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1. INTRODUCTION

The Laplacian of a real-valued function # whose domain is an open
subset of a real Hilbert space H is defined as the trace of the second
Frechet derivative of # when the latter exists and is a trace class
operator. This definition coincides with the usual one when H is
finite-dimensional. We shall consider the Dirichlet problem for the
equation du = f when H is separable and infinite-dimensional and du
denotes the Laplacian of u. When the Dirichlet problem is suitably
formulated the existence and uniqueness of generalized solutions is an
immediate consequence of the theory of Markov processes. It is our
object to investigate regularity properties of the solutions.

The dissimilarities with the finite-dimensional case originate in
two ways. First of all the open set in which it is appropriate to seek a
solution to the equation du = fis not actually a subset of H but rather
a subset of a topological space which contains H as a dense subset.
The reason for this is discussed in the following paragraphs. The
second dissimilarity lies in the fact that even if the second Frechet
derivative of the generalized solution # at the point x, D%u(x), exists as a
bounded operator on H it may not be of trace class and one may ask
whether or not it is in fact of trace class, or of Hilbert-Schmidt type,
or compact, etc. This type of question does not arise when H is
finite-dimensional and represents, therefore, a new kind of regularity
problem. We shall show that even if a potential # is harmonic in a
region in a generalized sense then D?u(x) need not be of trace class
but will in general be of Hilbert-Schmidt type. Thus it appears that
the generalized Laplacian of a function # involves some summability
method applied to the series of eigenvalues of the Hilbert-Schmidt
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operators D2u(x). In this article we shall give sufficient conditions on a
function f which ensure that the second Frechet derivative of the
potential of f is, respectively, Hilbert-Schmidt, or trace class. Regular-
ity properties of harmonic functions will be studied in another paper.

In order to motivate our formulation of the Dirichlet problem let us
consider for each real number ¢ > 0 Gauss measure p, on H. p,is a
cylinder set measure on H corresponding to the normal distribution
with variance parameter ¢. (See [7], [10], [11], or [20] for expositions
of these concepts.) If H is finite-dimensional then the measures p,
determine the transition probabilities for Brownian motion in H in a
well-known manner. In case H is infinite-dimensional, a Brownian
motion with values in H (in so far as this concept is meaningful)
might similarly be defined with p,(4 — x) as transition probability
from the point x to the tame set 4. But for all £ > 0 the outer p,
measure of the ball of radius 7 is zero so that a Brownian motion with
values in H would have the property that a particle starting at the
origin instantly leaves the ball of radius r with probability one. In
particular the sample paths are not continuous, nor right-continuous,
when the norm topology is taken on H. In view of the intimate and
well-known connection between Brownian motion in E, and potential
theory on E, the preceding heuristic considerations indicate that the
Dirichlet problem for Laplace’s equation in a region 2 C H is not
likely to be reasonable when 2 is chosen to be such a simple set as the
unit ball or for that matter any other bounded set if one wishes to
use arbitrary bounded strongly continuous boundary data.

On the other hand these same considerations point the way to a
reasonable formulation of the Dirichlet problem. As is known there
are various topological linear spaces [/]] which contain H as a dense
subset and on which the set functions p, can be realized as countably
additive measures. Such a space B is the completion of H in a suitable
topology 7 weaker than the norm topology of H. The measures p, on
B may now be used to construct a Brownian motion with values in B
and having continuous sample paths. The characteristic operator of
the resulting Markov process is an extension of the previously defined
Laplacian to less smooth functions. By utilizing this Markov process
in a standard way generalized solutions of the Dirichlet problem for
Laplace’s equation may be obtained for reasonable .7 -open subsets of
B and J -continuous boundary data. In this connection we mention
that a further dissimilarity from the finite dimensional case arises in
that the transition probabilities p (4 — ) are continuous neither in ¢
nor in x ( topology) for some Borel sets 4 in B.

Perhaps the best known example of such a triple (H, B, p,) is
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that in which B is Wiener space and H is the subset of Wiener space
consisting of the absolutely continuous functions on [0, 1] vanishing
at zero and having square-integrable first derivative. In this case p, is
simply Wiener measure on B with variance parameter . We shall
use in this article a simple abstraction of this example. // may be any
real separable Hilbert space and B will be the completion of H with
respect to a measurable norm on H. Although greater generality in
the choice of B is possible it does not seem worthwhile pursuing it at
this early stage of development of the subject. Thus B will be a Banach
space and in fact any real separable Banach space can arise in this
fashion.

Although neither the fundamental solution ¢,7*>** in E, nor
Lebesgue measure dx makes sense when # = oo their product makes
sense and may simply be defined as the Green’s measure
G(A) = j p(A) dt. The potential of a real-valued function f on B
is the convolution of G with J. We elaborate here on a feature that
distinguishes sharply between finite and infinite-dimensional potential
theory. As is known, the potential # of a bounded function f (with
bounded support say) on E,, is analytic in a neighborhood of a point
if f is zero in a neighborhood of the point. Consequently local smooth-
ness behavior of u in a neighborhood of a point depends only on the
local behavior of f near the point. In infinite dimensions u is again
analytic near a point x if f is zero in a neighborhood of x (and is
bounded and has bounded support). However the rate of decay of
the eigenvalues of D?u(x) is a new and meaningful local property of u
in infinite dimensions and it develops that it does not depend only
on the local behavior of f at x. Thus if fis Lip 1 on B then D?u(x)
is a trace class operator (Theorem 3). But if f is merely bounded and
continuous with bounded support then D?u(x) need not be of trace
class even if f is zero in a neighborhood of x (Theorem 2). However it
is of Hilbert-Schmidt type in this case.

An infinite-dimensional analog of Poisson’s equation has also
been studied over a period of many years by Levy [[4]-[17]. His
Laplacian is defined by 4'u = lim,,_. #n7! ¥} ; ¢*u/0x;> where the
differentiations refer to an orthonormal coordinate system. In partic-
ular if # is a twice-differentiable function that depends on only
finitely many coordinates then 4w = 0. There appears to be no
relation between Levy’s investigations and the work in the present
paper.

When the manuscript for this paper was nearly complete we
learned of the recent work of Daletzki [2] on the existence and uni-
queness of solutions of parabolic equations with variable coefficients
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in infinitely many variables. Although technically disjoint from the
main results of the present paper it is closely related in point of view.

There are several motives behind the present work. Firstly,
classical potential theory has deserved and received extension to a
wide variety of different contexts and abstraction in many directions.
Secondly, recent progress has shown analysis over infinite-dimensional
(nonlinear) manifolds to be a potentially rich field for investigation.
We regard the present work as a step toward the study of elliptic
and parabolic partial differential equations over such manifolds. In
particular, an extension of Hodge’s theorem to suitable infinite-
dimensional manifolds seems at the present time to be a reasonable
goal.

In order to make this work more accessible to those with a back-
ground primarily in functional analysis we have included several
remarks containing proofs of facts which are well known in the
theory of Markov processes but which are particularly simple to
prove in the present case. The results of Sections 2 and 3 are largely
probabilistic in nature while Section 4 which contains the main
results is entirely functional-analytic.

2. ConNTINUITY PROPERTIES OF THE TRANSITION FUNCTIONS

We begin this section with a brief review of some background
material and, at the same time, establish notation. Let B be a real
Banach space and B* its topological dual space. A tame set in B
(also known as a measurable cylinder set) is a set of the form
C={xeB:({(y,%).., {¥p,xp) € D} where y,,...,y, are in B*
and D is a Borel set in R,, . If K is a finite-dimensional subspace of B*
containing ¥y, ,..., ¥, then C is said to be based on K. The collection
of tame sets in B is a ring Z and the collection of tame sets based on a
fixed finite-dimensional subspace K of B* is a o-ring %, . A non-
negative set function u on # is called a cylinder set measure on B if
w(B) = 1 and p is countably additive on & for each finite-dimensional
subspace K C B*. If H is a real Hilbert space then every tame set is
of the form C = {x € H: Px € D} where P is a finite-dimensional
projection in H and D is a Borel set in PH. For ¢ > 0 Gauss measure
on H with variance parameter ¢ is the cylinder set measure u,; defined
by
' E

pdC) = (@mty e _exp[— (2t)] dx, (1)

where C = {x € H: Px € D}, k is the dimension of PH and dx is
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Lebesque measure in PH. Henceforth H will denote a real separable
Hilbert space and | - | its norm. A measurable norm on H is a norm
{l x| on H with the property that for every strictly positive number ¢
there is a finite-dimensional projection P, such that, for every finite-
dimensional projection P orthogonal to Py, u,({x € H : || Pxli > ¢}) < e.
It is a consequence of the definition of measurable norm that there
exists a constant « such that || x|| << a | x| for all x in H. Denote by B
the completion of H with respect to the measurable norm [ -/].
Then B is a separable Banach space and, as has been pointed out in
[11], any real separable Banach space can arise (up to a linear isometry)
as the completion of H with respect to a suitable measurable norm.
If y is a non zero element of B* then the restriction of y to H is a
nonzero element of H*. Thus restriction is a (continuous) embedding
of B* into H* and we shall identify B* with its image in H*. Since
B* separates points of H, B* is dense in H*. Now p,induces a cylinder
set measure #, in B as follows. If y, ,..., y,, are in B* and D is a Borel
set in R, define

nlt({x € B : (<y1 ’ x>7"" <y'n * x>) € D)
=p({xe H: ({31, %), Yy y X)) € D}). (2)

m , is well-defined. It is established in [/7] that m, is countably additive
on the ring of tame sets of B. Hence it has a unique countably additive
extension p, to the o-ring & generated by all tame sets in B. & is
exactly the Borel field of B.

The triple (H, B, ¢) where ¢ : H — B is the natural injection is called
an abstract Wiener space. The measure p, is Wiener measure on B
with variance parameter ?.

In concluding this review of background material we define for x
in B and for a Borel subset 4 of B

pix, A) = p(A — x) when t>0.

ProrosITION 1. For positive s and t and for x and y in B pyx, )
and p (v, -) are equivalent measures if and only if s =t and x — y is
in H. Otherwise they are mutually singular.

Proof. By translating by y we may assume y = 0. The functionals
in B* are Gaussianly distributed with respect to the measures
pdx, ) and p,0, -) and determine the o-ring <. According to a
theorem of Feldman [6], these measures are either equivalent or
singular and a necessary condition for equivalence is that the L2
norms defined by these measures on the space of functions spanned
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by B* and the constant functions be equivalent. If z is in B* and a
is a constant then

| ) + @ pule, du) = s | 2 2 + (@ + a()?
and

[ (atw) + ay pofan) = ¢ 2 + a2,

where | 2 | denotes the H* norm of 2. The first L? norm is dominated
by a multiple of the second L? norm if and only if x is in H. Thus if
po(x,du) and p (du)are equivalent then x is in H. But for x in H, p(x, du)
and p,(du) are equivalent by [22, Theorem 3]. Hence the equivalence of
ps(#, -) and p(-) implies the equivalence of p(-) and p(-) which, by
[22, Theorem 3], implies s = . The converse is also implied by
[22, Theorem 3].

ProrosiTION 2. If x, in in B and t > 0 then there exists a closed
set A such that p (x, A) is discontinuous in the B topology as a function
of x at x = x,.

Proof. Choose y in B such that x, — y is not in H. Then there
exists a Borel set A4, such that p,(x,, 4,) # 0 and p(y, 4,) = 0 by
Proposition 1. Since p(x,, *) is regular there exists a closed set
A C A, such that p(x,, A) # 0. Of course p (y, A) = 0. Moreover,
pdy + h, A) =0 for all & in H. Since y + H is dense in B there
exists a sequence x, in B such that x, > x, in B norm and
Pdx,, A) = 0. Thus limn»wpt(xn ’ A) #* Pt(xo ’ A)

We note here the equation '

pes(E) = pis/*E) &)

valid for any Borel set E and strictly positive real numbers ¢ and s.
Such an equation is valid for the Gauss measure p, and tame sets
in H by (1) and therefore also for the measures m, and tame sets in B
by (2). Thus (3) holds for tame sets E and therefore for all sets in the
monotone class generated by the tame sets, i.e., for all Borel sets.

ProposiTiON 3. For any x, in B and t, > O there is a closed set A
such that p (x,, A) is a discontinuous function of t at t = ¢, .

Proof. We construct an example of 4. We may clearly take
x9 = 0. Lety;, ¥4, Y5 ... be an orthonormal basis of H* with y; € B*,
7 =3,4,5,... Let b; be an increasing sequence of positive numbers.
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We shall later choose them to go to infinity in a suitable way. Let
A, ={xeB:|y{x)| <b;j=3,4,.,n} for n =3,4,.. . Then the
sets A, decrease and if 4 = (\5_3 4, we shall show that p(4) is
discontinuous at ¢ == ¢, for a suitable sequence b, . The functions y,
are independent with respect to p, and normally distributed with
mean zero and variance ¢. Hence

P(A) = lim p(4,)

= h_r)glO J1i[3(27rt)‘1/2 fbj exp [~ (—%] ds

e

= exp [23 log ‘2(2ﬂrrt)‘1/2 J.:j exp [— (%5] dsg] . 4)

Thus p(A4) >0 if and only if the infinite sum in the last line converges.
Using the inequalities

2 + 4P 2y <ot | " et dr <

and estimating log (1 — a) by — a for small a it follows that p (4) > 0
if and only if the sum

Z b exP[ (2t)]

converges. Now take b2 = 2¢,log [ j(log j)*/%]. Then the sum con-
verges if and only if

0

Y. (215 log {j (log j*/4})2/2 [ j (log j)/4]~*o/*

=3
converges. This is easily seen to converge if and only if f < ¢, by
using the inequality 3; j~%(log j)~* <C co when P > 1. Thus p(4) >0
when ¢t < ¢, and p(4) = 0 when ¢ > #,. Hence p (4) is discontinu-
ous at £ = 1, .

