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0. Introduction 

We begin with describing the class of considered equations. Let A4 be a complex 

manifold with a pseudo-kahlerian (indefinite) metric h = 2 C h,bdzadZb in local com- 

plex coordinates {z”; a = 1,. . . , n}, n = dim&I, and let M,” be an infinite-dimensional 

space of smooth M-valued functions (.9(z), . . . , T?(Z)), z E IR, under certain boundary 

conditions (we follow the definitions and conventions of Takhtajan and Faddeev [7]). 
The space M,“o carries the natural symplectic structure defined by the following Z-form, 

[71, 
h&(x)) dz”(x) A d2b(x), i = &i, 

where the integration correlates with boundary conditions. The corresponding Poisson 
brackets are 

{za(x),zb(y)} = -$h”“(z(x))b’(x - y), 

W(x), Zb(Y)> = G”(x), .Zb(Y)> = 0, 
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where (h”“) is the inverse matrix to (ha6), i.e. C ha&h”” = 6:. Poisson brackets of any 

admissible functionals can be found in [7]. Let us consider the flow on the space M,“: 

where the hamiltonian H is 

H = -4 
J 

tb 
dz c h&(x))~(x)~(z). 

It is possible to verify that the equations (0.1-a) are, [3], 

(0.2) 

where the functions I& are the Christoffel symbols of the Levi-Civita connection of 

the metric h: 

(O-4) 

If M = PI(e) N s 2 is the sphere with standard metric, then (0.1-4) is the continuous 

Heisenberg spin chain (the form (0.3) of the Heisenberg magnet was shown, for example, 

in Mikhailov and Shabat [5]). 

Thus we have a natural class of the equations (0.1-4) generated by the Kahlerian 

metrics h. 
Moreover let I’Lc in (0.3) b e arbitrary complex-valued smooth functions on a certain 

complex manifold M with the field J of complex structure on the tangent bundle. Then 

the equation (0.3) is the local form of the equation of the following type, [3], 

yt = J - Vy,(J'iz), (0.5) 

where Y, Y (5, t) E M, is a mapping into M, Yt and Y, are obviously defined tangent 

vector fields, V is the covariant differentiation with respect to a symmetric, complex 

linear connection on M with the Christoffel symbols Tic. 

The purpose of the present paper is to describe the equations of type (0.5), which 

are integrable by inverse scattering method, [7]. It will be proved that if the Ricci 

tensor of the connection V is non-singular as a bilinear form, then the equation of 

type (0.5), which is associated with V, admits a “regular” (see Sect. 3) representation 

of zero curvature iff V is the Levi-Civita connection of the pseudo-kihlerian metric of 

constant holomorphic sectional curvature c # 0 (the case dimeM = 1 was considered in 

[3] under weaker restrictions). At first we shall show that a symmetric, complex linear 
connection V on a complex manifold M is the mentioned Levi-Civita connection, if the 

manifold M admits a certain type mapping (which is called V-oval) into a vector space. 

After that we shall apply this result to investigate the integrability of the equations. It 
is necessary to remark that the obtained integrable equations belong to a broad class 

of generalized magnets introduced by Fordy and Kulish [2,7]. 
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The paper is organized as follows: in Section 1 we recall basic facts about the pseudo- 

kahlerian manifolds of constant holomorphic sectional curvature. In Section 2 we give 

a characterization of such manifolds via V-oval mappings. In Section 3 we describe the 

integrable equations, and in Section 4 we compute local conservation laws. 

1. Preliminaries: pseudo-kghlerian manifolds of constant holomorphic sec- 

tional curvature 

The classification of the pseudo-kahlerian spaces of constant holomorphic sectional 

curvature is similar to the “pure” Kahlerian case, and we suppose that it is known to 

experts. 

Let M be a complex manifold with the field J of complex structure on the tangent 

bundle TM. Let h = 2 C h,gdzadZb be a pseudo-kihlerian metric on M, where (2”; a = 

1 ,‘“, n}, n = dimcM, are local complex coordinates. Thus h corresponds (see [4]), 

to a pseudo-riemannian metric, also denoted by h, such that h is J-invariant, i.e. 

h(JX, JY) = h(X,Y) f or every X,Y E TM,, p E M, and its associated a-form w, 

defined by w(X,Y) = h(X, JY), is closed. 

