z; — z2)N (w0 — li)z)NPa,ﬁ,9+N,g(z, w)
has the reproducing property for the space Ny, g.9,9,n (D?), and the proof is complete. O

If we write, as in the introduction,
2 2 2
H(D*) = A po.9 (D7),

the argument of the proof of Lemma 2.2 actually shows that we have identified the spaces
Hy (D),

Hy(D?) =A% gosns (D). N=0.1,2,....
At the same time, we have also identified the spaces Gy (D?),
gN(]D)Z) ZMQ,,S,9+N,,9’0(D2), N=0,1,2,....

As a consequence, we get that

Ou.po.o.N (@ w) = (21 — 22)N (W1 — W)Y Qom0 (2, W). (2.3)

By (1.6), we have the kernel function expansion

+o00
Py g0,9(z, w)= Z Ou.p,0,9,N (2, w), 24
N=0

while the orthogonal norm expansion (1.1) reads

+00

1F12 g0 =D | Qupoonlf1s 500 | E€AZpas(D?). (2.5)
N=0

Our next objective is to identify the Hilbert space of restrictions to the diagonal of
Hy (ID)z) = Ai’ B.O+N, 19(ID)2), as well as to calculate the reproducing kernel of Hy (]Dz) on the set

D? x diag(DD).

Unitary operators. The rotation operator Ry (for a real parameter ¢) defined for f e
A7 49.9(D?) by

Ryl f1(z1,22) = f(ez1,¢'%2))

is clearly unitary, and we shall make use of it shortly. The following lemma supplies us with yet
another family of unitary operators.
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Lemma 2.2. For every A € D, the operator

1 — [A|12)%/2+B/2+0+0+2 A — A —
Uil 22) = ——0 D) ( al Zz) 2.6)

(1— le)a+9+ﬂ+2(1 _ )_\ZZ)/S+9+19+2 1— le 11— )_»Zz
is unitary on the space Ai,ﬂﬁ’ﬂ(]l))z), and Uf[f] = f holds for every f € Ai’ﬂ,eﬁ(ﬂ)z).

Proof. For real parameters p and ¢, we define the operator

B )_( 1= 2 )P( 1= |32 >qf<)»—21 A—zz)
AR \a =72 T 1= )

We want to choose p and g so that U), becomes unitary. A change of variables shows that

/’ﬁx[f](21,22)|2|1 —2211* 121 — 2217 dAu (z1) dAg (2)

D?
= /|f(§7 £)| |1 — hg [Pa20420+4—4p|| _ 3¢ [2P+20+20+4—4q
D?

x |1 —E¢1? (¢ — €17 dAq(£) dAg (§)

andweseethat p=14 (0 +6 +v)/2and g =1+ (B + 0 + ©)/2 are the correct choices.
The proof of the second assertion is straightforward and therefore omitted. O

The reproducing kernel on the diagonal. We now use the operators Ry and U, to compute the
reproducing kernel on the set D? x diag(ID). We recall the standard definition of the generalized
Gauss hypergeometric function

ay day as
F

Theorem 2.3. We have that

“+o00

_ (an(a2)n(az)y n
x)‘”,; b2t

Pago.9((z1.22), (wi, w1)) = Qu.p.6.0((21,22), (w1, wy))

B o (o, B.0.9)
T (1 = w2 HOTIH2(] — @y zp)BHOHIA2

for 21,22, w1 € D. Here, o («, B, 0, ¥) is the positive constant given by

1

—_— Y = 1—7 29 _ 20 dA dA
o, B, 6,9) //| 2221177 21 — 22| «(z1)dAg(22)

D D
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. B+DI'(ae+2)I'O+1)
(@+B8+20+20+3)'a+60+2)

% +F 04+1 a+0+0+2 a+60+9+2 1
302 a+0+2  a+p+20+20+4| )

Proof. By the reproducing property of Py g ¢ 5, we have
FO) =(f. Papo.o( 0)>a,ﬁ)9’19,
where 0 this time denotes the origin in C2. The unitarity of Ry gives us
F(O) =(Rs[f1. Ryl Pa,p.0.01C. 0)), 55 5+

and since f(0,0) = Ry[ f1(0, 0), we see from the uniqueness of the reproducing kernel that

Popo.0((€%21,€22),(0,0)) = Py p0.5((z1.22). (0,0)) = Py 0,9 (2, 0).