Remark 2.1. The example used in the preceding proposition may
also be used to settle a point left open in [9]. If || - ||,, is an increasing
sequence of measurable seminorms on H such that the corresponding
sequence of measurable functions || +||, converges in probability
with respect to the normal distribution to a function % with essential
lower bound zero then || -||, converges on H to a measurable semi-
norm by Theorem 4 of [9]. We shall show the indispensability of the
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assumption that the essential lower bound of % is zero. Indeed,
resuming the notation of Proposition 3, and choosing #, = 1, we let
| %, = sup {| y(x) | 5 :j = 3,4,..,n} for x in H. Then | x|,
1s an increasing sequence of measurable (in fact tame) semi-norms on
H.Inview of the choice of the numbers b; the limit || || y = lim,, . [| x||,,
exists for each x in H. If || x|, denotes the corresponding random
variable defined with respect to the normal distribution with variance
parameter one [e.g., we may and shall take

| % llz” = sup {| y;(%) | b7 : j = 3,..., m}

defined for x in B], then the || + ||, form an increasing sequence. It
is easily seen that the sequence converges almost everywhere (a.e.)
[p1] if and only if for every strictly positive number e there is a number
N such that p,({x:||x], <N}) > 1 — € uniformly in n. Putting
N = t71/2, this condition may be written inf, p,({x : || x ||, <1})—>1
as t— 0 by (3). However, since {x:| x|, <1} = 4, and 4, } 4,
this condition may be rewritten p,(4) — 1 as ¢ — 0. That p (A4) does
indeed approach one as t — 0 follows from the last expression for
?4{A4) in Eq. (4) because the infinite sum in the exponent converges
for t << 1, as we have shown, and each term in the sum increases
monotonically to zero as ¢ decreases to zero. Thus £ = lim, | x|,
exists as a measurable function with respect to the normal distribution.
However,

pulh <) <Tim py(ll I3 < 3)
= lim p,(]| |7 < 1)

= P4(A)
= 0.

Thus only the hypothesis that essential inf £ = 0 fails in the
present example. And indeed || x|, is not a measurable seminorm.
For if it were then denoting by %, , x, ,... the orthonormal basis of H
dual to y;, y,,... and by P, the projection onto span (x,..., x,,) the
sequence || P,x ||, would converge in probability with respect to the
measure p; by [9, Corollary 5.3] and by [9, Theorem 1] the limit
must have essential inf equal to zero. But | P,x[l, = || ]|, so that
the limit function in question is /. Since the essential lower bound of %
is not zero | * ||, is not a measurable seminorm.

DEerFINITION 1. A Borel set A C B is called an absolute null set
if px, A) = Ofor all £ > 0 and all x in B.
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ProrosiTION 4. If A is a closed (open) set in B then for t >0
px, A) is upper (lower) semicontinuous in x in the topology of B. If Ais
a Borel set and if the boundary of A (0A) is an absolute null set; then,
for t > 0, p(x, A) is continuous in x in the topology of B.

Proof. If f is a bounded continuous real-valued function on B
then the function (p.f) (x) = | F(y) pdx, dv) = [ f(= + x) p(dz) is
also bounded and continuous. Thus if f(x) = exp [— nd(x, 4)]
where 8(x, A) 1s the distance from x to 4 in the B norm then for
closed 4, p(x, A) = lim,_, (p,f,) (x) is the limit of a decreasing
sequence of continuous functions. Hence p(x, 4) is upper-semi-
continuous. If 4 is open then p (x, A) = 1 — p(x, B — 4) is lower-
semicontinuous. If ¢4 is a null set then p (x, A) = p (x, A) = p (x, A%
where A and A° are the closure and interior of A, respectively. Thus
pfx, A) is both upper- and lower-semicontinuous and hence is
continuous.

Remark 2.2. In view of the natural isomorphism of H* with H
we may and shall identify B* with a subset of B via the injections
B* — H* — H — B. This leads to a useful product decomposition of
Wiener measure p, as follows. Let K be a finite-dimensional sub-
space of B*. Let L be its annihilator in B. If ¥, , ¥, ,..., ¥, 1s an ortho-
normal basis of K then the equation QOx = Y7 ; (¥;, x> y; defines
a continuous operator on B and since (y;, x> = (y;, x) for x in H
O is the continuous extension to B of the orthogonal projection of H
onto K. Hence Q is a projection and it is clear that its range is K
and null space is L. Consequently B = K (® L. If K+ is the orthogonal
complement of K in H then K! CL and moreover L is the closure
in B of K+. For if x is in L then there is a sequence x, 1n H converging
to x. Then (I — Q) «,, lies in K+ and also converges to . It is a simple
consequence of the definition of a measurable norm that the restriction
of a measurable norm to a closed subspace is again a measurable norm.
Hence analogous to the measures p, on B there is a Wiener measure
p; on the space L. If p} denotes Gauss measure in K then we assert

that in the Cartesian product decomposition B = K x L there
holds,

P = By X b,

for p, is characterized by the property that for any y in B* the
function x — ¢y, x> on B is normally distributed with mean zero
and variance t | v [2where| - | is the H norm. p; is similarly character-
ized. But writing y == u | v where # is in K and v is in K* we see
that the functions x — (%, x> and x — (v, x> are independent with
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respect to uy X p; and have mean zero and variance ¢ | « |2and ¢ | v |2,
respectively with respect to this measure. Hence the function
x— {y,x)> is also normally distributed with respect to u; X p|
with mean zero and variance #(| « > 4 | v [?) which equals ¢ |y |2

Thus py X py=p,.

DeriNiTION 2. An open set V' C B has a differentiable boundary
if for each point x in @V there is a neighborhood U of x in B and a
continuously differentiable real-valued function g defined in U such
that g'(x) # 0 and such that VN U = {y : g(y) > 0}

We note that g’ is the derivative of g as a function defined in B,
1.e., dg(y + s2)/ds |, exists uniformly for || z || < 1.

PrROPOSITION 5. Let V be an open set in B which is either convex
or has a differentiable boundary. Then 0V is an absolute null set.

Proof. Since B is a separable metric space so is ¢V and the latter
is therefore a Lindelof space. Hence it suffices to show that every
point in 0¥ has a neighborhood in @7 which is an absolute null set
for then @V can be covered by a countable family of absolute null
sets. Using the natural isomorphism of H* with H we may and shall
identify B* with a subset of H and hence with a subset of B.

First assume V is a convex nonempty open set. Let x be a point
in V. Then the translated set ¥ — x is open and since B* is dense
in B there exists a nonzero vector v in B* N (V — x). Then x + v
is in ¥ and there exists a strictly positive real number e such that the
ball S ={y:||y — (x 4+ v)|| < €} is contained in V. We may choose
€ <|| v|l/2. We show that the set U which is the intersection of ¢V
with the ball T={y:||y — x| <€} is an absolute null set. Thus
for any vector x, in B it must be shown that p (x,, U) = 0 for t > 0.
By translating V if necessary we may assume x, = 0. Let M be the
null space in B of the linear functional v and let K be the line in B
spanned by v. Then B = M @ K and p, is a product measure in this
Cartesian product decomposition of B. Thus p, = p; X uj where p;
is Wiener measure in M and y; is Gauss measure on the line XK.
We assert that any line % parallel to K intersects U in at most one
point. For if x, and x, are two distinct points on % lying in U then,
since % is parallel to v and intersects T, it also intersects .S. Hence
there is a third point y on % lying in V. But it is easily seen that x, or
x;, lies between the other two points since S and T are disjoint. Since
%, and x, are in @V and y is not this is impossible, Thus kN U
consists of at most one point and therefore uy(k N U) = 0. Hence
by Fubini’s theorem p (U) = 0.
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Now suppose that V has a differentiable boundary. If x is in @V
and U’ is a neighborhood of x such that V"N U’ is given by g >0
where g is a differentiable function defined in U’ then letting
v = grad g(x) and M = kernel v we have, upon identifying H* with
H, B = M @ span v. Moreover, for y in M we have dg(av -+ y)/0x 7% 0
at av - ¥ = x. Hence by the implicit function theorem there is a
neighborhood U” of x such that for each vy in the projection of U”
into M along v the equation g(aw 4 y) = 0 has exactly one solution a.
In particular any line k parallel to v intersects U” N ¢V in at most
one point. The remainder of the proof is the same as that for convex
sets.

CoroLLARY 5.1. The distribution function of any measurable norm
with respect to the normal distribution is continuous.

Proof. py({x:||x] =A}) =0 by Proposition 5 for any A >0
and any measurable norm.

If f is a bounded measurable complex valued function on B we
denote by p, f the function

(pof) (@) = [ f@) pilx, du)

= [ f +w)pddn)

when t > 0. We put p, f = f.
It is clear that if f is bounded and continuous then so is p, f.

PROPOSITION 6. The operators p,, t = 0 form a strongly continuous
contraction semigroup on the Banach space (I consisting of bounded
uniformly continuous complex valued functions on B.

Proof. It is clear from the definition of p, f that if f is in 7 so is
pifand that | p,f|e < |f|». Let E be a tame set in B. Suppose that
E is based on the finite dimensional subspace K of B*. Adopting
the notation of Remark 2.2 we may write B = K X L where L is the
annihilator of K. Then E is a product: E = F x L where F is a Borel
set in K. Consequently, for any x in B, E — x depends only on the
component of x in K:E — x = (F — QOx) X L. Thus
PAE — x) = pF — Ox) from which it follows that p(E — x) is

continuous in x in the strong B topology and, moreover,

[ pE =) pid) = [ piF = 3) i) = ponsF) = PraolE)
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since, as is well-known, the measures u; in K form a semigroup. Now
the collection # of Borel sets E for which p(E — x) is a Borel-
measurable function on B is clearly closed under monotone limits and
complements and as has been noted includes all tame sets. Therefore
Z consists of all Borel sets in B. The same argument applies to the
collection of all Borel sets for which the equation

[ pAE =) ) = puB)

holds since both sides are countably additive set functions of E.
Hence the last equation holds for all Borel sets E in B. As in well
known this implies that the operators p, form a semi group acting
in the space of all bounded measurable functions on B as well as in (7.

In order to establish strong continuity we note that from (3) it
follows that for any real number a > 0,

pdx:llxll = a}) =p({x: || x| = at=1/2}) = o(1) as t—0,

Hence if fis in & and if | y|| < & implies |f(x + y) — f(x) | < e
for all x then

|(ef) @) =@ =| [ (£ +9) —F@) pila) |

N

f”w[<8 epdy) + f||v||>8 | f(x +9) —f(x) | pldy)
e+ 20flapd{y:ly > 8)).

Thus | p,f — flo < 2¢ for all sufficiently small # and strong con-
tinuity is established.

Remark 2.3. It follows from [18, Theorem 2] that if the measures
P, satisfy

pl{x: x| =8} =o0t), £l0, )

for all real numbers & > 0, then there exists a Markov process with
state-space B and transition functions p (», A) and having continuous
sample paths and which starts at the origin of B. In one of our main
results (Theorem 3) and elsewhere we shall have to assume that the B
norm is in L2(p,). This implies (5) since

Xp(lx | =N <[ lxlPpde) =ol) as Ao,
leli= A
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so that by (3)
piix] > 8) = py(ll x| = 86102) = o(3t23)2) = o(t)  as ¢ |0,

All measurable norms known to us (see [9]) are in L%(p;). In any
case, Varadhan has pointed out to us that methods established in [23]
can be modified to prove that (5) holds for any measurable norm.
In the remainder of this paper we shall therefore use the validity of (5)
for the measurable norm ||+ ||. Thus the measures p,(x, *) are the
transition functions for a Markov process with continuous sample
paths starting at the origin in B. In view of the translation invariance
of the p (x, A), the process may be described as follows. Let £2 be the
space of continuous functions w on [0, cc) with values in B and such
that w(0) = 0. Then there is a unique probability measure & on the
o-field in £ generated by the functions w — w(¢) for £ >~ 0 With the
property that if 0 =1y < < - <t, then w(t) — o(t;y),
j = 1,...,n are independent and the jth one is dlstrlbuted in B
accordlng to p;_,, (). We denote expectation with respect to & by
E[] and put W(t) (w) = w(#). Thus W(¢) may be called a Wiener
process with state space B. The corresponding Brownian motion
starting at x 1s x -~ W(¢). Thus Z(x + W(t) € A) = p(x, A) when A
is a Borel set in B. We use the notation established in this remark in
the remainder of the paper.

Let V' be an open set in B. We denote by 7,(w) the first exit time
from V starting at x, i.e.,

ro(w) = inf{t >0 : x + W(t)(w) ¢ V)

and by 7,(w) the first exit time from V after time -+ 0, i.e.,

To(w) = inf{t > 0:x + W(t)w) ¢V}

Then 7 and +' are measurable functions from B x £ to [0, ]
(cf. [12]). A point x in the boundary of V is called a regular point if
Py =0)= 1.

Many of the standard theorems concerning the relation of Markov
processes to potential theory are derived under the assumption that
the operators p, take the bounded measurable functions into continu-
ous functions. This assumption does not hold for the process under
consideration in view of Proposition 2. Nevertheless under mild
regularity assumptions on the boundary of V it is easy to show (cf.
Corollary 1.1 below) that generalized solutions of the Dirichlet
problem du = 0 for V exist where 4 denotes here the characteristic
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operator of the process. The regularity assumption on oV that will
be made is the infinite-dimensional analog of Poincaré’s cone condi-
tion.