Assume U be a non-singular 2-dimensional (over R) plane in TM,, p E M, i.e. 
the restriction of the metric h onto U is a non-singular bilinear form. The sectional 

curvature Ir’(U) is (see [4] for K hl B erian and [9] for pseudo-riemannian cases) 

K(U) = K(X,Y,X,Y) E h(K(X,Y)Y,X), 

where 1C(X,Y)Z is the curvature tensor of the Levi-Civita connection of the metric h; 

{X, Y} is the orthonormal basis of the plane U. If U is J-stable, i.e. J(U) = U, then 

K(U) = K(X, JX,X, JX), where X E U, h(X, X) = fl. M is called a mani,foZd 

of constant holomorphic sectional curvature if K(U) = const for every non-singular 

J-stable U. Let ZA = 8/dzA, A E (1,. . . , n, i, . . . , ii}, where Z’ = ,P, a E (1,. . . , n}. 
KABCD = h(K(&, ZD)ZB, 2~). 

1 .l. Proposition. A pseudeklciihleriun manifold (M, h) is the manifold of constant 
holomorphic sectional curvature c, if and only if 

(1.1) 

and then the Ricci tensor R equals 

R = ac(n + l)h, n = dimeM. (1.2) 

The proof is similar to [4, Chapter 9, Section 71 

Let cy, 0 6 s < n, be the complex arithmetic n-dimensional space with the standard 

pseudo-hermitian form 

+‘I” - . . . - )zS12 + Jzs+ll2 + . . . + IZnl2 (1.3) 
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of signature (s, n-s). Let us denote by P,“(C) th e manifold of all positive l-dimensional 

(over C) subspaces of @y+‘, i.e. the restriction of the pseudo-hermitian form of @F+l 

onto 1, I E P,“(C), is positive. This space carries natural pseudo-kahlerian metrics of sig- 

nature (s, n - s) and constant holomorphic sectional curvature c for every c > 0. These 

metrics are defined similarly to the natural metrics on the complex projective space, 

and we shall write down these metrics in local coordinates only. Let {ql, . . . , cf‘+‘} be 

uniform homogeneous coordinates on P,“(C); za = qa/qnfl, a = 1,. . . , n, in the affine 

map {qn+’ # O}. We define a class of metrics h = 2 C h,6dzadZb via the associated 

2-forms u, where w(X, Y) = h(X, JY), w = -2i C h,gdza A dzb, putting 

w = -~~81n(l-~]z~]z+ 2 ]Z’]2). (I-4) 
a=1 a=s+1 

The manifold P:(C) with the metrics (1.4) is called the complex indefinite elliptic space 

[9]. It is connected, simply connected and geodesically complete. The space P:(C) is 

diffeomorphic to the homogeneous space 

SUn + l)/S(U(l) - us(n)), 

where US(n) is the pseudo-unitary group of all transformations of CT preserving the 

form (1.3). The group SUs(n + 1) acts on P,“(C) via holomorphic isometries. The 

manifold PO” (C) is the complex projective space. 

Let H:(C) be the manifold of all negative 1-subspaces of Cy$:. This manifold has 

natural pseudo-kahlerian metrics of the signature (s, n - s) and constant holomorphic 

sectional curvature c for every c < 0. Using coordinates za = qa+‘/ql, a = 1,. ..,n, in 

the affine map { q1 # 0}, where {ql, . . . , qn+‘} are the homogeneous coordinates, we 

define a class of metrics h via the associated 2-forms w, putting 

The manifold H,“(C) with the metrics (1.5) is called the complex indefinite hyperbolic 

space [9]. 
It is easy to see that there exist, [9], the holomorphic diffeomorphism f : P:(C) --f 

H&(C) such that f*(hH) = -h,, where hH and h, are the natural metrics on H:_,(C) 

and P,“(C). Besides f+(Vcan on PC(C)) = 0”” on Hz_S(@), where Vcan is the Levi- 

Civita connection (it is the same for all c # 0). 
The proof of the following statement is analogous to that one of [4, Chapter 9, 

Theorem 7.91. 

1.2. Theorem. If Ml and M2 are connected, simply connected and geodesically corn 

plete pseudo-kiihlerian manifolds of the same signature and the same constant holo- 
morphic sectional curvature, then there exists a holomorphic isometry between Ml 

and M2. 
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Thus the complete list of connected, simply connected and geodesically complete 

pseudo-kihlerian spaces of the signature (s, n - s) and constant holomorphic sectional 

curvature c = 0, c > 0 and c < 0 is the following: CF, P,“(C), H:(c). 

2. V-oval mappings 

Let M be a complex manifold with the complex structure J, and let 

smooth (= C”) 1’ mear connection on M. We have the decompositions 

&a+& v=v’+v” 

V be a fixed 

of the operators of exterior and covariant differentiations. We recall that V’ and V” 

are defined as follows. Let V be the space of all linear complex differential forms on 

M, and let U be the space of all complex tensor fields on M of a certain rank. Then 

v:u-+u@v=uuvr,e+u@v e,r, where V = I/l,0 + VO,~ is the direct sum of the 

subspaces of the forms of type (1,0) and (0,l) relatively to J, [4]. Thus we have: 

v’ : u + u @ VI,& v” : u + u @ VO,J. 