The function Py g ¢, 5 (z,0) is holomorphic in D? and can be expanded in a power series. After
comparing the series expansion for the expressions on both sides of the above equality, we con-
clude that Py g g, (z, 0) must be a (positive) constant, which we denote by o (o, 8,0, ).

Next, take A € D and f € Ai’ £.0.0 (D?). Since the operators Uj are unitary and since

Uf[f] = f we obtain that

(1- |M2)a/2+ﬂ/2+9+ﬂ+2f(k’ 2) = UrLf10) = (UL f1]. Papo.0(, 0))a,ﬁ,e,ﬂ
=(UZLf1, Us[Pap0.9 0]y 6.0

=0 (o, B.O)(f. Usll]), 4.4 5-

This equality together with the uniqueness of reproducing kernels establishes that

—a/2—B/2—0—9—2
Pup9((@1,22), 0o 1)) =0 (a, B,6,9)(1 — |12) />

Usl11(z1, 22),

which is the desired result. The explicit expression for the constant in terms of an integral over
the bidisk follows if we apply the reproducing property of the kernel applied to the constant
function 1; the evaluation of the integral in terms of the hypergeometric function is done by
performing the change of variables

¢
1—22¢°

<1 22 =122,

and by carrying out some tedious but straightforward calculations. O
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Restrictions of reproducing kernels. From the previous subsection, we have that

o(a, B,0,1)
(1— a)lzl)a+6+z9+2(1 _ @1Z2)/3+0+z9+2'

Po.p0.0((z1,22), (wi, wy)) =

For continuous functions f € Li 8.0 0(]]])2), we use the notation @ f for the restriction to the
diagonal of the function, that is,

@)z = f(z1,z1).
We fix (w1, wi) and apply this operation to the kernel function of Ai, 8.0.9 (D?). We obtain

o(a,B,0,0)
(1 —w1z3 )oz+/3+29+219+4

@Papo.9 (21, (Wi, wy)) =

and we see that the restriction of the kernel coincides with a multiple of the kernel function for
the space Ai +p+20+20 +2(]D>). By the theory of reproducing kernels (see [8]), this means that

the induced norm for the space My, ,3,9’19,()(1[)9) coincides with a multiple of the norm in the
aforementioned weighted Bergman space in the unit disk. An immediate consequence of this
fact is the inequality

1 2 2 2 2
m||@f||a+ﬁ+ze+w+z <Wflapes: [ €AL 05D, 2.7)

and, more importantly, the equality

2
mnwniﬁmﬁmf||Qa,ﬁ,e,ﬁ[f]||a,ﬁ,9,ﬂ, f€Mapono(D?). (28

The notation on the left-hand sides of (2.7) and (2.8) is in conformity with (1.12).
The next step in our program is to compute the kernel function Qy g¢,9. In fact, we can
determine the kernel in terms of an integral formula.

Lemma 2.4. The kernel function for the space My, ﬂ,g,g,o(]]]ﬂ) is given by

0 (z w)z/ o(a,B,0,0)dAatpr20+20+2(8)
A p (A Ez)(1 — Ew) |0 HPH+2[(1 — Ez2) (1 — E) | PH0+0+2

forz,w e D2
Proof. In the notation of the introduction, this is the identity (with N = 0)
gn (2 _ Hn (2 Hy (2
KV )(Z’ w) = (®PkwN( ), @pk; Ve )>HN(Zp)’

which follows from (1.7) and (1.8). O

We may now replace the terms on the right-hand side in (2.5) by norms taken in weighted
spaces in the unit disk.
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Lemma 2.5. For each N =0, 1,2, ..., we have the equality of norms
2 ! Paposnlf1]]
Qu.p.0.0.8Lf] = H®[ ,B.0.0, ’
” o,fp ”oz,ﬂ,e,z? o(a,B,0+N,0) (z1 —z22)N 20291 2N

forall f € A 44 5([D?).
Proof. The statement follows from a combination of (2.2) and (2.8). O

We need one more result in order to complete the norm expansion for the bidisk. In what
follows, we use the notation d,, f for the partial derivative of f with respect to the variable z;.