DEerINITION 3. A cone in B with vertex x is the closed convex hull
of the set consisting of x and a ball B(y) = {z:] 2 —y| <7} of
positive radius 7, not containing x. An open set V' C B is called strongly
regular at a point x in @V if there is a cone K in B with vertex x such
that V' N K is empty. V is strongly regular if it is strongly regular at
each of its boundary points.

ProrosIiTION 7. Let x be a point in the boundary of an open set
VCB. If V is strongly regular at x then x is a regular point of V.
Moreover for any number 8 >0, P(x + W) eV, 0 <t <8) = 0.

Proof. The proof of the first assertion is identical to one of the
standard finite-dimensional proofs given some background facts.
We include it here for completeness. We have 2(r,, > 0) is equal to
zero or one by the zero-one law. Since Z(r, > 0) = lim,, #(r, > 1),
it suffices to show that lim,, #(r; > t) < 1. But for ¢ > 0,

{w:1{w) >t} C{w:x + W(t)e V}
Hence
P >)<P@x+ Wi)eV)
< Px + W(t) ¢ K)
=1—Px+ Wt)eK)
=1 —pyx, K).

Therefore it suffices to prove that lim sup,, p(x, K) > 0. But by
Eq. (3) pux, K) = py((K — x) t712) > p(K — x) for ¢ < 1. Since
K — x bhas a nonempty interior p(K — x) >0 by Corollary 4
of [1I]. This establishes the first part of the proposition.

In order to prove the second assertion we suppose that K is the
convex hull of {y:|y — x,|| <7r}U {x}. Let 0 <r; <r and let
K, be the convex hull of {y:||y — x,|| <7} U {x}. Let V; be the
complement of K; . Then x is in 8V, and is the vertex of the cone
K, which is itself disjoint from V;. Hence by the first part of this
proposition almost every path starting at x goes outside of V,, i.e.,
enters K, at some time strictly between 0 and 8. But K| is contained
in the complement of 7 except for the point x. Hence the second
assertion of the proposition will follow once it is shown that almost no
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path returns to x up to time 8. This follows however from the corre-
sponding fact in two dimensions. For if y, and y, are in B* and are
orthonormal as elements of H* then the map

tw— ({3, % + W) (@), (32, % + W(t) (@)

is a two-dimensional Brownian motion which as is well known (see,
e.g., [4]) returns to ({(y,, &), {¥,, x>) with probability zero.

Remark 2.4. Instead of using a cone K with a nonempty interior
in the first part of Proposition 7 one can also use certain compact
cones. For let|| * ||; be a measurable norm on H which dominates the B
norm. Then the closure, C, in B of {xe H:| x|, <7} is a set of
positive p, measure by Corollary 2 of [/1]. If K’ is the closed convex
hull of C'U {y} where y is a point not in C then any translate of K’
can be used in place of K in Proposition 7 to establish regularity of a
boundary point. There is no change in the proof. Now if || ||, is suf-
ficiently strong then C and hence K’ will be compact in B and will
therefore have an empty interior. Such strong measurable norms || - [|;
always exist by Lemma 2 of [/1]. We shall not use such cones in this
paper since our methods will require the cone to have a nonempty
interior.

THEOREM 1. Let V be an open set in B which is strongly regular.
Suppose also that &V is an absolute null set. If f is a bounded continuous
function on B then so is the function

(¢:/) (%) = E[f(x + W) xr,>els 20,

The operators q, form a semigroup acting in the space of bounded measura-
ble functions on B. The semigroup leaves invariant the Banach space (7,
of bounded continuous functions on B which vanish on the complement of
V. If f is in (U, and is in addition uniformly continuous then q,f — f
uniformly as t — Q.

LemMma 1.1. If V is a strongly regular open set in B then for each
point x, in B there is a null set N, C £ such that r,(w) is continuous at
x, for each w not in N, .

Proof. Even with no restrictions on the open set V 7, (w)
is lower semicontinuous for every continuous path  since
if 7,(w) =1t >0 then for a given number € >0 with ¢ < ¢ the
path {x, + W(s, w) : 0 < s <<t — €} is a compact set contained in V
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and is therefore bounded away from the complement of V by 8§, say.
Hence if || x — x, || << 8 then the set {x + W(s, w): 0 < s <t — ¢}
is contained in V. Thus 7 (w) > ¢ — € when || x — x| < 8 so that
lim inf,,, 7(w) > 7,(w). If ¢ =0 then the last equation holds

trivially and if ¢ = oo then a similar argument shows that
lim inf,,, 7,(w) = M for all M. Let

T,

Ney =Ulw e 2 4 W(s + 15 (w), @) € V,0 <s < o}

where the union is taken over all rational numbers € >0 and
Q' = {w: 7, (w) < o} If wis not in N, then either 7,(w) = oo,
in which case lim sup,_,, 7,(w) < 7, () so that ,(w) is continuous at
%, (in the usual sense for [0, co] valued functions), or else for every
positive rational number e there is a number s with 0 < s < e
such that the point x, + W(s + 7, (w), w) ¢ V. If § is the distance
of this point from V7 then || x — x,|| < 8 implies that
x 4+ W(s + 7,(w), ) ¢ V. Hence 7,(w) < 7,(w) + ¢ whenever
| ® — x|l < 8. Therefore lim sup,, 7,(®) < 7,(w) and 7,(w) is
continuous at x, . Thus it remains to show that (N, ) = 0.

Now if #(£2') = 0 then #(N, ) = 0. So assume #(£2') > 0. Let
P'(A) = P(A)/P(2') when A is a measurable subset of £2'. Then
(£, 2"} is a probability space and we assert that the random variable
Y(w) = %y + W(r,(w), w) over £ is independent of the process
W'(s, w) = W(s + 74 (w), w) — W(7, (), w) which is also defined
over £. That is, for any finite set s, ,...,s, Y is independent of
(W'(sy)yery W'(s,)) which takes values in B X B X = X B (n
factors). Moreover W’(s) is a Wiener process in B. The proof of
these assertions is exactly the same as the proof of Theorem 2.5 of [12]
which deals with the case in which H (and consequently B) is finite-
dimensional. We need only remark that the set 4 used in Section 2.9
of the proof of Theorem 2.5 should be taken to be a set of the form

{w5953i7‘<<3’j,w(7i)><'}’ij,1<i<k,1<j<”;7i>0}

where 7 is arbitrary and y, ,..., ¥, are in B* and are orthonormal in the
H* inner product.
Now for every positive rational number e

P&, xg + W(s + Tro(®), w) € V,0<s < €)
=PVP (Y + W(s)eV,0 <s < e).

Let H(x,, A) = (Y € 4) be defined for the Borel sets of V. Y
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clearly takes its values in @V. Then standard arguments involving the
separability of the process W’ and independence of it from Y vield

PY W) eV, 0<s <e)
= [ P+ Wis)eV,0<s < e)Hix,, du).
v oV

However by Proposition 7 and the hypotheses of this Lemma,

Pu+WEeV,0<s<e)=0 forevery u in V.

Hence {we Q' :x, + W(s»-i—r (w), w)eV,0<s <e} is a set of
# measure zero and since N, 1is a countable union of such sets
P(N,,) = 0. This concludes the proof of Lemma 1.1.

Proof of Theorem. Suppose that fis bounded and continuous on B
and x, is a point of B. For t > 0

Plryw) =) < Py + W(t) € V) = pyl,, 8V) = 0.

Thus if N, is the set given in Lemma 1.1 then (N, U {r, = t}) = 0.
On_ the complement - of qu U {r,, = t} the functi.on Xr, > dw) is
easily seen to be continuous in x at x = x,. Hence if x, — x, then

(qef) (%) = E[f (%0 + W) X, . ] > (9:S) (%) as  n—>c0

by the dominated convergence theorem, showing ¢,/ is continuous
on B.

It is well known that the ¢,, ¢ > 0, form a semigroup. If f is a
bounded continuous function on B then ¢, f is zero on the comple-
ment of V for t > 0 since 7, = 0 for x not in V. Finally if f is bounded,
uniformly continuous and zero on the complement of ¥ then ¢, f — f
uniformly as ¢ | 0 since

Hgef) (0) —f (@) | < | E[{f(x + W(2)) —f(*)} X, |
+ 1£(®) Blxr e — 1]
SE[f(x + W) —f(%) 1] + [f(*) | E[xr,< 4]
The first term goes to zero uniformly as ¢ | O by Proposition 6.
Given a number € >0 choose a number & >0 such that

[ f(x) —f(y) | < e whenever ||x — y| <<8. Thus if the distance
from x to @V is less than 8 then | f(x) | <<e. If x is in V" and the

580/1/2-2
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distance from x to OV is greater or equal to & then writing
Ss(x) = {2 : || 2 — x| < 8} we have P(r, < t) < P(x + W(s) ¢ Ss(x)
for some s in [0, t]) = P(W(s) ¢ S5(0) for some s in [0, £]) — O uni-
formly in x as £ | 0. Thus in either case | f(x) | E[x, <] < e for all
sufficiently small ¢ and all x in V. This concludes the proof of the
theorem.

The following is a corollary of Lemma 1.1.

COROLLARY 1.1. Let V be an open set in B. Let a be in oV and
suppose V is strongly regular at a. Let ¢ be a bounded measurable function
on oV. If ¢ is continuous at a and if

u(x) = E[¢p(x + W(7,)) X7z<00]’ xel,
then
lim, ) = (0.

Proof. Let K be a cone with vertex a which is disjoint from V.
Let T, be the first exit time from the complement K’ of K. Since
V C K’ there holds 7 (w) < T (w) for all w. It is easily seen that
K’ is strongly regular. Since Ty (w) = 0 for all w it is a consequence
of Lemma 1.1 that lim,,, T,(w) = 0 with probability one. Hence
lim,,, 7,(w) = O with probability one also. Thus if x, is a sequence
in V' with x, —a then x, + W(r, ) — a with probability one and
Xrz,<» —> 1 with probability one and the corollary now follows from
the dominated convergence theorem.

CoroLLARY 1.2. If V is stromgly regular and ¢ is a bounded-
continuous function on -0V then the function u(x) given in the preceding
corollary is continuous on V and equals ¢ on V.

Proof. The corollary follows immediately from the a.e. continuity
of 7.

Remark 2.5. Theorem 1 shows that, when ¥V is strongly regular,
the semigroup ¢, acts in the space C(¥) of bounded continuous func-
tions on ¥ vanishing on V. For a function fin C(P) it is easily seen
that ¢,f— f pointwise as ¢ | 0. However it need not necessarily
converge uniformly and ¢, is therefore not strongly continuous on
C(P). The largest subspace, .#, of C(P) on which g, is strongly
continuous includes the uniformly continuous functions of C(P)
along with some others (e.g., functions which are uniformly continu-
ous with respect to a strictly stronger measurable norm than the B
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norm.) Although .# is invariant under the semigroup g, it seems
doubtful that the space of uniformly continuous functions is invariant
under the ¢, without further restrictions on V.

Remark 2.6. Corollary 1.2 shows that the usual stochastic solution
of the Dirichlet problem actually assumes its correct boundary values
and 1s continuous in V.

3. THe GENERALIZED LAPLACIAN AND B-SMmooTH FuNcTIONS

Consider a real valued function u defined in an open set V of the
abstract Wiener space B. If x is a point of V' there are three relevant
senses in which « may possess a Frechet derivative at x. As a function
defined in B its Frechet derivative at x is the element y of B* deter-
mined by |u(x 4 2) — u(x) — {y, 2> | = o 2|}) for small = in B.
If, however, one restricts u to the coset x + H of H then one obtains
a function v(h) = u(x -+ h) defined in a neighborhood of the origin
in H. The Frechet derivative of v at 0 is an element y’ of H* such that
L u(x + h) — u(x) — (¥, h>| =o(| k) for small £ in H. We shall
refer to y’ as the derivative of u at x in H directions and we shall say
that « is H differentiable at x if such a vector y’ exists. Clearly, since
the H norm is stronger than the B norm, the derivative of u at x in H
directions will exist when the derivative of u at x in B directions
exists and they will then be equal. Finally, by virtue of the existence
of continuous injections B* — H* — H — B, we may also regard
B*asasubset of B,inwhich case the restriction of u to x + B* defines
a function on a neighborhood of the origin in B*. Its Frechet deriva-
tive is an element of B**. Differentiability in this sense is weaker
than in the other two senses. We shall be primarily interested in
differentiability in H and B directions. Similar considerations apply
to higher derivatives. The second H-derivative of u at x will be denoted
by D?u(x). D?u(x) will always denote a bounded operator from H into
H.

Suppose that  is B differentiable in a neighborhood ¥ of a point x.
Its derivative #' is then a function from V to B*. Suppose further
that ' is B differentiable at x. Its derivative #"(x) is a bounded linear
operator from B to B*. Since H C B and B* C H*, the restriction of
u"(x) to H may be regarded, upon identifying H* with H, as a bounded
linear operator from H into H and it is clear that the operator so
obtained is exactly D?u(x). By Corollary 5 of [/]] the symmetric part
of D*u(x) is therefore a trace class operator on H and since D%u(x) is
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symmetric it is trace class. We shall use this fact in the next proposi-
tion.