Let F : M + W be a smooth mapping into a vector space W. The components 

V’(aF) and V”(aF) of the differential V(U) were defined. 

Definition. We shall say that F is V-oval (with respect to 0) if 

V’(BF) = 0, V”(BF) = 0. (24 

We assume that V is symmetric (without torsion) and complex (i.e. V(J) = 0). 

Exactly this means that if I’& are the Christoffel symbols of the linear connection 

V, then I’&. = I& and I& = I& = 0, where A, B E (1,. . . , n, 1,. . . , fi}, a, b E 

(1,. . . , n}, n = dimeM. Besides I?& = rA BC, if Z = a. In this case 

VW) = c(&(giJ - 
a,b 

(2.3) 

The following mappings are V-oval, and we shall call them standard and denote 

them by St. 

1. M = Cn, V = V”“” is the canonical flat linear connection on Cn. It is obvious 

that all smooth Vcan-oval mappings P + W are 

where Eo, E,, Eg, E,g E W. 
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2. M = P,“(C), v = vcan is the canonical Levi-Civita connection of the natural 

pseudo-kihlerian metric of constant holomorphic sectional curvature c > 0 (it is the 
same for all c). Then St : P,“(C) + L(q+‘) is the mapping into the vector space of 

all @-linear mappings @y+l + @z+l, and it is defined as follows: 1 E P:(c) H {the 

reflection in the n-dimensional subspace, which is orthogonal to 1). 

The following statements show that the standard mapping is universal in the class 

of the real-analytic Vcan- oval mappings of P,“(C) into vector spaces. 

2.1. Proposition. There exists a one-to-one correspondence between the real-analytic 
Vcan-oval mappings ofP,“(@) into c-vector space W and c-linear mappings ofL(@t+l) 

into W. This correspondence is defined in the following way: for every such mapping 
F : P,“(C) -+ W there exists the unique c-linear mapping A : L(@F+l) + W such 
that F = A o St : P:(C) --f L(@F+‘) t W, where St is the standard mapping. 

The proof will be given at the end of this Section. The description of Vcan-oval 

mappings of Hz+(C) is similar, because if f : P,“(C) + H;_s(@) is the holomorphic 
diffeomorphism, which is pointed at the end of Section 1, then f*(Vcan on P:(C)) = 

V can on HE_JC). 

We shall say that a mapping F : A4 ---f W is regular if 

(2.4) 

where A is the exterior product in the Grassmann algebra A(W) of the vector space 
W. It is clear that the condition (2.4) does not depend on a choice of local coordinates, 

and dime: > n2 + 2n, where n = dimcM. 

2.2. Theorem. Let (M, 0) be a complex manifold M with a symmetric, complex linear 

connection V, and let M admit a regular V-oval mapping into a vector space. 
a) If the Ricci tensor R of the connection V is non-singular us a bilinear form then 

V is the Levi-Civitu connection of the pseudo-kuhleriun metric of constant holomorphic 
sectional curvature c # 0. In particular, R is the pseudo-kiihleriun metric of such type, 
and V is the Levi-Civitu connection of the metric R. 

b) If the Ricci tensor R = 0 then (M, 0) is locally @-afine, i.e. for every point 

p E M there exist an open subset U c M, p E U, and a holomorphic diffeomorphism 
f : U ---f V c a? so that f*(VIU) is the canonical flat linear connection on V. 

2.3. Corollary. Let (M,V) b e a connected, simply connected complex manifold with 
a symmetric, complex and geodesically complete linear connection V. Let M admit a 
regular V-oval mapping into a vector space. 

a) If the Ricci tensor R of V is non-singular us a bilinear form then there exists 
a holomorphic difleomorphism f of M onto P:(c) for a certain s, such that f*(V) is 
the canonical Levi-Civita connection Vcan on P:(c). 

b) If the Ricci tensor R = 0 then there exists a holomorphic diffeomorphism f of 
M onto Cn such that f*(V) is the canonical flat connection on @“. 
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Using this Corollary and Proposition 2.1, it is easy to give the description of V- 

oval mappings of M, where M and V satisfy the conditions of Corollary 2.3, as if 

f : (J%,Vl) + 042,v 2 is an affine (i.e. f,(V,) = 02) holomorphic diffeomorphism ) 

and F : M2 t W is a V2-oval mapping, then F o f : Ml + W is Vr-oval. 

Proof of Theorem 2.2. It is necessary to investigate the following system of partial 

differential equations: 

The compatibility conditions _ 

where the second derivatives are calculated from (2.5), have the following form 

(2.5) 

(2.6) 

where the functions B,, Bz, Bag are expressed in terms of I’& and their derivatives. 