Lemma 2.6. For k=0, 1,2,..., we have, for each f € A 5, 5 (D),

k
k (@+0+9+n+2in o Py po,0nlf]
ak _ ' a n ,P,0,U, .
ol2;, /] ’;n <n>(a+,3+29+21‘/‘+2n+4)k_n “ ®[ (z1 —z2)"

Proof. We recall that

+00
Pupos@w)= Y (z1—22)" @1 —0)" Quporn.o i w),
N=0
whence it follows that
Lok
@0k Papo.s(z1, (w1, w2)) = Zn'<n> 1 — W)Y @ 57" Qapotn.s (21, (W1, w2)). (2.9)
n=0

Differentiation of the integral formula of Lemma 2.4 and taking the diagonal restriction leads to
the equality

®8§1_n Q. p.0+n,9 (Zl , (wr, wz))
=(+04+9+n+2)_no(a,B,0+n,9)
X / EX " dAutpr2020-42042(8)
(11—
D

£71)aHBH20+20+2n+4—(k=n) (] — £ )@ t0+P+n+2(] — £y )BHO+0+n+2"

We now note that the expression

ék—n

(1 — Egq)atBH20+20+2n+4+(k—n)

is a multiple of the reproducing kernel of the space Ag +A2042042 (), differentiated k —n times.
Invoking the reproducing property of this kernel, we obtain that
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@3?1—11 QOf,ﬂ,QJrn,z?(Zl, (wy, wz))
(@0t n+ 2
(@+ B +20+20 +2n +4)_p

" @ [Papo+n.0 (21, (wi, w2)).

This result, together with the identities (2.9) and (2.2), yields the desired equality, and the proof
is complete. 0O

We remark that Lemma 2.6 is rather the opposite to what we need; it expresses the known
quantity @[8;‘1 f1 in terms of the quantities we should like to understand. Nevertheless, it is
possible to invert the assertion of Lemma 2.6 and express the unknown quantities in terms of
known quantities.

The diagonal norm expansion for the bidisk. The above lemma finally allows us to express
each term in the right-hand side of (2.5) in terms of diagonal restrictions of derivatives of the
original function.

Lemma 2.7. Put

(=N @+6+9+k+2)N-x
TN =) (@+B+20+20 +N+k+3)Nik

ak,N

Then, forall N =0, 1,2, ..., the equality

N
P, -
o[ ] =S nal o 1.

_ N
(21— 22) k=0
holds for each f € Ai’ﬁﬁ’ﬂ(]]]ﬂ).

Proof. In view of the previous lemma it is enough to check that

al k (@+0+0+n+2)n
E ag,Nn! =0du,N,
i n)(a+pB+20+20+2n+4),_,

where 8, y is the Kronecker delta. This amounts to performing some rather straight-forward
calculations. First we note that

@+0+0+k+2)Ni@+0+0+n+Di—n=(2+0+9+24n)N_n

and since this last expression does not depend on k, we can factor it out from the above sum.
This reduces our task to showing that

N

(—I)N_k
]; (N =)k —m) @+ B+20 +20 + N+ k+3)nn(@+tp+20+20+2n+ 4

=6y N-
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We note that this is true when n = N. It remains to show that the left-hand side vanishes whenever
n < N. Next, the fact that

(@+B+204+20+N+k+3)n_i(@+p+20+20+2n+4)_,
(@ +B+20+420+2n+4)on-2n-1
S (e BH204+20+k+n+4)N_n_i

implies that we need only study the sum

N

)t A P YR S
— Nen—1.
2 (N =l —n)!

Shifting the sum by setting j =k —n and M = N — n, introducing the variable
A=a+B+20+20+2n+4,
and performing some manipulations, we find that the above sum transforms to

_1)M

D—l)’( )(HnM I

This is an iterated difference of order M, and as (1)j/—1 is a polynomial of degree M — 1, the
iterated difference vanishes whenever M > 0. The proof is complete. O

We now combine our results and obtain the norm expansion for the unit bidisk.