Not only are there several senses of differentiability for a function
on B but also there are several senses of continuity of which we shall
need two. If xis in B but notin H, put | x | = 4 0. Then in addition
to the B topology on B, whose basic neighborhoods of x are of the
form {zeB:|| 2 — x| <€}, there is also the H topology whose
basic open neighborhoods of a point x in B are of the form
{zeB:|z— x| <e¢}. Clearly, the last neighborhood is contained
in the coset x -+ H of H. A function which is continuous with respect
to one of these topologies will be called B-continuous or H-continu-
ous, respectively. Of course a function which is H-differentiable at x
is H-continuous at x but not necessarily B-continuous at x.

Denote by L(B, B*) the space of all bounded linear operators from
B to B*. Define the weak operator topology on L(B, B*) to be the
weakest topology which for every ¥ and 2z in B makes the function
A — (Ay, z) continuous. Let L, be the subspace of L(B, B*) con-
sisting of those operators 4 whose restriction to H is symmetric. L,
is a closed subspace of L(B, B*) in operator norm since the L(B, B*)
norm of A dominates the L(H, H) norm of A | H. Since 4| H is a
trace class operator for every operator 4 in L, a simple application
of the closed graph theorem shows that the trace class norm of 4 | H
is dominated by a constant times the L(B, B*) norm of A4.

ProposiTiON 8. Assume ||« || is in L2(py(dx)). Let u be a bounded
measurable function on B. Suppose that in a neighborhood V of a point x
u' and u" exist, v’ is bounded and the map u" : V — L(B, B*) is B
continuous at x in the weak operator topology. Then

lim MZ—:—EQQ = —;— trace [ D%u(x)). (6)

tl0

Moreover, if V = B, u is uniformly B continuous on B, and
u" : B— L(B, B*) is uniformly B continuous in the weak operator
topology, then wu is in the domain of the infinitesimal generator of the
semigroup p, and the limit in (6) holds uniformly.

Proof. Let T be a closed ball of radius a with center x and con-
tained in V. The function u(x -+ sy) is a twice differentiable function
of s on the interval [0, 1] when || ¥ || < a with

du(x + sy) _ i (x + s), > and dux + ) _ (% + ) v, y)-
ds d
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Since the second derivative is bounded, the first derivative is abso-
lutely continuous and two integrations by parts yield

a1

u(x 4 y) = ulx) -+ (%), y> + Jo (1 — ) u'(x - sy)y, v ds (7

for | y I} <C a. Now since # is bounded, say | u(z) | << M, there holds

_ra_L).i.—_Q ; fB {u(x + ) — u(x)} pdy)

_ "1{ [ {u(x + y) — u(x)} p.(dy)

Y lvisae

. % f {ulx +3) — ()} pddy).
flul>a

The second term is dominated by 2Mt=1p (|| y || > @), which goes
to zero as ¢ | 0 and uniformly in ¥ when relevant. (See Remark 2.3.)
Apply (7) to the integrand in the first term of the last line. Since the
measure p, is even and {y : || y || < a} is symmetric while {(u'(x), y)
is an odd function,

f e LY 2Ady) = 0.

Hence

i P2() — u(x)
t.0 t

1
Slip 0], ey i) i

1 - n
= lim Cu(x) y, ¥> t7p(dy)

H0 Jymica

1
Flim (1= [ e+ ) — w @),y pddy) ds
A1)

livll<a

_ % lim W'(x) y, ¥ prldy)

t10 i< at~12
a1
Flim [ (=) [t sty) — w0} 3,9 pu(dy) d,
0 o< at™ /"

where the last equality is obtained by replacing y by #1/2y and using (3).
If sup,. || #”(2) || = N, then the integrand in the last term is domi-
nated by 2V || v ||?, which is integrable over all of B with respect to p, .
For each y the integrand converges to zero as t— 0, by the weak
continuity of #” at x. Thus the last term converges to zero as t — 0.



144 GROSS

Moreover, if 4"(2) is uniformly continuous on B into L(B, B*) with
the weak operator topology, then the convergence to zero is uniform
in x because, for each y in B and each s, and any countable dense set
{x,} in B,

sup | {u" (% + st'/%y) — w"(xn)} 3, ¥ |

= sup | ({u'(x + st'/%) — w(x)} 9, 9 |

by continuity in x, so that the last sup is a measurable function of y
and s and converges to zero for each y and s as ¢ | 0 while remaining
dominated by 2N | y |2

Finally,

lim W)3,9) ) = [ @)2,9) ()

10 J iy a1/

by dominated convergence. By Corollary 3 of [/]] and Lemma 1.2
of [8] applied to the positive and negative parts of D?u(x), this integral
is trace D%u(x). Moreover, the convergence is uniform on B when »”
is bounded since the integral for positive ¢ differs from the limit by at
most

Nfll i>at-1/2 I3 I? pa(dy).
vil|>a

Thus, for the second part of the proposition, the convergence of all
terms has been established to be uniform on B and thus, in particular,
trace [D%u(x)] is a bounded uniformly continuous function and # is in
the domain of the infinitesimal generator of the semigroup p,.

Remark 3.1. In a general Banach space, the functions which are
twice continuously differentiable do not constitute a very large set of
functions. The works [1], [13], [24] show in particular that for many
separable Banach spaces B the bounded continuously differentiable
functions on B are not dense in the space of bounded uniformly
continuous functions. In fact for some spaces, including classical
Wiener space, there exists no nonzero differentiable function with
bounded support.

DeFINITION 4. Let 7 be the first exit time for the Brownian
motion starting at x from the open ball of radius 7 in B with center x.
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Let f be a Borel-measurable function defined in a neighborhood of
the point x. The generalized Laplacian of f at the point x is defined by

(w1 __ ”
o1(0) = 21 L £ WEDD =1t

when it exists.

Remark 3.2. The existence of Af(x) means, in particular, that
E[f(x + W(=0?))] is finite for all sufficiently small 7.

Remark 3.3. E[r("] is clearly not zero since 7,7(+) is a strictly
positive function on £. Moreover, E[r{"] is also finite. In fact, for
any bounded open set V' in B and any x in B, E(r,) < co when 7,
is the first exit time from V starting at x. This follows by
a standard technique (see [5, p. 112]) once it is known that for
some ¢ sup,.zP(r, > 1) < 1. But for x not in V P(r, > ) = 0 and
for x in V P(r, > 1) <pfoe, V) <p({y:lly) <d}) <1 where d
is the diameter of V.

We shall also need the dependence of E[7{"] onr. By (3), the process
W’(t) = rW(tr?) has the same transition functions as the process
W(t) and is clearly a Wiener process. Hence

P > 1) =P W) || <r,0<s<t)

:?(IIW(srz)li<r,0<s<.rfz_)

=2 (IW@ I <1,0<s <) =2 (<2 > ).

y2

Thus if ¢,(f) = P(+{" > 1) then ¢(f) = ¢y(¢/r%). Hence
By = — [ tdgt) =~ [ tdp(t) = PEGD).
0 0

Denote by S, the set {y € B :||y| = r}. Let 4 be a Borel set in S,
and put

m(A) = P(W(r)) € 4),

c = E[v',(,l)].
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Then =, is a probability measure on the Borel sets of S, and the gener-
alized Laplacian of a function u at x may be written

du(x) = 2¢* lrl_l’)l(} r2 Us u(x + y) w{dy) — u(x)] .

Remark 3.4. The function # in Corollary 1.2 satisfies du = 0
in V. Although this type of result is standard in the theory of Markov
processes we shall give a short proof here suitable for the present
setting. If 7, is the first exit time from J and x is a point in V" choose »
so small that x is at distance greater than 7 from &V. Now since the
paths are continuous there holds 7{’ < 7, since a path starting at x
must cross the surface of the sphere with radius r and center x before
it reaches oV. But wu(x) = E[p(x + W() + {W(r,) — W(=D)}).
Since W'(t) = W(t + ) — W(+{) is a Wiener process indepen-
dent of W(7{’), the term in braces on the right of the last equation
may be regarded as W’ stopped on 9V when started at x -+ W(={").
Taking the expectation first with respect to W’ we therefore get

u(w) = Elu(x + W),

which is the general Markov-process analog for the mean-value
property of harmonic functions. It follows now from Definition 4
that du = 0.

Thus by Corollary 1.2 the Dirichlet problem can be solved in a
generalized sense for reasonable regions in B. It remains to see to
what extent the generalized Laplacian of a function u agrees with
trace D?u(x) for a smooth function #. In Corollary 8.1 below we con-
sider the simplest case in which they agree.

DerFINITION 5. 'The Green’s measure on B is the measure
G4 = [ pdayar
0

defined on Borel sets 4. The potential of a Borel function f on B is |
the function u defined by ‘

uw) = [ _f&+) 6dy) = (G) (@)

whenever it exists.
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Remark 3.5. 'The function G(4 — x) is bounded on B whenever A
is a bounded set. For let e, , e, , 5 be elements of B* which are ortho-
normal in H*. Then each ¢; is bounded on 4—say, | {¢;,y) | << M
foryin 4. Let T={yeB:|<e,y>| <M,j=1,2, 3} Then T is
a tame set based on the span K of ¢, , ¢, , ¢; . In the notation of Remark
2.2, Tis a product: T' = C X L where C is a cube in K of side 2M.
If QO is the projection of B onto K then for any x in B

T —x=CXxXL—x=(C—0x)xL.
Thus

G ~2) < GT —x)= [ p(T —wydt = [ p(C—0x)de

= (o) [0

where r = | ¥ | and dy is Lebesgue measure in the three-dimensional
space K. The last expression is clearly bounded. We have used the
well known fact that, in # dimensions,

[r@a =@ -0 e,

provided n > 3 where w, is the surface area of S™-1),

Remark 3.6. Let f be a bounded Borel function on B such that
G | f| i1s bounded on B. Let u = Gf. If f is continuous at x then

du(x) = — f(x).
Proof.

u(w) = B[ : flo -+ W) dt]

r)

E Un f + W at] + B fj f W)

e

.y H 0" Flx + W) dt]

l

B[ W) W+ 0) — W

(r)

T

—E[[" S+ Wy a] + Bluts + W),
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where we have used again the fact that W'(f) = W(¢t + ) — W(=)
is a Wiener process independent of W(r{"). Thus

Elu(x + W(zi)] — u(x)

Au(x) = lrlfal

E(}7)
o
E Uo flx + W) ]
= —lim B[]
e
E[[™ {fx + W) — f)}dt]
= — f(x) — lim 0 .

"0 B ™)

The numerator after the last limit sign is E(r,™) - o(1) as r -0
because of the assumed continuity of f at x. Hence du(x) = f(x).

Remark 3.7. We give here an example which will also be useful
later. Let A be a bounded operator from B to B*. Then 4 | H is
a Hilbert-Schmidt operator on H by Corollary 5 of [/]]. However
since H is real only the symmetric part of A | H enters into the
expression Y, (4e, , ¢,) for the trace of 4 and since the symmetric
part of A | H is of trace class A | H has a well-defined trace. Let
u(y) = (3) <4y, y> be defined on B. Assume that the B norm is
twice continuously B-differentiable away from the origin and that
its second Frechet B-derivative is bounded on the annulus
C:1 <] x| <2. Then 4u(0) = trace (4 | H).

For the proof we let g be an infinitely differentiable function on
[0, o) such that g(r) = 1 for 0 <7 < landg(r) = 0for2 < r < c0.
Let f(x) = u(x) g(|| # [). One verifies easily that f"(x) exists for every
x in B, is bounded and continuous into the weak operator topology
and f"(0) = 4[4 + A* | B]. Consequently by Proposition 8
lim o t72[(p,f) (x) — f(x)] exists for each x and equals (}) trace
f"(x). By the techniques used in Proposition 8 it follows that the
limit exists boundedly (although not necessarily uniformly) and that
the limit is B-continuous. Thus f is in the domain of the weak infini-
tesimal operator (see [5]) and by [5, Theorem 5.2, p. 133]

(4f) (0) = trace [ f"(0) | H] = trace (4 | H).
Since (du) (0) = 4f(0) the proof is concluded.

Remark 3.8. We conjecture that the preceding remark remains
true without any differentiability assumption on the B norm or any |
assumption concerning the existence of smooth functions on B with :
bounded support. However a proof is lacking.
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CoroLLARY 8.1. Let x be a point of an open set V in B. Let u be a
real valued function on V such that

(a) u” exists at each point of V.

(b) u"(2) is continuous at x into L(B, B*) with the weak operator
topology.

(¢) u"(z) is uniformly bounded on V.

Assume that the B norm is twice continuously B-differentiable away
from the origin and that its second Frechet derivative is bounded on the
annulus 1 <[ x| < 2. Assume also that | *|| is in L¥(B, p,).

Then Au(x) exists, D*u(x) is trace class and

Au(x) = trace D%u(x).
Proof. Equation (7) is applicable and, since = (dy) is an even

probability measure while {u'(x), ¥ is an odd function of y, we have,
for sufficiently small 7,

[ 1uts ) = e ) = [ (1 =) [ <o+ 9) 303> mold) .

Putting y = rz the term on the right becomes

2 =9 [ e r9) 39 mid) s
Hence by dominated convergence,
lim ()" [ [u(x + ) — u(x)] m(dy)
= [ [ =9 ) 3,9 mldy) de = () [ @) 3,9 mla)
— lim (3) (o) [ <W'(%) 3, 9> 7o(dy) = 3 4" (%) 3, 3 Loy
= trace [u"(x) | H]
by Remark 3.7.