If F is regular then B, = Bii = Bag = 0. The straightforward calculations show that 
they are equivalent to the following equations: 

a # b, k # 4 P-9) 

k # 1, (2.9) 

a% _ 0 

dz’- ’ 
c # a, c # b. (2.10) 

Let K be the curvature tensor of the connection V: 

Since we assume that the connection V is complex and symmetric, then the “essential” 

components of the tensor K are [4] 

(2.11) 
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The Ricci tensor R of V is R = C R,,dz”dZb, where R,& = cc Kzcg. Using (2.8-10) 

we obtain: 

n+ 1 dI” 

Ra6= -2’ 
a = -(n + I)%, 
dsb 

c# a, 

Ra6 = &,a. 

(2.12) 

(2.13) 

a) Let R be non-singular. Then (2.13) implies that R is the pseudo-kahlerian metric 

on M. The equations (2.8-10) give V(R) = 0. Th us, as the connection V is symmetric, 

it is the Levi-Civita connection of the metric R. Let R = 2Cr,gdz”dZb, where rag = 

fR,g. Using (2.9-12) it is possible to show by straightforward calculations that 

According to Proposition 1.1 this means that the pseudo-kihlerian metric R has a 

constant holomorphic sectional curvature, which is equal to 4/(n + l), n = dim&f. 

b) Let us suppose that the Ricci tensor vanishes. Then (2.10-12) imply that all the 

Christoffel symbols I& are holomorphic, and the curvature tensor vanishes. Thus the 

curvature and torsion of the connection V are equal to zero. Then the connection V 

is locally @-affine. This is proved by standard arguments. Indeed, using [4, Chapter 4, 

Theorem 7.41, we assert that for any point p E M there exist an open U c M, p E U, 
and a diffeomorphism f : U + V c Cn so that f*(V]r~) is the canonical flat linear 

connection Vcan on V, and the tangent mapping f*,p at the point p is equal to an 

arbitrary fixed R-linear operator. Let us take f such that f+,_, is C-linear. Since the 

connections V (on M) and V”” (on V c C”) preserve the complex structures, and 

f*(V]u> = vcan, it holds that f*,q is @-linear for every q E U (proof: let us join q with p 

by a curve y; then the parallel transport along y corresponds to the parallel transport 

along f(r); hence ft,4 is also @-linear, as the parallel transports are C-linear). Thus 

the mapping f is holomorphic. 

Theorem 2.2 has been proved. Cl 

Proof of Corollary 2.3. It is sufficient to apply the results of Section 1. Cl 

Proof of Proposition 2.1. It is necessary to solve the system of linear partial differen- 

tial equations (2.5), where I& are the Christoffel symbols of the Levi-Civita connection 

on P,“(C). W e s a h 11 consider the case s = 0 only, as the indefinite cases are analogous. 

It can be checked that the Christoffel symbols of the Levi-Civita connection on the 

complex projective space are: 

(2.14) 

and Izb = 0 for c # a, c # b, where we used the coordinates as in Section 1. The 

mapping A o St, where St : P(C) + L(@‘) is standard and A : L(C’“+‘) -+ W is 
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c-linear, is (in affine coordinates): 

A o St(z) = & ( Eo t c zaEa + c PE, + c f=ZbEa6 
> 

, (2.15) 

where Eu, Eai, E,, Eii E W. Indeed, if Z = (z’, . . . , zn, 1) is the directing vector of the 

line 1 E P”(C) then: 

where (. , .) is the usual hermitian product (1.3) in cn+‘. 

Calculations show that (2.14-15) is the solution of (2.5), i.e. A o St is Vcan-oval. This 

solution depends on dim@W . (n + 1)2 arbitrary complex constants, and is real-analytic. 

We want to prove that this is a general solution. 

We shall investigate the system (2.5) by the methods of theory of partial differential 

equations following Pommaret [6], and we shall use the definitions and notations of 

this book. Let us represent the system (2.5) in the following real form: 

(2.16) 

where xa + iya = za, AEb + iBz, = rz,, k = 1,. . . , dim=W. We denote this system of 

the second order by R2. It is easy to see that the symbol G2 of the system R2 is not 

involutive. Hence we must prolong this system. Let R3 be the first prolongation of R2. 