Theorem 2.8. For any f € Ai’ 8.0.9 (D?), we have

+00 2
1
2 N—k k
||f||a,5‘9,19 Za(a BOLN.D) Zakjval @[BZIf] ,
a+B+204+20+2N+2
where
1 _ B+DT@+2)T@O+1)
o, B, 6,9) (a+B+20+20+3)(a+6+2)
3 F O+1 a+6+09+2 at0+9+2 |
a+60+2  a+B+20+20+4
and

(—DN* (@+60+0+k+2)n_¢
K(N—I) (@+B+20+20+N+k+3)n_i

ak,N =
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The expression for the reproducing kernel of Ag, ﬂ,o,ﬂ(Dz)' We now combine (2.3), (2.4)
and the integral expression for Qg g ¢ ¢ given in Lemma 2.4 and supply an explicit series and
integral expression for the full reproducing kernel function of Ai, 0.9 (D?).

Theorem 2.9. The reproducing kernel function of the space Ag, 0.9 (D?) is

+o00
Popoo(@w)=) o@pB,0+N, ) —2)" @ —w)"

N=0

» / dAg++20+20+28+2(8)
[(1—Ez)(1 = D) H TN E[(1 — E2)(1 — o) PPHOFI N2
D

The weighted Hardy space case. We look at a special case of the identity of Theorem 2.9.
First, we set ¢ = 0 and note that in this case, the expression for the constant o (¢, 8, 6, ¥) reduces
to

1 T(@+2T(B+2TO + DIN(a+ B +20 +3)
o, B.0,00 T(@+0+2Q(B+0+2)T(+p+0+3)’

and if we also put o = 8 = —1, we get

1 B (26 +2)
o(—1,—-1,0,0) 20+ D[CO+ DH]?’

Next, we recall that in the limit « — —1, the weighted measure dA, (z1) degenerates to arc-
length measure on the unit circle. This means that letting @ and g tend to —1 corresponds to
considering the weighted Hardy space ng (D?), with norm defined by

1 B = [ 171 =22 dsn ey a2, 2.10)
T2

where dsj is the normalized Lebesgue measure on the unit circle. Hence, Theorem 2.9 leads to a
norm expansion for the weighted Hardy space. We state this as a corollary.

Corollary 2.10. For any f € H92 (D?), we have

+00 N 2
T'(20 +2N +2) Nk ok
LI ey = D > beyol F ook f]
D?) 2 Nz 21
0 fras 204+2N+ DTG+ N+ 1)] P .

where

=DV O+ k4 Dk
RN =K Q04+ N+k+ Dy

br,n
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3. Weighted Bergman spaces in the unit ball
Preliminaries. The unit ball in C? is the set
B? = {z=G1.22) € C% |zl + 1z < 1}.

For a survey of the function theory of the ball, we refer to [7]; see also [5] and [1]. We consider
weighted spaces Lgﬁ .0 (B?) consisting of (equivalence classes of) Borel measurable functions f

on B? with
2
113 g0 =f|f(z)| 221 (1= 1z =122)" (1 = 21P)” dA (1, 22) < +oc,
B2
where «, 8,60 have —1 < «, 8,0 < 400, and

dA(z1,22) =dA(z1) dA(z2).

The Bergman space Ai, ﬁﬂ(]B%z) is the subspace of Lg, ﬂﬂ(]B%z) consisting of functions f that

are holomorphic in B2, In this section, we find the orthogonal decomposition of functions
in Ai .0 (B?) along the zero variety

(z1,22) € B%: 22 =0},
{

corresponding to the polynomial p(z1,z2) = z2. In the special case B =6 = 0, the Bergman
kernel is well known:

1
(1 —wyz; — Waz0)*H3’

Py 0,00z, w) =

The norm expansion and the kernel function for Ag, 5.0 (B?) can be found using the techniques of

the introduction and the previous section. The corresponding unitary operator U, on Ag .0 (B?)
one should use in this case is given by

a+p+0+3
(1—[r®) "2 f<)»—21 NSENE

= —, — —2z |, AeD,
(A —dzpetpro3/ \ 1202, 11—z 2)

Uil fl(z1,22) =

and we may again identify the restricted kernel @ Py g ¢ (with z, w € D x {0}) with a multiple
of the kernel of a weighted Bergman space in the unit disk. However, it turns out that there is
an easier way to obtain the norm expansion and the explicit expression for the kernel function
for AZ ﬁ,e(IB%Z).