4. REGULARITY OF POTENTIALS

We recall (cf. [11]) that if % is an element of H* then there is a
measurable function on B which may be denoted by y — <{A, v)
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and which is defined first for % in B* as the linear functional 4 itself
and then defined for other % in H* as follows. One observes that the
map kA — h from B* into L%(B, p ) satisfies [, <k, y>?>pdy) =t | h|?
so that it is continuous as a densely defined linear map from H* into
LXB, p,). Consequently it extends uniquely to a continuous linear
map from H* into L¥B, p,) which assigns to & the function y — (A, y)
in question.

Thus (&, +)> is defined only up to a set of p, measure zero when £ is
not in B*. Since the measures p, are mutually singular for different
values of ¢ the choice of a representative function for the element
<h, *> of L¥(p,) may depend significantly on ¢. Actually it is possible
to find a Borel measurable function f on B which simultaneously
defines the correct element of LB, p,) for all ¢, i.e., a function f
with the property that if 4, is in B* for n =1, 2,... and 4, — h in
H* norm then %, — f in L¥B, p,) for all £ > 0. Such a function f
may be constructed, for example, by defining f; to be any measurable
function satisfying k, — f; in L¥B, p,), setting f(y) = £1/2f,(+ /%),
and putting f(y) = f,)(y) where g is the function defined in Eq. (29).
However we shall not need to consider more than one value of ¢ at a
time so we omit further details and simply allow (%, ) to depend on ¢.

For any % in H there is also a function y — (%, y) defined a.e.
[p.], obtainable from the preceding discussion by identifying H with
H* in the usual way.

In the remainder of this section we shall identify H* with H. Thus
the three spaces B*, H, B are related by B* C H C B.

DErFINITION 6. A test operator is a bounded operator T of finite
rank from B to B whose range is contained in B*,

If T is a test operator then its restriction to H is a bounded operator
on H. We shall denote this operator on H by T'| H. If A4 is a bounded
operator on H then for such a test operator T we shall write “trace
[TA]” instead of trace [(T | H) A] since there is no danger of con-
fusion. In particular we shall write ‘““trace [7']” instead of trace [T | H].
It is easily verified that if T is a test operator then T has the form

Tx =3 (e, 5>

where {e;}]_; is an orthonormal (0.n.) basis of the annihilator (in B*) |
of the null space of T and f; = Te;. The span M of e ..., €, , fi yoe0s [
is called the carrier of T. Note that M depends only on T and that
M C B*,
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We recall that a bounded operator 4 on H is said to be of Hilbert-
Schmidt type or simply a Hilbert-Schmidt operator if

It 4 {|3% = trace [A*4] < o0,

(cf. [21].) The Hilbert-Schmidt operators form a Hilbert space with
the norm || ||y and inner product (4, C) = trace [C*4]. A bounded
operator 4 on H is said to be of trace class if

Il 4 |l = trace [(4*A4)'/?] < co.

The trace class operators form a Banach space in this norm dual to
the space of completely continuous operators on H under the pairing
(A, C»> = trace [C*A4] where 4 is trace class [2/, Theorem 5.11].

The set of restrictions of test operators to H is dense in the space of
completely continuous operators as well as in the space of Hilbert-
Schmidt operators. In fact if ¢, , e,,... is an o.n. basis of H lying in
B* and P, is the orthogonal projection onto span (e, ,..., ¢,) then P,
is the restriction to H of the test operator Q,, given by

Opx = Z ej, x> €
j=1
for x in B. If 4 is a bounded operator on H then T, = P,A4Q, is
easily seen to be a test operator and 7, | H = P, AP, . Now if 4 is
completely continuous then since the sequence | (I — P,) x | decreases
to zero uniformly on compact sets the sequence | (4 — P,A4) x | de-
creases to zero uniformly on the unit ball in H, ie., | 4 — P, 4| - 0.
Hence the operator norm of

A — P,AP, = (4 — P,A) + P,(4* — P,A%)*

approaches zero as n — co. Finally if 4 is of Hilbert-Schmidt type
and has matrix (a,;) on the basis ¢, e, ,... then

42 = Z [a; 2 < oo

=1
and
| A — P, AP, |, = z a; ?

max(i,j) >n

which converges to zero as # — c0.
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PrOPOSITION 9. Let f be a bounded measurable function on B and
let t be a fixed number greater than zero. The function x — (p,f) (x)
is infinitely H differentiable on B with first and second derivatives given by

((Dpef) (x), h) =t f J@ ) y)pddy), ®)

((D%pf) (x) b, B) =t fﬂf (x +3) {174k, 3) (R, 3) — (h, B)} P Dy), ©)

where h and k are in H. If T is a test operator then

trace [T(D,f) ()] = 171 fo (x 4 ) {7 Ty, y) — trace T}pdy). (10)

Moreover, (D*p,f) (x) is of Hilbert-Schmidt type and

1/2
| @uf) ) I <72 ([ fle + 97 2dd) - (11)

Finally for each x tn B the functions t — Dp, f(x) and t — D?p, f(x)
from (0, ©) into H and into the Hilbert space of Hilbert-Schmidt
operators respectively are Borel-measurable.

Proof. Put g(x) = (p,f) (x). Then for all 2 in H

ge+ 1) = [ f=+3)pilhs &),

Now p (k, ) is absolutely continuous with respect to p, by Theorem 3|
of [22]. This also follows in the present context directly from the%
construction of p, which may be used to verify that for a bounded!
tame function v on B there holds

[ o2y = [ otyyexp [ LEEL 20D 4 qy)

This equation remains valid under the passage boundedly to pointwise:
limits and therefore holds for all bounded Borel measurable functions
v on B. In particular we have

s+ m =] f+yen[- LD @) az

forall 2in H. All the derivatives of g may be obtained by differentiating |
(12) under the integral sign with respect to k. We show that the expres-:
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sions so obtained actually represent the Frechet derivatives. Let

| A 12+ 2k, )
J(h,y) = exp [— “_ﬂ—y_] .
Then
(731;) J(sh, ) = t(h,3) — s | h % J(sh, 3)
and

g+ 1)~ ) = [ 7o) t(h3) — s 1B P} J(oh,9) s pudy)

so that

s+ ) —g6) — [ Flx +3)170,3) )

< l f JETy f : 14k, y) (J(sh, y) — 1) — s |k 2 J(sh, )} ds p(dy) ]

< f:f,, 7 f(x + ) || (B y) (J(sh, 3) — 1) | po(dy) ds
i f:s | A2 fB |f(x -+ p) | pdsh, dy) ds

1/2

<o ([ hyP o) [ ([ 169 = 1R pa)) as

1 2
+oz BRI T
Since (A, ¥) is normally distributed with respect to p, with mean zero

and variance ¢ | k |2, both integrals in the last line may be evaluated
explicitly with the result

[ 1J6h3) = 112 pddy) = exp LA,

Consequently,

e+ 1) — gt — [ £ +3) 12003 )|

<t a1 b o [ (exp [H5E] 1) e () 1

=o(| k1)
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This establishes that the first Frechet derivative of g is given by (8).
We note that

| (Dg) (#) | = sup | ((Dg) (), ) |
<t il sup (] oy o)
— R

For the second-order derivative we have
(Dgls + ), B) =12 [ f(w + B +3) (5, 3) 2 D)
=t fle +3) Oy —R) J( 3) pd)

for kin H. Now the function y — (h, y) is not linear unless % is in B*.
Nevertheless,

Dl + B, 1) =1 [l +3){(3) — (R} Sk 3) ) (13)
because this equation holds when % is in B* and both sides are

continuous in % in the H norm. Thus replacing £ by sk in (13) one
obtains

(Dgtx + 1), 1) — (Dg) (), )

— 8 [l (7 5) () — (B} 2)
[ [ et 76+ 9) () Elh ) — (20} Tk, 9] e i)

= [ D ) = b))

=1 [ [ o) 105) (1 3) — O 0} 6k, 3) — 1) i) s
tt [ [ et s( B B = (9] — R 1 (90} Tk, ) 28) |
<EUf Lo ([ 10,9 (k) — G Bpp) " [ (exp [ )"
Frrif e [ s ([ R BIEE— ()] — BB 2) |
LI P

X exp[
= O(1 2 ]) of| & 1).
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It follows that the Frechet derivative of Dg is given by (9). That (9)
actually represents a bounded operator on H is a consequence of the
fact that (k, y) and (k, y) are jointly Gaussianly distributed with
respect to p, with covariance #(%, k). The operator norm may be
estimated easily by performing a suitable two-dimensional integral.

The existence of the higher-order Frechet derivatives may be
established in the same way. The validity of the necessary estimates
reflect the integrability with respect to p, of all polynomials in the
functions (4, *) for several vectors k. It is not hard to see that the
method used above for first and second derivatives yields estimates
of the form

J (D”g) (x + k) (hl yerey hn) - (Dng) (x) (hl yeeey hn) - Dﬂ+1g(x) (hl yoees B k) |
=O( || by ] = | By ) o[ R D),

where (D"g) (x) (hy,..., h,) is the multilinear form associated with
the nth Frechet derivative of g. This estimate ensures the existence
of the (n + 1)st H-derivative in the Frechet sense.

Now if T is a test operator whose restriction to H is sym-
metric then for some o.n. set e;,..., e, lying in B* T is given by
Tx = Y A{e;, x) e; for x in B. Then

n

trace [TD%(x)] = Y. (TD%(x) ¢, , ;)

i=1

n

Z A (D2 (x) €, e:')

= [ Fe M e 5 — D)

= -1 fB fx+y) {t—1<Ty,y> — trace [T]}Pt(dy)'

Since D?%g(x) is symmetric both sides of (10) depend only on the sym-
metric part of T | H and consequently Eq. (10) is established.

It remains to prove that D?%(x) is of Hilbert-Schmidt type. The
space of symmetric Hilbert-Schmidt operators is a Hilbert space in
the inner product (4, C) = trace [AC] and to prove that D2g(x)
is of Hilbert-Schmidt type, it suffices to establish an inequality of the
form |trace [T(D%)(x)] | < a| T | H|, for test operators T with
symmetric restrictions since the restrictions of these to H are dense

580/1/2-3
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in the space of symmetric Hilbert-Schmidt operators on H. But
from (10) there follows
| trace [T(D%) (x)] |

<[ fe+ )] ([ KTy — twace [T pa)]

But

[ KTy, 3> — trace [T pddy) = I T H 1.

This may be derived by writing Ty = X7 A;{e; , y) ¢; where the ¢;
are o.n. and lie in B*, observing that . :

t-1Ty,y> — trace [T] = Y, N[t e;, y)? — 1],
i1
and that this is a sum of independent functions with respect to p,
with mean zero and variance A2 This establishes (11).
Finally if % is in B* then from (8) we have

(Dpef (), ) = 471 [ f(x -+ 11%) Ch, =) pu(ds),

which is a measurable function of ¢. Hence since B* is dense in H
(Dpf (%), h) is measurable for all # in H. Since H is separable Dp, f(x)
is a strongly measurable function of ¢. Similarly Eq. (10) together with
the denseness of test operators in the space of Hilbert-Schmidt
operators establishes first weak measurability of D?p,f(x) and there-
fore strong measurability as a function of ¢ into the space of Hilbert-
Schmidt operators.

DerINITION 7. A bounded measurable function f on B will be
said to satisfy a Dini condition of order p > 1 at x if

f: t- (fﬂ fx+y)—f@) 7 p,(dy))llp dt < .

A Dini condition of order p will be said to hold uniformly on a set
UCBIif

i [ [ £ ) @) o] de =0

uniformly for x in U.
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Remark 4.1. In n dimensions, a Dini condition of order 1 in the
above sense at x is easily seen to be equivalent to the condition

[0 &+ —f@) 1y [y < cx.

This is a condition which is slightly weaker than that actually used by
Dini (for n = 2) [3, p. 200].

Remark 4.2. 1If f is a bounded measurable function on B and
satisfies a Hélder condition at x, i.e., | f(x + y) — f(x) | < C|yl
0 < o < 1 for all y in a B neighborhood of x (and therefore for all y),
then f satisfies a - Dini condition at &« of order p provided
[l ¥ {I°P py(dy) < co. If the Hélder condition holds uniformly for x
in a set U then the Dini condition also holds uniformly in U.

THEOREM 2. Let f be a bounded measurable function on B with
bounded support and let u = GYf. Let x be a point in B. Assume that for
some p > 1 one of the following two conditions holds:

(a) f satisfies a Dini condition of order p uniformly on some
H-neighborhood U of x;

(b) f satisfies a Dini condition of order p at x and f is B-continuous
at x.

Then D*u(x) exists and is of Hilbert-Schmidt type. It is given by

D) = [ Opef) ), (14)

where the integral converges in Hilbert-Schmidt norm.

There extsts a bounded uniformly continuous function f on B with
bounded support which is zero in a B-neighborhood of the origin and such
that D*Gf (0) is not a trace class operator.

LemMa 2.1. Let f be a bounded measurable real-valued function
on B. Let A be a nonnegative real number and assume that either A > 0
or that f has bounded support. Let

uz) = [ eMpef) () dt.
o
Then
Du(x) = [ e Dp, f(x) dt, (15)
0

where the integral converges in H norm.
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If in addition f satisfies hypothesis (a) of the theorem then

D) = " et Dop, f (%) dt, (16)

where the integral converges in Hilbert-Schmidt norm.