We remark that R3 is the subbundle of a jet bundle. It is also possible to check that 

dim G2 = n2 . dimR W. 
We assert, that R3 is an involutive system. Firstly it is easy to verify, that the symbol 

Gs of RJ equals to zero, Gs = {0}, and the first prolongation Rq of the system R3 
is the subbundle of a jet bundle. Hence it is sufficient to show, that the projection 

r34 : R4 + R3 is a submersion, where rs 4 is generated by the jet projection, and 

7ri(R4) = R3; i.e. 

a) the rank of the projection r 34 : R4 ---f R3 is maximal (this holds), and 

b) the compatibility conditions (2.6) and the following conditions 

(2.17) 

where the second derivatives are calculated from the equations (2.5), do not give new 

equations in the “old” variables. But (2.6) holds, because the functions B,, Bz and B,, 
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in (2.7) vanish (we use a certain part of the proof of Theorem 2.2), since the Christoffel 
symbols.of the Levi-Civita connection of P”(c) satisfy the equations (2.8-10). It is 

possible to show, that the equations (2.17) are also satisfied, because the components 

1i&, and K& of the curvature tensor vanish. Thus we have proved, that R3 is an 

involutive system. It is important to remark that the solutions of R2 and R3 are the 

same, [6]. 
Since the system R3 is real-analytic and involutive, we can apply E. Cartan-Kahler 

Theorem to the system R3, see [6, Chapter 4, Theorem 4.31. Hence for any point 

(%Y:) E P”(c) th ere exists the unique real-analytic local solution fk(za, ya) of the 

system R3, which is defined on a neighbourhood of the point (~8, yg), such that the 2- 

jet (z& yt, a,f”(zt, yi);]~] < 2) belongs to K:(R~) = Rz, where ~23 is the jet projection. 

In other words, the real-analytic local solution of the system R3 depends on dimBW - 

(1 + 2n) + dim G2 = dimEI&’ . (1 + 2n + $) arbitrary real constants. Thus the local 

variant of Proposition 2.1 has been proved. 

Furthermore let F be the V”“” -oval mapping and let Ur, U, c P”(C) be open subsets 

such that Ur n U2 # 0 and 

Flu, = Aa 0 Sk,, Q = 1,2, 

where A, are the @-linear mappings L(C”+’ ) + W. We know that the restrictions 

Flu, have the form (2.15) in local coordinates. Since the vectors Eo, E,, EC, E,6 in 

(2.15) are the images (under A,) of the basic vectors of L(C”+l), then Al = AZ, as 

Ul n Uz # 0. Hence Proposition 2.1 holds, since the space P”(c) is connected. q 

3. Integrable equations 

Let (M, 0) be a complex manifold M with a smooth (= Cm) linear connection V, 
and let J be the field of complex structure on M. We shall consider the equations of 
the following type: 

yt = J - VY,(K,, (3.1) 

where Y, Y : IFi --f M, is a mapping of the plane IR2 (with the coordinates t and z) 

into M, Yt and Y, are obviously defined tangent vector fields, and V is the covariant 

differentiation with respect to the connection V. 

We shall assume that the connection V is symmetric and complex, see Section 2. 

Then the local form of (3.1) is (in local coordinates z’, . . , , zn on M): 

iz,” + z& -I- C In,& = 0, a= l,...,?z, (3.2) 

where I’& are the Christoffel symbols of V. To see this, let Y(z,t) = (z”(z,t); a = 

1 ,***, n) be the local form of the mapping Y; the vector field Yt is 
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VK(YZ) = 

where 
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We have 
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Hence we obtain (3.2), since 

Moreover let us consider the equation of type (3.2), where the functions I’Fc(z) 

are some smooth functions. Every complex-analytic substitution 9 = _P(u?, . . . , UP) 

preserves the form of the equations (3.2), and the functions I$(z) are transformed as 
the Christoffel symbols of a certain symmetric, complex linear connection. Hence this 
equation is the local form of an equation of type (3.1). 

In what follows, let an equation of type (3.1-2) admit a representation of zero cur- 

vature, [7], with a Lie algebra L (over C) 

Xt - Tz = [X,Tl, (3.3) 

where X and T are certain L-valued functions depending on {.P, Z$ a = 1,. . . , n} 

only. It will be shown that the function X does not depend on {zz} (see Lemma 3.3). 

Thus we have the mapping X : h4 + L. We shall say that the representation (3.3) is 
regular, if the mapping X : A4 + L (X from this representation) is regular, i.e. (2.4) 
holds. In particular dimcL > n2 + 2n, n = dim&!. The main result is the following: 

3.1. Theorem. Ifan equation of type (3.1-2), where V is a symmetric, complex linear 
connection with the non-singular (as a bilinear form) Ricci tensor, admits a regular 

representation of zero curvature (3.3), then the connection V is the Levi-Civita connec- 
tion of a certain pseudo-ktihlerian metric of constant holomorphic sectional curvature 
c # 0. The equation (3.1) for h4 = P,“(C), V = V”” admits a regular representation 
(3.3). 