By Taylor’s formula, any function f € Aé’ .0 (B?) has a decomposition

+00

1
F@ =) gnG@zy,  where gn(z) = <07, f(21,0).
N=0
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It is easy to see that the summands in this decomposition are orthogonal in the space Ai 8 0(]B32)
for different N, and hence

+00
2
1£ 1560 = D len @D [ 4,- 3.1)
N=0
The norm expansion for the ball. All we need is the following lemma.

Lemma 3.1. We have that

Mo+ DIE+N+1) e
@+ B+O0+N+2T(@+0+ N F2) SN latprotnis

HgN(Zl)ZéV “z,ﬁ,e =

Proof. We make the change of variables

Z1 =21, Zz=(1—|11|)1/2u,

and get

HgN(Zl)Zév “i,ﬂ,e

= / len @D 12222V (1= 1212 = 1222)* (1 = 121 PP dA Gy, 22)
IBZ

= / len GO (1= 1212 P aa ) / PN (1= ) dA@),  (3.2)
D D

whence the assertion follows. 0O
We obtain the norm expansion (1.5) for the case of the ball.
Theorem 3.2. For any f € A7, ; ,(B?),

+0o0
Fla+1DIr@O+N+1)
TEDS

(@+B+6+N+2)T(a+6+N+2)(N)

2
5l N f(z1.0) ”a+5+9+1\1+1'

N=0

Weighted Hardy spaces. As in the case of the bidisk, we derive a corollary concerning
weighted Hardy spaces also for the ball. We have

im @ D@+ 211 5o = [ 1@ (1= 12 P) ds

B2

where ds3 is the normalized Lebesgue measure on 9B%. The right-hand side of the last formula
represents the norm of a function in the weighted Hardy space denoted by H 5 0 (B?). As a corol-
lary, we obtain the following decomposition of the norm of functions from this weighted Hardy
space:
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Corollary 3.3. For any f € Hj ,(B?),

400 1

2 _ N 2
”f”H/%‘e(IBZ) _NZZO (ﬂ +O+N+ 1)(N|)2 ||812f(Z17 O)||ﬁ+9+N.

An expression for the reproducing kernel of Ai’ .0 (B2). Now, we derive an explicit formula
for the reproducing kernel for the space Ai’ 8.0 (B?). In conformity with the notation in the intro-
duction, we denote by M, g,g,N(]BSZ) the subspace of Ai, 8.0 (B3) consisting of functions of the
form f(z) = zé\' g(z1). An easy calculation based on Lemma 3.1 establishes the following result.

Lemma 3.4. The reproducing kernel for My g o, ~(B?) is given by the formula

@+B+0+N+IT@+0+N+2) (z2w2)N
FNa+DHIrr@+N+1) (1 =z W)@ +BHO+N+3"

Oa.p.o,.N(Z, w) =

Since Ai’ .0 (B?) is the orthogonal sum of the subspaces M, 8,6, ~ (B?), its reproducing ker-
nel Py g g is given by the sum

+00
Papo(z,w) =Y Qupon(zw)

N=0
C(a+06+2) 1

T T+ DL@ + 1) (1 — zywy)ath+o+3
X§§m+ﬁ+9+N+mw+e+mN( 2202 )N
ot ©+ Dy 1= 210
C(a+6+2) 1

T T+ DI@ + 1) (1= zymy)f+e+h+3

W2
X |:(05+9+2)2F1<01+9+3,1;9+1;7.)
1—z1wy

+52F1<a+9+2,1;9+1;12—w2_)].
1 —zjw;

Here, 5 F stands for the classical Gauss hypergeometric function. We formulate the result as a
theorem.

Theorem 3.5. The kernel function for the space Ai’ 8.0 (B?) is

_ Ta+6+2) 1
T T+ DL@+1) (1 — wyzg)eth+o+3

Py po(z, w)

22w
X |:(0t+9+2)2F1<0l+9+3,1;9+1;—_)
I —wizy
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+,32F1<a+9+2,1,9+1 27“]2)] (3.3)
— w11

Remark 3.6. It would be natural to consider more general Hilbert space norms of the type

1£12 5., =/|f(z)|2|22|29(1 — P = 12P) (1= 1212’ (1 = 1221%) dA(z1, 22),
IBZ

which are symmetric with respect to an interchange of the variables z; and z» (if simultaneously
B and y are interchanged). Here, we must suppose that —1 < «, 8, ¥,0 < +00. The already
treated case corresponds to y = 0. The above analysis applies here as well, but, unfortunately,
the formulas become rather complicated; this is why we work things out for y = 0 only.