Proof. 'To justify the differentiation under the integral sign in (15)
it suffices to show that exp [— Af] | Dp,f(x) | is dominated by an
integrable function of ¢ on (0, c0) uniformly in x. Now from Proposi-
tion 9,

(Opf@ M <[] fe+ 32 p@)] [ ot o)

— 1kl [[ fa+appdan)]
Hence

DS <R[ fa+arpia)]

This is bounded for large ¢ and for small ¢ it is O(¢1/?). Thus if
A > O then (15) is established. If A = 0 and f has bounded support in B
we show that

[ f& ey =710, t—w (17)

for all positive integers #, uniformly in 2. Let y, ,..., ¥, be orthonormal
vectors in H* which lie in B*. Let 4 be a bounded closed set in B
outside of which f is zero. Then f(z -+ *) is supported in A — z and
Isf(z + P pddy) <| fIlz p{A — 2). Now y, ,..., y, are bounded on
A so that A is contained in a tame set C based on the subspace
K = span (y, ,..., ¥,,) and whose base is a bounded set Cy in K*. Thus

7 2
PAA—2) <pAC—2)=Q@my~r [ exp|~ 21%] dsy - dsy
0—7\Z o=

— 0@ 1o (18)

uniformly in 2 where 7r(z) denotes the natural projection of z into K*.
This establishes (15) in all cases.

Now let g(z)=["e**Dp,f(2)dt. Then for ¢ >0 it follows
from (11) and from ‘the preceding argument that Dg(z) is given by
Dg (2) = _[ e~ D%p, f(2) dt where the integral converges in Hilbert-
Schmidt norm and that Dg(2) is a Hilbert-Schmidt operator.
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We estimate || D? p,f(2) ||; for small ¢ under assumption (a) of the
theorem. Let T be a test operator. Then since

[ 17219, 5) —wace [Thp.(ay) — 0,

Eq. (10) yields
| trace [TD, f(2)] |

= [ e +9) —F@UHETY, ) — trace T pay)|
<o a0 —r@ra@|

X ng |t ¥ Ty, y> — trace T ‘qpt(dy)il/q

where ¢ = p/(p — 1).

Now assume that T restricted to H is symmetric. We shall show
that the last factor in the last inequality is dominated by C| T,
where C depends only on g¢.

As noted in the proof of Proposition 9, {Ty, y> — trace [T] may
be written Y7.; A;§; where the A; are the nonzero eigenvalues of T
and §; = (¢;, *)> — 1. Thus the ¢; are independent random variables
with respect to p; with mean zero and finite moments of all orders.
Moreover they are identically distributed. If # is the smallest even
integer satisfying n > ¢ then

3 ‘ | Ty, yy —trace T lqpt(dy)ﬁl/q: U | {Tw,v> — trace T |'1pl(dlv)%l/q
!B B

1/n le
)

- 313 [g /\,f,]ni

< U | {Tv, v> — trace T | p,(dv)
B
Now

E ((‘Z )‘ifa’)n) Z ’\1'1)‘7'2 ’\a‘,,E(‘fflsz fa'n)-
=1 in

Gpreees

If any subscript occurs only once among the subscripts j; ..., f, »
then E(fj1 -+ §;.) = 0 since the &; have zero mean and are indepen-
dent. Hence we may write

E((TAg)) = T - Xben - €3,
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where the sum is carried out over all partitions of #, i.e., X5, n, = n
satisfying 2 < n, < n, < **- < n; and each j; runs from 1 to m with
no two j; equal for a given partition. The numbers

E(&5 -+ &3
are bounded and therefore
E A€ K | N3 X3 |
(Zre)) <Kz

for some constant K, the sum being carried out over the same set as
before. For all j there holds | A; | <|| T'||, . Hence for any one of the
above partitions #, ,..., ;, there holds

TN XY X e X || T v
j distinet allj;

= (M) nrie

=[Tiz.

Since there are only a finite number of such partitions, there is a
constant C such that E((37L, A6,)") < C| T3
Thus

| trace [7D%,f @] | < €2 | (16 +9) —f@F 2] 1T

for all symmetric test operators 7. Hence

1/p
1D @) I < O || (£ +) —F@P 2
Thus by assumption (a) of the theorem,
[[e 1 D%, f@) lydt—0 a5 0
0

uniformly for 2 in an H-neighborhood U of x. Consequently Dg(2)
converges uniformly on U in Hilbert-Schmidt norm and therefore
also in operator norm. By Proposition 9 and the dominated conver-
gence theorem Dg (2) is H-differentiable and hence continuous on U
with the operator norm on the range. Hence f: exp [— M] D%, f(2) dt



POTENTIAL THEORY ON HILBERT SPACE 161

i1s continuous on U in operator norm and represents the Frechet
derivative of Du(z) on U.

Lemma 2.2. If fis a bounded measurable function on B with bounded
support and satisfies hypothesis (b) of the theorem then Du(x) exists
and is given by the integral (14) which converges in Hilbert-Schmidt
norm.

Proof. 'The proof in Lemma 2.1 that the integral on the right of
(16) converges in Hilbert-Schmidt norm (with A = 0) is applicable
also under the present hypothesis. It must be shown that the operator
so obtained actually represents D?u(x). We use an adaptation of
methods of H. Petrini [/9)].

Let & be an arbitrary vector in H and k a unit vector in H. Fore % 0
consider the difference quotient e [(Du(x + €k), k) — (Du(x), h)]
which by (8) and (13) is given by

et [T S | y) — B
X exp [—————~2€(k’ 2) = 62] — (h y)% pi(dy) dt
2t P PR

Put y = ez and ¢ = €%. Then p(dy) = p,(dz) by (3), and the dif-
ference quotient may therefore be written

e [(Du(x + €k), h) — (Du(x), k)]

< [T 16+ @)1 |10 5) — R exp [2ELZL] — b2 paers

— f O f e+ ) (s, 3, b, ) pi(ds) ds + f T f o e2) s, 5,1 ) pu(dn) d

(19)
where
9(s, 2, b, k) = s g[(h, %) — (, B)] exp [—zﬁ%?—l—] — (b, %) .
We assert that
[ f 195,31, ) ) ds < o0 (20)
0Y B

and

roo
0

lim fl f..zﬂ;, | (s, 2, b, k) | pe(dz) ds =0
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uniformly for | 2| = | 2| = 1. Indeed,
f: annzr (s % b, k) | pi(dz) ds
' 2k, z) — 1
< jo 51 f,|,,;>r | (B, 2) — (h, k) | exp [_(_)__] ade)

+ f s 2) | p(dz) ds

lallzr

=[G pdsds 4 [ (k)| pde) e
0 |z+kl=r 0 lelizr
<2fs—1f | (k, 2) | p(dz) ds
= 0 Izli=zr—1 ’ ¢
1
=2 ~1/2 h, dy) ds
[ s f”s%”?r_lt( 5) | pa(dy)
1
<2 strds [ (hy) | pidy)
0 wllzr-1

<alpliylzr— 102 [[ tyrp)]

We have used here the fact that the exponential factor in the second
line is the Radon-Nikodym derivative of py(k, dz) with respect to
ps(dz). The third line is then obtained from the second by translating
by %, while the fifth line follows from the fourth by making the sub-
stitution z = s'/2y. The last line is independent of the unit vector /4
and goes to zero as 7 — 0. Equation (20) follows by puttmg r=0.
Moreover, f f 3 (s, 2, h, k) p,(dz) ds = 0 follows from again replacing
z by 2+ Ein the terms involving the exponential factor. Con-

sequently,

l f(l) fB flx+ €2) (s, 2, h, k) Ps(dz) ds l
< I f: fB (f(x + e2) — f () (s, =, h, k) p,(dz) ds ‘
< f: fllzll<r 'f(x + Ez) _f(x) ] zﬁ(s, z, h, k) Ips(dz) ds
+ J‘l f"z”> [ fx + e2) — f(x) | | (s, 2, h, k) | ps(dz) ds

< sup 1fe+ ) =S [ [ 106,51 B) | pde) .
fte<r
2 w , 2, by k) | py(dz) ds.
+2]£) fof“z”}rw(sz )| pi(ds)
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Thus if 8 > 0 is given and if r is chosen large enough then for all
sufficiently small | € | the continuity of f at x implies that both of the

last terms are less than & uniformly for | A | = | k| == 1. Hence
1
im [ [ o+ e2) (s, 2 b, k) pi(d2) ds = O @1)
€ o B
uniformly over the set |A| = |k | = 1.

We now consider the last member on the right of Eq. (19). Let

o5, 2, I, k) = (s, 2, b, k) — s s~Y(h, 2) (k, 2) — (h, k).
Thus

’ 2k, z) — 1 k) —1 1
(5,3, b, ) = 5 (b, %) [exp (_(__;)?__) g _(__2___ ]

+ (h, k) [l — exp (—g—%—)]g

From the mean value theorem it follows that, for any real number a,
(e — 1] << |a]e? and from the equation

e“zl—l—a—{—fa(a——t)etdt
0

it follows that

|e* — 1 — a| < a%el,

Upon putting a = (2(k, ) — 1)/(2s) in these two inequalities we
obtain for ¢ the estimate

N Ll o P B P

[ 2 g 2L

We assert that, for all numbers » = 0,
[T its By | pulda) ds
19 )jzl>r

1s finite and goes to zero as r-— co uniformly over the set
th| =1|k|=1. Upon making the substitution z = s'/2y and then
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estimating the exponential factors by setting s = 1 in them we obtain
[7] ot mpgsas

<[] gy PO DB R | i) ds

< fs—m fs”’nvnzr 31 ()] [@2(_’3%4};)_—13 exp (| (k)| +1) + —2—}175-]

10 B[ (59) + | €30 (1 () |+ 1)] ) s,

Since (4, y) and (k, y) are jointly normally distributed with respect to
Pi(dy), it is clear that [gs,,5, {-*'} p1(dy) is bounded as a function of
s on [1, ) uniformly over the set |A| = |k| = 1. In fact the
expression in braces is dominated by

X0 B By ={l (. ) | [(| (B, 3) | + 1P exp (| (B, ) | + 1) + 1]
+ [ (B, F) | exp (| (k, 9} | + 1)}

which is square-integrable with respect to p,(dy). Thus

fmf | (P(s’ 2, h) k) I P,(dz) ds
1 Y l=lizr ‘

< [T a1z rempn [ o BRp)] ds

which approaches zero as 7 -—» oo uniformly over the set
|| =|k|=1. It follows from the boundedness of f and its con-
tinuity at x just as before that

lim f f . F(x + e2) o(s, 2, h, k) p,(dz) ds = f :’ f . F() ols, 2, b, k) pf(d.z()z Z;

uniformly on the set | A | = | | = 1. It is clear from the definition of
¢ that [ ¢(s, 3, h, k) p,(dz) = 0 so that the limit in (22) is zero.
Thus from (19) we have

< (Du(x + ek) — Du(x), h) = [ : [ L F@ + ) 46, 5, b, R) p(ds) ds
+[7, £+ e ol b B plde) ds

+ [T s+ @) [k 2) (k 2) — (b R p(da) ds. (23)
1 B
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Denoting the last term in (23) by K, we have established that

lim [e-3(Du(x + ck) — Du(x), k) ~ K] =0 (24)

uniformly over the set |A|=|k|= 1. But upon substituting
y = ez and £ = €5 into K, we have

K= [0 ] 564913009 (h3) — G, ] pi)

_ ( | °: -1 D2, f(x) dt k, h) (25)

Since, as noted at the beginning of this proof, f 17 D2p, f(x) dt
converges to f t1 D?,f(x)dt in Hilbert- Schmidt norm and,
a fortiori, in operator norm, as € — 0, it follows that the last integral
represents the Frechet derivative of Du at x.

Proof of Theorem. It follows from Lemmas 2.1 and 2.2 that,
under either condition (a) or (b) of the theorem, D?u(x) is given by
(14) which converges in Hilbert-Schmidt norm.

Let € be the Banach space consisting of all bounded real-
valued uniformly continuous functions on B vanishing outside
{x:1 <| x| < 2}. We shall show that there exists a function fin %
such that (D2Gf) (0) is not a trace class operator. Any f in € satisfies a
Dini condition of order 2 at the origin because

[ ([ 10— FO Epdd) " dt < 1f 1o [ 720y | = 12 de
0 B 0
« constant || f |l (26)

since p (|| ¥ II) > 1) = o(¢) (see Remark 2.3).

Since f is continuous at 0, (D2*Gf) (0) exists, is a Hilbert-Schmidt
operator, and is given by (14).