3.2. Corollary. Let (M, h) b e a p seudo-kiihlerian manifold with a non-singular Ricci 
tensor, and let A4,“, Poisson brackets {a, .} and hamiltonian H = (0.2) be as in Sec- 
tion 0. If the Hamiltonian equation (0.1)) i.e. 

g = {H#}, g = {H,J~}, 

admits a regular representation (3.3), then h has constant holomorphic sectional cur- 

vature c # 0. The Hamiltonian equations (0.1) for PC(e) and H:(c) (with natural 
metrics (1.4) and (1.5)) d ‘t g 1 a ma re u ar representations of zero curvature. 
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Proof of Corollary 3.2. In Section 0 we observed that the equation of type (0.1) has 
the form (0.3-4) (i.e. (3.1-2)) for th e L evi-Civita connection V of the metric h. Cl 

Proof of Theorem 3.1. Let V = V’ + V” be the usual decomposition (see Section 2). 

We begin with a Lemma, where the bracket [F,0] of a L-valued function F and a L- 

valued l-form 19 = xB~dz~ is defined by [F, O] = C[F, 8A]dzA, A = a, iz, a = 1,. . . , n. 

3.3. Lemma. An equation (3.1-2), where V is a symmetric, complex linear connec- 

tion, admits a representation (3.3) i#X does not depend on zi, i.e. X = X(zl, . . . , ,P), 

and the folowing conditions hold: 

gzo, gg#O, a = l,...,n, 

V’(8X) = 0, v”(aX> = 0, (34 

(3.5) 

where To is a L-valued junction, which depends on P only and such that 

aTo + [X$X] = 0, 8To - [X,8X] = 0, [X,To] = o. (3.6) 

Proof of this Lemma is placed at Appendix. 

3.4. Proposition. Under the conditions of Lemma 3.3, the mappings X, TO : M ---f L 

are V-oval. 

Proof of Proposition 3.4. The equations (3.4) show that X is V-oval. Let us apply the 

operators d and V’ to the equation aT0 = -[X,8X]. Firstly [8X, 8x1 = 0, since a2 = 0. 

Secondly V’(dTu) = -V’[X,aX] = -[aX,aX] - [X, V’(aX)] = 0, as V’(X) = ax. 

The equation V”(8Tu) = 0 is derived similarly. The proposition has been proved. 
q 

We continue the proof of Theorem 3.1. Since the mappings X and TO are V-oval, 
and the Ricci tensor is non-singular, we can use Theorem 2.2(a). Nence V is the 

Levi-Civita connection Vcan of the pseudo-kihlerian metric of constant holomorphic 
sectional curvature c # 0. To prove the Theorem, we must give the representations 

of zero cervature for the equations of type (3.1) with V = V’“” on M = P,“(C). We 
shall consider the case s = 0 only, because the indefinite cases s # 0 are similar. It is 

necessary to investigate the equations (3.6) for X and To having the form (2.15), as 
X and TO are Vca”-oval. We shall not go into detail with the equations (3.6), but we 

shall give a particullar solution only. Let L = sl(n + 1, C), and let zl,. . . , zn be the 

affine local coordinates on P”(C). Then the following functions X and TO, satisfy the 
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equations (3.6): 
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x 12 

xx- 
l+P 

Xn+l,n+l + c 
Xa,n+l . Ada 

a=1 

n n 
AZ 

+ CXn+hl. za * $ + c Xa,b * yzb ) 

CT=1 a,b=l > 

T()=X*X, 

(3.7) 

P-8) 
a=1 

where X, X,, a = 1,. . . , n, are arbitrary complex constants, and for (Y, ,f3 = 1,. . . , n + 1, 

we put in the following (n+l)x(n+l) matrices X,,p : X,,, = l/(n+l).diag(-1,. . . , n, 

. . . ) -1) (n on o-place), X,,p, (Y # p, h as 1 on (c~,p)-place and zeros on the others 

(Q is the number of line, p that of column). Furthermore, since the unitary group 

acts on the complex projective space via holomorphic isometries, these transformations 

are symmetries of the considered equation of type (3.1). It can be checked, that we 

can “kill” the parameters X,, a = 1, . . . , n, by these symmetries, and we can put 

xr = . . .=A,= 1. 

Thus the equation (3.1-2), which is associated with P”(C), i.e. with IFc = (2.14), 

has the representation of zero curvature (3.3) with X = (3.7) (Xr = . . . = A, = 1) and 

T = (3.5), where To = (3.8). 

Theorem 3.1 has been proved. Cl 

Let us show, that the obtained equations are the generalized magnets, see [2] or 

[7, Chapter 4, Section 11. We shall consider the case P”(C) only, as the indefinite cases 

are analogous. It is sufficient to observe the following statements. 

1. The matrix-valued function X = (3.7) for X E &, Xr = . . . = A, = 1, defines an 

immersion of the projective space into the Lie algebra su(n + 1) so that the image of 

this immersion is the orbit of the adjoint representation (it is also necessary to consider 

the automorphism of the algebra su(n •l- l), E E su(n + 1) H -tE). 