4. Weighted Bargmann—Fock spaces in C2

Preliminaries. Fix a real parameter y with 0 < y < +o0o. The classical one-variable
Bargmann-Fock space—denoted by A%, (C)—consists of all entire functions of one complex
variable with

12 = / |f@ e dA) < +oo, (4.1)

the associated sesquilinear inner product is denoted by (-,-),,. The reproducing kernel of this
Hilbert space is well known:

Py (z,w) = ye”"_’z, z,weC.

Next, fix real parameters «, 8,6 with 0 < o, 8 < 400 and —1 < 6 < 4+00. We consider the
Hilbert space Li’ 8.0 (C?) of all (equivalence classes of) Borel measurable functions f on C?
subject to the norm boundedness condition

2 _ 2_ 2
1950 = [ [15GrzPler = 2Pl PR da ) aacza) < oo
C C

we let (-,-)q, 5,0 denote the associated sesquilinear inner product. The weighted Bargmann—Fock
space Ai 8.0 (C?) is the subspace of Li 8.0 (C?) consisting of the entire functions.

The reproducing kernel for A2 @p0 (C?) will be denoted by

Pypo = Pupo(z, w),

where z = (z1,z2) and w = (w, wa) are two points in C2. The kernel defines an orthogonal
projection of the space Li’ 8.0 (C?) onto the weighted Bargmann—Fock space via the formula

Po ol f12) =(f. PapoC. Z)>aﬁ9

=/ / F(W) Py po(z w)|wy — wa e 1P A2 44 (w)) dA (w):
C C

as indicated, we shall write Py g o[ f] for the projection of a function f € Li’ 5.0 (C?).
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In the case 6 = 0, the reproducing kernel is readily computed:
P, p.0,0(z, w) = afetaritham,

We consider the polynomial p(z1,z2) = z1 — z2 in the context of the introduction. In par-
ticular, for non-negative integers N, we consider the subspaces Ny, 8.0, ~(C?) of functions in
Ag .0 (C?) that vanish up to order N along the diagonal

diag(C) = {(zl, 70) € C% 7z = 12}.

Being closed subspaces of a reproducing kernel space, the spaces Ny g0, ~ (C?) possess repro-
ducing kernels of their own. We shall write

Pogo.n = Papo.n(z, w)

for these kernel functions. The operators associated with the kernels project the space Li, .0 (C?

orthogonally onto Ny, B.0.9, N(ID)2). As before, we write Py g g [ f] for the projection of a func-
tion.
Next, we define the spaces ./\/la,,g,g,N((Cz) by setting

Mo go.n ((Cz) =Nu.go.N ((Cz) O Nupo.N+1 ((Cz).

The spaces My go, ~ (C?) also admit reproducing kernels, and their kernel functions are of the
form

Qa,,6,0,N (2, w) = Po,po,N (2, W) = Po,go,N+1(2, W).
We shall write Q¢ g, for the kernel Qy g,6.0-

As in the case of the weighted Bergman spaces on the bidisk, we make the following obser-
vation. We suppress the proof, as it is virtually identical to that of Lemma 2.2.
Lemma 4.1. We have

_ N - = \N
Py o Nz, w)= (21 —22)" (w1 —w2)" Pypo+n(z, W)
forz,w e C2.

If we write, as in the introduction,

H((Cz) = Ag,ﬁ,e (Cz)’
we may identify the spaces Hy (C?),
HN(C?) =A% o n(C?). N=0.1.2,...,
and the spaces Gy (Cz) as well:

On(C) = Mapaino(C), N=0.1,2.....
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As a consequence, we get that

Qu.po.n(w) = (@1 —22)" (W1 — 0™ Qupon (2 W), (4.2)
By (1.6), we have the kernel function expansion
+o00
Popo(zw) =Y Qupon( w), (4.3)
N=0

while the orthogonal norm expansion (1.1) reads
+o00 )
£ 1ap0 =2 1Quponifl, 0 [ €AGsa(C). (4.4)
N=0

Our next objective is to identify the Hilbert space of restrictions to the diagonal of H y (C?) =
Ai’ BO+N (C?), as well as to calculate the reproducing kernel of H y (C?) on the set CZ x diag(C).