Moreover, from (11),

i@6nO <[ (] sorpda)

and from (26) and (17) it follows that
| (D*GF) (0 [l << constant || ||

for all fin €. Thus the map f — (D*Gf) (0) from % into the space of
Hilbert-Schmidt operators is continuous. Now suppose that for
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every function f in € (D?*Gf) (0) is a trace class operator. The map
f— (D?Gf) (0) from % into the Banach space of trace class operators
on H is a closed operator for if f,—f in ¥ and the sequence
(D*GY,) (0) converges in trace class norm to an operator L then since
it also converges to L in Hilbert-Schmidt norm and converges also
to (D2Gf) (0) in Hilbert-Schmidt norm it follows that (D*Gf) (0) = L.
Thus by the closed-graph theorem there is a constant K such that
(DG (0) |, < K| fllo for f in € where || L], denotes the trace
class norm of L.
Hence for any bounded operator 7 on H,

| trace [T(D*GF) (O] | S K T [l »

where || T'|| denotes the operator norm. In particular, if T is a test
operator, then by (14) and (10),

[ [ O3, 9) — trace [T pudy) e | < K[ (T1H) 1 1o
@)

for all fin € where 4 ={xeB:1 <| x| <2}. Consider a fixed
test operator T on B. Then

[ [ 14Ty, 5> — teace 17 p )
= Jm f 11y (1122) | {T'z, 2> — trace [T] | py(d2) dt
[ IR ]
- B (f ) dt) | (T2, 5 — trace [T] | py(d)

= (In4) [ |<Tx, %) — trace [T]] p1(ds) < . (28)

Thus by dominated convergence the set & of real Borel measurable
functions f on A satisfying both | f(y) | << 1 on 4 and

[T [ 01Ty, 3> — trace [Thpdy) dt | < K\ T1 H |

is closed under the operation of taking pointwise limit of sequences.
By (27), € includes the restrictions to A4 of all elements of € of norm
at most one. It follows from standard arguments that & consists of all
Borel functions on 4 with sup norm at most one. By positive homo-
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genity, (27) now holds for all bounded Borel functions on 4. We shall
show that this already implies that (27) also holds when f depends on ¢
as well as y. We use a method applicable only to the case of an infinite-
dimensional space H. Let ¢, ¢,,... be an orthonormal basis of H*
lying in B*. Let

¢(y) = lim n1 3 de;, 0%, (29)

j=1

wherever the limit exists and is finite, and put ¢ equal to zero every-
where else. Then ¢ is a Borel function in B. Since the functions
e; ,*»*? are identically distributed with respect to p, and have mean ¢
with respect to p, the strong law of large numbers implies that
p{y:e(y)=1t}) =1 for all £t >0. Now let f(¢, y) be a bounded
measurable function on [0, co) X B which is zero off [0, o) x A.
Then f((y), ¥) = f(t, y) a.e. with respect to p,. Thus

l J w [/ [ SEN KTy, y) — trace [T7)} pildy)| dt [

|71 7609 5,55 — e (1T, pid)] 1
<K|T|H| sup | fle(¥),3) |

<K|T|H| syg!f(t,y)i- (30)

Now put f(t,y) = sgn {t'(Ty, y> — trace [T]} for y in A and
zero otherwise. Thus (30) implies

[T #2162¢Ty, > — trace [T] [ pAdy) dt <K || T | HJ.
0Y 4
Thus by (28) we have
(In4) [ | (T3, 2> — trace [T]| py(ds) < K | T [ H |
B

for every test operator T. Now let T, be the operator on B defined by
Tox = Yh1<e,x>e,.Then || T, | H|=1 for all # and we have
(T,z, > — trace [T] = Y1_, [<er, 2% — 1]. Thus

(In 4) fB

Y [Kew, 22 — 1] | py(d2) < K
k=1
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for all n. We show that this is impossible by showing that
| %1 [<ex, 20 — 1] | diverges to + oo in probability with respect
to p; . The functions ¢, = (¢, 2> — 1 are identically distributed,
have mean zero and possess finite moments of all orders with respect
to p, . They are independent and the central limit theorem is clearly
applicable. Thus, putting

B.=3 [ aaradn =2,

k=1

we have, for any number N and real number o > 0 and for sufficiently
large =,

n n

a( X a[>N)=n( X &> 8,
which converges as # — o to
(2m)12 J.le . exp [— —;i] dx.

The last expression can be made arbitrarily close to one by choosing o
sufficiently small. This concludes the proof of Theorem 2.

Remark 4.3. Other regularity properties may be established similar
to those due to Petrini [/9]. For example if f is bounded, has bounded
support and u is its potential then each of the following statements is
an immediate consequence of Eq. (23). K, is given by (25);

(a) B,.= eY(Du(x + ¢k) — Du(x), k) — K, remains bounded
as e—0

(b) If lim., f(x + €2) exists for almost all » with respect to
Py then'lim, , B, exists for each 4 and % in H.

We note that lim, f(x 4 €2) exists a.e. [p,] if and only if it
exists a.e. [p,] for every s.

(¢) If f(x 4+ e2) is continuous at € = 0 for almost all 2[p,] then
lim,, B, =0 for each h, & in H. If f is B-continuous at x
then lim,, B, = 0 uniformly over the set k| = |k | =1

(d) If f(x + e2) is continuous in ¢ at ¢ =0 for almost all
2[p,] and f satisfies a Dini condition at x of order greater than one,
then D?u(x) exists as a Gateaux differential and is given by (14) which
converges in Hilbert-Schmidt norm.

Remark 4.4. By Theorem 2 there exists a function f on B which
is bounded and uniformly continuous on B, has bounded support,
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vanishes in a neighborhood V of the origin and whose potential u
does not have a trace-class second Frechet derivative at zero. By
Remark 3.5 the generalized Laplacian of u exists everywhere on B and
has the value zero in V, i.e., u is harmonic in V in a generalized sense.
Thus although the eigenvalues of the Hilbert-Schmidt operator
D?u(0) do not converge absolutely the generalized Laplacian appears
to provide some (orthogonally invariant) summability method to
sum them to zero.

Remark 4.5. Unlike in finite dimensions, a Dini condition of
order one at x is not sufficient in the infinite-dimensional case—
even in the presence of continuity of f—to establish the existence of
D*u(x) as a bounded operator.

DrriniTION 8. A function f on B is Lip 1 on B if there is a con-
stant C such that | f(x) —f(y) | < C|« — y| for all x and y in B.

THEOREM 3. Assume|| - || is in L(p,). If f is a bounded Lip I function
on B then D¥p,f)(x) is a trace class operator for each x and each
t > 0. For each strictly positive number a the map (t, x) — D¥p,f) (x)
is uniformly continuous on [a, ©©) X B into the Banach space of trace
class operators on H. The function v(t, x) = (p,f) (x) is jointly uniformly
continuous on [0, c0) X B and satisfies

—g; = (%) trace [D%(t, x)] (31)
In particular (8v/0t) is bounded and uniformly continuous on [a, ©) X B
for each number a > Q. For each t > 0 the derivative dv/ot exists uni-
formly in x.

If in addition f has bounded support then (D*Gf) (x) is a trace class
operator for each x and

(3) trace [((D*Gf) (#)] = — f(#).

Lemma 3.1. Lett > 0.Let S be a test operatoron B.Let T : H -~ H
be the restriction of S to H and let L, = (I + €t71S)'/2 be defined for
all sufficiently small real € by a power series. If f is a bounded measurable
function on B then

trace [T(D. ) () =25 [ f&+La)pdd), (D)

where the derivative on the right is to be evaluated at ¢ = 0. Moreover
the derivative exists uniformly with respect to x.
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Proof. The measure E — p(L71E) is absolutely continuous with
respect to p,. This is a very special case of Theorem 3 of [22] since
the operator T is of finite rank and it may be derived directly along
with the Radon-Nikodym derivative as follows. Let M be the carrier
of S. Then as noted after Definition 6 M C B*. Let P be the ortho-
gonal projection of H onto M. Then P is continuous in B norm as
may be seen by writing Px = Y7, {e;, x) ¢; where e, ,..., ¢, is an
o.n. basis of M. Let O be the continuous extension of P to B. Then
the function

R(e, x) = [det (I + et T)]"1/2 exp [—

|+ T) 20 P — | Ox 12]
2t

is a continuous tame function on B and is defined for all sufficiently
small real e. Consider the Cartesian product decomposition
B =M x (I — Q) B. The measure p, is a product measure relative
to this decomposition as noted in Remark 2.2. Since Tx = 0 for all »
in H orthogonal to M the transformation L, acts as the identity on
the factor (I — Q) B and acts as (I + e 1T)'/2 in M. Moreover, L,
leaves M invariant. A straightforward transformation of Gauss meas-
ure p, in M by the transformation (I + e~1T)!/2 shows that the
Radon-Nikodym derivative du o(I 4+ e¢2T)1/%/du, is the restriction
of R(e, x) to M and consequently the derivative dp oL;/dp, is R(e, x).
Thus

[, f&+La)pd) = [ fle +2)p4L0dy)
= | 7= +9) Rie,9) pildy). (33)

By choosing a basis of M on which T is triangular one readily
computes

ifg— - (%) t-1{t-YT(I + et*T)2Qy, Qy) —trace [T(I + et-1T) 1} R(e, y).

For sufficiently small e this is easily seen to be dominated by an
integrable function of the form constant times exp [« | Oy |%/2¢] for
some o << 1. Consequently, differentiation under the integral on the
right in (33) is permissible and one obtains

d
2] fe+L i |
= (3) ], £6 + DSy, 3) — trace Thpy)
which in view of (10) yields (32).
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Moreover the uniform existence of the derivative follows from the
inequalities

‘(PtOL:I)f(x)E — () (%) (%) trace [T (D%, f) (x)] ’

|, e (R (e s i)

Re,y) —1

€

SISR () #1418y, > — trace T3 | p(dy),

which approaches zero with ¢, by virtue of the above remarks on the
form of dR/de.

Proof of Theorem. Suppose f is a bounded real valued function
on B and satisfies | f(x) — f(y)| < Cllx — y| for all x and y in B.
Let S be a test operator on B and T its restriction to H. Then, car-
rying over the notation from Lemma 3.1, we have from (32)

| trace [T(D?,f) (x)] | = 2 161_{101

[ (fl+Ly) — S + )i i)
<2lmgup C [ lel? Ly —y Ipddy). (34
Now the square root of I + 1S on B 1s given by a power series
[ 42915+ Y CyletIS)
s

for small . Thus

\ 1 o . =
e Ly =y I <57 ISy 1+ X Cuet 7 * (1 SHy |
k=2

Since || S*y || <[ S* Iyl < SIFllyll, and [yl is integrable
with respect to p(dy), it follows from dominated convergence that

| trace [T(D%, f) (%)] | < Ct2 f 1Sy 1 pdd) (35)

Now we wish to estimate the right side of the last inequality in terms
of the operator norm of T (which is an operator on H) instead of the
operator norm of S (which is an operator on B.) Since || Sy || is a

580/1/2-4
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tame function based on the carrier, M, of S we have, for any finite
number p > 1,

[ 18y waddyy=[ 1Ty 1P uda),

where p, is Gauss measure in M with variance parameter ¢. Let
m() = plfy € M: [yl > ). Let nd) = pfy e M:| Ty| > X).
Then, by Theorem 5 of [9] applied to the finite-dimensional Hilbert
space M, there holds n(A) <C m(A/|| T ||) where || T|| denotes the norm
of T as an operator on H, i.e.,

| Th| | Th |
sup ———.

T = _
| T = SUPTHT a7

But :
[ 1T 1P udd) = — [ a0 dny

=» [ 2114 < -1 )
pJ o[ m )
=1 TIPp [ mr)r dr
0
=071 [ 11y 1P pidy).
M

Thus?
[ 1Sy 1epddn) <UTIP [ 11y I puldy): (36)
B B

In particular, since

[ 1y ipdd) = [ |2 lpyda),

| trace [T(D?p.f) ()] | < Ct1/2 fB 2 1l a(d2) | T'||- G7)

Since the dual space of the space of completely continuous
operators is the space of trace class operators under the pairing
(R, 8> = trace [RS] and since the restrictions of test operators to H
are dense in the space of completely continuous operators, it follows

2 The inequality |} Ty || < || T'[||l 3 || is false in general when || T'|| denotes the norm
of T as an operator on H.
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from (37) that (D%, f)(x) is a trace class operator with trace class
norm

1 Duf) () < Cot [ | ). (38)

We shall show that, for @ > 0, the function (D?p,f) (x) is uniformly
continuous from [a, c0) X B into the Banach space of trace class
operators on H. Let e, , ¢,,... be an o.n. basis of H lying in B* and
let P, be the projection of H onto span (e, ,..., ¢,). By Lemma 3.2
of [9] the sequence P,(D?p, f) (x) converges to the operator (D, f) (x)

in trace class norm for each x and ¢#. Now from (10) there follows
| trace [T{(D*p+f) (x) — (D5 f) (")} |

= I J- {tYf (x + t1/%2) — s7Uf (&' + §1/22)}{{T%, 2> — trace T} p,(dz)
B

1/2
([ @ 4 2) — @+ PR p(d) T e
B
and consequently,

(D% f) (%) — (D% f) (&) lle

<(f (e o+ ) — S+ S pl(dz))m. (39)

Using the boundedness and Lip 1 character of f and the square-
integrability of || z|| with respect to p,, one establishes easily that
the right side of (39) goes to zero uniformly as || x — x" || and | # — s |
go to zero for ¢ and s bounded away from zero. Thus the
map (¢, x) — (D?*p,f) (%) is uniformly continuous on [a, ) X B into
the Hilbert space of Hilbert-Schmidt operators on H. Hence so also
is the map (¢, x) — P,(D%*,f) (x) for each n. Now, on the space of
bounded operators on H with ranges contained in span (e, ,..., e,),
the Hilbert-Schmidt norm and trace class norm are equivalent for
each n, because if 4 has rank at most n, one readily verifies by dia-
gonalization of (A4*A)'/? that

I A fly = trace [(A*A)/%] < n'/*[trace (A* A2 = 172 || 4 [,

while || 4 |, < | 4 |l always holds. Thus for each n, the
map (¢, x) - P,(D?*,f) (x) is uniformly continuous on [a, ©0) X B
into the Banach space of trace class operators on H. It suffices to
prove therefore that P (D?p,f) (x) converges to (D%, f) (x) in trace
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class norm uniformly on [a, c0) X B. Let S be a test operator on B
and 7 its restriction to H. Then, if Q, is the continuous extension of

P, to B, S(O,, —0O,) is also a test operator and, replacing S by
S(Q,, — O,) in (35), one obtains

| trace [T(Py, — Pp) (Dp.f) (0)] | < Ct7 fB [ S(Qn — Om) y | 2:(dy).  (40)

Now the same argument which produced (36), when applied to the
seminorm ||y [l = || (Qn — Q) ¥ || yields

| trace [T(P,, — Pp,) (D, f) (x)] | < Ct? fB 1{On — Om)y l2dW) | T ||
and therefore it follows as before that
(B = Pa) (D%f) () I < €t [ (00— Q) 1 1(ds).  (41)

Now, by Corollary 5.2 of [9], | (Q, — Q) = || goes to zero in prob-
ability® with respect to p, . Hence, if '

an()‘) = Pl({z l (Qn - Qm) z| > A}),
then F,, ,,(A) -0 as n, m— oo for each A > 0. Let
FQ) =p({z: 11z >}

If » > m then | P, — P, | = 1 and, by Theorem 5 of [9],
Fp m(A) < F(X) for all n > 0. Thus

[ 100 = 0u) # 1 21(ds8) = — [“AdFo ) = [ Fo )

and since

[TFyax = [ 1121 py(ds) < oo,
0 B
it follows by dominated convergence that

[ ‘:F,._,,,(A) A0,

3 Note that || (O, — Q,.)z |l may be identified with{| (P, — P,)z ||~ by Corollary 3
of [11].
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Thus the right side of (41) approaches zero uniformly on [a, c0) X B
and the uniform continuity of (D%, f) (x) is established.