Indeed, under the mentioned restrictions on X, X,, the function X, where X = (3.7), 

is the local form of the following mapping: 1 E P”(C) H iA(1) E su(n + l), where the 

operator A(Z) : U?+l + Cn+’ is defined as follows. If Z E Cnfl is the directing vector 

of 1, then 

A(Z)(Z) = 2 - (n •l- l)$$ - 2, 3c E cn+l ) 
7 

where (a , e) is the usual hermitian product on C n+l. Moreover, the restriction of the 

canonical Lie-Poisson structure on the Lie algebra su(n t 1) onto this orbit is the 

Poisson structure on P”(c) (th is is well known, see, for example, Arnol’d [l]). 
2. The linear scattering problem associated with (3.3), (3.9) (with X, = l), and the 

linear problem [2,7] for the generalized magnets with the above-mentioned orbit, are 

the same. 
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4. Local conservation laws 

The method of computation conservation laws for zero curvature equations is well 

known. We follow the definitions and conventions of the book [7] and consider zero 

boundary conditions on 00, [7], P(Z) -+ 0(x ---f oo), a = 1,. . . , n. We shall describe the 

formal-algebraic part of these calculations only, because the analytic ground is similar 
[7]. We shall consider the equation (3.1-2) with I&=(2.14), which has the representation 

(3.3) with X=(3.7) (X, = 1) and T=(3.5), where Te=(3.8). Let us observe that (3.3) is 

the condition of zero curvature of the connection-form Xdz + Tdt in the right principle 

bundle (see Appendix), but in (71 there is considered a similar condition in the left 
principle bundle: V, - V, + [U, I’] = 0. To agree the notations let X, T H (-X), (-T) 
and X ++ -X. 

Let X(x,X) = X(Z(Z), X). We define the matrix-valued function R(s, y, X) by the 

following differential equation: 

R(z, 2, X) = Id. (4.1) 

It is equivalent to the following integral equation: 

w%YG+ Jw-Y,J!)fX J 5duR(z,u,X)F(u)E(u- y,X), (4.2) 
Y 

where 

E(z, A) = exp(z . X(O)(X)), 

X(O)(X) = >$wX(6A) = $diag(-l,..., -l,n), 

F(u) = i(X(u, A) - X(O)(X)). 

It can be proved by the method of iterations, that the solution of (4.2) is of the following 

form: 

R(z, y, A) = Jr+ - y, A) + A 
J 

x du A(u).+ - y, A) 
Y 

J 

I 

+A dv B(u)E(u - y, X) 
Y+4Y-s) 

J 

z 

SX 

Y+;(Y-r) 

du C(‘IL)-+ - Y, A), (4.3) 

where the kernels A(u), B(u) and C( u are certain matrix-valued functions. To prove ) 

(4.3) it is necessary to use the following relation: 
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where Ap(u), BF(U) and CF( ) u are certain matrix-valued functions which depend on 

F(u) only. From (4.3) we obtain the following asymptotic expansion for real A, A ---f co: 

Jqz, y, A) = E(x - y, A) + fy Ak$y) + fy Bkg y)E(~ - Y7 4 
k=O k=O 

+>: 
O” cky)E(n(y-z),h)+g Dk$7y’E(y,h). (4.5) 

k=o k=O 

We shall show that (4.5) is of the following form: 

R(z, y, A) = (Id t W(x, A)). exp 2(x, Y, A) - (Id t W(Y, A))-‘, (4.6) 

where Z(z, y, A) is diagonal, W(z, A) is anti-diagonal, and W(z, A) has the asymptotic 

expansion: 

W(cc, A) = 2 y . 
k=O 

(4.7) 

Let W(z,X) = ( w~P(cE,X)), Wk(z) = (uJ$(x)), where CX,~ = 1,. . .,n + 1, (Y labels 
lines and, ,/3 labels columns. If we substitute (4.6) into (4.1) and consider the diagonal, 

we obtain the following equation: 

wherep”, Q = l,... , n + 1, are the homogenous coordinates on P”(C), za = pa/p”+l 

a = l,..., n; the matrix E,,, is (n + 1) x (n + l)-matrix, Em+ = diag(O.. .l . . .O), 

where 1 is on the a-place. The asymptotic expansion of exp 2(x, y, A) must begin with 

E(x - y, X). This is the case iff 

01 

Cl I 
PfcY 

P 
c-x2 = xn+1,,+1. 

a 

Then Z(CC, y, A) has the following asymptotic expansion: 

O” Zk(?Y) m Y, 4 = xx - Y)X+l,n+l t c xk . 

k=O 

(4.9) 

(4.10) 

One can see that the asymptotic expansion (4.6), where 2(x, y, A) = (4.10) and W(z, A) 

= (4.7), is of the form (4.5). Let us consider the anti-diagonal part of (4.1), where 



342 E. M. Isaenko 

R(z, y, A) is eliminated by (4.6). Using (4.9) we obtain recurrent formulas for wolp. (Ic) For 

the elements in the n + 1 column we obtain 

(4.11) 

m-l 

CC 
k=l 

- (4.12) 

a 

It can be shown that w$), ,0 # n + 1, exist as well, but it is necessary to solve 

differential equations for their determination. Thus (4.6) has been proved. 