Unitary operators. The rotation operator Ry (for a real parameter ¢) defined for f e
A7 4 (C?) by

Ryl f1(z1.22) = f (€021, €' %2))

is clearly unitary, and we shall make use of it shortly. The following lemma supplies us with yet
another family of unitary operators.

Proposition 4.2. For every A € C, the operator

5 _ .
Uplf1(z1, 22) = e~ (@B /ze_a)‘m_ﬂ)‘zzf(m +A,224+A)
is unitary on the space Ai,ﬂ,e(c2)’ and its adjoint is U} = U_;.

The proof amounts to making a couple of elementary changes of variables in integrals, and is
therefore left out.

The reproducing kernel on the diagonal. We now use the operators Ry and U;, to compute
the reproducing kernel on the set C> x diag(C).

Theorem 4.3. We have

awizi+pwizo

Plx,ﬁ,@ ((Zla Z2)s (wlv wl)) = Qa,ﬂ,@((zl ’ Z2)7 (wls wl)) = U(av ﬁv e)e
for z1, 22, wy € C. Here, o (a, B, 0) is the positive constant given by

@+p)°

WF(G +1).

1 20 —alz1|*—Blz2)?
- = — - 2 dA dA =
( 7 ,3, 9) f/ |Z1 ZZ| e (Zl) (12)
C C
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Proof. By using the unitarity of the rotation operator Ry, we get as in the proof of Theorem 2.3
that the function Py g ¢ (-, 0) is positive constant, which we denote by o (ct, 8, 0).

Next, take A € C and f € Ai’ ﬁﬁ((C2). As the operators U;, are unitary, and as U} = U_;, we
find that

@D G 3) = UALF10) = (UsLf). Papa - 0)), 4
= (f? U—)»[Pa,ﬂ,ﬁ('s 0)]>0{,ﬂ,9 = U(()l, ﬁv Q)(f, U_)‘[l]>a,ﬁ,9’

This equality together with the uniqueness of reproducing kernels establishes that

Pupo(1,22), 0, 1) =0 (o, B, 0)e @ P2y 11(21, 22),

which is the desired result. The explicit expression for the constant in terms of an integral over
the bidisk follows if we apply the reproducing property of the kernel applied to the constant
function 1. The evaluation of the integral in terms of the Gamma function is done by performing
a suitable change of variables. 0O

Restrictions of reproducing kernels. From the previous subsection, we have that
Po,p0((z1,22), (i, w)) =0 (@, B, §)e*™1 A2,

For continuous functions f € Lé 8.0 (C?), we use the notation @ f for the restriction to the diag-
onal of the function, that is,

(@)@ = fz1,z1), z21€C,

just like in Section 2. We fix w and apply this operation to the reproducing kernel function of
Agﬁﬂﬂ (C?%). We obtain

@Pupo(z1, (w1, wr)) =0 (a, B, e Pz

and we see that the restriction of the kernel coincides with a multiple of the reproducing kernel
function for the space Aft 48 (©). By the theory of reproducing kernels (see [8]), this means
that the induced norm for the space My, 5,9’0(((32) coincides with a multiple of the norm in the
aforementioned Bargmann—Fock space of one variable. An immediate consequence of this fact
is the inequality

a+p

S 2 2 2 2
oo p.o) 1O lass I Naps 1€ A650(C), @.5)

and, more importantly, the equality

a+p

@ 50712/ Nasp = Qapalf] 12400 £ €Mapoo(C). (4.6)

The notation on the left-hand sides of (4.5) and (4.6) is in conformity with (4.1).
The next step in our program is to compute the kernel function Qy 6.
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Proposition 4.4. The kernel function for the space M, ,3,9,0(@2) is given by

0+1
(@p) (wib1 +B i) @z +Bz2) /(@ +6)

2
@+ BT @+ 1) awet

Oupo(z, w)=

Proof. In the notation of the introduction, we have the identity (with N = 0)

KD (2, w) = (@pk D @ kD),

by a combination of (1.7) and (1.8). In the notation of this section, this means that

o+ B

Qa.p0(z, w) = W

(@Pupo(.w), @Pypal, z))a+ﬁ, z,weC?
so that by applying Theorem 4.3, we get

Qup,6(z, w) = (a + Bo(a, B,6) / @ th)E i +pi)é o~ @HPIER 47 (g),
C

It just remains to evaluate the integral. O

The expression for the reproducing kernel of Ag’ .0 (C?). In view of Proposition 4.4, (4.2),
and (4.3), we may now derive an explicit expression for the reproducing kernel of Ai’ 8.0 (C?).