In order to show that (p,f) (x) is a differentiable function of ¢ at
each ¢ we choose a number 8 > 0 and a finite-dimensional projection P
on I with range contained in B* such that, for all x in B, there holds

| trace [(I — P) (D%, f) ()] | < 8
as well as

o [ 1 —Q) =l pi(ds) <5,

where Q is the continuous extension of P to B. Such a projection P
always exists for any positive number 8 by the preceding paragraph.
B is the direct sum of OB and (I — Q) B and relative to the cartesian
product decomposition B = (0B) X (I — Q) B the measure p; is
for any s > 0 a product p, = p; X p’y where p, is Gauss measure in
OB and p, is Wiener measure in (/ — Q) B. Let s > 0 and put

e=s—1 Define (ppf)(x) to be [[Fx + u+ v) pj(du) p'(do),
where the u integral is over OB and the v integral is over (I — Q) B.
Then, on the one hand,

@) @) = [[£(x+ (5w + o) pitdu) pitae)
= [ (3 0+ —01) paan

= [ fs+L3) pday), (42)

where

N

L=(3) e +u-0=(({)o+u-9)" =araigr
On the other hand,
) @) = [[ 7 2+ (5) " ) pitau) o)
—[ rrro+ (H 03 @) @

Consequently, writing

|2 () = () ) _ (%) trace (D, f) (5) | < T+ 1T+ 11 (4)

€
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where
I=|[(pipsf) (%) — pof (#)] — () trace [P(D*.f) (#)] |,
I = 7{(psf) (%) — (i f) (),
and
1T = (%) | trace [({ — P) (D%, f) (%)] | ,
we have first of all III < 8/2. Secondly, from (42) there follows

e [ L L) — £ + )| pidy) — (F)trace [P(Dp. ) (] |

and, by Lemma 3.1, lim,,,/ = 0 uniformly in x.
Moreover, using (43) we have

n=|et| [fe+n—fle+jo+(5) a—0fs)]na)|

2(dy)

<cle[ |y-lo+(H) " a-ofs

=cle 1= (5| 1a-0y i2.)

1/2 __ 41/2
=c|==—|[ 10— = pa.
Hence
lim sup sup II < C2-1-1/2 f (T — Q) 2 || pyldz) < % .
8->t 2eB

Thus the lim sup,,,, of the left side of (44) does not exceed & and in
view of the arbitrariness of 8, Eq. (31) is established as well as the
uniform differentiability of p, f.

Finally we assume that, in addition to being uniformly Lip 1 on B,
f has bounded support. From Theorem 2, Eq. (14) we have

| DGF) () I < [ 1(D%pef) (=) I .
From the estimate (38) it follows that

[ 1@ @) lhdt < co.
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Now returning to the equality in (34) we note that, since L, — I in
B-operator norm as € —0, || L71|| < 2 for all sufficiently small e
so that if the function y — f(x + y) vanishes for ||y || > N then
f(x 4 L.y) vanishes for || y | > 2N when e is sufficiently small. Thus

| trace [T(D?p, f) (x)] | =2 13_1,%

1 f”y”<2N {f(x +Ly)—f(x +y)}?t(dy) l

< 2Clim

>0

Ly —ylipdd)|.
lmi<2Nn

The discussion following (34) applies without change to yield

| trace [T f) (A | < C=* [ 118y Il pdy)

lIvii<2

instead of (35).
Now

[ wsyipdan <Dpdiy <2082 ([ 1Sy Bpda)
<N B

and from (36) this is dominated by

Iyt <2Mpa[[ 1y o] 1T 1.
B

Thus in view of the degree of arbitrariness of T we have

1/2

| @%ef) (2) I < CoPlplly | <2NPR ([ iz bpda)] . (49)

By (18) the right side of (45) goes to zero faster than /4 for all n.
Hence f:’ 1 (D?*,f) (x)|l, dt < co. Thus (D?*Gf) (x) is a trace class
operator. Moreover,

trace (D*Gf) (x) = J. ” trace [(D?p, f) (x)] dt

o (20 f) (%)
= sJ.(l)l.IRnrw J- H—ta?—.ﬁ dt

€

=2 _lim [(prf)(*) — (p.f) (*)]

€l0,RTo

= — 2f (x).

This concludes the proof of Theorem 3.
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We have already pointed out that the semigroup of measures p,
are strongly continuous when acting in the Banach space (7 of bounded
uniformly continuous functions on B. The following corollary is
merely a restatement of part of the preceding theorem.

- CorOLLARY 3.1. Assume| - || is in L¥(p,). If f is a bounded uniformly
Lip 1 function on B then, for any s > 0, the function p, f is in the domain
of the infinitesimal generator A of the semigroup p, when the semigroup
acts in the space 0. Moreover,

(4psf) (x) = (3) trace [(D?p, f) (x)]- (46)

CorOLLARY 3.2. Assume || - | is in L¥(p,). The set of functions u
satisfying the following four conditions is dense in the domain of A inthe
graph norm.

(1) u s in the domain of A,
(it) D?u(x) is trace class for each x in B,
(ifi) (4u) (x) = (3) trace [Dou(x)]
(iv) the map x — D%u(x) from B into the Banach space of trace
class operators is bounded and uniformly continuous.

The proof relies on the following lemma.

Lemma 3.2.1. A bounded uniformly continuous real-valued function
f on a metric space (M, p) can be uniformly approximated by bounded
Lip 1 functions with supports contained in the support of f.

Proof. By considering max (f, 0) and — min (f, 0), it suffices
to consider only nonnegative functions. Given € > 0 let 7, be the
collection of all nonnegative uniformly continuous functions f on M
such that sup {f(x) : x € M} < ne. We shall show by induction on n
that for every function f in &, , n =2, 3,... there is a Lip 1
function g such that sup, | f(x) — g(x) | < 2¢, and support of g is
contained in support of f. The assertion is clearly true if n = 2 for
then one can take g = 0. Assuming the assertion is true for all n < &
we prove it is true for # = & + 1 where 2 > 2. Let f be in 7, but
not in .. If f — (inf, f(x)) is in &), we are done. Thus we may assume
inf, f(x) = 0. Let A = {y : f(y) < (k — 1) €}. Then 4 is not empty.
There exists a number 8 > 0 such that | f(x) — f(y) | < € whenever
p(x, y) < 8. Thus if C = {x:f(x) > ke} then p(x, 4) >3 for all »
in C. Let o(x) = e6~! min (, p(x, 4)). Then 0 < ov(x) <e and
9(x) =0 on 4 and 9(x) =€ on C. v is a Lip 1 function and
0<f—v<<ke Thus f— v is in 7, and support (f — o) is con-
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tained in support f. By the induction hypothesis there is a Lip 1
function g such that sup,, | f(x) — (v(x) + g(»)) | < 2¢, while support
g 1s contained in support ( f — v). Thus v 4 g 1s the desired Lip 1

function with support contained in support f.

Proof of Corollary 3.2. Let v be a function in the domain of A.
Putg = Ade —¢. Theno =4 —I)g, ie,

o) = — [ (o) (0 dt. 1)

g is a bounded uniformly continuous function on B. Given € > 0, let f
be a bounded Lip 1 function on B such that sup, | f(x) — g(x) | < e.
Letu=(4 —D)7f 1e,

us) = — [ o) () dt. (48)

Now || (4 — D)™|| < 1 so that | — v ||, << e. Moreover,

| Au — Ao o < (A —D) (@ —0) ko + |2 — 9]
<Nf—glle + 12— 2o <2e

Hence functions of the form (48) where f is a bounded Lip 1 function
are dense in the domain of 4 in the graph norm. It remains to show
that u satisfies (ii)-(iv). By Lemma 2.1,

D) = — [ e Do) ()

where the integral converges in Hilbert-Schmidt norm. By Theorem 3
the integrand is a trace class operator for each ¢ and is moreover
continuous as a function of ¢ on (0, o) into the space of trace class
operators. The estimate (38) shows that

10 < [ 1 (D%f) () Iy di < o

Hence u satisfies (ii). Moreover by Theorem 3 the map
(¢, ) — (D*,f) (x) is uniformly continuous on [4, ) X B into
the space of trace class operators for each « >0 and, since
f e~YD?*p,f) (x) dt approaches D?u(x) in trace class norm uniformly
on B by (38), it follows that D%u(x) satisfies (iv).
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Finally,

(1) trace [Du(e)] = — [ et (3) trace [(DPpe ) (4] dt

2 e 'opuf) (%)

:—wvmwm—fanwﬂ
= F(®) + u(@),

and since f = (4 — I) u, (iii) now follows.

10.
11.
12.
13.
14.
15.
16.

17,

REFERENCES

Pomc, R. aND FraMPTON, J., Differentiable functions on certain Banach spaces.
Bull. Am. Math. Soc. 71 (1965), 393-395.

. DaLerzky, Yu. L., Differential equations with functional derivatives and stochastic

equations for generalized random processes. Dokl. Akad. Nauk SSSR 166 (1966),
1035-1038.

. DiN1, V., Sur la méthode des approximations successives pour les équations aux

dérivées partielles du deuxidme ordre. Acta. Math. 25 (1902), 185-230.

. Doos, J. L., Semimartingales and subharmonic functions. Trans. Am. Math.

Soc. 77 (1954), 86-121.

. DynkIN, E. B., Markov Processes—I. Academic Press, New York, 1965.
. FELDMAN, J., Equivalence and perpendicularity of Gaussian processes. Pacific

J. Math. 8 (1958), 699-708.

. GELFAND, 1. M., aND VILENKIN, N. YA., Some applications of harmonic analysis-

augmented Hilbert spaces, in “Generalized Functions”, Vol. 4 (in Russian).
Moscow, 1961.

. Gross, L., Integration and nonlinear transformations in Hilbert space. Trans.

Am. Math. Soc. 94 (1960), 404-440.

. Gross, L., Measurable functions on Hilbert space. Trans. Am. Math. Soc. 105

(1962), 372-390.

Gross, L., Classical analysis on a Hilbert space, in ‘“Analysis in Function Space”,
Chap. 4, ML.L.'T. Press, Cambridge, Massachusetts, 1964.

GRross, L., Abstract Wiener spaces, in “Proceedings of the Fifth Berkeley Sympo-
sium on Mathematical Statistics and Probability » (to be published).

HunT, G. A., Some theorems concerning Brownian motion. Trans. Am. Math.
Soc. 81 (1956), 294-319.

KurzwelL, J., On approximation in real Banach spaces. Studia Math. 14 (1954),
213-231.

Levy, P., “Lecons d’Analyse Fonctionelle”. Gauthier-Villars, Paris, 1922.
Levy, P., Analyse fonctionelle. Mem. Sci. Math. Acad. Sci. Paris, fasc. 5 (1925).
Levy, P., “Problémes Concrets d’Analyse Fonctionelle”. Gauthier-Villars,
Paris, 1951.

LEevy, P., Random functions: a Laplacian random function depending on a point
of Hilbert space. Univ. Calif. Publ. Statistics 2, No. 10 (1956), 195-206.



18.

19.

20.

21.

22

23.

24.

POTENTIAL THEORY ON HILBERT SPACE 181

NELsoN, E., An existence theorem for second order parabolic equations. Trans.
Am. Math. Soc. 88 (1958), 414-429.

Petrini, H., Les dérivées premitres et secondes du potentiel. Acta. Math. 31
(1908), 127-332.

ProcrOROV, YU. V., The method of characteristic functionals, in Proceedings
of the Fourth Berkeley Symposium on Mathematical Statistics and Probability,”
pp. 403-419. University of California, Berkeley, California (1961).

ScHATTEN, R., *“ A Theory of Cross Spaces.” Princeton University Press, Princeton,
New Jersey, 1950.

Secat, 1. E., Distributions in Hilbert space and canonical systems of operators.
Trans. Am. Math. Soc. 88 (1958), 12-41.

VarapHaN, S. R. S., Limit theorems for sums of independent random variables
with values in a Hilbert space. Sankhya, Ser. 4, 24 (1962), 213-238.
WaitrieLp, J. H. M., Differentiable functions with bounded nonempty support
on Banach spaces. Bull. Am. Math. Soc. 712, (1966), 145-146.