Let us consider the element of the diagonal matrix 2 on the place (n + 1, n + 1). 

Then we obtain the following series of conserved quantities: 

(4.13) 

where uL$+r are calculated via (4.11-12). We have 1(r) = iP, where P is the impulse: 

p = 1 
2i J 

& CEl(~“W34 - ~“W~W> 

1-k c:=1 W)12 ’ 

where .P = pa/p n+l; 1t2)= const *II, where H is the hamiltonian (0.2), and 

d3) = dx ft3’(x), J 
where ft3) is (up to exact derivative) 

where p = Czzl Jza12. 
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5. Appendix 

Proof of Lemma 3.3. We shall use the method of Estabrook and Wahlquist [8]. Let 

B = R2 x S be the subbundle of the jet bundle of the projection R2 x Cn --f IR2, such 

that {z,t,za,Za,z~,Z~;a = l,..., n} is the set of the coordinate functions, where z 

and t are real-valued and the other are complex-valued. Let h”, a = 1,. . . , n, be the 

following functions: 

h” = ~I’;c(z)z,“z;, 

where I’& are the Christoffel symbols of the connection 

l-forms on B as follows: 

wa = dza - zydx, w; = dz; + ha(z,zl)dx, 

and let P, WY be the complex-conjugate forms: 

wa = d,P - 2; dx, al” = dz; + h? dx. 

V. We define the differential 

Let us denote by I(h) the ideal in the exerior algebra of the complex-valued differential 

forms on B generated by the 2-forms ,P, ,f?f , where 

/I” = wa A dt, p1” = wl” A dt - iwa A dx, 

and their complex-conjugate forms pa, ,!!$. The ideal I(h) is stable with respect to 

exterior differentiation: dI(h) c I(h). It is possible to check that the exterior differen- 
tial system (I(h), dx A dt) is equivalent to the equation (3.2), i.e., any 2-dimensional 

submanifold N in B, such that the restriction dx A dt[N # 0, is the integral manifold 

for the ideal I(h), I(h = 0, iff N is the graph of a jet prolongation of a certain 

smooth solution of the equation (3.2). 
Let the equation (3.2) admit the representation (3.3). We define the following L- 

valued differential form on B: 

O=X(z,zl)dx+T(z,zl)dt. 

Let B x G ---f B be the principle right bundle, where G is the Lie group of a Lie algebra 

L. Let fJ+ be the L-valued connection-form on B x G, [4], such that s*(O,) = 0, where 
s : B --+ B x G is the section s(p) = (p,e), e is the unit of G. The corresponding 

curvature form !X+ of this connection on the principle bundle is such that ~‘(0,) = Q 
where, [4], 

R = d8 + f[0 A 61. 

The representation of zero curvature (3.3) is equivalent to ensuring that there exist 
L-valued functions FA, F’, A = 1,. . . , n, i, . . . , 5i, on B such that they are not equal 
to zero and 

R = k(Fapa + F# + F,‘p,” + F:p,a). 

a=1 

(A4 
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The Bianchi identity shows that dl(h) C I(h) is th e necessary condition for (A.l). The 

statement of Lemma 3.3 follows from (A.l). Since the forms wa, tia, w;, ij;, dx and dt 
define the parallelism on B, then it is easy to see that (A.l) is equivalent to 

i3X 
--l-J 

OX 

az; 9 Y@ = 0, a= l,...,n, 

cL;dX=F’ d* .dX 
a.z; hl a7 a~;1 = -2% = F;, 

a* 
-=F 

dT 

ata a, dt” = Fii, 

(*)+[X,*I=O, 

(A-2) 

(A-3) 

(A-4) 

(A-5) 

- 
where ~4 = a:, Z’ = ,Y, h” = h”. From (A.2-3) we conclude that T=(3.5). Putting 
out T from (A.5) with help of (3.5) we obtain a polynomial with respect to {zf} with 
coefficients from Coo(UY, L), where C”“(@“, L) is the space of all smooth L-valued 

functions depending on {zA}. These coefficients are equal to zero. This is equivalent 

to (3.4) and (3.6). 

Lemma 3.3 has been proved. q 
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