Corollary 4.5. The reproducing kernel for Ai, ﬁ’e((Cz) is given by

@B i ap -
Pypo(z, w) = me(awl+ﬁw2)(a21+ﬁzz)/(a+ﬁ)E9 o (z1 — z2) (w1 — wy) |,

where

+00 N

X
Esx)=Y — =~ .
o (x) NXZ%F(G-FN—!—])’ xeC

The diagonal norm expansion for the Bargmann—Fock space. Having obtained the repro-
ducing kernel in explicit form, we only need to write the norm decomposition (4.4) in desired
form.

Lemma 4.6. For each N =0, 1,2, ..., we have the equality of norms

@+ BNITO+ N+ ?

1
| Qa.p.0.n1f] Hi,ﬁ,@ = ) H®[

)

((x,3)9+N+1 "

(z1 —z2)N

Pa,ﬂ,H,N[f]j|

forall f € A7 4 4(C?).
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Proof. The statement follows from a combination of Lemma 4.1 and (4.6), plus the evaluation
ofo(a, 8,06 +N). O

All that remains for us to do is to make the right-hand side of the expression in Lemma 4.6
sufficiently explicit.

Lemma4.7. Forallk=0,1,2,..., and each f € Az,ﬂﬂ((@), we have

k k—n
k Po.g.0.n
-5 ()cis) wo[med] e

n=0

Proof. We observe that

) J .
Q[07, Qu.p.0.n](z1, (w1, w2)) = ( ) ¥, @1Qapo.n1(z1, (Wi, w2)).

o
a+p
The rest of the proof is obtained by mimicking the arguments of Lemma 2.6. O

It is quite easy to invert Lemma 4.7:

Lemmad4.8. Forall N =0,1,2,...and each f € Aiﬁﬂ’e((cz), the equality

Py X (N Nk
@[%](Z1>=Zk(!w)_kﬂ(aiﬂ) 2Nk o [0k fle). zeC. @8)
' k=0

holds for each f € Ai,ﬁ,e (C?).

Proof. In view of Lemma 4.7, it is enough to check that

g bt .(")(L)N_"_(g
Zuw—n"\w\arp) TV

where &, n is the Kronecker delta. Firstly, we observe that the equality holds for n = N. Sec-
ondly, we observe that it is equivalent to show that

N N
(_I)ka k B (_1)N*k B
k; kI(N — k)!n!<n) o ]; (N =k =n)! 0

whenever n < N. The expression in the middle is an (N — n)th difference of a constant function,
which of course is 0 for n < N. We are done. O

We now combine our results and obtain the norm expansion for the Bargmann—Fock space.
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Theorem 4.9. Let ¢y, n(a, B) be given by

(N o Nk
cen(@ B) = (—1) (k)[Hﬂ] .

Then, for each f € Ag,ﬂﬂ(@), we have

2

too 0+N+1
(@+B) FrO@+N+1)
Z (aﬂ)9+N+1[N!]2 chN(a ﬂ)aN o [ f]

N=0 a+p

1F12 56 =

Remark 4.10. There is an alternative way to obtain the norm expansion and the explicit ex-
pression for the reproducing kernel in the Bargmann—Fock space Ai’ 8.0 (C?). The change of
variables

Z1 = wp + Bwy,
=W —ow

transforms the norm in A2 @B, 9((C2) into the expression

2 — 2_ 2
”f”a,ﬂ,@ — (a+ﬂ)29+2/f|g(wl,w2)| |w2|29€ (a+B)|wi|*—aB(a+B)|w;| dA(w1)dA(w2),

where g(wi, w2) = f(w; + Bwz, w; — aw,). The reproducing kernel and the norm expansion
about the hyperplane wy = 0 with respect to the latter norm can be calculated by separation of
variables. Shifting back to the original variables (z1, z2), then, we obtain the reproducing kernel
and norm expansion for Aé) 8.0 (C?).
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